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INVARIANT METRICS ON THE COMPLEX ELLIPSOID

GUNHEE CHO

ABSTRACT. We provide a class of geometric convex domains on which the Carathéodory-
Reiffen metric, the Bergman metric, the complete Kéhler-Einstein metric of nega-

tive scalar curvature are uniformly equivalent, but not proportional to each other.

In a two-dimensional case, we provide a full description of curvature tensors of

the Bergman metric on the weakly pseudoconvex boundary point and show that
invariant metrics are proportional to each other if and only if the geometric convex
domain is the Poincaré-disk.
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In this paper, we study the invariant metrics on complex ellipsoid E = E(m,n,p) =
{(z,w) € C" x C™ : |z|? + |w|?’ < 1} with p > 0.

On the unit disk By, in C", the Poincaré-metric is the primary example for invariant
metrics since invariant metrics on unit disk are just the Poincaré-metric up to some
constant. Precisely, let’s denote by vm,, XB,.; ggn, ggf the Carathéodory-Reiffen
metric, the Kobayashi-Royden metric, the Bergman metric, and the complete Kahler-
Einstein metric respectively. These metrics are all invariant under biholomorphisms
and we have

T, (a30) = X, (a30) < \/9B, ((630), (a:0)) = /9P (@3 0), (a50)) = e, (a30)

(1.1)
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for any non-zero tangent vector (a;v) where ¢ = ¢(n) > 0. Hence if instead of the unit
disk in C™ one considers more general complex manifolds, the four metrics provide
characterizations into several classes. For a class of pseudoconvex domains in C”,
one should expect that the relation among intrinsic metrics is different from (1.1) but
some common phenomenon can be captured.

With invariant metrics on complex manifolds, there is one long-standing open prob-
lem in complex geometry. That is, prove that the Carathéodory-Reiffen metric on
a simply-connected complete Kéhler manifold (M, w) with negative Riemannian sec-
tional curvature range is equivalent to other invariant metrics and related progress
on this problem have been made. Recently, D. Wu and S.T. Yau showed that for this
class of Kéhler manifolds (M, w), the base Kéhler metric w is uniformly equivalent to
the Bergman metric, the complete Kahler-Einstein metric, and the Kobayashi metric
(see [20]). Based on this result, it is reasonable to ask whether such (M, w) must be
biholomorphic to a C*-bounded strictly pseudoconvex-domain in C" with reasonable
k > 0, since it is known that the metrics are uniformly equivalent to each other for
these domains (see, for example, [[5], [6], [9], [11], [16], [21]] and references therein).
In this paper, we show that the complex ellipsoid serves as a bounded weakly pseu-
doconvex domain (with a further restriction p > 1 from our results) in C" which
is not the strictly pseudoconvex domain, but those invariant metrics are uniformly
equivalent and they are not proportional to each other.

Let’s denote the complete Kéahler-Einstein metric of the Ricci eigenvalue —1, the
Bergman metric and the Kobayashi-Royden metric on £ = E(m,n,p) by gg B gij
and x g respectively. Here are our results:

Theorem 1. Let E = E(m,n,p) for any m,n € N with p > 1/2. Then there exists
C > 0 such that ggE, gg and xg are uniformly equivalent to each other by C > 0.

Moreover, the proof of Theorem 1 yields the equivalence of two invariant metrics
on closed submanifolds of £:

Corollary 2. Let E = E(m,n,p) for any m,n € N with p > 1/2. Then for any
closed complex submanifold S in E, there exists C > 0 such that gé(E and xs are
uniformly equivalent by C > 0.

For the comparison of the Kéhler-Einstein metric and the Bergman metric, S. Fu
and B. Wong showed that for a simply-connected strictly pseudoconvex domain in C?
with smooth boundary, if the Bergman metric is Kahler-Einstein, then the domain
must be biholomorphic to the disk (see [10]). This is also claimed to be true for
C™ (see, for example, [12]). Since the complex ellipsoid E = E(m,n,p) with p > 1
is a weakly pseudoconvex domain because of the special boundary points |z| = 1,
further investigation should be made to compare the Kéhler-Einstein metric with the
Bergman metric on £ = E(1,1,p). Here is our result:

Theorem 3. Let E = E(1,1,p) = {(z,w) € C x C* : |2]> + |w|* < 1} with p > 0.
Then gg #+ )\gJ{J{E for any XA > 0 if and only if p # 1.
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For the proof of Theorem 1 and Theorem 3, the explicit formula of Bergman kernel
on FE is used which was obtained by J.P. D’Angelo (See [8]). We also provide the

explicit formula of the Bergman metric and curvature tensors for Theorem 3 in Section
4.

For the comparison of Carathéodory-Reiffen metric and the Kéhler-Einstein metric
on FE, we have the following:

Theorem 4. Let E = E(m,n,p) for any m,n € N with p > 1/2. Denote vg be the
Carathéodory-Reiffen metric. Then

e < \/ggE. (1.2)

Furthermore, if we exclude p =1, then for any A > 0,
VE # M/ 9B

By combining the Theorems 1, 3, 4, we obtain:

Corollary 5. On the complex ellipsoid E = E(1,1,p) = {(z,w) € C' x C' : |2|? +
|w|?P < 1}, with 1 # p > 1/2. there exists C > 0 such that the followings hold: for

any A >0,
1
5\/95 < xe < Cy/gE,

1
o gBE < xp < C\/gKE,

1
592@ < gp < Cgp®,

YE = XE;
9b # Mgp ",
e # M/ 95",
e # M/ 98,
B S\ 98"
B S/ 98- (1.3)

The geometric convexity of E when p > 1/2 implies that the Carathéodory-Reiffen
metric and the Kobayashi-Royden metric are the same (see [16]). Also It is known
that (1.3) holds for any bounded domains in C" (e.g, see [13]).

Since it is known that the Riemannian sectional curvature of the Kéahler-Einstein
metric on £ = E(1, 1, p) is negatively pinched (see [4]), we have the following corollary
which is related to the long-standing problem:

Corollary 6. There exists a simply connected, weakly (but not strictly) pseudoconvex
domain in C? with negative Riemannian sectional curvature range with respect to the
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Kahler-FEinstein metric such that the Bergman metric, the Kdahler-Finstein metric,
the Kobayashi-Royden metric are uniformly equivalent but those are not proportional
to each other.

2. PRELINIMARIES

In this section, we collect the necessary definitions that we use to prove our results.

Let G be a domain in C". A pseudometric F(z,u) : G x C" — [0,00] on a
domain G in C" is called (biholomorphically) invariant if F(z, Au) = |\|[F(z,u) for
all A € C", and F(z,u) = F(f(z), f(z)u) for any biholomorphism f : G — G. The
Caratheodory-Reiffen metric, Kobayashi-Royden metric, Bergman, Ké&hler-Einstein
metric of negative scalar curvature are examples of invariant metrics on bounded
weakly pseudoconvex domains in C".

Let D denote the open unit disk in C. Let z € G and v € T,G a tangent vector at
z. Define the Carathéodory-Reiffen metric by

Va(z;v) = sup{ldf (z)v] : f € Hol(G,D)}.
The Kobayashi-Royden metric is defined by

xa(z;v) = inf{é ca >0, f € Hol(D,G), £(0) = z, f'(0) = av}. (2.1)

Let pp(a,b) denotes the distance between two points a,b € D with respect to the
Poincare metric of constant holomorphic sectional curvature —4.

The Carathéodory pseudo-distance c¢g on G is defined by

ca(z,y) == sup  pp(f(x), f(y))
feHol(G,D)

Here, pp(a,b) denotes the integrated Poincaré-distance on the unit disk D.

The Kobayashi pseudo-distance kg on G is defined by

k = inf isbi
a(z,y) fl_eHlﬁ(D’G) {;PD(G )}

where @ = po, ..., pn =y, fi(a;) = pi-1, fi(bi) = pi.
The inner-Carathéodory length and the Kobayashi length of a piecewise C! curve
o :[0,1] — G are given by

1
(o) = [ relonoi,
0
and )
1*(0) ::/ xa (o, 0’)dt
0

respectively. The inner-Carathéodory pseudo-distance and the inner-Kobayashi pseudo-
distance on G are defined by

cg(x,y) = nf{1(o)(z,y)} and ki (z,y) = inf{1*(0)(z, )},
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where the infimums are taken over all piece-wise C! curves in G joining x and v.
The following relation is true in general:

0<cg<ch<ks=kg. (2.2)

Note that if G is a bounded domain, then k¢, cg, cq are non-degenerate and the
topology induced by theses distances is the Euclidean topology.

For a bounded domain G in C", denote A%(G) the holomorphic functions in L?(G).
Let {¢; : j € N} be an orthonormal basis for A%(G) with respect to the L%-inner
product. The Bergman kernel K¢ associated to G is given by

Ka(2,2) = Y ¢i(2)9;(2)-
j=1

Note that K does not depend on the choice of orthonormal basis, gives rise to an
invariant metric, the Bergman metric on G as follows:

n

2 —
Beo=3 g—kﬁigﬁéiflagz. (23)

a,f=1

We say a domain G € C" is weakly pseudoconvex if G has a continuous plurisub-
harmonic exhaustion function. In particular, every geometric convex set is a weakly
pseudoconvex domain.

The existence of the complete Kéhler-Einstein metric on a bounded pseudoconvex
domain was given in the main theorem in [17]. Based on this result, we can always find
the unique complete Kéhler-Einstein metric of the Ricci curvature —1 on a bounded
weakly pseudoconvex domain G. i.e., gg E satisfies gg e —Rz’cggE as a two tensor.

3. EQUIVALENCE OF INVARIANT METRICS ON ELLIPSOIDS

To show the equivalence of Kobayashi-Royden metric, the Kahler-Einstein metric
and the Bergman metric on F = E(m,n,p), W. Yin’s complete invariant Kéahler
metric Y will be used. Precisely, Y is the complete invariant Kéhler metric Y on
E = E(m,n,p) generated by the potential function

K((Z7w)7 (Z,U))) = (1 - X)_)\(l - ’2‘2)_]\[
on E = E(m,n,p), where X = X(z,w) = |w]*>(1 — |2]?)""?, Ny = (n + 1)p + m,
N = N;/p. Here, we will take A as A > max{mj, my}, where
F'(X)(1-X)
= Ty
" _ 2 _ 2
o = e ([FCOE" () — FUX)%)(1 = )
0<Xx<1 F(X)

}.

Then Y satisfies
Y > g8
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(see [24] for details). From [24], it was shown that there exists C' > 0 such that the
holomorphic sectional curvature of Y on E is bounded above by —C'. Then by the
generalized Schwarz lemma, there exists C’ > 0 satisfying

VY (v,0) <C'xp(v)

for any vector v € TE. Here, C’ can be taken by \/g (see the Lemma 19 in [20] or
[23]). Consequently, with Lempert’s classical theorem on convex domains (see [16]),

\/gg(v) <VY(v,v) <C'xg) =C'vg(v) < C"\/gg(v,v) (3.1)

for any vector v € TE. We have observed that Y is uniformly equivalent to the
Bergman metric and the Kobayashi-Royden metric on E, and It remains to establish
the equivalence between the Kéahler-Einstein metric and Y. Now, once we have the
following Proposition 7, Theorem 3 in [20] implies Theorem 1 for S = E.

Proposition 7. There exists D > 0 such that the holomorphic sectional curvature of
Y on E is bounded below by —D.

Proof. Note that the holomorphic sectional curvature is invariant under the biholo-
morphic maps and for any (z,w) € E, there exists an automorphism f on E such that
f(z,w) = (0,w'). Thus it suffices to compute the holomorphic sectional curvature
when z = 0. The formula of the holomorphic sectional curvature w|(z,w), d(z, w)],=o
of Y is explcitly given in [24]: for any D > 0,
w1 [(27 w)7 d(Z, w)]
[p~L(XW' + Ny)|dz|2 + W/|dw|? + W |wdw]|?]?’
where W/ = A1 - X))~ W =1 - X)72,
wi[(z,w), d(z,w)] =P{lwdw|" + Piwdw|*|dw|?* + P3|dwl!
+Q7|dz*|dw|* + Q3|wdw[*|dz|? + R*|dz|*,

w((z,w),d(z,w)],=0 = =D —

and P, Py, Py, Q], @5, R* are explicitly given as follows:

Pf =aN;(1 — X)™*(2 — DaNy),

Py =2aNy(1 — X)73(2 — DaNy),

Py =aN;(1 — X)7%(2 — DaNy),

Qt =2p taN;(1 — X)7'[(2 — DaN,)(1 — X))t — DN{(1 — a)],

Qs =2p 1 (XW' + N1)7'(1 — X)2aNE[(1 — X)"%(2a — Da?Ny) (3.2)
+(1 - X)7'4(1 — a) — 2DaN;(1 — a)] — D(1 — a)*Ny],

R* =p?Nia[(1 — X)7*(2 — DaNy) + (1 - X)"2(p— 1
+DNi(a—1))+ (1 —1/a)[-2p — D(a — 1)Nq]

with A = alN;. We will claim that P, P, Py, Q7, @5 and R* are all non-positive
for some D > 0. For simplicity, let y := (1 — X)L
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For Py, P}, and Py, take D > 2(aN;)~!. Then X € [0,1) implies y € [1, 0], thus
Py, Py, and P5 are non-positive.

For @7, let fg:(y) = (2 — DaN1)y — DNi(1 — a). Since D > 2(aN7)~t, fo:(y) is
decreasing which has the maximum fg: (1) on [1,00]. Then fg+(1) < 0 is guaranted
by taking D > 2(Np)~L.

For Q3, let fo: (y) = (2a—Da? Ny )y*+2(1—a)(2—DaNy)y—D(1—a?)N; from (3.2).
If D > 2(aNy)™ !, then fqz(y) has a maximum value fo:(yo) = —2a"a—1)? <0,
where yp =1 —1/a.

Finally, for R*, consider fg«(y) = (2 — DaN1)y* +2(p — 1+ DNi(a — 1))y + (1 —
1/a)(—2p — D(a — 1)Ny). Then fr.(y) = 2(2 — DaNy)y + 2(p — 1 + DaNy — DNy),
thus fh.(y) is decreasing on [1,00] if D > 2(aNy)™L. fr(1) =2(p+1—DN;) <0
if D> (p+1)/N1, and fr-(1) = (1/a)(2p — DN;) < 0 if D > (2p/N;). Hence if
D > max{2(aN1)~", (p+1)/N1, (2p/N1)} then fr-(y) < 0.

In alla it D > HlaX{2(aN1)_1, 2(N1)_17 (p+ 1)/N17 (2p/N1)}, then Pl*v P1*27 P2*7 QT)
Q35 and R* are all non-positive. Hence we obtain

w([(z,w),d(z,w)],=0 > —D.
]

Remark 8. From the proof of Theorem 1 with Theorem & in [20], C > 0 only de-
pends on the negative holomorphic sectional curvature range of the W. Yin’s complete
invariant Kdhler metric in [24]. In the special case of E = E(m,1,p) with p > 1, we
can also use the negative Riemannian sectional curvature range of the Kdahler-FEinstein
metric on E to determine C' > 0 (see Theorem 4 in [4]).

Remark 9. Theorem 1 can be proved by an alternative approach, which combines
Theorem 1 in [14] and Theorem 7.2 in [15] or Theorem 2 in [22]. However, our
approach has the further consequence which holds to any closed complex submanifold
S in E = E(m,n,p): Since we can restrict W. Yin’s complete invariant Kahler metric
Y to S, which still has the negative pinched holomorphic sectional curvature range on
S. Then by Theorem 2 and Theorem 3 in [20], we have Corollary 2.

4. BERGMAN METRIC AND ITS CURVATURES FOR TWO-DIMENSIONAL ELLIPSOIDS

In this section, we will investigate the two-dimensional complex ellipsoid F =
E(1,1,p) = {(z,w) € C' x C' : |2|> +|w|* < 1},p > 0. In order to prove Theorem 3,
we will provide a detailed description of curvature tensors of the Bergman metric near
to the special boundary points |z] = 1 on E. Recall that with the global coordinate
(z,w) € E in C2, let {%, a%} be the basis on TOI’OE. In [8], the formula of the
Bergman kernel Kp on F = E(1,1,p) = {(z,w) € C' x C' : |2]> + |w|? < 1} is
explicitly known:

e 1 I ¢ el i Nt
C
(=P =P " (= e = P}

KE((Z,ZU),(Z,’LU)) = (4.1)
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where co, ¢1 are given by

1
For computations, define ¢(z,z,w,w) = 1 — 2Z and ¥(z,Z,w,w) = (1 — 2Z)7» — ww.
1 2
Then K = cl¢_2+5¢_2 +02<;5_2+5w_3. For convenience, let’s establish the notation.
We will denote % by 01, and % =: Oy, a% =: 05, a% =: 05. From (2.3), the metric
component gg of gg is given by

0?log Kg(z,%) _ .
95 = B e K2 (KpoKp — 0iKpd;Kp),i=1,2. (4.2)

Hence with (4.1), the elementary computation gives the following proposition.
Proposition 10. The components of gg for any (z,w) € E are given as follows:
911 = @102a3,
913 = (20405,
go1 = Q2040g,
o5 = 20407,
where each Qi IS @ function of (z,Z,w, W) as below:
1
ay =2p** + 5p** (¢r + ww)
1 2
+ 2p*? (W (2Z + 5) P + 267 + 2(ww)?)
1 1 2
+ 427wwer (Wwer + ¢r + (wiw)?)
2 1 2
+p(pr — (ww)?) (2w (32Z + 2)pr + ¢r + (ww)?),
1
ag =y 2 (p + ¢v + ww) 7,
a3 :p_2¢_27

s =p?)? + 3p(r — (w)?) + 2wWe? + o7 + (wD)?),

-1+
as =2p~ Zwe ' T,
1 =141t
ag =2p 'wz¢~ 7,
1
ar =2¢7r.

Proof. Notice that all of the first-order derivatives and second-order derivatives of Kg
are written as linear combinations of h¢®? with some functions h = h(z,%, w, @) and
a, € R. We will provide each term of those in order to proceed the computation:
the first-order derivatives of ¢ and v are given as follows:

81¢ = _27 &1¢ = —Z, 62¢ = 8§¢ = 07
1_ 1 9 1 19 _
O =~z O = —— 268 O = .00 = —uw,



INVARIANT METRICS ON THE COMPLEX ELLIPSOID 9

Then by direct computations, the first-order derivatives of K are written as:

I Kg zww‘“%w—? M—(b—?ﬁ—q/} - Z¢—3+—w 1
0 Kp :%w‘“w—%r%%zip_f)w—% T
82KE—2(p g2t 53 to 6 w2,
05K =% oy + w<z> 2oy,

The second-order derivatives of K are written as:

P | [ ) o0 1)

¢_3+_1/1 L=l ¢_3+_1/1 4 — 2¢—3+—¢ 4

m2p?
—1(2p—-1 —1) 4.1 2—111—7 4.2
L (p=1)( 17)T2p3)(3p D, 4+p¢_2+ (p 7T)2(p3p ) szt iy
—1)(Bp+1 _4a8 4 _qad
+6(p g(gp‘i' )23(25 4+§¢—4+ — 322(25 4+§¢—57
TP
4p? — 6p + 2 3.1 18 24
Ky =g 3+”¢_3+7(p Juzs 3yt Tz iy,
TP
4p? 2 g4l 18(p—1 _g.2 24 3.3
82 o P 2612)+ @qb 3+1¢—3+ (p2 5 )ZEQS 3+P1,Z)_4—|— 2 22@@5 3+2¢—5’
P TP TP
20p—1) _o41 6(p—1 o, 1 9.2 24
Z?SEKE: (];m? )¢ 2+p¢—3+ (ijm? )wmb 2+m/} <Z5 2+ T/J + wwgb 2+m/1 5

2
Notice that ¢_4+51/1_6 becomes the common factor to the numerator and the de-

KpdtKp—0,Kpo-K - _ _ _ _
Gl EKE2 "7 for indices (i,7) = (1,T),(1,2), (2,1), (2,2). Thus by

nominator of

multiplying 12 on both sides after canceling the common factor ¢_4+%1,Z)_6, we get
the common denominator-term ay for any 9i5- Other two terms ay, a; of 97 = (20507
can be obtained from direct computation. For the rest of the proof, we proceed
the concrete computation for g;7 and other metric components follow from similar
computations. From (4.2),

442 5
KEZ? KE — 81KE&KE gb 4+P¢_6(KE8%KE — alKEaTKE)

91 =

2 — 2 —
R o PO (K )
Y EpdLKp — 01KpdrKp)
V2 (Kg?)

where

—

YK ) = 0 + ¢ + ww)? = ai
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and
VA(Kpd%Kp — 01KpdrKp) (4.3)
p—122p—-1)Bp—1)—(2p* —3p+1)2%27 _ 2% —p)(p—1)% _
_( )~ ( )( 2) ( ) ¢2¢4+( )2( )¢1¢4
p p
2(p-DEP* —8p+3)22+20-1)2p - 1)Bp—1) o415 10p° —18p° +8p 141 4
pE ¢ Tyt + 5 ¢ Ty
18(p? —p) 142 18p3 — 46p? i
L 180" = p) vz 2, 1897 —d6p" F 0P H T8 fai2 0

p? p?
12(3p2 —6p+ 7
N (3p 2p )

943 12 4,3 12 944
2Z¢ P Thp+ o Ty + —2Z¢ .
p p
Take az = #, then one can see that with zZ = 1 — ¢, the term of the highest

degree of ¢ of the rest terms of (4.3) becomes 2p*y* and further simplication with
¢ = ¢YP — wiw yields a;. O

From this proposition, we can observe that two vector fields % and % are orthog-

onal to each other with respect to the Bergman metric gg if a5 = ag = 0. Hence it
is reasonable to evaluate the curvature tensors with the choice of points (z,w) € F
satisfying

z=7%and w = 0.
or

w=w and z = 0.
Since it’s interesting to know those tensor components on C? weakly pseudoconvex
boundary points |z| = 1 in the case p > 1, we proceed the computation with the
former case.

First, let us compute the components of Ricci curvature tensor of the Bergman
metric gg. From the well-known formula of the Ricci curvature tensor with the
Kahler metric gg,

Ricﬁ(gg) = —0;7log det g8
= (det gB)72(9; det gga]—. det g& — (det gg)(‘)ﬁ det g). (4.4)

By previous propositions, many terms in the components of Ricci curvatures of gg
are vanished, so that we can compute to obtain the following propositions:

Proposition 11. On the point (z,w) € E satisfying z = Z,w = 0, the components of
the Ricci tensor of gg are given as follows:
2p+1
p(1—22)"
RiCl§ = RiCzT = 0,
2 (2p® +10p® + 10p +5)
(P+1)p+2)(2p+1)(1—22)!"

Ric;y = —

Ricys = —



INVARIANT METRICS ON THE COMPLEX ELLIPSOID 11

Proof. From (4.4), we should establish the formulas of the zero, first, and second-order
derivatives of det gg. To do so, from the formula

B 2 2 9
det g = 917995 — 913957 = a1(a2) azasar — az*as”asas,

it is necessary to determine all formulas of zero, first, and second-order derivatives
of a;,i = 1,...,7 which are given in Proposition 10. For the zero-order derivatives of
a;’s, by putting z = Z,w = 0 in formulas in Proposition 10, we have:

=p(p+1)%(2p+1) (1 —22)*7,

1 1
B S R T etk
a4—(p +3p+2) (1- 2)2/p,a7:2(1—22)%,

=0,2=25,6

Then by using a5 = ag = 0,
2(2p +1) (P2 +3p +2) (1 — 22) /7
p(p+1)% (2 - 1)° '

Next, we compute the first-order derivatives of a;’s, then substituting z = Z,w = 0
yields the following:

det gg = al(a2)2a3a4a7 =

4
drar = drar = —A(p+1)%(2p + 1)z (1 — 22)» ",
4
4z(1—2z) » "
O1as = O7as = ,
102 = Opa = = oy
2z
O1az = Oyaz = ECYrE—T
\ag = Otaz = 1)
2(p2 +3p+2) 2(1—27)p
z — ZZ)P
dag = Oras = — rP-r ;
p
2z (1 —zz)%_l
Dras = 0306 = ———————,
p
2z(1—z§)%_1
dar = dyar = ———————,
p

82&1 = 8§a1 = 82&2 = 65(12 = 62(13 = 8§a3 = 82&4 = 6§a4
= 81&5 = 8Ta5 = 8§a5 = alaﬁ = 8TCL6 = 82&6 = 82a7 = 8§a7 = 0.

In particular, from those vanishing terms
aial == 82'612 = aiag = 82'(14 = aia7 = O,i = 2,5,
and a; = ag = 0, we have

do det g8 = d5det g8 = 0.
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On the other hand, from 0ya; = dya;, 7 = 1,2, 3,4 with zero, and first-order derivatives
of a;’s, computation yields

2p+2)(2p + 1)22 (1 — 27)

p’(p+1)
Now, we compute the second-order derivatives of a;’s, then substituting z =z, w =0
yields the following:

O det gF = drdet g2 =

o AP+ D2p+ 1) (p—427) (1= 22)r
1141 = = D ’

8§§a1 =2(p+1)(1- zf)s/p (4p3 +p* —p(2Z +2) — 227),

_ 2(p+2)

92 4 41 —zz) 7 (pH+427)
)
)
Otz = W’
42z + 2
rag = T2
p*(Z2 —1)
2 - -\ 22
9 2(p*+3p+2) (p—222) (1 —22)»
Ojpas = — 2 ,
p

1
0%as =—2(p* — 1) (1 - 2z)7,
1

2(1—22)r 2 (p — 22)
p? ’
\i-2, _
2(1—2z)r 7 (22 — p)
p? ’

2 _ 92 —

2 —
aﬁa7 —

= 8%&5 = 8?5(15 = 8225(15 = 8%&6 = 8%&6 = 8§§a6 = af§a7 = 822Ta7 = 8225(17 =0.
For two terms 8% det gg and 8% det gg , one can check the following: expand 8% det gg
and 8% det gg as linear combinations of a;’s and derivatives of those. Then each term
in expressions contains at least one zero term. Consequently, we have
8?5 det gF = 822T det g% = 0.
For the other two terms, direct computation with second-order derivatives of a;’s
yields:

2(p+2)(2p+1)2 (1 — 22)_%_4 (2pzzZ 4+ p + 27)

2 B
Opdet gp =

Pip+1) ’
_2(p+D)
02 ot g — (3040 + 40p +20) (1 - =2) E
Ch PRSI

By combining with (4.4), we have all desired formulas from direct computations. [
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From the next Proposition, we have Theorem 3 as a Corollary. Moreover, not as in
the smoothly bounded strictly pseudoconvex domain case, the Bergman metric even
fails to be asymptotically Kahler-Einstein on E (also, see [6]).

Proposition 12. On the point (z,w) € E satisfying z = Z,w = 0, we have

Ric1
167 _ 1,
911
Ricyz ~ 2p° +10p* +10p +5
93 (p+222p+1)
In particular, Rl—c_ﬁ = =22 if and only if p = 1.
9T 91T

Proof. From the formulas of a;’s which are obtained in the proof in Proposition 11 at
(2,%Z,0,0) € E with z = Z, we have metric components

2p+1
p(1—22)"
2(p+2)
(p+1) (1 - =)'
Then by combining the formulas of Ricci curvature in Proposition 11, the result
follows from the direct computation. O

g7 = a1a2a3 =

Gop = A20a4a7 =

The holomorphic sectional curvature h on [-dimensional complex hermitian mani-
fold (M, g) in the holomorphic tangent vector £ = Zi’:l &-{% is given by
. _
o 2R§E§E o 2Za,b,c7d:1 RaEcﬁgafbgcgd
l

N 9(675)2 N za,b,c,d:l gal;gcagagbgcgd 7

where the components of curvature tensor R associated with ¢ is given by

9. L 09 095
R--— _ ab qp Z2ap 740 4.5

B = et 2 I (4.5)
p,q=1
Proposition 13. On the point (z,w) € E satisfying z = Z,w = 0, the components of
the holomorphic sectional curvatures h of gg are given as follows:

9. 2p
h(&) T o1+

9.  l+dp+p?
h(aw)_ (24 p)?

In particular, h(a%) = h(a%) if and only if p=1.

Proof. From the formulas of a;,d;a;’s which are obtained in the proof in Proposi-
tion 11, g3 = g, = 0 because of ay = a5 = 0. Also, from O1as = Orag = Oras =
Oza6 = 0, we have

01913 = 01991 = 02915 = 03951 = 0.
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Hence the components of the curvature tensor in (4.5) become
2 1T
Ripir = =05i011 + 9 0191191917
2 22
Rogys = =059 + 97 0292303903-
From the formulas of a;’s which are obtained in the proof in Proposition 11 and
Proposition 12,
2

1T_ 95 _ p(l—22)
det g5 2p+1
2 _ g1 _ (1)1 -27)

g :detgg - 2(p+2)

9

==

Combining with necessary formulas of 8]-(1,-,8%%’5 in the proof in Proposition 11,

with the formulas of the inverse metrics given above, the result follows from the
direct computation. O

Proposition 13 yields the following consequence:

Corollary 14. the Bergman metric is not proportional to the Kobayashi-Royden met-
ric on E = E(1,1,p) with 1 #p > 1/2.

Proof. Suppose the Bergman metric is proportional to the Kobayashi-Royden met-

ric. i.e., xgp = /\\/g for some A > 0. From the geometric-convexity of FE, the
Carathéodory-Reiffen metric is the same as the Kobayashi-Royden metric. Then the
holomorphic sectional curvature of the Bergman metric must be the constant by ap-
plying Theorem 1 in [18], which is only possible when p = 1 from Proposition 13. [

5. THE CARATHEODORY-REIFFEN METRIC ON GEOMETRIC CONVEX DOMAINS

In the following proposition, we consider bounded geometric convex domains €2
in C™ and distinguish the Carathéodory-Reiffen metric from Kéahler-Einstein metric.
Then Proposition 15 directly implies Theorem 4.

Proposition 15. For any bounded geometric convexr domain € in C", let ggE be the
complete Kdhler-Einstein metric of Ricci curvature —1. Then we have

va(a;v) < \/ggE((a;fu), (a;v)) for all nonzero tangent vectors (a;v),

and

ya(a;v) < \/ggE((a;v), (a;v)) for some nonzero tangent vector (a;v).

Furthermore, if Q) is not biholomorphic to the unit disk in C", then for any A > 0,

yala;v) # /\\/ggE((a;v), (a;v)) for some nonzero tangent vector (a;v).
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Proof. Notice that the first inequality is the consequence of the generalized Schwarz
lemma (see [23]). To show the second inequality, suppose

yala;v) = \/ggE((a; v), (a;v)) for all nonzero tangent vector (a;v).

Then we have

dy = di§P.
Since 2 is geometric convex, the Carathéodory-Reifen metric is same as the Kobayashi-
Royden metric. In particular, this forces Carathéodory pseudo-distance must be inner.
Then from (2.2), cq = c&, = d5¥, which contradicts the main theorem in [7]. In the
case that a bounded geometric convex domain §2 is not biholomorphic to the disk,

if we assume further that vo(a;.) = A\\/g5%(.,.), for some A > 0, then Q must be
biholomorphic to the unit disk by Theorem 2 in [18], which is impossible. O
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