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Abstract

Based on the notion of paracontrolled distributions, we provide existence and uniqueness
results for rough Volterra equations of convolution type with potentially singular kernels and
driven by the newly introduced class of convolutional rough paths. The existence of such rough
paths above a wide class of stochastic processes including the fractional Brownian motion is
shown. As applications we consider various types of rough and stochastic (partial) differential
equations such as rough differential equations with delay, stochastic Volterra equations driven
by Gaussian processes and moving average equations driven by Lévy processes.
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1 Introduction

Stochastic Volterra equations serve as mathematical models for numerous random phenomena
appearing in various areas such as biology, physics and mathematical finance. In the present work
we consider Volterra equations of convolution type, which in their simplest form are given by

u(t) =uo + / ot — s)o(u(s))dd(s), teR, (1.1)

— 00

where ¢¥: R — R™ is a (random) input signal, e.g., an m-dimensional (fractional) Brownian motion,
ug € R, ¢: R — R is the so-called kernel and o: R™ — L(R™,R") is a vector field. Since the
pioneering works of Berger and Mizel E, @], stochastic Volterra equations have been studied in
different settings and generality by a vast number of authors, see e.g. @, @, @, @]

This wide class of equations covers many stochastic differential and integral equations as spe-
cial cases such as ordinary stochastic differential equations, classical stochastic Volterra integral
equations, stochastic equations involving fractional derivatives (noting that singular kernels cor-
respond to Fourier multipliers) and moving average equations driven by Lévy processes. Recently,
Volterra equations attracted additional attention from the mathematical finance community be-
cause stochastic Volterra equations with singular kernels ¢ constitute very suitable models for the
unpredictable and rough behaviour of volatility in financial markets, cf. ﬁ], @, @]

Rough path theory initiated by Lyons [@] provides an innovative approach to the theory of
stochastic differential equations leading to many novel insights. One of the fundamental results of
rough path theory is the continuity of the solution map ¥ — u, known as the It6-Lyons map, for
controlled differential equations driven by rough paths. This continuity statement had significant
impact over the past decades and found many applications, see [@, ﬁi
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The main goal of this article is to develop a pathwise approach to and a solution theory for
Volterra equations driven by rough paths, which allow for regular as well as singular kernels. In
particular, we prove the local Lipschitz continuity of the It6-Lyons map for Volterra equations
generalising (in some directions) the above mentioned fundamental result. Many implications of
the rough path theory seem thus to be feasible for Volterra equations.

For this purpose we first establish the existence of a unique solution to the Volterra equa-
tion (LI driven by singals ¢ with sufficient regularity, based on Littlewood-Paley theory and
Bony’s paraproduct. In order to extend the existence and uniqueness results to a rough path set-
ting, we rely on the notion of paracontrolled distributions, which was introduced by Gubinelli et al.
[@] The paracontrolled distribution approach is particularly suitable for the pathwise analysis
of Volterra equations of convolution type because of the following two key observations: Firstly,
the convolution operator appearing in (ILI]) fits nicely together with the underlying Fourier and
Littlewood-Paley analysis since the convolution operator is, for instance, a local operation in the
Fourier domain. The second advantage of paracontrolled distributions is that the driving rough
path ¢ (or the underlying model using the language of regularity structures @]) can be chosen
adapted to the specific equation which turns out to be essential for the solution theory involving
singular kernels.

Volterra equations driven by rough paths have so far only been studied by Deya and Tindel
[lﬁ, @] They have demonstrated that classical rough path theory can be utilised to handle
Volterra equations driven by rough paths. The approach in IE, E] requires a deep and heavy
analysis leading to strong regularity assumptions on the kernel ¢, namely ¢ € C3, and thus
excluding singular kernels. This is mainly caused by relying on the classical space of (geometric)
rough paths, which have been designed to treat ordinary rough differential equations. Adapting the
classical notion of rough paths, Gubinelli and Tindel |27] dealt with the mild formulation of rough
evolution equations associated to analytic semigroups, which corresponds to infinite dimensional
Volterra equations with kernels given by the semigroups. More recently, Bayer et al. ﬂ] showed
the existence of a solution to a specific rough Volterra equation modelling the ‘rough’ volatility
appearing on financial markets, using Hairer’s theory of regularity structures @]

Using the flexibility of the paracontrolled distribution approach, we introduce the notion of
convolutional rough paths by including the convolution kernel ¢ in the definition of the so-called
resonant term. The later notion can be seen as the analogue to geometric rough paths in the
paracontrolled distribution stetting. We prove that the It6-Lyons map has a locally Lipschitz
continuous extension from the space of smooth paths to the space of convolutional rough paths.
Hence, the Volterra equation (LI) driven by a level-2 convolutional rough path possesses a unique
solution. This ansatz leads to rather weak regularity assumptions on the kernel ¢ requiring less
than Lipschitz continuity and thus allowing especially for singular kernels.

In addition to the above mentioned modelling, there is a particular interest in singular kernels,
e.g. IE, @, @], because of their links to stochastic differential equations with fractional derivatives
é} and to a large class of semilinear stochastic partial differential equations @] The here
developed paracontrolled distribution approach to Volterra equations can thus also be viewed as a
step towards these applications. However, exploiting these directions more comprehensively would
require extensions based on higher order paracontrolled calculus, see [@], or to infinite dimensional
spaces, cf. [@], which is beyond the scope of the present article.

While it is necessary for singular kernels to be included in the definition of the rough path, in
the case of regular kernels, say ¢ is at least Lipschitz continuous, the existence of the convolutional
rough path can be reduced to the existence of a generic rough path, i.e., independent of the specific
kernel. Moreover, considering the regularity of the driving signal in Besov spaces, our analysis
builds on [@] and interestingly the continuity results hold for some Volterra equations driven by
convolutional rough paths with jumps, contributing to the recent extension of rough path theory
to cadlag paths, cf. IE, @]

In order to apply the pathwise solution theory for Volterra equations driven by convolutional
rough paths to stochastic Volterra equtaions, we construct convolutional rough paths for a large
class of stochastic processes satisfying a hypercontractivity property. Examples include many
Gaussian processes such as fractional Brownian motion with Hurst index H > 1/3. As a con-



sequence, we obtain unique solutions to stochastic Volterra equations driven by Gaussian processes,
extending most literature which focuses on driving signals given by semi-martinagles. Further-
more, the approach developed here based on paracontrolled distributions constitutes a solution
theory of stochastic differential equations in the sense of Stratonovich integration. This comple-
ments the related literature about stochastic Volterra equations, which focuses on (generalization
of) Tt6 integration, except, of course, the works [@, ﬁ, @] relying on rough path theory. An-
other advantage of the pathwise approach is that it can immediately deal with stochastic Volterra
equations with anticipating coefficients, cf. the seminal work of [3§].

Plan of the paper: In Section ] the functional analytic foundation is provided. Section
establishes the existence and uniqueness results for Volterra equations. The connection to the
classical rough path theory and the probabilistic construction of the resonant term for suitable
stochastic processes can be found in Section @l Applications of the pathwise results to various
types of stochastic Volterra equations are presented in Section Appendix [A] collects several
auxiliary lemmas concerning Besov spaces.

1.1 Setting up the Volterra equation
In the rest of the paper, we study the following class of Volterra equations of convolution type
u(t) = uo(t) + (p1* (01(w)€1)) (1) + (2 * (02(u)é2)) (1), tER, (1.2)

where

e the convolution operator * is defined by

(fx9)(y) :=/]Rf(y—w)g(w)dw, y€R,

with the usual generalization for distributions f and g,

ug: R — R™ is the initial condition,

@;: R — R are the kernels (or kernel functions) for j = 1,2,
e 0;: R" — L(R™,R") are vector fields for j =1, 2,
e £&1: R— R™ and &: R — R™ is a possibly rough and smoother signal, respectively.

Comparing (ILI)) and ([2), the signal & corresponds to the (distributional) derivative of ¥ and the
integral boundaries (—oo, t] are included via kernel functions of the form ¢ = 19 ). Through-
out the paper we refer to @1 * (01 (u)&1) as the rough term and to s * (02(u)&2) as the drift term,
making for simplicity the assumption that also ¢1,£; are less regular than o, &, respectively.
Let us remark that distinguishing between a rough and a drift term allows for sharper regularity
conditions on the respective vector fields o1 and o9, cf. the notion of (p, ¢)-rough paths [31]].

2 Bony’s paraproduct and Besov spaces

Let us briefly set up the functional analytic framework. We begin by recalling the notion of Besov

spaces in terms of the Littlewood-Paley decomposition. For a more general introduction we refer
to Bahouri et al. [J], Sawano [43] and Triebel [44).

For the sake of clarification let us mention that LP(R% R™*™) denotes the space of Lebesgue
p-integrable functions with norm || - ||z» for p € [1,00) and L>(R? R™*") denotes the space of
bounded functions with corresponding norm || - ||o. The space of Schwartz functions on RY is
denoted by S(R?) := S(RY, R™*") and its dual by S'(R?) := &'(R?, R™*"), which is the space of
tempered distributions.



For a function f € L'(R? R™*") the Fourier transform and its inverse are defined by

Ff(z) = /Rd e =0 f(z)de and Flf(z) = (2m) 4Ff(—2).

If f € S'(R?), then the usual generalization of the Fourier transform is considered.

The Littlewood-Paley theory is based on a localization in the frequency domain by a dyadic
partition of unity (x, p), that is, x and p are non-negative infinitely differentiable radial functions
on R? such that suppy C B and suppp C A for a ball B C R? and an annulus A C R,
X(2)+3 50 P(2772) = 1for all z € RY, supp(x) Nsupp(p(277+)) = 0 for j > 1, and supp(p(2~*))N
supp(p(277-)) = 0 for |i — j| > 1. We set throughout

p_1:=x and pj:=p(277) forj > 0.
Given a dyadic partition of unity (, p), the Littlewood-Paley blocks are defined by
Ay f:=F p_1Ff) and A,f:=F Yp;Ff) forj>D0.

Note that A;f is a smooth function for every j > —1 and for every f € S’(R?) one has f =
> j>_1A;f For a € R and p,q € [1,00] the Besov space Bg (R, R™ ™) is given by

ng(Rd,Rmxn) — {f c S/(Rd,Ran) : Hf”a,p,q < oo}

With | llapa = || (27185 fl10) 5,

va

Although the norm || - ||a,p,q depends on the dyadic partition (x, p), different dyadic partitions of
unity lead to equivalent norms (see E, Corollary 2.70]). Whenever the dimension of the image
space is clear from the context, we write BS ,(R?) := BS (R4, R™*™) and BY, := BY, (R, R™*™)
and analogous abbreviations for LP (Rd,RmX”). The special case of Holder-Zygmund spaces is
denoted by C* := B, , with corresponding norms || - [|ca := || - [|a,00,00 for a > 0. In the following

we will frequently apply embedding results for Besov spaces, which can be found for example in
[44, Proposition 2.5.7 and Theorem 2.7.1].

Let us fix the notation Ay < By, for a generic parameter 9, meaning that Ay < CBy for some
constant C' > 0 independent of . We write Ay ~ By if Ay < By and By < Ay. For integers

Jo, ko € Z we write jy < ky if there is some N € N such that jy < ky + N, and jy ~ ky if jy < ky
and ky < jy.

Given f € By, (R?) and g € 13'527,]2 (R%), we can formally decompose the product fg in terms
of Littlewood-Paley blocks as

fo=> > AifAjg=Trg+T,f +7(f.9) (2.1)

j>—1i>—1

where

Trg = Z < Z AJ)A]-Q and 7(f,g):= Z A fAg.

j>—1 Ni<j—2 li—jl<1

This decomposition was originally introduced by Bony [@] and 7(f, g) is usually called resonant
term. The following paraproduct estimates verify the importance of Bony’s decomposition. For
the proof of this lemma, we refer to [J, Theorem 2.82 and 2.85] and [39, Lemma 2.1].

Lemma 2.1 (Bony’s paraproduct estimates). Let «, 5 € R and p1,p2,q1,q2 € [1,00] and suppose

that
1 1 1 1 1 1
—i=—+—<1 and =:=—+—<1.
p P1 D2 q qa Q92

(i) If (f.9) € L™ (R?) x By, ,(RY), then || Tyg|

B S | £l zes Hg”BﬁDmQ'



(ii) If o <0 and (f,9) € By, ,,(RY) x By, o, (RY), then | Trgllatppa S 1fllapsallglspma-
(iii) Ifa+B >0 and (f,9) € By, 4, (RY)x By, 4,(R), then ||7(f,9)lla+ppa S I fllapr.ar 190155200

In order to analyse the smoothing property of the convolution operator * appearing in the
Volterra equation (I2]), we provide the following Young inequality and its proof since the authors
are not aware of a reference for this result in the stated generality.

Lemma 2.2 (Generalized Young’s inequality). Let o,8 € R, d € N and p1,p2,q1,q2 € [1, 0]
satisfying

1 1 1 1 1 1
0<—-=—+—-1<1 and 0<—-:=—+—<1.
p p1 P2 q g1 Q2
Then, for any f € By , (R?) and g € BS, . (R?) we have fx g € By t#(R?) with

IS * 9llats.p.a S [ fllovpran 91150205

Proof. The Littlewood-Paley blocks of the convolution satisfy
-1 —1r 1/2 —1r 1/2 .
Aj(fxg)=F piFfFgl = F Hp/ " Fflx Flp/ " Fgl, j=-1
Using Young’s inequality for LP-spaces, we bound
(o o) —1p . 1/2 ; —1p 1/2
PN (f * g)llee < (FNF Moy 2 F o) (271 F oy * Folllra).

Hence, by the Cauchy-Schwarz inequality it suffices to show

1@ F oy 2 F flllom) oyl S U Fllaproan (2.2)

(and consequently the analogous estimate holds true for g). To verify (Z2]), we decompose f =
> j A f. Due to the compact support of p; and the classical Young inequality, we obtain

29 F ol P F £l <29 ST | F [0 2F A ]| o
j/

<2 3T NF oy 2 e 1A £l e

l7—4"I<1

5 Z (2*(j’,j)a]l[7111] (J/ _ J)) (2j,aHAj’fHLP1)-
j/

Again by Young’s inequality (applied to £7') we conclude

1N 0} F e ) syl < 1@ L0 @) oyl N < 21+ D -
O

In order to quantify the regularity of the vector fields appearing in the Volterra equation (L2])
we follow the convention by Stein (cf. @, Definition 3.1]): For operator-valued functions F': R —
L(R™,R™) we write F' € CF for k € N, if F' is bounded, continuous and k-times differentiable with
bounded and continuous derivatives. The first and second derivative are denoted by F’ and F”,
respectively, and higher derivatives by F(*). The space C* is equipped with the norms

k
1Flloc := sup IF@)]| and [[Flex := 1Flloe + D 1o,

j=1

where || - || denotes the corresponding operator norms.



3 Existence and uniqueness results for Volterra equations

Let us briefly recall the Volterra equation (L2)), which was given by

u(t) = uo(t) + (1 # (01(w)€1)) () + (2 * (02(w)&2)) (1), tER,

for an initial condition ug: R — R, vector fields o;: R™ — L(R™,R™), kernel functions ¢;: R - R
and driving signals ;: R — R™, for j = 1,2. While the convolution is always well-defined for any
function or distribution in a Besov space (cf. Lemma [22]), the product o;(u); requires sufficient
Besov regularity of the involved functions (cf. Lemma 2]). This statement will be made precise
in the next subsection.

3.1 Regular driving signals

To analyse the product o;(u)§; more carefully, we suppose that the driving signals satisfy ¢; €

Bgf;l with 5; > 0 and p > 2, for j = 1,2. We further assume that the corresponding solution u
of the Volterra equation (L2) fulfills v € By ., for some regularity o > %. In this case Bony’s

a+p;—1 c

decomposition (Z]), the paraproduct estimates (Lemmal[2.T]) and the Besov embedding B, /2,00

B,E’f;;l applied to the problematic product yields

oj(u)§; = Ty, w)&; +m(oj(u), &) +Te,05(u) € Bgfo_ol ifa+8;>1,p>2. (3.1)
—— S N—

Notice that the Young type condition o + 3; > 1 is crucial for the regularity estimate of the
resonant term 7 (0 (u),&;). If ¢; € B’ for some ; > 0, then Young’s inequality (Lemma Z2)
combined with ([B.J)) yields

0 * (0 (u)&;) € BYit—t,

In view of the Volterra equation (LZ) we obtain the relationship
a=min{f +m — 1,082 +v2 — 1}.

In the following we associate the “rougher” signal with the first convolution term and thus assume
B1 < B2 and v1 < 2. The Young type condition o + 3; > 1 is then equivalent to 23 + 1 > 2.

Applying a fixed point argument, we first prove the existence of a unique solution to the
Volterra equation ([2)) in this Young setting. Afterwards we will relax the regularity assumptions
allowing for a more irregular driving signal &; in (L2)), see Subsection

Proposition 3.1. Let p > 2, 0 < 1 < f2 and 0 < v1 < 2 such that
a=p/+v—-1€1/p,1] and 261+ > 2.

Suppose ug € By ., & € Bﬁfozl, @; € B’ and o; € C* with 0;(0) = 0, for j = 1,2. If
max;—1 2 ||0j||c2 is sufficiently small depending on max;—1 2 ||0; |, 1,00, Max;j—=12 [|€;| 5, -1,p,00 and
luolla,p,00, then the Volterra equation (L2) has a unique solution u € By ..

Let us remark that the assumption a > % in Proposition B] is only used for the embedding
By o, € L. If we separately control the norms || - [|a,p.co and || - || of the solution u, we may
allow for u € 81177/&. This implies that the solution u of the Volterra equation (L2)) may have jumps
but these jumps can only come from the initial condition ug. This observation leads to the next
proposition.



Proposition 3.2. Let p > 2, 0 < 1 < B2, 0 < 71 < 72 such that

Bi+m—1€(1/p,1] and B1+1/p>1.
Suppose ug € B;l;,/opo NL>®, ¢ € Bﬁf;l, @;j € B, and oj € C? with 0;(0) = 0, for j = 1,2. If
max;j—1,2 ||0j||c2 is sufficiently small depending on ||u0||%,p,oo + [|uolloo, maxj—12 ||}l 1,00 and
max;—12 [|&lg,~1,p,00, then the Volterra equation (L3) has a unique solution u € Bl,/o% N L.

Let us remark that Proposition B.1] is not a corollary of Proposition However, since the
corresponding proofs work analogously, we present here only the proof of Proposition [3.2]in order
to avoid redundance.

Proof of Proposition[72 We study the solution map

D Bgoo NL*® — Bp;yoo NL>®, v u:=ug+ p1* (Ul(v)fl) + g * (Ug(v)fg).

If @ is a well-defined map and a contraction, then the assertion follows from Banach’s fixed point

theorem.
Step 1: The map ® is well-defined. Indeed, by Young’s inequality (Lemma [22]), the Besov

embeddings le);gtfrl - B,ff;;l, B;fotﬂj’l - B;,/o% and B,ff;”*l C L* for j = 1,2 and Bony’s
decomposition we have

121 p,00 + [12(0)lloo

S Mol s oo + luolloc + D 1105ll,1,00 195 ()18, ~1,p,00
j=1,2

S llwolls oo + luolloe + D (10,518~ 1,00 + 170 (0): €)1 145, —1.p/2.00
j=1,2

+ 1T, 05 ()1 148, -1.,p/2,00) 12115 1,00
The paraproduct estimates (Lemma 1)) and Lemma [AZ3] yield
[@(V)]] 2,00 + [[®(V)[lc0

S llwoll 1,00 + [[uolloo + > 15l15.1,00 (1175 ()1 2 .00 + Nl (V) o) €118, ~1.,00 (3.2)
j=1,2 .

S ol s pooo + luolloc + (10111 oo+ 10lloc) D 1151100 liller 167118, 10,00
j=1,2

1 1
Hence, ®(v) € B.oc N L™ for every v € Bf oo N L.
Step 2: Invariance of ®. We now verify that ® maps the ball

1 1
By = {’U € B NL® : [[v]l1 oo + 1V]le < 2K2} C BpocNL™
P

into itself for some suitable constant K € R. Due to (B2), there exists some K > 1 such that
l[woll1 p,o0 + [luoflee < K and

[@(V)I2 p,00 + 12(0)]oo

< K(IIUoH%,p,oo + lluolloe + (19112 .00 + 10lloc) D ||‘Pj||w71,00||0j||01||§j||Bj—17p7OO>'
j=1,2

If max;—12 ||oj]|cr is sufficiently small such that

1
max [0l 1.00ll05 015118, 1000 < 772



+ | ®(v)]l o < K? 4+ K? < 2K2.
Step 3: ® is a contraction. To deduce the Lipschitz continuity of ® on By, let v1,v9 € Bi.
By Young’s inequality (Lemma [2.2) and the auxiliary Lemmas [A.2] and [A-3] we deduce

then for any v € Bx we obtain || ®(v)

1
Hg,p,oo

[@(v1) = D(v2)[| 1 p,00 + [@(01) = P(v2)]loo

S D sl e (llog(vr) — 5 (2)l|1 p oo + 13 (1) = 05 (v2) o) 151l 8,-1.p.00
§j=1,2

< ( > HO’jHCZH%Hw,l,ooIIEjHﬂj—l,p,oo) (L l[v1lls oo + llv1lloo + V2l 2 p oo + 02lls0)
j=1,2

X (fluy — Va1 p,00 + 01 = 2| o0)

S Inax ||Uj|\02( > ||90j|\w,1,oo|\§j||ﬁj—1,p,oo)(1 +4K?) ([lor = vall1 oo + o1 = v2ls0)-
’ j=1,2

In conclusion, ®: By — By is Lipschitz continuous and it is a contraction for sufficiently small
max;j=1,2 [|o; o2 depending on [|uo|| 1, oo F[|v0lloo, maxj=1,2 [|¢;l4;,1,00 and maxj=1,2 (1€ [l 5, ~1,p,00-

O

Remark 3.3. One can bypass the flatness condition on the vector fields o1 and o9, that is,
max;=1 2 ||| cz was assumed to be sufficiently small, by assuming that the kernel functions ¢1, 2
as well as the driving signals &1, &> are supported on the positive real line, c¢f. Subsection [3.41

3.2 Rough driving signals

The regularity assumptions on the driving signals proposed in Proposition Bl for obtaining a
unique solution to the Volterra equation (L2)), are usually too strong for applications in probability
theory. Namely, we have imposed the smoothness condition o + 51 > 1, which means £, > QEJ
For instance, for ordinary differential equations we have v; = 1 and thus g; > % excluding
stochastic differential equations driven by the Brownian motion. In the sequel we will generalise
this condition for the first convolution term in (IL2) to 2+ 1 > 1 being equivalent to 1 > %
In the case v; = 1 we then require 5; > % which is in line with the classical rough path theory
with one iterated integral. This paves the way for a wide range of applications of our results to,
e.g., fractional Brownian motion, martingales and Lévy processes, see Section [l

As discussed before, under the weaker regularity condition 8; > % one main difficulty is
to give a rigorous meaning to the product o1 (u)&1, cf. BI]). To overcome this issue, we adapt the
paracontrolled approach introduced by Gubinelli et al. [25]. In order to profit from the smoothing
effect of the convolution with ¢, we choose a paracontrolled ansatz that reflects the convolution
structure of equation (C2)).

Abbreviating the regular terms by w2 := ug + @2 * (02(u)§2) and using Bony’s decomposi-
tion (20), we may write

U = ug,2 + 1 * (Tal(u)€1 + 7T(0'1 (u)a 51) + Tﬁl o1 (u))
Since the term o1 x T, (,)&1 is the least regular one, we choose the ansatz:
U = ug,2 + 1 * Tcn(u)&l + u*

with remainder
ut =y * (7r(01 (u),&1) + Tglal(u)), (3.3)

which is of regularity a+ 81 — 1 + 1 = 2a assuming everything is well-defined. However, this is a
priori not true due to the resonant term (o1 (u),£1). To analyze this term, we use a linearization



of o1(u) (see @, Proposition 4.1]) and again the ansatz for u to decompose the critical term
(o1 (u), &) into

m(o1(u), &) = oy (w)m(u, &) + g, (u, &)
, . (3.4)
= 1(“) (ﬂ(u0,2551> + 7T((p1 * Tal(u)glvfl) + W(u 751)) + Hﬂ'l (u7§1)7
where
Mo, (u,&1) i= (o1 (), &) — o} (w)m(u, &) € Bag (3.5)

At this point the resonant term (¢ * T, (4,)€1,&1) is not yet well-defined. In order to continue
our analysis, we need to compare

(1% Ty ()€1,61) and  w(p1 % &1, 81),

which is indeed possible thanks to the following lemma.

Lemma 3.4. Suppose there exists a constant r € R such that for some v > 0
peBl, and (-—r)pc BV'|r1

+ L <1,

If feB  andge BS _ with o€ (0,1), B € R and py,ps € [1,00] such that 1—17 = p% -

p2,00
then

Ry(f,9) == ¢ *Trg — Ty(—p(p* g) € BSEIH

with

v1o0 + 10+ 7)¢llyr1,1.00) 1 lapr.collgll pa.o0

HR‘P(f’ g)Ha+ﬁ+'y,p,oo 5 (HSD|

Applying Lemma [3.4] we can write the “undefined” resonant term (¢ * T, ()€1,§1) in (B4)
as

(o1 * Toy (w)61,61)
= 7T(T<T1(u(‘—7"1))(901 * fl)aél) + ﬂ-(RSDl (01 (u)7§1>a§1) (36)
= oy (u(- —m))m(p1 x &1, &) + Do (u(- — 1)), 01 %81, 61) + m( Ry, (01(w),&1), 1),

for some r; € R and where we used the commutator

L(f,g,h) :=n(Tsg,h) — fr(g,h), f.g9,h €S R)

satisfying

||F(f7 g, h)||a+b+c,p/3,q ~ Hf”a P, 00||g||b P, OOHh”c P,00 (3~7)
for p>3,a€(0,1) and b,c € R with a +b+4 ¢ > 0 and b+ ¢ < 0, see the so-called commutator
lemma @, Lemma 4.4]. We thus have reduced the critical term (o1 (u), &1) to the resonant term

m(p1 x &1,&1). The latter one does not depend on the particular equation (L2) in the sense that
it neither depends on w nor on o1, but only on the signal £; and the convolution kernel ;.

Proof of Lemmal[3.7] We may assume that f € B?:l/plﬂ being a dense subset of B . such that
the result will follow by continuity. We will use the notation S;f = > ;| A;f for f e S R).
Noting that

Aj(pxg)=F lpjxpxg=px(A;g), (3.8)
and since 3, Aj(p * g) converges if >~ A;g converges by Lemma 2] we have

o Trg(x) — Ty—plpxg)(x) = Y Rz
j>—1



with
Rj(x) == (Sj-1fD;9)(x) = Sj—1f(x —r)(p* Ajg)(x)

= [ o= (811 = Sy1Fla = 1) Ajg(2) s (3.9)

/o /R(2’7£C+7’>90(SC7Z)ijlf/(l'7T+t(z—z+r))Ajg(z)dZdt

where we apply Fubini’s theorem in the last line using that f’ is bounded. Since (y — r)p(y) €
LY(R) C B} ., the Fourier transform of R; is well-defined and we have

PR = /0 /R? e (2 — w4 r)p(z — 2)e S f' (@ —r 4tz — x4 7)) Ajg(2) dz da dt
_ /01 /R2 e (2 — r)p(x)e’* S, 1 f (x4 2 — r — tz + tr)) A g(z) dzdz dt
= 7/0 /Reiﬁw(:r — T)cp(x)}—[ijl(f/(. +(1—t)(z— T)))Ajg] (€) dz dt.

Since F[A;gS;—1(f'(- + (1 — t)(z — r)))] is supported on an annulus with radius of order 27
(uniformly in ¢ and ), we conclude that Ay R; = 0 if |k — j| 2 1. Consequently,

I % Tr9(@) = Ty (9 £ )@ llatpinpoe S sup 2TH0Y ARy 1e. (3.10)
= ij

Let us introduce ¢y := F~1py, * ¢ and recall the operator [Ag, flg := Ar(fg) — fArg. We have

ARR; = o % (Sj-11Ajg) — Ap(Si—1 f(- =)@ * Ajg))

(3.11)
= o * (Sj-1fD;9) = Sj—1f(- =) (or % Ajg) — [Ak, Sj—1f(- = 1))(¢ * A;9).
For the third term in the above display @, Lemma 4.3], (38) and Lemma 22 yield
D Ak S fC =m0+ 85| < D27 1S i1 fllapr,oo | A (0 % 9) | L2
j~k j~k
S Y27 a2 T o x gl oo (312)
g~k

S 27 o) 1ol ]

04,131700H9||57P2100‘

Exactly as in ([3) the first two terms in (311 can be written as
o * (Sj-1fAj9) () = Sj1f (@ = 1) (r * Ajg) ()
= /01 /R(z —z+7r)op(r — 2)Ajg(2)Si—1f (x +t(z — ) + (t — 1)r)dz dt.
Abbreviating ¢ (z) = (z — r)pr(z), Holder’s inequality gives
[0 (S5-1A59) (%) = Sj1 f (2 = 1){pr + Agg) (@)

1
</ /|§5k—($_Z)|1_1/p|(;5k(.’1]_Z)|1/p‘Sj_1f/(fL'+t(Z_$)+(t_1)T)Ajg(z)’dzdt
o Jr

_ ! 1/
< ||Szk||i11/p/0 (/R|@k(zfz)||Sj,1f'(z+t(zfx)+(t—l)r)Ajg(z)‘pdz) pdt.
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Using that o — 1 < 0 and E, Proposition 2.79], we obtain by

[on * (Sj-1fA;9) = Sj-1.f(or * Dj9) |,

1 1/p
I ([ ] B@llasg@8 1 @+ =t + @ = 1) drazat)
U (3.13)
U ([ N1 8011515170, axct)
S 277 g1l g o ool la—1.91,002" VI Gk(2) [ 11
Since || f[la—1.p1.00 < 1 fllapr.cos it suffices to show || @kl = [|(z — r)er(@)||p < 270D, Note
that
(@ onla) = [ (o= 252 = F pula — 2)e(e) ds
R
= /(z —2)F oz — 2)p(2) dz + / Flor(z — 2)(z —r)p(2) dz
R R
= (WF o)+ @) (@) + (F o= ((y = 1)e(w) ()
= —i(F Pkl = ) (@) + Aw((y — 1)) (@)
=—i > Fpk) = Aje(x) + Ax((y — r)e(y) (@),
ok
which by Young’s inequality implies
(@ =)o@l <Y IF ol 1850l + 1Ak((y = r)e)) o1
I~k
= IF @) el A0l + 1A% ((y = 1)) [ o2 (3.14)
j~k

= 27 MO EOF Nl 00 + 27OV = 1)@ lly,00-
Finally, we combine the estimates (8:12), (313) and (314) to get

> AR e S 27O ([l 1,00 + 1 = P)llyr1,1,00) 1 Fllaspr,00 11911 8,200
jk

In view of BI0) we have proven the asserted bound for ||Ry(f, g)HaJrﬂﬂ p.oo And in particular
R,(f.g) € B3+, O

Remark 3.5. Lemma [3.4] can be seen as a counterpart to the integration by parts formula as used
in the context of classical rough differential equations of the form Du = F(u)& with the differential
operator D and a signal £ € Bg(x}, see for example lﬁ @] Defining the integration operator

I := D~ to be the inverse of D and denoting by ¥ the solution of DY = £, one has
TV = I(DTp V) = ITpw)é + I Tprw?,

where the second term is of regularity 2«.. Heuristically speaking, for Volterra equations we replace
the integration operator I: f — I(f) by the convolution operator f +— ¢ * f and set ¥ := @ * .

The resonant term m(p; * &1, &) appearing in ([B.6]) turns out to be the necessary “additional
information” one needs to postulate in order to give a meaning to the Volterra equation (L2I)
with rough driving signals &;. It corresponds to the iterated integrals in rough path theory (cf.
133, 134, [22]) or the models in Hairer’s theory of regularity structures (cf. [28, 2d]). For the
construction of m(p1 * &1, &) for certain stochastic processes we refer to Sectlon @

In the present context we introduce the notion of convolutional rough paths.
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Definition 3.6. Let 5,7 > 0, p € [2,00] and set a := 4 v — 1. The space of smooth functions
&: R — R™ with compact support is denoted by C2°. Given a function ¢ € BY,OO, the closure of
the set

{(Empx€.6)  ceCt CBIY x B!

with respect to the norm [|£|s—1,p,00 + [|T (0 * &, &) |lat8-1,p/2,00 is denoted by Bﬁ”(g@) and (§,u) €
Bg*'y(cp) is called convolutional rough path.

Assuming 7(¢1 * &1, &) is well-defined, by the previous analysis we know that «* from B3)) is
also well-defined. Hence, Bony’s decomposition and Lemma [3.4] allow to rewrite the rough term

p1 % (01(u)é1) as
P1* (01 (u)gl) = 1 * (Tal(u)§1 + 7r(O—l(u)agl) + T§101 (u))
= Tal(u(~fr1))(901 * €1) +u* + R‘Pl (01 (u)a €1) :

EBZQ

p/2,00

For the more regular drift term g * (02(u)€2) we observe (using similar calculations as in the
Young setting and Lemma [B4]) a control structure with respect to @ * &a:

@2 % (02(u)€2) = @2 * Ty, (w)é2 + 2 * (m(o2(u), &2) + Te, (02 (u)) )

a+pBg—1
GBP/Z,OO

= Ty (u(-—ra)) (02 * &2) + @2 % (m(02(u), &2) + Te, (02(u))) + Ry, (02(u), &2),

662@

p/2,00

for some o € R. Therefore, the ansatz for a solution u to the Volterra equation ([L2]) leads to the
following “paracontrolled” structure:

Definition 3.7. Let p > 1 and a > 1/p. A function v € By, is called paracontrolled by

wy, Wy € B;},OO if there are v(l),v@) S B;}, such that v# := v — T, ow — Tyoyws € B;?‘QOO.

The space of all such triples (v,v(M),v?)) € (Bg )? where v paracontrolled by wy,wy € BY , is
denoted by Dy (w1, ws) equipped with the norm

oo

10 llapoo + 0P apoo + [0 = Ty wr = Ty w2 laa,p/2,00-

Remark 3.8. Note that for any vV, v®) wy, wy € By . and v# € BZ%O the function v := T, 1y wy —

T, ws + v¥ is paracontrolled by wy,ws and, in particular, v is an element of By . Indeed,

Lemma [2.J] and the embeddings 3272100 C By, € L™ imply

[lapoe S D 1ToorWjllapoo + 0¥ lapoo S D 109 lap,00lwjllap00 + 0% |20.p/2,00-
j=1,2 j=1,2

It is natural to require the same paracontrolled structure for the initial condition ug as for the
solution for w. In other words, ug is assumed to be of the form
1) (2
Uy = Tuél) (p1x&1) + Tué2) (p2 % &) + uff for some u((J ),ug ) € B oo ulf e 8272100.
Remark 3.9. A similar requirement for initial conditions ug appears in the context of delay dif-
ferential equations driven by rough paths where ug is usually a path and not only a constant,
cf. Neuenkirch et al. [@, Theorem 1.1]. Hence, in order to ensure that the rough path integral

is well-defined, Neuenkirch et al. lﬁ] suppose the initial condition to be a controlled path in the
sense of Gubinelli [24].
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To sum up, the ansatz reads as

u = Tuél)Jral(u(-frl))(le * €1) + Tu82)+02(u(~ ((pg * 62) + u# (315)

—72))
with
u# = U + Z ) €]) +T£JUJ( )) + R«pj(aj(“)a‘sj)) € B;?z,oo- (3-16)
Jj=1,2

Note that, imposing the Young type condition a 4+ B2 > 1 on the regularity of the drift term
w2 * (02(u)€2) ensures especially that the cross terms 7(p1 * £1,&2) and mw(pg * €2,&1) are well-
defined.

Postulating the paracontrolled structure for the initial condition, we show in the following that
the Ito-Lyons map S := Sy, ., given by

St (BSo)? x B2,

(Ué )aué )auo ) (613 )562) = U,

where w is the solution to the Volterra equation (L2) given the initial condition ug := T (1 *
0

x BIV (1) x B, — B

p,00?

(3.17)

&)+ T, (p2x&)+ u# and the inputs (&1, 1), &2, has indeed a unique locally Lipschitz continuous
0

extension from smooth driving signals (&1, 7(¢1 * £1,&1)) to the space of convolutional rough
paths (&1, p). For fixed signals ((£1, u), &2) the ansatz from above and the proof of the following
theorem reveals that the It6-Lyons maps, more precisely, Dy (@11, p2*&2) into Dy (p1%£1, pa*&a).

Theorem 3.10. Letp € [3,00], 0 < B1 < B2 < 1 and 0 < y1 < 2 satisfy o := f1+71—1 € (3,1),
2ac+ 81 > 1 and a+ B2 > 1. For

(i) o1 € C® and o9 € C? with 01(0) = 02(0) = 0,
(it) @; € B, such that there exists r; € R with ||(- — r;)@;lly, 111,00 < 00, for j =1,2,
(i) (61,11) € BB (1) and & € Ba?

P00

(iv) (“0 auo ,Uo) (Ba )? x B2

p/2,007

the Volterra equation (L) with initial condition uy = Tuém((pl x&1) + Tuéz)((pg x &) +ul has
a unique solution if A := ||o1|cs|l@1llyi,1,00 + |o2]|c2]|©2]lye,1,00 @5 sufficiently small depending
on ((ugl),uo ,uo) (&1, 1),&2) and p1,92. Moreover, the Ito-Lyons map S from (517) is locally
Lipschitz continuous around ((u((J ),ug ),uo )y (&1, 1), &2).

Remark 3.11. Theorem [3.10 provides the local Lipschitz continuity of the It6-Lyons map S on the
rough path space Bglﬁ'“ (¢1), which contains (convolutional) geometric rough paths with jumps.
Indeed, considering +; > 1 and p = 3, the parameter assumptions in Theorem [3.10] only require

2 1
61>1—§’71 and ﬁ1>§+1—’}/1.

Hence, we can choose 51 < 1/p, which implies that Bglm (1) contains discontinuous paths, and
Theorem is still applicable.

The existence of a continuous extension of the It6-Lyons map from the space of smooth paths to
a space of geometric rough paths containing discontinuous paths seems to be due to the smoothing
property of the kernel function ¢, € Bf}oo for v > 1, cf. [@, Remark 5.11]. Note that even if the
driving rough path may possess jumps, the solution of the Volterra equation is still a continuous
functions as we require a > 1/3. In order to obtain a continuous extension of the Itd-Lyons map
acting on smooth paths to discontinuous rough paths in the case of classical rough differential
equations (corresponding to y; = 1) requires to consider the rough paths enhanced with an
additional information given by the so-called path functionals, see the work of Chevyrev and Friz

[12).
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3.3 Proof of Theorem

Most objects appearing the paracontrolled approach to the Volterra equation ([L2) come only
with local Lipschitz estimates of their Besov norms. Therefore, as a first step towards a proof of
Theorem [B.10 we provide the a priori bounds for solutions of the Volterra equation (L2)).

Proposition 3.12. Let p € [3,00], 0 < 1 < B2 <1 and 0 < 1 < 7o satisfy a:=01+71 — 1€
(%, 1), 2a+ p1 > 1 and o+ B2 > 1. Suppose that

(i) o1 € C? and o9 € C* with 01(0) = 02(0) = 0,
(ii) @; € B’ such that there exists r; € R with ||(- = 7;)@;lly; 411,00 < 00, for j = 1,2,

(iii) € € C° and & € BEY,

. 1 2 «a @
(iv) (u((J ),ug ),u#) € (l’)’pm)2 X 85/2100.

Let ug := u# +T 0 (p1 &) + T (2 x &) be the paracontrolled initial condition. Setting
0 0

A= o1z ll@nllyt,00 + lloallot @2l 1,00, Co = |lorller + loaller + 1,
1 2
Co= 3 (15lly100 + 16 =705l +1,100) 1o Cug = 1§ laproo + 487 llapioo + 1
j=1,2
and

Ce = (o1 % €16 s prtpjzce + 3 (1+ 3 ||sok||%,1,m||£k||ﬂk_1,p,oo)||£j||ﬂj_1,p,m,

j=1,2 k=1,2

there is a constant ¢ > 0 depending only on «a and p such that, if AC;C,Ce¢C,, < c, then

||U||a,p,oo <2||U0||a,p,oo + ”U#HQmp/Q,oo +1

< 105lly1.00 167118, -1 ool lapoo + 16 ll20,p/2,00 + 1.
j=1,2

Proof. Using

u = ug+ Z 0i * (Ty, (&5 + (05 (w), &) + Te,05(w)),
j=1,2

a < Bj+7v;—1, the generalized Young inequality (Lemmal[22)) and Besov embeddings (as o > 1/p),
we have

[tllapoo S Ntollapoe + D 151,100 (1T, )€ 118, 1,00
§j=1,2

+ 1705 (w), &) lat8,-1,0/2,00 + 1T, 05 (W)l 8,~1,p,50) -
By the paraproduct estimates (Lemma 2]]) and Lemma we obtain for j = 1,2
175, (w&illa;~1.p,00 S lloj (Wllsoll€sll 8, —1.p,00 S llosllocll€sll8;—1.p,00
and
1Te;05(w)llg;-1p.00 S 1651185 -1.p.00 05 (W)l apr00 S 1€l 8,-1.p,00 lsll e [l oo (3.18)

We now need to bound the resonant terms ||7(o; (), &;)lla+8,-1,p/2,00 for j = 1,2. For j =2
we apply again the paraproduct estimates (Lemma 2.1) and Lemma [A3] to get

Im(o2 (), &2)llatso-1.p/2.00 S lo2(W)llepooll€2ll 210,00 S llo2llcr l[ellap,oollallpz—1.p,00
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using the assumption a4+ f3 — 1 > 0.
For j = 1, in order to avoid a quadratic bound of I, (u, ) (cf. (35) and |39, Proposition 4.1]),
we apply the linearization from Lemma [A-4] which provides a function S,, (u) € 812)72 -, such that

m(o1(w),&1) = T(To; wyu, &1) + 7(So, (w), &1)-
Writing the ansatz (B13) as

U= Z Ts, (on * &) +u®  with @ = uék) +op(u(- —rg)), k=1,2, (3.19)
k=12

and in combination with the commutator estimate (31), we find that
m(o1(u),&1) = Z (T ) (T (o1 % 61)), 61) + T(Tor (yu, £1) + 7(So, (u), &)
k=1,2

S (04 ) (T5, (s * ).61) + T (04 (u), T, (e ).€1))

k=1,2

+ (T, Tl ,51) + 7(Sy, (u), &)
S (oo * €, 60) + ot (W) @, o1 * 6, 61)

k=1,2

+ D(04 (w), T (o6 * €0, €0) ) +7(Tog iy, €0) + (S, (1), ).

In the following we estimate these five terms, with k = 1,2, frequently using Besov embeddings
(o > 1/p), the paraproduct estimates (Lemmal[2.])) and the auxiliary Besov estimates (Lemma[AT]

[A2] and [A3).
Defining F(x,y) := o} (z)o(y) and owing to 2« + 51 > 1, we have

|0} (w)ie 7 (@r * Eky €1) lat By —1.p/2,00
EA >uk||apoo||w< b % €k €0) ok B 1,p/2.00
(o4 () oo 15 o + 1105 (@) (- = 7))o 17 (2 * ks €0) a1 —1p/2,00
(||al||01 el prool[48 laproo + 1F (s (- = 7)) laproo) 17 (05 * €y €0ty —1.p/2,00
(lot e lllapooll g lapoo + lorllcrloslics ([ullapee + u(- = 7i)llapoo))
X [17(05 % Er €0) ot 1 —1.p/2,00
< Nloulioz (1§ llapoo + lowllo) 1m(en * €k &) llat sy —1,p/2,00 |l aproo-
Applying the commutator estimate ([B.7) and Young’s inequality (Lemma 22]), we obtain
o ()T (g, o * Eky €1) a8y —1,p/2,00
S 1104 () oo 1T (@i 9k * ks €1)l|208— 1.p/3,00
S ot loollu§” + or(ul- = i) lopsoll9r * Ekllopooll€1 8~ 1000

k
S llorller (16 oo + lorller lullap.oo) 1okl 1,00 1681 11,000 1111 - 1.5.00
and similarly
T (o) (u), Tz, (o * &)y €0)llatB1—1,p/2,00
S o1 (W) llap.oo 1T, (05 * &) llapoo 1611181 -1.p.00
k
S Nl llozllllap,oo (15 loo + llow (@l = 74)) loo) 12k * €k llaspioo €111 -1p,00

k
S llotlloz (1 lap.oe + 1owloo) 1w ll,t,0ltllap,ooll66 119,00 1€1 811,00
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From Bony’s estimates (Lemma [21]) we deduce that

||7T(Ta; (u)u#a 51) ||a+,6’1—1,p/2,oo

S Mg () 4™ [l20p/2,00 111181 ~1,p,00 S 107 oo 147 [l 200,p/2,00 111l 51 ~1,,00-
Finally, Lemma [A4] shows

17 (Soy (1) E)lat 81 —1,p/2,00
S 1Sey (W) ll2a,p/2,00 16111 81— 1,p,00

snomcﬂmmglme<1+2:naMBka*aumnm)(wmmpm+|w#mmsz)
k=1,2

S llotllczll€alls-1,p,00 (1 + 37 (1 lloo + llow(u(- = 7i))loo) IIsDkllvk,l,oo||€kllﬂk—1,p,oo)
k=1,2

X (||U||a7p700 + ||u#||2a7p/2,w)

k
S lloille€alls-1,p,00 <1+ > (llu )Iloo+IIUklloo)IIsakllw,l,oollfkllﬁkLp,oo)
k=1,2

X (Hulla,p,oo + ||“#||2a7p/2»00)‘
Summarizing, we have
||7T(01 (u)7§1)||a+51—1717/2»00
S lloillez(loiller + llozller + 1)

X (Ilélllﬁﬂ,p,oo + > (el rcollérll se-1p,00 11181 1,p,00 + I (pk % fk,§1)||a+31—1,p/2,oo))
k=1,2

1 2
% (a6 la,poo + 11 lap,oo + 1) ([llap,oo + 167 20,p/2,00 + 1)
Since vo + B2 + 1 — 2 > a+ P2 — 1 > 0, we can estimate the resonant term for k = 2 by
(2 * &2, E)llatp1—1,p/2,00 S (02 % €2, §1) | 414792 —2,p/2,00

S llp2 * &all gytra—1,p,00 16111 81~ 1,p,00
S [l2lls.1,00 1621l 21,00 1611l 81 ~1,p,005

where we used Bony’s estimates (Lemma [ZT]) and Young’s inequality (Lemma [Z2]).
With the definitions from Proposition [3.12] we thus obtain

||901 * 77(0-1(“)551)”204,;7/2,00 + ||902 * 77(0-2(“)552)”204,;7/2,00

(3.20)
S AC;C¢Cuy ([ullapioo + 4 [l20,p/2,00 +1)

and

||U||a,p,oo S ”UO”a,p,oo + Acdcécuo (”u”a,p,oo + ||U#||2a,p/2700 + 1)' (3'21)

Moreover, by the formula for u# as given in ([3.I0), by the estimates (3.I5), (820) and Lemma 3.4
we see

||u#||2a,p,oo < ||u#||2a,p/2,oo + Z (HQOJ *ﬂ-(o—j(u)ﬂéj)HQa,p/Q,oo
j=1,2
+ s * (Te, 05 (w))ll2a,p/2,00 + 1R, (05 (), &) ll20,p/2,00)
< |1 l2.p/2.00 + CAC CopCeCluy (||t ap,oo + 6 |20,p/2,00 + 1)
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for a constant C' > 0. Assuming CAC,C,C¢Cy, < 1/2, one gets

||U#||2a,p/2700 < ||u||a,p,oo + 2”“#”2&,1)/2700 +1.

Combining this with ([B21]), we have for another constant C’ > 0
[ullapoe < luollap,co + C'ACCeCl, (H“Ha,p,oo + Hu#ll?a,p/?,oo + 1)'

Therefore, [|t]|ap.00 < 2/|t0/lap.00 + 4 [l20.p/2,00 + 1 provided C’AC,CeCy < 1/2. O

Finally, we can establish the existence of a unique local Lipschitz continuous extension of the
It6-Lyons map S from (BI7) and thus conclude the existence of unique solution of the Volterra
equation ([2) for the rough setting by approximating the convolutional rough paths with smooth
functions. As the estimates work analogously to the proof of Proposition [3.12] we present only
the key estimates without giving to many details.

Proof of Theorem [Z10 Fori = 1,2let (&,¢%) € C§°><357031 be two signals and (u(()l)’i, u((f)’i, u®?) €

(Bg )% % 8272 -, be two initial conditions. Let M > 1 be a constant such that

Clpa Cfivcuf)v ||u#1i||2a,p/2,oo <M, for =12,

using the definitions from Proposition B.I121 Assuming that

Lo == (lowllcs + llozllc2) (1 + llorlles + lloallc:)

is sufficiently small depending on M, Proposition[3.Jlimplies the existence of corresponding unique
solutions u!, u? to the Volterra equation (L.Z) and additionally Proposition B.I12leads to the bound

||ui||a,p,oo S MQ, 1=1,2.
Based on the ansatz for u', u? (see (3IJ)) and Young’s inequality (Lemma 22]), we observe

lut = w?[lap.oo

S Ml = tllap,0o + _212 131135,1,00 (1T, )85 = Tory )85 151,00 (3.22)
J=4i,

+m(oj ('), §) = m(05(u), ) ok 5, 1,/2.00 + 1 Ter 03 (') = Te20 (1) | 5, ~1.p.00)-
By the paraproduct estimates (Lemma 2.]]) and Lemma [A.3] we obtain

1o w85 = Loy )& 18~ 1000 S 195llo0l1€f = &5 ll8,~1.p.00 + 73 llc2 1118, - 10,00

(3.23)
X (14 lutlasp,o0 + 1 [lasp,0) ' = 12 |lap,o0

and
[ Ter0j(u') = Te2o(u?) ]| 5, 1,p,00

S lojllozl1€5 18, ~1.p.00 (1 + 1 lap,oo + 62 [lap.00) 16" = 42 [la,p,c0 (3.24)

+llojlloru?llapoollé; — & lls,~1.p.00-

It remains to show the local Lipschitz continuity of 7(a;(u’), £%). For j = 2, due to a+f2—1 >
0, we directly apply the paraproduct estimates (Lemma 21]) and Lemma [A3] to get

I7(o2(u'), &) = m(02(4?), €3)llastp2—1,p/2,00
< llozlle2 1821l 21,00 (1 + 14 [lapuso + 147 la.p,00) 1" = 17|l p,o0

+llozllor [t lap.ccll€2 — €l 82-1,p.00-
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For j = 1 we linearise (o (u?), %) more carefully using Lemma[A4] the ansatz and the commut-
ator estimate ([B.7)). Rewriting the ansatz (315 as

= > Tai(pn+ &) +u?
k=1,2

with

Tl Y0 (s (rlos (u), §) + T oy(u)) + Ry (0(u), €5)),
j=1,2

uk = u(()k)’ +op(ui(- =), k=1,2,

we find as in the proof of Proposition B.12] that

UCAORAES (oi(uimw( on * €, €1) + 01 (WD (T, 0 % 64, 61)
k=1,2
D40, T (o 60 €D ) + m(Tag oy, ) + (50 (0. 0)
= Y (DY'+D5'+ DY) + Dy + Di.
k=1,2
We estimate the differences of these five terms, with £ = 1,2, using again Besov embeddings

(o > 1/p), the paraproduct estimates (Lemmal[2.])) and the auxiliary Besov estimates (Lemma[AT]
[A2] and [A:3). In order to abbreviate theses estimates, let us introduce

9 2
Gur= (143 (0 hamoe + 165 s + 14 lanoc))

ik=1

2
Ce =14 m(p1 * &, &) lakpr—1p/200 T D N€il50-1.p.00,
ik=1

Co = llerll 1,00 + [P2ll02,1,00-
For the first term we have
k.1 k,2
||D1 - Dy Ha+ﬂ1—17p/2,<x>
~ k k
S LoCeCu(lug™" = ug” [l p,o0 + 0! = 0llap,o0
+ H7T((Pk * £ia§%) - ﬂ-((pk * £ia£%)||a+ﬂ1*1,p/2,oo)-
Applying the commutator estimate [B.7) and Young’s inequality (Lemma 2.2]), we obtain
k k
D" — D ’2|\a+ﬂ1 1,p/2,00
k k
S LoCoCeCu(lu6™" = uf™lapoo + 0" = 12]lap,oo
+ 1€ — &Ll pe—1,p,00 + 161 = EXllB1—1,p,00) -

The commutator estimate and Young’s inequality moreover yield

k,1 k.2
1D5" = D52k 172,00
k k
< LoCyoC2C, (|l — 62l poe + [1ud”" = 48| o poo
+ 6L = €l gr—tpo0 + 1€ = Ell51—1,p,00)-
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Applying Lemma [3:4] we deduce that

1D3 = Dillastpr—1.p/2.00
N Lacécu(llul - uzlla,p,oo + H“#’1 - “#’QHQa,p/Q,oo + ||€% - 5%”51_111)100).

Finally, @, Lemna 4.2] leads to
”Dé - Dg”a—i—&—l,p/?,oo S LanQCu(Hul - U2||a,p,oo + ||§% - 5%”517147100)'
Relying additionally on the estimate
17 (02 % &3, €1) — T2 % €3, €D lat 1 —1,p/2,00
= 2[lv2—1,1,00 % B1—1,p,00 % - % B2—1,p,00 212,100 % B2—1,p,00 % - % B1—1,p/2,005
< llepa 1Syl 162 — &l + [l & 1€ = &l
we conclude that there exist a constant C'(M) such that
I7(o1(u'), &) — (o1 (w?), €))ll2a,p/2.00

< L,C(M) <||u1 — 1 |aproo + [1T(01 * €1,E0) = (01 % €2, €l actpr—1.p/2,00
+ 3 (1€} = Ellsi—1.p00 + 16" = 4 lapoo) + ! = u#ﬂnm,pmm)-
j=1,2

The last term can be further estimated by

||u#’1 - u#’2”2a,p/2700

1 )
<t = ud P llaap/zoe + D 19514100 (170 (wh),€)) = 705 (4?), €) 202,00
j=1,2

+ ||Tg;0j(ul) —Te204 (u)ll2a,p/2,00 + Ry, (05(u), §)) = Ry, (05 (4®), &) 120,p/2,00)
1 2 ~ , ,
S gt = u ?ll2a,p/2.00 + CoLeC(M) <|u1 = u?|lapoo + [0 = 0?20 /2,00

i),1 i),2
+ 37 (€ = Ellgi-1,p00 + u§t = uf?)

7j=1,2

p,00)

+ (o€, = 701+ Dl srorarzc0 )

where we used that R, (-,-) from Lemma B4l is a bounded linear operator by its definition. For
L, small enough the last inequality in combination with 3:22) (323) and (:24)) implies

u! = u2{|apoo S 6 = w2 )20p/2.00 + C<|7r(<p1 *60,60) = (1 ¥ €1, ED) ot pr—1.p/2.:00

S (€ =l e + [ — ) |a,p,oo),

§=1,2

for some constant C := C (Lo, M) > 0. This Lipschitz estimate allows to extend the It6-Lyons
map BTI7) from smooth driving signals & with compact support to the space of convolutional
rough paths. O

3.4 Solutions for general vector fields

In Theorem B.I0] we assumed that

A = loillesllerllyi,io0 + lozllcz #2]lh2,1,00
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is sufficiently small, which can be interpreted as a flatness condition on the vector fields oy, 0s.
In this subsection we discuss how the existence and uniqueness results can be extended to general
vector fields o1, 09 applying a scaling argument in the spirit of Gubinelli et al. [@] to a localized
version of (LZ). Interestingly, A is small if the (localised) kernels o1, @2 are supported on a
sufficiently small domain and if 71,72 < 1, cf. Remark 310l

Theorem 3.13. Letp € [3,00],0< 81 < f2 <1 and 0 <y < 72 satisfy a:= 1+ —1¢€ (%, 1),
a+p1 <1<2a+p and a+ G2 > 1. Ify; > 1 for j = 1,2, let also §; > 1/p be fullfilled. Suppose
that

(i) o1 € C? and o2 € C? with 01(0) = 02(0) = 0,

(it) ¢; € Bi’,, such that there exists r; € R with ||(- — ;)¢ |1, +1,1,00 < 00, for j =1,2,

,O0

(m) (517#) c Bﬁl*lv’ﬂ (501) and & € 352001;

(iv) ug € 312)72 o

Additionally, we impose the structural assumption on the kernel 1 :
(v) There is some ¢ € BS+5 for 6 > (2 —2p1)Vv1and s € [0,1) such that ¢1(x) = (z —
Tl)_sl(h,oo)(‘r)w(x)'

Let x be a C™ function with suppx C [-2,2] and x(x) = 1 for x € [—=1,1]. Then there is some
A € (0,1) depending on (uo, (&1, 1), &2), ¥1, 92 and 01,02, such that the localized Volterra equation

ut) = ug () + (7N * (01 (w)€) (1) + (95 * (02(u)2)) (¢), T ER, (3.25)
with kernels gaéoc A= XA 1)ej, 7= 1,2, and initial condition uéoc A
solution in the space BySS for any e > 0.

= x(A\" M )ug has a unique

Proof. Let us introduce the dilation operator Ay f := f(\-) for any f € §’. For §, A\ > 0, we first
observe that

’U/—’U/éOC/\-i- Z (ploc)\* )5])

j=1,2

_ yloe Z/ N = Xs)oo (u(Xs)) ANg; (s) ds

7j=1,2
Therefore, u solves [B.29) if and only if u := Ayu solves

U= Auf™™ + Z / 5A <plo° A~ 8)d0; (W(s)) ArE; (5) ds. (3.26)

Jj=1,2

Applying the dilation estimate from [@, Lem. 2.3] we have
AN [, -1 poo S (1N HI0g ADATVP €] 5,—1.p,00- (3.27)

The auxiliary Lemma yields

loc,A

ARG 00 = [XAAG g 100 S AT Tog Allgsllny e for any 7/ < 7,

[ Axug 2 = [[xAxuol SATVPlog Al[luo | 52
2a,p/2,00 XANUO[|2a,p/2,00 S 0og UO||20,p/2,00"

We now may choose ¢ such that the norms of the scaled noise and kernels remain bounded
while ||00j||cs — 0 for 6 — 0. Due to the assumptions on the parameters, we have % < B+

(v; A1) — 1 such that there is some 0 < 7 < (B + (y; A1) —1 —1/p)/2 and we can choose
§ = NBi+(1A%)=1=1/p=27 Getting aloe = Ayulo® and

& = NTVPTARTAG Gt = NI AN, G = oy,
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we obtain from ([3.26) the dilated representation

U=+ > (B (35(0)E). (3.29)

j=1,2
Owing to (3:27) and (3:28)), we have uniformly in A > 0

c l l
1€5ll8;-1.p.00 S NEill85-10.000 167 Ns100 S @3 ll050005 U0 Nl20,p/2,00 S NU0ll20,p/2.00-

We may now choose A and thus § sufficiently small such that Theorem BI0 applies to ([8:29) when
7, and « are replaced by 7; := 'yJ gand a := a—e = 1 +71 — 1, respectively, for some sufficiently
small £ > 0. Since [[g5¢(|5, 1,00 S ||~loc||~yj,1,oo S sy, 1,00, it only remains to verify bounds for

~loc

[I(- = ;)P; l5,+1,1,00 and || (Bhee * 51,51)||a+51,1,p/2700 uniformly in . Setting r; = 0 without
loss of generality, we obtain from Lemma for v/ =1A~; —7/2

1285 (@)l15,+1,1.00 = AT Ix(@)x (2/2) A (@05 (2)) |5, 41,100
S AU Hog Al (|20 (@)l 4+1,1,00 + 195]15,1,00)-

Moreover, we have due to @, Lem. 2.3|, Lemma[Al6land o + 8; < 1:

||7T(~loc * £1a§1)||a+ﬂ1 1,p/2,00

= NPR/Pm2B O ADEST e (A (@17 % 60), M)l - 1,/2,00

< NH/P=2B=nADEST (A (0 % €1),€0)) |48 —1.p/2,00
IR AN % €0, M) = Mm@ 5 €160 asp10200)  (3:30)

S AT DT Tog A (@17 * €1, €0) a4 61 1,p/2,00

+ )\DHrl B1—(v1A1) +37||<Pl06 A *51”&,;),00”51”6171,;7,00

+ ATFPRB = OADESTY A (077 5 1) oo | AEL 11,500

The last two terms in (330) can be bounded by Young’s inequality

loc, A loc,\
ATHEA=OADET) 290 s 1 3 ool 81— 1pioo S X711 15 00 10 11B, —1 .00

and, in combination with [39, Lem. 2.3] and Lemma (&) for & < 7,

AZF/P=2B=(NADEST | A (01N 5 €1) |5 oo [ ANEL | 81— 1,p,00

)\3+2/P 281 — (’Y1A1)+37—||A (ploc )\H'y,l,ooHA)\ng%lpryoo
loc, A
< AT 1og AP 1" 15,1,00l1€1 1By =1.p.00
Choosing ¢, ¢’ € [1,00) such that + = =1and 7 > > 71, we observe

loc,\ || _
|| 1 ||%Loo

ST XA ) Fr 100 + [ Ta-1y @1 171,100 + 17(01, XA ) [7,1,00
S el XA ) 5g.00 + IXAT )z 0115, 1,00 + 01170 1,00 XA )1 -1.00,00 (3:31)
S 11l 1,00 (1 + A7 Tog A DAT[x151,0.00 + [l 25 [01]1,1,00

F 111l 100 (1 4+ A [Tog A7)l 62 -1,00,00-

where we applied Bony’s decomposition, [@, Lem. 2.3] and Besov embeddings. Hence,

loc,\

1™ 171,00 S Ml@ll1,1,00
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and we can estimate ([B.30) by

||ﬂ-(~loC * 51751)”(1-‘1-,81 1,p/2,00
a 1—(71 T loc,\
< ATH=B1=(MADHT 1 3 ( 81,61 |a+81—1,p/2,00 + ||<,01||»H9oo||§1||51 Lp.oo (3.32)
S mler # &, &) latpr—1.p/2,00 + [T (1= Arjax)er) * €1, & H&+ﬂrl,p/2,oo

+ eall5.p.00 €111, ~1 .00

It remains to estimate the term 7T(((1 — Ai/ax)er) * &1, 51) since the other terms can be seen to
be uniformly bounded in A € (0, 1] keeping in mind (B31)). We use that the potential irregularity
of 1 at the origin is smoothed out. Setting &’ := (1 —a— 1)+ such that e —2(8; — 1) = v+ ¢/,
we can bound

[l (0 = A nx)en) €560 [y 5,1 oo S I (= Arnxden) &0 €0) .o
S = Aryax)er) * &ille—pir1p,00 €111 51-1,p,00
S A = A9 e 1ooll€1llE, -1 p oo
We will now use the kernel assumption ¢q(z) = 27%¢(x)1j o) (2). According to 44, Corol-
lary 2.9.3] and the proof of m Theorem 2.9.1], the extensmn operator

f(z), =>0
0, r<0’

Sot {f € B) o (Ry): f(0) =0} = BS (R), fr flz):= {

is bounded and linear if % <6< 1—17 + 1. In particular, for any function f € Bgoo with f(0) =0 we
conclude with restriction f|g, to Ry that

1/ Lo,00)ll.p.0 S 1 lrsllBs (R4

S (3.33)
= inf {||glls,p,00 1 9 € By o0: 9(2) = f(2) Vo = 0} < || fll5,p,00-

Since x is constant one in a neighbourhood of the origin, we may apply B33) to f(z) = (1 —
X(A7tx))z =% (x) and any § € ((y+¢')V1,2). Together with Lemma[Af] we obtain for £” € (s, 1)

10 =X Dl e 5 [F2E | % .

S AT P og Alflz7 (1 = x()l[5,1.00 19l 5,1 /(127,00
Sz (1 = x@) s 100l ll54er,1,00-

In combination with ([32), we observe a uniform bound for || (F2¢ % &, £~1)||a+51,11p/2700 which
concludes the proof. O

Remark 3.14. Note that under the support assumptions supp ¢; C [0,00) and suppé&; C [0, 00)
for i = 1,2 the solution of the localized equation ([B23) coincide with the solution of the original
Volterra equation ([2)) on a small time horizon, provided the initial condition is, e.g., a constant
or has sufficiently small support. Based on this observation, one can iteratively solve the Volterra
equation ([2)) in order to obtain a global solution using a classical pasting argument. In case of
Volterra equations this procedure will require carefully chosen support conditions on the kernel
functions and the noise terms. In the special case of classical rough differential equations (which
corresponds to @1 = 2 = L ), see Subsection B.)) such procedure was carried out in, e.g., [@]
and [39].

Remark 3.15. The assumption (v) on the kernel ¢; is fairly flexible and covers many typical
applications. For s = 0 we may replace 19 ) by 1|9, and we obtain a class of regular kernels
©1 = 1,00yt for some ¢ € BY , 0 € (1V (1 +1—a—p1),7 +a), (setting r1 = 0 for simplicity).

22



In this case the singularity at 0 is not more severe than a jump such that we recover many features
of ordinary rough differential equations, especially v; = 1. The condition v € B‘f,oo is quite weak
and includes, for instance, the kernels studied in ﬂfﬁ] where 1 € C3. On the one hand § has to
be larger than ~ such that ¢ is more regular than ¢; itself and on the other hand § > 1 ensures
that 1 is continuous. For s > 0 and ¢(0) # 0 the kernel is singular. Note that the degree of
the singularity is constrained by the regularity assumption ¢ € BY}OO implying s < 1 — ;. For
example, if & is white noise, then o > 1/3 implies v > 5/6 such that we require s € [0,1/6). For
further examples we refer to Section

Remark 3.16. More generally, for singular kernels ¢; which do not satisfy assumption (v), a

uniform bound (in A) of the localised resonant term || (o} « &, §1)lat B —1—e,p/2,00 from (B30)
could be directly assumed. Indeed, we will see in the stochastic construction below (see the proof
of Theorem E6) that this resonant term is typically of order [|©\’**||;.1.00, which can be bounded
by Lemma [A5] as

loc,\ _
||801OC ||'yf€71,oo = [Ix(A 1')801“7*611700

< Xog Alllxlly—e.1,00 191l —e,1/1-0),00 £ A2 lxly.1,00 1901 [17,1,00-

Note that the last estimate is arbitrary small for sufficiently small A\, Theorem [3.10 can then
be directly applied to the localised equation ([B.28) without an additional scaling argument if

V1,72 < 1.

4 The resonant term

In order to apply the existence and unique results provided in Section [Bl to stochastic Volterra
equations, it is often necessary to construct the resonant term m(p * £,£) for the driving stochastic
processes. In the case of regular kernels ¢ € Bioo, the existence of the resonant term 7(p x £,€) is
equivalent to the existence of the classical rough path, see Subsection 1] However, for singular
kernels p € B‘f’oo with & < 1 this equivalence does not hold anymore and it is necessary to include
the kernel ¢ in the definition of the ‘“rough path’, see Example Therefore, we provide a
probabilistic construction of convolutional rough paths for a wide class of Gaussian processes in
Subsection

4.1 Relation to rough path theory

For a regular kernel ¢ = 11[0100)1/1 and a rough signal £ the resonant term 7(¢*&, ) can be reduced
to the resonant term 7(1jg o) * §,§) = w(fioo d&(s), &) between £ and its anti-derivative. The
latter corresponds to the classical rough path integral, cf. ]. Considering the Volterra equation
on some bounded time interval, we may use 7((1,00)X) * &, &) instead of 7(1jg ) * §,&) where
X is some smooth compactly supported function being constant one in a neighbourhood of the
origin. Note that y only ensures integrability of the kernel, while the characteristic regularity
properties of 1}y o are preserved. In particular, the (weak) derivative of (1jp,o0)X) * £ is € up to
some additional smooth remainder.

Lemma 4.1. Let £ € BSZ! for B> 0, p € [2,00] and (§), € S be such that &" — € in
Bﬁ;} as n — 0o. Suppose that x € C* is a smooth compactly supported function with x(0)
1 and ¢ = Yl € B for some ¢ € Bf  with § € (1V2(1 — f),2) and 1(0) #
Then, w(p x £,&) := limy, oo (@ * £, ™) exists in Bﬁ?;;o if and only if 7r((]l[07oo)x) * 5,5) =

lim,, 00 77((]1[0100))() * 5",5") erists in 15’12752_;0 In this case, one has

Sl

(0 £,6) — ()7 ((Lo,00)X) * &,€) € B 2077,
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Proof. Let (§™), C S be such that £" — ¢ in BB Land m(p * &,€) = lim, 0o m(p * £7,€") in

,00
Bﬁ?{ io We first observe that

m((1 ooo>x> * ", €M)
= (0) (e €™, 6") = (Y(0) (e * €, €") — m((Lo,000X) * E™,E))-

Since the first term converges by assumption, it is sufficient to consider the other two. Setting
g:=8§ —2(1—p) > 0, Bony’s paraproduct estimates and the generalised Young inequality yield

(0 €",6") = »(0)m((Lpo,000X) * 6™, ™) .

,p/2,00
= [[7 (¥ = ¥(0)X)Ljo,00)) * €™ €") I, /2,00
S (@ = $(0)x) T0,00)) €™ glﬂpmn«snnﬂ-lw
S (@ = $(0)) T 0,00)) || 5.1 o 1€ 1315,

Applying the estimate [333) for the regularity 1 < § < 2, we obtain

(@ = 20X Lp.00)[[5.1 0 S 1% = ©(0)x[l51,00
<5100 + 1BOlxls, 100 S (1 + x5, 1,00) 19 15,1,00-

As & — £ in Bﬁ;} and 32/722& A B;?Q ' this implies one direction of the assertion. The

converse direction follows analogously. O

Remark 4.2. For a+ $; < 1 the condition 6 > 2(1 — ) =1 —«a — 4+~ > v is in line with the
regular case in Theorem Lemma [A.T] especially implies that for regular kernels the results,
developed in Section [3] for convolutional rough paths, can be applied to all stochastic processes
which can be enhanced to rough paths such as semi-martingales and various Gaussian processes,
cf. Friz and Victoir [20].

While in the regular case the additional information can be reduced to 7((1,00)X) * €, &), the
following example illustrates that for singular Volterra equations it is indeed necessary to include
the kernel into the resonant term, i.e., it is not sufficient to take only this “classical” resonant term
into account.

Example 4.3. Consider the following 2-dimensional Volterra equation

Ul = px* 513
0= e (1) = g (g E)E),

with some singular kernel ¢ € B/  for v € (0,1) and (€1,6%) e Bﬂ_l We notice that 7((19,00)X)*

¢,¢%) € B2, is well-defined if 28 > 1, but ((p * £1),62) € B2, 27 is not well-defined if
28 < 2 —~. Hence, for y <1 and 1/2 < 8 < 1 — /2 the product (¢ * £1)£2 is not well-defined
while the resonant term 7((19,00)X) * £ 1 ¢2) gives no additional information.

In order to make the example more explicit, we set {' = d’, ¢ = 1,2, with ¥* = B}, x for
fractional Brownian motions BY, with Hurst index H € (1 / 2,2/3) and a compactly supported
function Y € C>. Moreover, we choose the kernel ¢(s) = 5" 11 (g o0y (s)X(s) for r € (4/3 — H,2 —
2H), which is associated to the fractional integration operator of order r, cf. Section[5:3 We then
have for any arbitrarily small e > 0 that (91,9?) € ijo w and o € B] _ with 8 = H — ¢ and
~v = r—e. By the choice of r and H, we indeed have 1/2 < B<1— /2, but also v := f+v—1>1/3
and 2« + 8 > 1 such that Theorem .10 is applicable.
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4.2 Stochastic construction of the resonant term

While Lemma [T] allows for the construction of the resonant term 7(p*&, £) for a regular kernels ¢
and a large class of noise processes £ via rough path theory, the aim of this section is to directly
construct m(p x &, ¢). This is particularly interesting for singular kernels, but also gives some
deeper understanding on the interplay between the analytical object w(p &, ) and the stochastic
behaviour of £&. We investigate a class of stochastic processes admitting a series expansion

= an(t)Cn, tER, (4.1)

n>1

for coefficient processes (ay)n>1 and random variables ¢, which are all defined on a joint prob-
ability space (€, F,P) with corresponding expectation operator E. We will impose the following
assumptions:

(A) Let (Cn)n>1 be a sequence of random variables satisfying E[(,, (] = 1{n—m} and the following
hypercontractivity property: For every r > 1 there is a constant C, > 0 such that for every
polynomial P: R™ — R of degree 2 we have

T r/2
E[|P(Cy- -, )] < GE[|P(Cas -, G2
(B) Let a, € B°T', n > 1, for some p > 2, 8 € (0,1) such that > onst lanll3_y 1 < 0o

p1 0 T

An important class of processes satisfying these assumptions are centred Gaussian processes &
whose covariance operator can be represented as an L%-inner product, i.e., E[£:&] = (fs, fi) for a
class of functions (f;)ier. If we expand f; = Y an(t)¥n, an(t) = (fi,n), with respect to some
orthonormal basis (¢,,), we may obtain the representation (A1) with i.i.d. standard normal (¢,).
Indeed, the distribution of the finite dimensional distributions of the random series then coincides
with the original process by construction, such that in general only tightness has additionally to
be verified.

Example 4.4.

(i) Let (Bt)iefo,1] be a Brownian motion. Its well-known Karhunen-Loéve expansion is given by

—1/2)xt)
1/2)

B = fz G el

for iid. ¢, ~ N(0,1). Using a periodic version of Brownian motion, we may consider
this series for all ¢ € R. Let £ = (dB)x be the distributional derivative multiplied with
a localising function xy € LP. Then & admits the representation with (@) with a,(t) =
V2cos((n —1/2)mt)x(t). Since ||an||g—1.p1 is of the order n®~!, Assumption (B) is satisfied
for all 8 < 1/2.

(ii) Dzhaparidze and van Zanten [lﬁ] have proved the following series expansion for the fractional
Brownian motion (X¢)¢e[o,1) with Hurst index H € (0,1):

= i sin wn nCn + Z . yn Tnn, te [0’ 1]a

where ((n)n>1 and (9,)n>1 are independent, standard normal random variables, x; < x5 <
. are the positive, real zeros of the Bessel function J_p of the first kind of order —H

and y1 < yo < ... are the positive zeros of J;_g. Moreover, 02 = cyr, 2HJ H(xn)
2HJ

and 72 = cyy,, 2 (yn) with some explicit constant ¢y > 0 given in [17]. X, can be
decomposed into a two-dimensional process with coordinates given by the first and the
second sum, respectively. As noise process £, we again consider the localised derivative
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asymptotic expressions a,% ~ 7‘,2 ~n'7?" and z, ~ Yn ~ n for n — oo, cf. we obtain
a0 p_1pp ~ onaB=t ~ n=V/2=HEB and ||alP||p_1pp ~ n~ /2" H+5 We conclude that
Assumption (B) is fulfilled for 8 < H.

leading to ([@I) with a,(t) = (a%l)(t) a'?) (1)) = (op cos(zpt), 7, sin(yn)) ﬁ)j Noting the
I,

Based on the assumption (A) and (B), we first verify the Besov regularity of &.

Lemma 4.5. Let ((o)n>1 and (an)n>1 fulfil Assumptions (A) and (B), respectively. Then, there
is a monotone integer valued sequence (m,) T oo such that the approximating sequence £" =
o ag(s)Cr is almost surely a Cauchy sequence with respect to || - ||g—1,p00- In particular, the
almost sure and LP-limit

&= lim & =3 an(t)in, tER,

n>1
18 Bﬁ L-regular.
Proof. We set mg =1 and
My, = inf {K Smacrs > a3, < n,G}’ n>1 (4.2)
k=K+1
It is sufficient to show
S P = €l 1poo > bu) < o0 (4.3)

nz=1

for some sequence (b,,) € 1. Then, the Borel-Cantelli Lemma yields that for almost every w €
there is some n(w) > 1 such that [[€™T — &™||5_1 poc < by, for all m > n(w). Since by, is
summable, (£"),>1 is almost surely a Cauchy sequence converging to £ € 357;}. Moreover, it
suffices to consider p < oo due to the embedding B ! C Bf;éo‘l/ P which is sufficient if p is
chosen large enough.

We now verify ([@3]). By definition we have

Mn41
16" — €™l 5-1,p,00 > G
k=m,+1 B—1,p,00
Mpt1
= sup (2(5 1)j Z Ck A a/k )
jz-1 e Lp
my+1
jae 1/p
= sup (2 / Z Ce(Ajag)(x) d:c) .
iz=1 Rl k=m,+1

Hence, using an union bound for the supremum and Markov’s inequality we have

P(HF’“ —&"|p=1,p,00 > bn) < b;PZg(ﬂ—l)jp/ {

jEN

Mp+41

> G(Ajar)(x)

k=m,+1

} de.  (4.4)

Using the hypercontractivity and E[(, (] = 1{n—p}, We obtain the upper bound

oS [ T b diz

JEN k=m,+1

Mp41 %
= b;PZQ(B—l)jl)/ ( Z (Ajak)2(l')) dz.
JEN R\ f=m, +1
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We now use Holder’s inequality to obtain for any sequence (ci) € £*

] Mn+1 p/271 Mn+1
Pl = €510 > bn) SH7 D207 (3 ) R T
jeN k=m,+1 k=m,+1
Mpt1 p/2—1 gntl
_ —(p/2—1
=73 ) Gy,
k=mn+1 k=2n41
Mn41
p/2 _ p
<b;p( Z Ck) (supck I/QHakHﬂ—lmm) ‘
k=my,+1 k
Choosing ¢y, == [lal|3_y ,1 = llakll3_;,,» it remains to note that d,, = (32" cp)/? <nB
by the choice of m,,, such that we may choose b,, = n=3/2. O

Young’s inequality (Lemma [ZZ) yields automatically o x& € Bt~ for o € B] . With these

preperations we can verify the existence of a limit lim,, oo (@ %™, ") =: (@ *x £, &) € B;?;;;Q.

Theorem 4.6. Let ((n)n>1 and (an)n>1 fulfil Assumptions (A) and (B), p > 4 and v > 0.
Further, suppose that ((,) are independent, and ¢ € Bloo. Set €™ 1= Z;n:nl arCr for a sufficiently
fast growing integer valued sequence (my,) T 0o. Then (w(@*E&™,€"))n>1 s almost surely a Cauchy
sequence with respect to || - [|2g4y—2,p/2,00 With almost sure and LP/2 limit

R n en 2B+v—2
m(p &, &) = lim m(p*£",E") € B,y 7

Proof. Let (my)n>0 be as in ([2). As in the Lemma [T thanks to the Borel-Cantelli Lemma it
suffices to prove for some sequence (b,,) € ¢! and finite p € [1, 00):

Z P(”ﬂ-((p * €n+1’ §n+1) - 77(90 * é-n’ gn)||2ﬁ+'yf2,p/2,oo > bn) < 0.

n>1
Defining AY f := Ay (p * f) = F[p; Fe| = f for distributions f, we have

m(p* €M) —m(px €7, €M)

A J+1
= Z Z Aj (f"Jrl o gn)Afé'nJrl + Z Z Ajé-nAf (é-nJrl - gn)
g2l k=j—-1 S ara
=:dn1+ Tn,2-

Since both terms can be estimated analogously, we focus on T, 1, for which we have

J+1 Mnt1 M1
=Y S A (Y ) 1Y )
721 k=j—1 m=mn+1 m=1

J+1 Mp41 Ml

=200 2 Y Gnbw(Bjam)(Afam).

=21 k=j—1m=m,+1m’'=1
Hence, we get

||Tn,1 ||2ﬁ+772,p/2,oo
— Su,p (2(2ﬁ+772)j | ATy ||Lp/2)

Mp+41 Mp+41

< sup (2(25"M 23 Z H Z Z Z Cn G (Ajam ) (A am)

j'~j k=j'—1m=mu,+1m’'=1

)
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Mn+41

<sup( 225472 Z 33 Gl (Ajan)(Afan)

k=j—1m=m,+1m’'=1

)

As above, Markov’s inequality and the hypercontractivity yield

]P)(”Tn,l ||2ﬂ+7—27p/2,00 > b")

Mp+41 Mp+41

<SP/ 2@8r2ip2 / | Z S Gl (A am><x><A;:am/><x>\” 2] dz
J
J+1 Mp41 Mpt1

k=j—1 m=muy+1 m/=1
< bP/2 Y 2@ 2gp/z/ 1Y ¥ 3w am)(x)(Afam/)(z)ﬂ do

J k=j—1 m=my+1 m/=1

L]

J+2 My 41 Mn41

< bp7/2 Y 282/ /R (> S EGm Gy CmaGong)

J k1,ka=j—1 mi,ma=my,+1 ml m2_1
%
% (8, ) (@) (A, @) (@) (B0, ) (@) (AF, @y (2)) *

In the previous sum it suffices the consider the terms where {m; = mo,m}| = mb}, {m1
mi,ma = my} (being equivalent to {m; = mf5,my = m;}) and {m; = ma = m{ = mL}, because
in all other cases ]E[gmlcmll Crmo Cm;} is zero by independence of the ({,,). Since all partial sums

can be bounded similarly, we consider only {m; = ms,m} = m/} for brevity. This partial sum is
given by

S, ;:b;p/Q Z <2(26+v—2)j1)/2
J

Mn+1 Mn+1

2 / > 2 Byaw)*@)(A 1amf)(w)(Af2am/)(:c))% dx)

J—1<k1 ke <j+1 m=mn+1 m/=1

—bP/? Z <2(2ﬁ+72)jp/2
> / ( mi (Ajam)Q(w))%( (A}flam/)(x)(Afzam/)(z))%d:c).

C1<kt ko <A1 R S m=ma,+ m/=1
Holder’s inequality yields for the £'-sequence ¢t := [laxl|3_, , 1,k > 1,
1 mn+1 2 M1 (r_1)
_9); —(2— »
LD VI A (D I i () S IV EE)
'™ 7 1<k ko<t S ——
Mang1 poy Mt (2—1)
—(B_ ¥ p
X ( 3 cm/) ( Z e (4 (Aflam/)4(x)(Af2am/)4(z)) da
m’'=1 m’'=1
2n+1 271
<lemll &0 em)’ Do
m=2"+1

Mp41

Z Z v+1 Z ;BH/ (A am)%(w)(Aflamf)%(x)(A}fzam/)%(x)dx.

J—1<ks ko <j+1 m=mn+1

Writing d,, := (3, n;; +1 cr)'/? € £' and applying once again Hélder’s inequality, we obtain

Mn+1

Su S lemllf bP 25/ QZ ) S P2 A a7

J—1<ky ko <j+1 m=m,+1
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2n+1
—(p/4— _ 4 — 4
D eI TIROTEVNPIAAL 12T AT a7

m’/=1
2n+1 2n+1
L _ — — 2 —(£-1) 2
S lemllp” 0?2272 37 Dl D2 el am 52 s
m=2"+1 m’'=1

» _1/9 p/2
< llemlf (dn/bn)7"2 (s1up 2} 2 * e l-141 p.p14)
m/

With |l * amllg—144.pp/a S 1€lly1,1ll@m || g=1,p,p/a by Young’s inequality, we conclude S, <
(dn/bn)p/2||§0||5{i1' Since d,, S n~*, we deduce Y-, -, S, < oo for b, = n=%/2, O

Remark 4.7. For the special case where ¢ * £ is replaced by the antiderivative of ¢, alternative
constructions of rough path and iterated integrals above stochastic processes defined by random
Fourier or Schauder expansions were considered in [lﬂ, @, @]

5 Application to rough and stochastic differential equations

The general existence and uniqueness results for solutions to Volterra equations of the form (L2))
provided in Section Bl allow to recover well-known results in the paracontrolled distribution setting
but additionally contain many novel results concerning differential equations driven by stochastic
processes or convolutional rough paths. In the following we discuss some exemplary stochastic
equations and explicitly state the particular existence and uniqueness results.

5.1 Stochastic and rough differential equations with possible delay

Ordinary stochastic differential equations and their pathwise counterparts given by rough differ-
ential equations constitute fundamental and well studied objects in stochastic analysis. These
differential equations can typically written in their integral form

u(t) = uo +/O o1(u(s —ry))dd(s) +/O oa(u(s —re))ds, te[0,T], (5.1)

where ¢ is a suitable driving signal, e.g., a (fractional) Brownian motion or a rough path, and
r1,72 > 0 are constant delay parameters. Thanks to the general regularity assumptions required
on the kernel functions in Section Bl the differential equation ([B.I) can be viewed as a special
case of the Volterra equation ([2)), and we can recover for instance the following results. For this
purpose, we denote by ¥ the distributional derivative of 9 € Bﬁ,oo and introduce a kernel function
o7 which is assumed to be compactly supported on [0,27], smooth on R\ {0} and satisfying
T (t) = ]].[0700) (t) for all t € [*T, T]

Corollary 5.1. Let ug € R, 01 € C3, 09 € C? with 61(0) = 02(0) = 0 and r1, 72 > 0.

(i) If 9 is an n-dimensional fractional Brownian motion with Hurst index H > 1/2, then there
exists a unique solution to the stochastic differential equation [Z1]) up to a random time T'.

(ii) If (9, m(pr * (VLo7)), I + 71) Lo (- +71))) € BEL(r) for B> 1/3 and p € [3,00), then
there exists a unique solution to the rough differential equation [Z1l) up to a random time T.

Proof. Let x be a smooth and compactly support function with x(¢) = 1 for ¢ € [0,7]. Equa-
tion (G.I)) coincides on the interval [0, 7] with

u(t) = uox(t) + /

A or(t—s—r1r1)o1 (u(s))E(s) ds + / or(t — 5 —ra)oa(u(s)) L) (s +r2)ds

R

for t € R and driving signal Z(-) := J(- + 1)1, 7)(- + 71). Note that (- —r1) € Bf o, and
(- = r)er(-—r1) € B . Hence, (i) and (ii) follow by applying Theorem and recalling
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that a fractional Brownian motion with Hurst index H > 1/2 has almost surely (H — ¢)-Hdlder
continuous sample paths for every > 0. O

Existence and uniqueness results for stochastic delay equations like (1)) driven by a fractional
Brownian motion with Hurst index H > 1/2 were first obtained by Ferrante and Rovira [19].
Differential equations driven by a-Hélder continuous rough paths with « € (1/3,1/2) and constant
delay were first treated by Neuenkirch et al. [@] Rough differential equations without delay but
in the paracontrolled distribution setting were considered in lﬁ] and [@] Furthermore, we would
like to point out that Corollary[5.1] (ii) can be applied to a fractional Brownian motion with Hurst
index H € (1/3,1/2) due to Theorem A6

Remark 5.2. For stochastic and rough differential equations like (E1I), it is straightforward to
obtain a solution on any arbitrary large interval [0, T'] applying iteratively Corollary Bl on small
intervals and glueing the so obtained local solutions together.

5.2 Stochastic and rough Volterra equations

Stochastic integral equations of Volterra type appear in various areas of mathematical modelling
such as in physics or mathematical finance and the treatment of such Volterra equations involving
stochastic integration goes back to the pioneering works of Berger and Mizel [@, @] The pathwise
counterparts of stochastic Volterra equations, namely, Volterra equations driven by rough paths
were first considered by Deya and Tindel IE, E] More precisely, we consider Volterra equations
of convolution type

u(t) = uo(t) + /0 1(t —s)oq (u(s))ﬁ(s) ds + /0 Yot — s)o2(u(s)) ds, (5.2)

for t € [0, 7] and ) denotes again the distributional derivative of the path 9 € Bﬁ,oo'

Corollary 5.3. Let p € [3,00] and 8 € (1/3,1/2). Suppose that 11, € Bl ., uo € B2 and
o1 € C3, 09 € C? with 01(0) = 02(0) = 0. If (Qé,ﬂ((goTwl) * (19),19) € 85’1(@T1/11) and T > 0 s
sufficiently small, then there exists u € BP __ which is the unique solution to the rough Volterra

p,o0
equation (22) on [0,T].

Proof. We first observe that ¥, € B%,OO because v; € Béo,oo and ¢p € B;(CQ, for ¢ = 1,2.
Moreover, the rough Volterra equation (5.2]) coincides on the interval [0, T] with

ult) = uo(t) + / pr(t — s)n (t — 5)o1 (u(s))(5) ds

+ / or(t —s)1(t — s)oa(u(s))ds, teR.
R

Therefore, Theorem B3] and Remark B.14] imply the assertion. O

Remark 5.4. Assuming 11 (0) # 0, it is not necessary to include the kernel function v in the
definition of the driving rough path. Indeed, one can take a generic rough path, i.e., independent
of 11, thanks to Lemma [l Furthermore, notice that the kernel v; has only to be Lipschitz
continuous. This Lipschitz assumption is a significant relaxation compared to the C3-regularity of
the kernel functions so far required for Volterra equations of convolutional type driven by rough
paths, see Deya and Tindel IE, E]

The previous pathwise existence and uniqueness result for Volterra equations can immediately
be applied to a wide class of stochastic processes thanks to Theorem

Corollary 5.5. Let 1) be a stochastic process such that 0 is of the form ({1)) satisfying Assumption
(A) and (B) for 8 € (1/3,1) and p > 3. Suppose that ¥1,vs € BL, ., uo € BY, and 01 € C3,
o3 € C% with 01(0) = 02(0) = 0. Then, there exists u € Bg

stochastic Volterra equation [Z23) up to a random time T.

oo Which is the unique solution of the
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5.3 SDEs with fractional derivatives

Stochastic Volterra equations with singular kernels are of particular interest because of their ap-
plications to stochastic partial differential equations (e.g. @]) and stochastic differential equations
with fractional derivatives (e.g. [45]), but also because of recent developments in mathematical
finance showing that Volterra equations with singular kernels serve as very suitable models for the
probabilistic and irregular behaviour of volatility in financial markets, see e.g. m]

In order to consider SDEs allowing for fractional derivatives, let us recall the definition of the
Riemann-Liouville fractional integral operator (with base point 0), which is given by

1 1

PN = 77 (6 o) = )0 = 775 [ =97 F)as

for r € (0,1), f a suitable function and the Gamma function
L(r) := / t" et dt, r > 0.
0

The corresponding fractional derivative operator is defined by D" f := %I 1=7(f). While there are
many different fractional derivative operators, the Riemann-Liouville derivative can be considered
as a natural extension of the classical derivative to fractional order. A (fairly simple) stochastic
differential equation of fractional order r € (0,1) driven by a Brownian motion is

D u(t) = o(u(t)) dW(t), u(0) = uo,

or equivalently expressed as a Volterra integral equation with singular kernel
I .
u(t) =uo + —/ (t—8)" " to(u(s))W(s)ds, tel0,T], (5.3)
I'(r) Jo

where W is the distributional derivative of a Brownian motion . For a more general treatment
of fractional stochastic differential equations driven by Brownian motion, we refer for instance to
Lototsky and Rozovsky @] Based on the results provided in Section [B] we obtain the following
existence and uniqueness statement.

Corollary 5.6. Let W be an n-dimensional Brownian motion and r > 5/6. Suppose that ug € R
and o € C* with 0(0) = 0. Then, there exists u € By ., for any o < r —1/2, which is the unique
solution to the stochastic Volterra equation ([Z3) up to a random time T.

Proof. The proof works as the proof of Corollary combined with the observations that the
localised kernel function ¢ () := 2" 'pr satisfies ¢ € B  for every v < 7 and that the sample

paths of a Brownian motion can be considered as convolutional rough paths with regularity 5 < 1/2
due to Theorem O

5.4 SDEs with additive Lévy noise

Stochastic differential equations with an additive Lévy noise constitute appropriate models for
dynamical systems which are subject to external shocks. Examples of such systems naturally
appear in insurance mathematics, where for instance SDEs with long term memory and additive
Lévy noise are used to model the general reserve process of an insurance company, cf. Rolski et al.
M] More precisely, we consider the stochastic differential equation

u(t)u0+/0 Jl(u(s))der/O o(u(s)) dd(s) + L(t), te[0,T], (5.4)

where 1 is a fractional Brownian motion and L is a Lévy process. This type of stochastic differential
equations were recently investigated, e.g., in Bai and Ma E]
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Corollary 5.7. Let L be an n-dimensional Lévy process and ¥ be a fractional Brownian motion
with Hurst index H > 1/2. Let p € [2,00] and B € (1/2,1). Suppose that p > 2, ug € R and
01,09 € C? with 01(0) = 02(0) = 0. Then, there exists u € B;(&ﬂLOO which 1s the unique solution
of the stochastic differential equation (57)) up to a random time T

Proof. As in the proof of Corollary [l one can reformulate the SDE (5.4) as a Volterra equation
which coincides with (&.4)) on the interval [0, T']. Furthermore, let us recall that the sample paths of
a fractional Brownian motion and of a Lévy process are almost surely in Bﬁ and 6117,/0% for every
8 < H and p > 2, respectively, see for instance IE, Proposition 2] and [Ej], Proposition 5.31].
Hence, we deduce the assertion from Proposition in combination with a scaling argument
analogously the proof of Theorem and Remark 3141 O

5.5 Stochastic moving average processes driven by Lévy processes

Moving average processes driven by Lévy processes and in particular shot noise processes provide
a modern toolbox for mathematical modelling of, e.g., turbulence, signal processing or shot prices
on energy markets, see B, ] and the references therein. Allowing these types of models to possess
a state dependent volatility, we consider the stochastic convolution equation

u(t) = uo + /Rz/J(t —s)o(u(s))dL(s), te€]0,T], (5.5)

where L is a general Lévy process. Because of the desired averaging property generated by the
kernel function, it is naturally to postulate the assumption of ¥ € Bloo for v > 1. In this case we
arrive at the following existence and uniqueness result.

Corollary 5.8. Let L be an n-dimensional Lévy process, p € (2,00], v > 1 anda=1/p+~v— 1.
Suppose that 1 € Bloo has compact support, ug € R and o € C? with o(0) = 0. Then, there evists
u € BS‘,OO which is the unique solution of the stochastic convolution equations (2.3) up to a random

time T'.

Proof. Due to the compact support assumption of ¢, we can localise the equation (53] such that
we obtain a (localised) Volterra equation which coincides with (B3] on the interval [0,T]. Since
the sample paths of a Lévy process are almost surely in B;(CQ for every p > 2, see again [l_]__1|,
Proposition 5.31], we conclude the assertion from Proposition Bl in combination with a scaling
argument analogously the proof of Theorem and Remark B.14] O

5.6 Relation to stochastic PDEs

In general, stochastic Volterra equations are known to have many links to stochastic partial dif-
ferential equations. Here we would like to discuss this link in the case of (a slightly modified
version of) a stochastic evolution equation studied by Mytnik and Salisbury @] We consider
the differential operator Ay := 9,270, (in one space dimension) for a parameter ¥ < 2 and the
associated evolution equation

du(t,z) = Agu(t, ) + o (u(t, ) £(dt, dz), (5.6)
u(0,z) = g(x),

with multiplicative noise, where £ is the space-time derivative of ¥(t,z) = Wilp, )(z) for some
n € R, that is

£(dt,dz) = W(dt) 6, (dx).
with Dirac measure d, in n € R. Note that we recover the stochastic heat equation with multi-
plicative noise in the case ¥ = 0 and the fundamental solution of (5.0 with & = 0 is

co 227

pe(@) = gy exe (- m)
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with normalising constant ¢y such that a mild solution of (B.6]) is given by the formula

u(t,r) = /Rp(t, z —y)g(y)dy + /O /]Rp(t — s,z —y)o(u(t,y)) &(ds, dy)

= /p(t, z—y)g(y) dy + / p(t = s,x —n)o(u(t,n)) W(ds).
R 0

In particular, the solution process v(t) := u(t, n) along the edge {(¢,n) : ¢ € Ry} solves the singular
stochastic Volterra equation

o(t) = / p(t,n— 9)g(y) dy + / p(t — 5,0)0 (u(t)) T(ds)

Z/Rp(t,n—y)g(y)dyﬁL/O @_S;%U(U(t)) W(ds).

For ¢ < —4 Theorem B.I0 provides the existence of the pathwise solution process v(t). In the case
of the Laplace operator, i.e. ¥ = 0, the singularity in the kernel is too severe to directly apply
Theorem [B.10 and would require a further extension of the above theory.

A Auxiliary Besov estimates

The appendix provides (in the previous sections) frequently used, but fairly elementary lemmas
concerning Besov spaces. The first one states the invariance of Besov norms under linear shifts.

Lemma A.1. Leta € R, p € [1,00] and y € Re. If f € By s then f(-+y) € By o, with

[ flle.pioo = I1F ¢+ Y)llavp,oo-
Proof. For y € R% and f € By ., note that
FiC+u)6) = [ @00 @) de = FfEE, R
Rd
from which we deduce that
A f(+y)(z) = F Hpje YV Ff)(2) = F N0 FF) (2 + y).-
Therefore, ||A; f(- + y)|lzr = |A; fllzr for each 7 > —1 and thus || fllap.cc = [F(- + Y)llapeo- O

For sufficiently regular distributions/functions the Besov norm of a product can be directly
estimated and in particular the product is then a well-defined operation.

Lemma A.2.

(i) Letp € [2,00], a € (1/p,1) and B € (1 —a,1). If f € BS,, and g € BS L, then

p,00 7

1£9lls-1.p.00 S [1flla,p,00l19ll5-1,p,00-
1
(11) Let p € [2,00] and B € [0,1) be such that % +B>1. If f€BFooNL>® and g € BSZL, then

1£9ll5-1.p.00 S (IF112 p.00 + [1flloc) 191l 8-1.p.00-

(iii) Letp € [3,00], a € (1/p,1) and B > 0 such that o+ < 1 and 2a+ B > 1. If f € L UBy
and g € Bs/'gﬁ;l, then

I£glla+s-1p/2.00 S (IFlloollgllzas+s-1.5/3.00) A (Ifllapccllgllats—1.0/2,00)-
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() Letp € [2,00] and a € (1/p,1). If f € BS then

p,o0

and g € BY

p,007

1f9lla.p.00 S [1.f lovp.c0 9]l er.p.00-

1 1
(v) If f € BEoo N L™ and g € Bp oo N L with p € [2,00], then

1l e < (17113 e+ 1 l10) (g2 e + llgllc)-

Proof. Applying Besov embedding (o > 1/p) and Bony’s estimates (Lemma [2.T)) lead to:

(4) 1f9lla=1.p.00 S NTrglls=1.p.00 + 17(fs Dllat8-1,p/2,00 + 1T f llats-1.p/2,00
S fllap.oollgllp—1.p,005
(i7) 19 58-1.p.00 SNTsgl5-1p.00 + 17 D 145107200 + 1 Taf 11 45-1,p/2,00

S (112 p,00 + I1fll0) lgll5-1.p.005
(@ii) N f9llars-1.p/2.00 S I Tr9llats-1p/2.00 + 17(fs 9)ll2a48-1.0/3,00 + 1 Tg fllat8-1p/2,00
S I lloollgllats-1.p/2.00 + [19llatp—1,p/2,00ll f[l0,00,00
+ (I fllo,0o,0019ll20+6-1,5/3,00 A fllapsoo |9llast 5-1,p/2,00)
< (1 llsellgllza+-1,p/3,00) A (1flapoollgllats—1,p/2,00);

(vi) 1£9llapoe S ITs9la o0 + 17(F 9)ll20 /200 + [ Tof lapoo S 11 lapoclgllap.oc.
(v) 1715 oo S NTr8lls g + I17(F 912 200 + 1T f 13 e
< (17113 o0+ 171150) (gl o + llgllc)- 0

The following estimates are crucial to obtain the existence of a solution to the Volterra equa-
tion (C2) and the local Lipschitz continuity of the corresponding It6-Lyons map (BI7).

Lemma A.3.
(i) Let a >0 and p € [1,00]. If f € BS N L> and F € C1°1 with F(0) =0, then
IE(Pllapoo S 1Ecrotllfllap,oo
(ii) Let a € (1/p,1] and p € [2,00]. If f,g € BS. and F € C2, then

I (f) = F(@)llacpoo S IFllc2(1+ [ flapoo + I9llapoo) 1f = gllap.oo-

(iii) If f,g € Bioo N L™ and F € C? with p € [2,00], then
IF(H)=F (@1 poo S IFllcz (1+HIF11 p ot lootlglls oot lglloe) (1F=gll1 oot f=3ll0)-

Proof. (i) can be deduced from [2, Theorem 2.87].
For (ii) we apply Lemma (iv) and the first part of this lemma to obtain

IF(f) = F(9)loproo < / V' + 50— P — 9)llopoo ds

1
<1 = gllope / IF(F + 509 — 1) llapoo ds
S IFlo2 (4 [ llapoo + lgllomoo) | — llapcor

For (iii) we apply an analogous estimate, but use Lemma [A.2] (v) instead of (iv). O
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We also need this linearization lemma:

Lemma A.4. Let 0 € C?, p > 1 and o > 1/p. Supposing u = T,aywy + Tyy2ywa + u € Bg,oo

with v, u® wi, wy € By o and u# € 8572 s We have

,00

o(u) = 0(0) + Ty (uyu + So (u)

for a function S,(u) € 8272 « satisfying

IS0 @l2ap/zoe S lollca (1 3 [u ey e 110 2 p200)-

7j=1,2

aspie ) (Il

Proof. The proof follows from Step 1 in the proof of @, Proposition 5.6] with w = u and v, =

Tu(l)wl + Tu(2)w2. O
A refinement of @, Lemma 2.3] is given by the following result:

Lemma A.5. Let \,v>0,p>1 and f € B) ... We have for any v € [0,7)N[0,1/p]:

(i) If x € Bl/’y . then

HXAAf”%p,oo N 71/p| 10g>‘|||f||%p700”)(| v,1/7/,00

(ii) If additionally x f(x) € B;Jr“rs for some € > 0, then we have for any functions x1, x2 such
that Cy := [[X1lly+1,00.00 (IX2lly+1.p.00 + [2X2(2) || L1/27) is finite and for any A € (0,1)

[ (@) xe (@) Ax (2 (2)) | SN TP og ACy (2 (@)l 419,00 + [1F]

Y+1,p,00

’Yapaoo)‘

Proof. We decompose xA,f into small and larger Littlewood-Paley blocks. Arguing as in [@,
Lemma 2.3] for the A_; block, we have for the small blocks

DA (AN)

S

Y,p,00 Y,p,00

ST A MK

<t

S Y ATA GO L (A1)
20 <A1Vl

S A2 og MM ) Flloposs < A2 Tog AN £l 1o

For any v/ € [0,7) N [0,1/p] and ¢ > p satisfying % = + % Holder’s inequality yields (with
convention 1/0 =: 00)

IXOT) Fllze < I )l fllze S XXz 1 oo

which gives the asserted bound for blocks A; with j smaller than a fixed constant.
Hence, we are left to bound the higher Littlewood-Paley blocks. Using Bony’s decomposition,
we get

Z AjTX(AAf)
>1 ¥,p,00 i>1 ¥,p,00
= ~ (A.2)
D ATa X > AT AN
jz1 veoo iz P00
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We will estimate these three terms separately. By the support properties of the Littlewood-Paley
blocks in the Fourier domain we have A;T\ (Axf) = A; >, _; Sk—1xAk(Axf). Therefore,

YA T (ANF)le S 2D [1Sk-1xllnee [ Ak (Axf)lze S oo | 25 AKX 20) 50l g
kj

The last norm in the previous display can be estimated as in @, Lem. 2.3|, which yields

sup 277 | AT (A ) e S AP Log Moo 1£ 14 p.00-

izl -
For the second term in ([(A2]) we note with 7/ and ¢ as above that

27 A Tasrxllee S 277D 1Sk-a A fllzallArxll Lo S NP zallxlly./47 00
ke

where || f(A)lze = A9 flla <N 7Y?|| |l .p.co- Finally, the third term in (A-2) is bounded by
Ao Ml S0 H HZQ A-xdihad]
SANLIS

<SS 207 S A w2 1 ALANf o

k2 <1
S oo [ @ IARANA 1 29) 50l g S X7 10g AllIxl o0 1 f 1,00
For part (i) it remains to note that || x| 71+ < [|x]ly,1/47,00 a0d [ Xloe S (X7 =~7,00,00 S 11X l5,1/47,00

due to Besov embeddings.
For (ii) we first note for the small blocks as in (AJ)

|3 25 (u @@ @f @) <SS AVA (/N xa @/ N f (@),
— HLpeo <1
i< J ~
S AT VP og Alllxa (2/ Mx2 2/ f ()| o
< AP log Al (2/\)xa (/M e £ e
< X2 og Allexa (@)l 1 el 1l

For the large blocks we obtain as in (i)
|13 25 o @re@rn@f @)
321

S X VPog Allhxallso X2 (A )2 f (2) 419,00 + D2 (@) Ax (@ f (2)) ] o X1+ 1,00,00-

Y+1,p,00

Since
[x2(@)Ax(zf(@)l[Lr = Mxz(@)zf(A2)||e S Allzx2 (@) 14 |f (A2)[ e
SN VP 2xo (@) 1 | f 1o

we only need a uniform bound for ||x2(A™'2)zf(x)|/y4+1,p,00 for which we apply (i) with v =
-1
p—e< 1

e )2 f (@) [y +1,p,00 = 12 f (@) Ar-1 X2y 419,00
S ¢ IOg>\|||X2||'y+1,p,oo||$f(z)||7+1,1/7’,00
S Ixally+1,p,00 |2 (@) |y 414,00

where the last estimate follows from the embedding B, 11%¢ C B,lyfrgo O
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Finally, we estimate the Besov norms of the scaled resonant term.

Lemma A.6. For a, €R, p>2, f,g €S we have uniformly in X € (0,1] that
1Ax7(F.9) = 7N a0 s 20 S AT T2 e ol

Proof. We proceed by generalising the proofs of [@, Lem. B.1] and of IE, Theorem 2.1]. Let us
choose K = K()\) € N such that )\ := X\2%X € (1/2, 1] and decompose

B,p,00 T ||A/\f||a,p7ooHAAQHBJLOO-

Mr(fg) = D MAIfAg

k<K :[k—j|<1

+ D (FH@TTENTI e M) (F TN T )]+ Asg).
3 k=K |k—j|<1

(A.3)

The Fourier transform of the first term is spectrally supported in a ball with radius of order
25 ~ A7! such that

H > AAifArg , < @K v > [ANA; f ARG 2
GRS K: [ k—j|<1 o+h.p/2,00 Jk<K:[k—jI<1
SEEED v YT 1A flle | Akg] oo

k<K |k—j|<1

< (QK(a+B) vV 1))\—2/17 Z Q—ja—kﬂHﬂ
Gk K k—j]<1

S TV ATV DA flap,0o 918,500

a,p,m||9| Bp,00

The second term in (A3) equals 7/(Ayf, Axg) where 7’ is the resonant term corresponding to
the modified partition of unity (x(-/N'), p(-/\)). Note that the scaling parameter X € (1/2,1] is
uniformly bounded from above and below. It remains to show

Hﬂ-/(fa g) - 7T(f, g)Ha+ﬁ,p/2,oo 5 Hf'

Owing to fg =T, f+T}g+7'(f, g) for the paraproduct operators T} f associated to (x(-/A), p(-/\")),
we have

a,p,OOHg||B7p7OO-

||7T/(fag) - 7T(f7 g)Ha-i-BJ?/Q,OO < ||T}g B ng”oz-l—,@,p/Q,OO + HTg/f B TngaJ,-ﬂ,p/Q,OO'
Generalising [@, Thm. 2.1], we will now prove

170 =T 7o S I ool

B,p,00 (A-4)

for the operator
T, f = F! [/Rx(u —v,0)Fg(u —v)Ff(v) dv}
where x: R?\ {0} — [0, 1] is a C*°-function such that for sufficiently small constants 0 < &1 < £a:
<
o=y S
The estimate (A4) especially implies that T}, f and thus 7(f, g) does not depend on the choice of

the partition of unity up to a regular remainder, which concludes the proof.
To verify (AL4)), we decompose

Flr =3 / x( = v, 0) FAg) (u — v) FIA; () do.
gk /R
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Due to the support assumption on Y, the terms with 2¥ > 27~ are zero and the integrands with
2F < 2771 coincide with F[Akg] * F[A; f](u). Therefore, for integers Ny < Ny depending only on
1, €1 and (x, p), respectively, we have

T, f = Z Z ArgA;f + R(g, f)
J k<j—Ni
with
)= Rilo ) Bila.f) Z P [ = v 00 F Bgla = 0718 A0 o

Fubini’s theorem yields

Ri(g, f)(x) = ) (u, 0) FARg) (W) FIA; £](v) dv du
- 5L .
= : F X (s,6)Arg(z — 8)A, f(x — t) ds dt.
MZM | [ 7 N

Since F~1x € L*(R?) due to the regularity of y, Young’s inequality implies

J—N2

IR (9, Nllors S D IF Xl | Argllze | A fl 2o

k=j—N;

Noting that R;(g, f) is spectrally supported in an annulus with radius of order 2/C for some
C > 0, we obtain

IR(9, F)llatpp/2.00 S sup 2@ NN Arglloe |14 fllze S 1f lap.sollgll gm0
2m 21 C kv

and thus (A4). O
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