arXiv:1812.05505v2 [math.AG] 28 Jun 2019

On degree bounds for the sparse Nullstellensatz

Marfa Isabel Herrero®®* Gabriela Jeronimo®”®*, Juan Sabia”¢*

July 2, 2019

i Universidad de Buenos Aires. Facultad de Ciencias Exactas y Naturales. Departamento de
Matematica. Buenos Aires, Argentina.

b Universidad de Buenos Aires. Ciclo Bdsico Comun. Departamento de Ciencias Exactas. Buenos
Aires, Argentina.

¢ Universidad de Buenos Aires. Consejo Nacional de Investigaciones Cientificas y Técnicas. Insti-
tuto de Investigaciones Matemadticas “Luis A. Santal6” (IMAS). Buenos Aires, Argentina.

E-mails: iherrero@dm.uba.ar, jeronimo@dm.uba.ar, jsabia@dm.uba.ar

Abstract

We prove new upper bounds for the degrees in Hilbert’s Nullstellensatz and for
the Noether exponent of polynomial ideals in terms of the monomial structure of the
polynomials involved. Our bounds improve the previously known bounds in the sparse
setting and are the first to take into account the different supports of the polynomials.
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1 Introduction

Hilbert’s Nullstellensatz states that, given polynomials fi,...,fs € k[z1,...,2,] with
coefficients in a field £ and no common zeroes in the n-dimensional affine space over

the algebraic closure of k, there exist polynomials ¢,...,9s € k[x1,...,z,] such that
1 =757, gifi. An effective version of this theorem consists in giving upper bounds for the
degrees or a characterization of the Newton polytopes of polynomials ¢y, ..., gs satisfying

this identity in terms of the polynomials fi,..., fs.

A great deal of work on the effective Nullstellensatz has been done over the last 30
years (see successive advances in, for example, [3], [11], [6], [16], [I7], [12], [10]). The best
upper bounds for the degrees of polynomials g1, ..., gs in terms of the degrees of f1,..., fs
are the ones obtained in [I1], slightly improved in the case s < n in [10].
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When considering particular cases, the degrees of the input polynomials may not be
enough for obtaining sharp estimates. A foundational work in this sense is [2], where the
Newton polytopes of polynomials and their volumes are introduced to count the number
of common zeros of polynomial systems (for further development of this theory, see for
instance [9] and [I8]). In this sparse setting, the effective Nullstellensatz problem was
addressed in [I7], where the monomial structure of the polynomials g;f; is characterized
leading to upper bounds for the degrees that can improve the previous ones. The sparse
Nullstellensatz from [I7] was dramatically improved in [4], [19] and [20] for systems with
no common roots at toric infinity (for the classical Nullstellensatz, the same behaviour of
the degree bounds for generic systems follows from the work of Macaulay, see [13]). In
[4], the authors conjectured that their genericity conditions could be dropped, and this
question was addressed in [14].

A problem that is closely related to the effective Nullstellensatz consists in estimating
the so-called Noether exponent of a polynomial ideal. For an ideal I C k[zq,...,z,], the
Noether exponent of I is the minimum integer p such that (v1)* C I. Given fi,..., fs €
klxy,...,zy,] that generate the ideal I, the problem is to find an upper bound for p
depending on parameters associated to fi, ..., fs. Different bounds for this exponent y in
terms of the degrees and the Newton polytopes of the given generators have been proved
(see, for instance, [11], [17], [10], [20]).

In this paper, we prove new bounds for both the degrees in the Nullstellensatz and the
Noether exponent of an ideal in the sparse setting. Our work is in the vein of [10] and [17],
in the sense that we consider arbitrary sparse systems (that is, no genericity assumptions
are made).

First, from the results in [I0], we obtain bounds depending on the volume of a con-
vex polytope containing the supports of the given polynomials and the vertex set of the
standard unitary simplex (see Propositions [Il and 2) which improve the previously known
bounds depending on the same invariants.

The main results of the paper are the first upper bounds that distinguish the different
supports of the given polynomials. In this setting, we prove upper bounds for the Null-
stellensatz (see Theorem B and Corollary [[0]) and for the Noether exponent of ideals (see
Theorem [[2)). For these mixed sparse systems, our bounds can be considerably smaller
than the previous bounds, as illustrated by Examples 2 and B] and, for arbitrary poly-
nomial systems, they differ from them by at most a factor equal to the maximum of the
polynomial degrees.

2 Preliminaries

Throughout this paper, we work with polynomials with coefficients in a field of character-
istic 0. If k is a field, we write k for an algebraic closure of k.

Given a finite set A C (Z>0)", a sparse polynomial supported on A with coefficients in
a field k is a polynomial f € k[xy,...,z,] of the form f =) __ 1 cox® with ¢, € £\ {0}

acA
for every a € A. Here, for o = (a,..., ) € (Z>9)", we write 2@ = ' ... 20",
We say a system of polynomials f1,..., fs € klx1,...,k,] is an unmized polynomial

system supported on A C (Z>o)™ if, for every 1 < i < s, f; is a polynomial supported on A.
When fi,..., fs € klx1,...,z,] are supported on (possibly) different subsets A, ..., As C



(Z>p)", we say they form a mized sparse polynomial system. We adopt the notation
V(fi,..., fs) for the set of common zeros of fi,..., fs in k"

For a family of n finite sets Ay,..., A, C (Z>0)", we denote MV, (A;,...,A,) the
mixed volume of the convex hulls of Ay, ..., A, in R" (see, for instance, [5, Chapter 7] for
a definition and basic properties of this notion). In the case where 41 = --- = A, = A, we
have that MV,,(A1,...,A,) = n!Vol,(A), where Vol, (A) is the Euclidean volume in R" of
the convex hull of A. By Bernstein’s theorem (see [2]), the mixed volume MV, (A, ..., A;)
is an upper bound for the number of isolated roots in (C\ {0})™ of a system of sparse

polynomials in C[zy,...,z,] supported on Ay, ..., A,.
We will write A,, for the vertex set of the standard unitary simplex in R", that is,
A, = {0,e1,...,e,} C (Z>0)", where ¢; is the ith vector of the canonical basis of R™.

Note that A, is the support set of a generic affine linear polynomial in n variables.

For a finite subset A C (Z>¢)", we denote by conv(A) the convex hull of A in R™.
Given a positive integer m, we write m - A := m - conv(A) = {a1 + -+ ap | ; €
conv(A) V1 <i<m}. For an integer 1 < r < n, we write A for the family consisting of
r sets equal to A. In particular, we will frequently use the notation Aﬁf), which represents
the family of supports of r linear forms in n variables. We will also use the notation A for

the set A:= {0} x A= {(0,a) € Z"! | a € A}.

3 The unmixed case

In this section we will deduce upper bounds for the Noether exponent of an ideal and the
Nullstellensatz for unmixed sparse systems by applying the results from [10] to suitable
toric varieties. With no loss of generality, we work with polynomials with coefficients in
an algebraically closed field K (note that, once a bound is obtained, over an arbitrary field
k all the coefficients of the polynomials involved are solutions to linear systems over k).

Proposition 1 Let f1,...,fs € Klz1,...,x,] be nonzero polynomials with supports con-
tained in a finite set A C (Zx>o)" and let I be the ideal of K[xy,...,xy,] generated by
fi,--s fs- Then, (VI)* C T for u < n!Vol,(AUA,).

Proof: Let A={a,...,an} C (Z>o)". Following [I7, Theorem 2.10], consider the affine
toric variety
X={(1,z1,...,20,2%,...,2°V) |z € K"} c KIT"TN,

We have that X may be defined by polynomial equations as

X = {0, Y15+ Yns Ynt1s -5 Ynin) € KN Jyo = Ly =07 g i =1, N},
and that it is an irreducible variety of dimension n and degree n!Vol,(A U A,) (by
Bernstein’s theorem [2]).

Consider the map ¢: Ky, ..., yntn] = Klx1, ..., x,] defined by ¢(yo) = 1, p(y;) = =;
for 1 <i < nand p(yp+j) = 2% for 1 < j < N. The kernel of the map ¢ is the defining
ideal of the variety X.

Given fi,..., fs supported on a subset of A, there exist linear forms Lq,...,Ls €
Klyo, - -, Yntn] such that o(L;) = fifor i =1,...,s (if fi = Zjvzl Cio; ¥, We can take
L; = Zjvzl Cia;Yn+j)- Consider the ideal Z := (Ly,..., L) C K[X]. By [10, Theorem 1.3],
(VI)P C T for D := deg(X) = n!Vol,(AUA,). Therefore, (vI) C I. O



Proposition 2 Let f1,..., fs € Klzy,...,z,] be nonzero polynomials with supports con-
tained in a finite set A C (Z>0)™. Let d = max{deg(f;) |1 <i<s}. If V(fi,...,[fs) =0,
there exist polynomials gi,...,9s € K[z1,...,x,] such that

1= Zgifi and deg(g; fi) < dn!Vol,(AUA,) forevery1l<i<s.
i=1

Moreover, the Newton polytope of g; is contained in (n!Vol,(AUA,) —1) - conv(AUA,,)
for every 1 <i < s.

Proof: Let A= {a1,...,an} C (Z>o)". Consider the variety ) C P"* defined as the
projective closure of the image of the map

VKPP ()= (Limy ot my g™ ),

which is an irreducible variety of dimension n and degree n!Vol,(AUA,,).

Assuming f; = Z;VZI Cia;j2% fori=1,...,s, let L; = Zjvzl Cia;Yn+j- Due to the fact
that V(f1,..., fs) = 0, we have that yg lies in the radical of the ideal (Ly,..., Ls) C K[))].
Applying [10, Corollary 1.4], we deduce that y’ € (L1,...,Ls) C K[Y] for D = deg(Y) =
n!Vol,(AUA,). Then, there exist homogeneous polynomials G1,...,Gs € K[y, . .., Yn+n]
such that y)) = >°7_| G;L; mod I(Y) and deg(G;L;) = D fori =1,...,s.

Dehomogenizing and taking into account that the polynomials ynﬂy‘oaj =1 —y?j Loy
where |aj| = > p_; ok, generate the ideal of the affine chart Y N {yo # 0}, we obtain an
equality 1 = Y7 gifi, where g;(z) = Gi(1,z1,..., 2y, 2%, ..., 2°) for i = 1,...,s.
We conclude that deg(g;fi) < maxi<j<n{|a;|}.deg(G;L;) < dD and that the Newton
polytope of g; is contained in (D — 1)conv(A U A,,). O

)

In the following example we can see how these bounds for the degrees in the Nullstel-
lensatz and the Noether exponent improve the bounds from [10], [I1], [12] and [17].

Example 1 (see [17, Example 2.12] and [12, Example 4.13]) Let s > 2, n > 2, § > 2
and, for i = 1,...,s, let f; = a;p + 2?21 a;jr; + 22:1 bigzh .. 2k € Qxy,...,zn] be
polynomials with supports contained in A = A, U{k(ex +---+en);k=1,...,0} without
common zeros in C"™. Then, by Proposition [, there exist g1,...,9s € Qlx1,...,zy] such
that

> gifi=1 and deg(gifi) < (nd)?,
i=1

since Vol,(A) = 0/(n — 1)! and deg(f;) = nd for every 1 < i <'s. Our bound is sharper
than the previous ones for these polynomials:

e the bound from [17, Corollary 2.11] is deg(g; f;) < min{n + 1, s}?(nd)?;
e from [12, Corollary 3], the bound deg(g;) < 2n*? is obtained;
e the bound from [I1, Corollary 1.9] is deg(gif;) < (nd)™ir{ms};

e the bound from [10, Theorem 1.1] is deg(gifi) < (nd)* if s < n and deg(gifi) <
2(nd)" — 1 if s > n.



For arbitrary polynomials f1,..., fs supported on a subset of the previous set A, the
bound for the Noether exponent of the ideal (fi,...,fs) C Q[z1,...,x,] from Proposition
[ is p < nd, whereas the bound in [17, Corollary 2.11] is ;i < min{n + 1,s}?>nd and the
bound in [11, Corollary 1.7] and [10, Theorem 1.3] is u < (nd)™n{ms},

Note that, for systems with no zeros at toric infinity, our bounds here would be similar
to those obtained in [19] and [20], but we do not make any assumptions on the polynomials.

4 The mixed case

The aim of this section is to prove upper bounds for the degrees in the Nullstellensatz

and for the Noether exponent of ideals generated by mixed sparse systems that take into

account the different supports of the given polynomials. We will follow the approach in

[10], which allows us to improve the known bounds but, unlike the ones in [I7], [19] and

[20], does not give a priori estimates of the Newton polytopes of the polynomials involved.
First we prove some auxiliary results.

Lemma 3 LetLL be a field of characteristic zero, W € Llto, ..., t,] be a reduced polynomial
and D a positive integer. If W(0,t1,...,t,) # 0, then W(TP t1,...,t,) is reduced in
LTy, ..., ts).

Proof: 1f n = 0, the statement follows straightforward because W (T’) has only simple
roots in an algebraic closure of .. For n > 1, without loss of generality, it suffices to
consider the case when all the irreducible factors of W have positive degree in ty. The
proof follows from the univariate case by considering W in L(t1, ..., t,)[to]. O

The following proposition can be regarded as a sparse version of [10, Theorem 3.3],
which is, in turn, a generalization of the classical Perron’s theorem (see [I5, Satz 57]). A
similar result in the context of implicitization of rational varieties has been proved in [7].

Proposition 4 Let L be a field of characteristic zero, hy, ..., hy, € L]xy,...,2,] \ L poly-
nomials with supports Ao, ..., An C (Z>0)" and D € N. If the map h : L" —» EnH,
h(z) = (ho(z),...,hn(x)), is generically finite, then there exists a nonzero polynomial

W € Llto,...,ty] such that W(hg,...,hy,) =0 and
deg(W (t5 . t1, .. tn)) < MVpi1 (AU {Deo}, A1 U{0, €0}, Ay U{0,e0}),

where, for every 0 <i <n, A; :={(0,0) € Z"! | a € A;}, and g := (1,0,...,0).

Proof: As h is generically finite, (En) is an irreducible hypersurface in L. Then, there
exists an irreducible polynomial W € Llty,...,t,] defining it and, therefore, satisfying
W(hg,...,hy) =0.

Let P(To,t1 ... tn) = W(TP t1,...,t,) € L[To,t1,...,ty] and Y = {(yo,...,yn) €
L | P(yo,..-,yn) = 0}. Note that, by Lemma Bl P is a reduced polynomial and,
therefore, deg P = deg Y.

Consider Y = {(y,z) € L' < T" | & = ho(x),11 = h1(2),...,yn = hu(2)}. If
Ty L' x " = """ denotes the projection to the first n + 1 coordinates, then we will
show that

m(Y) =Y. (1)



It is clear that m,(Y) C Y. To prove the converse inclusion, consider a nonzero polynomial
g € Ll[to, ..., t,] such that h(L")N{g # 0} C h(L"). Note that P = W(T{, t1,...,t,) and
g(TOD, t1,...,t,) do not have common factors, because W and ¢ in L[to, . .., t,] do not have
common factors. Then, the Zariski closure of {y € L | P(y) =0,9(y®,y1,...,yn) # 0}
is Y. In addition, for every y € L™ such that P(y) = 0 and g(y¥,v1,...,yn) # 0, we
have that (y5, y1,...,yn) € h(L") and, therefore, there exists z € L" such that (y,z) € Y.
We conclude identity () holds.

Now we are going to estimate deg(ﬂy(f/)). By identity (), 7Ty(1~/) is equidimensional
of dimension n; then, it suffices to count the number of points in its intersection with a
generic linear variety of codimension n. By means of Gaussian elimination, we may assume
the linear variety is defined by equations in L[Tj, ¢1, ..., t,] of the form L; = t; + a; Ty + b;,
1=1,...,n.

Note that there is a one-to-one correspondence between the points (yo,...,yn) €
Fy(?) N{L; =0;1 <i<n} and the common zeros (yg, =1, ..., x,) of the system

ho(x) — yOD =0, hi(x)+aryo+b1 =0,...,hp(x) + apyo + b, = 0.

Since for generic a;,b; (1 < ¢ < n) the common zeros of this system in L™ are
isolated and have all nonzero coordinates, by [2], the number of these solutions is bounded
by MVn_H(.Ao U {Deo}, A U {0, 60}, o AR U {0, eo}). O

4.1 Degree bounds for the Nullstellensatz

Our first result in the mixed context is the following upper bound for the degrees in the
Nullstellensatz.

Proposition 5 Let K be an algebraically closed field of characteristic zero, s < n+1 and
fi,-- o fs € K[z, ..., xy] be nonzero polynomials with supports A, ..., As C (Z>o)". Let
d = max{deg(f;) | 1 <i < s}. IfV(f1,...,fs) =0, there exist polynomials g1,...,gs €
Klz1,...,x,] such that 1 =7 | gifi satisfying, for every 1 <i <s,

Proof: 'We adapt the proof of [I0, Theorem 3.6] to our setting. Without loss of generality,
we may assume that f; ¢ K for i = 1,...,s. Consider the map ® : K" — K+

O(x1,...,20,2) = (2f1(x),..., 2fs(x), ).

As 1€ (f1,...,fs), this map is one to one and its image Im(®) is a closed subset of K"
of dimension n + 1. Then, a generic linear projection 7 : Im(®) — K"*! is finite and,
therefore, it induces a finite morphism ¥ = 70 ® : K" — K"l If y = (y1,...,%s)
and 7(y,z) = (L1(y,x),..., Lnt1(y,x)), where Ly,...,L,41 are linear forms and their
coefficient matrix A € K" +1)x(5+7) ig generic, we may assume that the determinant of the
(n+1) x (n+ 1) submatrix of A consisting of its first n 4+ 1 columns is not zero. Thus, by
multiplying by the inverse of this submatrix, we may assume, without loss of generality,
that 7(y, x) = (y1 + li(x), ..., ys + ls(2), ls41(x), ..., lnt1(2)), and therefore,

\Ij($vz) = (Zfl(l‘) + ll(:E)’ cet 7Zfs($) + ls($)7ls+1(x)v te 7ln+1($))'



As U is finite, there exists a minimal polynomial P in K[t,...,¢,41,2] monic in z such
that P(¥(z,z2),z) = 0.
If N := deg,(P), the coefficient of 2V in the expression P(¥(z,z),z) has the form
1 =357 1 gifi. To estimate the degrees of the polynomials in this expression, note that,
for a polynomial @ € K[ty,...,t,+1], the degree in the variables z of Q(V¥(z, 2)) is at most
deg, Q(tclll,...,t?S,tHl,...,th), where d; = deg(f;) for every 1 < i < s. This implies
that
deg(gifi) < deg, P(t%", ...t toiq,. .. tnr1, 2), (2)

Then, it suffices to obtain an upper bound for the degree in the variables t = (t1,...,tp+1)
of this polynomial.

In order to do so, consider the field . = K(z) and apply Proposition @l to D = 1
and the polynomials zf1(z) + l1(z), ..., 2fs(x) + ls(x), ls+1(z), ..., lht1(x) € L[z], which
induce a generically finite map RS A sy Since, for every 1 < ¢ < s, the support of
zfi(x) + 1;(z) is A; U A, and, for every s + 1 < i < n + 1, the support of [;(x) is A, it
follows that there exists a nonzero polynomial W € L[t1, ..., tn41] such that W (¥(z)) = 0
and

degt(W) < MVn—l—l(Avl U An+1y cee w/zlvs U An+1y Agfil_S)) (3)
By clearing denominators, we may assume that W € K|ty ..., t,41,2]. The minimality of

P implies that P divides W and so,

deg, P(tfl, . ,tgls,tsﬂ, cestpni1,2) < degtW(thl, . ,t;ls,ts+1, vyt 2) < d-deg (W).
(4)

The result follows from inequalities ([2]), @) and (3). O

When the number of polynomials involved is at most n, the previous bound can be
rewritten in terms of an n-dimensional mixed volume:

Remark 6 If s < n, it is not difficult to see that
MVpi1 (AU A, AU Ay, ATHTY) = MV, (A1 U A, AU A, APY)

and then, in this case, the bound stated in Proposition [ can be re-written as

deg(gifi) < d-MVp(A1UA,, ..., A UA,, AlN=9), (5)
Note that in the particular case of a polynomial system fi,..., fn, fn+1 € Q[x1,. .., 2y
where f; = x; —a; for i =1,...,n, and f,41 is a polynomial with support dA,, such that

fni1lat,...,a,) # 0, the bound for the degrees given in Proposition [ is d2. However,
it is easy to write 1 = Z?:Jrll gi fi with deg(g;fi) < d for every 1 < i < n+ 1. This is
in fact the well-known degree bound in the Nullstellensatz in terms of the degrees of the
polynomials (see [I0]). However, we may obtain another bound for the degrees in the
sparse Nullstellensatz, which enables us to deduce a refinement of our previous result, by
applying Proposition 4 in a different way.

Proposition 7 With the same assumptions and notation as in Proposition [3, for every
1 <j <s, letdj := deg(f;), 0 := max{d; | 1 < i < s,i # j} and M := MV, (A U



Apy ooy AT UA Aj UA,, AU An,A%"H_S)). Then, for every 1 < i < s, we
have:
deg(gifi) < min {d;0;M;}.

Proof: By taking D := d; in the statement of Proposition @] we deduce that the polyno-
mial W appearing in the proof of Proposition [Al satisfies

degt W(t‘lil,tg, ey b, z) < MVn+1(./Z1U£nU{d1€0}, .ZQUAn_H, .. ,./ISUATL_H, Agf_ll_s)).

Taking into account that Zluﬁnu{dl eo} C d1A, 41, by basic properties of mixed volumes,
we obtain:

deg, W(tH ta, ... tni1,2) < diMVip1 (A Ulpp, ..o Ay UA, ., AT
= A MVy(AyUA,, ..., A, UA,, APy — d M,
Then, if §; := max{ds,...,ds}, we may replace inequality (@) with

d ) d 3
deg, P(t9, ... t% tei1, .oty 2) < deg WP, .o %ty tng, 2)
< 51 ' degt W(tcll17t27 s 7tn+17z)

< dy01 M.

By interchanging the roles of fi and f; for every 1 < j <'s, we deduce from (2 the stated
upper bound. O

Combining the results in Propositions Bl and [1, we deduce:

Theorem 8 Let K be an algebraically closed field of characteristic zero, s < n+ 1 and
fi,.. fs € K[z, ..., x,] be nonzero polynomials with supports Ay, ..., As C (Zx>o)". Let
d := max{deg(f;) | 1 < i < s}, M := MVnH(.Zl U An+1,...,js U An+1,Agfll_s))
and, for 1 < j < s, let dj := deg(f;), 0; == max{d; | 1 < i < 5,7 # j} and M; =
MVp(A U A, Ay UAG A UA, . A UA ATV (f, . ) =0,
there exist polynomials g1,...,gs € Klx1,...,xy,] such that 1 = >3 | gifi satisfying, for
every 1 <1 <'s, deg(gifi) < N(Ay,...,As;n), where

N(A1,...,Agn) == min{dM;d;6;M;,1 < j < s}.

The following example illustrates how our bound for the degrees in the Nullstellensatz
for mixed sparse systems may improve the bounds from [I1], [I0], [I2] and [I7] considerably.

Example 2 Let d € N, d > 2. For every 1 < i < n, consider a polynomial f; €
Qlz1, ..., xy] with support A = A, U{2e1,...,de1}, fi = ajo+ zyzl a;;jxj + Zi:Q bixxh,
and let fny1 € Qlz1,..., 2y be a polynomial with support A,y1 = d - A, C (Z>o)". As-
sume fi,..., fn, fn+1 do not have common zeros in C". Then, by Theorem[8, there exist
polynomials g1, ..., gn, gn+1 € Q[x1, ..., Ty] such that

n+1

> gifi=1 and deg(gifi) < d°,
i=1

since MVyp1 (AU D)™, Ay U Appq) = d2, MV, ((AUA)™) = d, MV, ((AU
A D AT UA,) = d? and deg(f;) = d for every 1 < i < n+ 1. For this system,



the bound in [11l, Corollary 1.9] is deg(g; fi) < d", assuming d > 3;

the bound in [10, Theorem 1.1] is deg(g;fi) < 2d™ — 1;

the bound in [17, Theorem 3.19] is deg(g; fi) < 2d";

the bound from [12, Corollary 4.11] is deg(g;) < 2n2d™.

Remark 9 The polynomials obtained by homogeneizing those in Example[d define a pro-
jective variety of codimension 2 contained in the hyperplane at infinity. This would imply
that the bound in [1, Corollary 1.3] (see also [8]), which takes into account distinguished
components at infinity, is similar to our bound. More generally, it would be interesting to
generalize these results to the mixzed sparse setting.

From Theorem [§] we can also deduce a bound for the degrees in the Nullstellensatz

for a family of s > n + 1 sparse polynomials. Let fi,...,fs € K[z1,...,2,] be nonzero
polynomials with supports Ay, ..., As C (Z>0)" such that V(fi,..., fs) = 0. By taking
generic linear combinations of f1,..., fs, for aset J = {j1,...,jnr1} With 1 < j; <--- <
Jn+1 < s, we can obtain polynomials Ay, ..., h,41 with supports
Aj1:=A; U U Ais oo At = -Ajn+1 U U A; (6)
igJ igJ

such that V(hq,...,hpt1) = 0. By Theorem [ there exists polynomials 9i1s--->9Int+1 €
K[z1,...,x,] such that 1 = Z?:Jrll gsihi and deg(gsihi) < N(Aji,..., Ajnt1;n) for every
1 <i<n+1. It follows that there exist polynomials g1, ...,gs € K[z1,...,2,] such that
1 =37, gifi satisfying deg(g;) < N(As1,..., Asny1;n) for every 1 < i < s. Therefore,
we have:

Corollary 10 Let s > n+1 and f1,...,fs € K[z1,...,2,] be nonzero polynomials with
supports Ay, ..., As C (Z>0)"™ such that V(f1,...,fs) = 0. Then, using the notation in
Theorem [8, there exist polynomials g1, ...,g9s € Klx1,...,x,] such that 1 = > 7 gifi
satisfying, for every 1 <i < s,

deg(gs) < | min N(Asy,-..; Asns1in),

where Aj1,..., Ajn1 are the sets defined in ({@).

4.2 Noether exponent

This section is devoted to proving an upper bound for the Noether exponent of a polyno-
mial ideal generated by a mixed system in terms of the supports of the given generators.
We first prove a suitable sparse version of the Generalized Elimination Theorem from [10,
Theorem 4.3].

Proposition 11 Let s < n and fi,...,fs € K[z1,...,2,] be nonzero polynomials with
supports Ay, ..., Ag C (Z>0)". Letd = max{deg(f;) |1 <i <s}. AssumeV(f1,...,fs) #



0. If G € Klzy,...,2,] is a nonzero polynomial which is constant over every irre-
ducible component of V(f1,..., fs), there exist polynomials g1, ...,g9s € K[x1,...,z,] and
a nonzero univariate polynomial ¢ € K[T| such that

AG) =) _gifi and deg(gifi) < deg(G)-d- MVn(ArU A, ..., AU A, AT,

i=1

Proof: Let ®: K"t — K5+ ®(x,2) = (2f1(x),...,2fs(x),x). Since G is constant
over each irreducible component of V' := V(fi,..., fs), we have that G(V) is a finite
set {a1,...,aq}. Consider the polynomial Q = [[;<;<,(T — a;) € K[T]. Then, Q(G) €
V/ (f1,..., fs) and, therefore, localizing in the multiplicative set of the powers of Q(G), we
have that 1 € (f1,..., fs)ow@) C Klx1,...,74]gq). It follows that the map ® is one to
one outside the zero set of Q(G).

Set T' C K™ for the Zariski closure of Im(®), which is an (n + 1)-irreducible variety.
Then, for generic linear forms ¢y, ¢1,...,¢, in Klyi,...,ys, 21,..., 2], the projection 7 :
I — K" m(y, ) = (bo(y,x), ..., Ln(y, ), is a finite morphism.

Consider now g : I' = K" 1 a(y,2) = (bo(y, ), ..., ln(y,z), G(z)). There is a
nonzero polynomial P € Klt,...,t,,T] such that P({y(y,x),...,l,(y,2),G(z)) = 0. By
making a change of variables T; = t;—a;to, fori =1,...,n, and Ty = to, if L; = £;—a;ly, we
obtain that P(o, Ly + a1fo, . .., Ln+ anlo, G) = p(G)E + 1 Aj(Ly, ..., L, G)§ 7 =
lg(éo,Ll, ooy Ly, G), where Pe K[Ty,...,T,,T] is a nonzero polynomial whose leading
coefficient as a polynomial in T equals p(T"), which depends only on the variable T'. Thus,
we obtain a finite morphism K[Ly,..., Ly, G]yq) — K[lo, L1, - . ., Ln, Gl -

Recalling that we also have a finite map K[y, L1,..., L,] = K[, (1, ..., 4,] — K[I]
and a bijection K[['|gq) — K[z1,. .., 74, 2]g(q), we deduce that the induced composition

K[L1, ..., Ln, Glo@)pe) = Kl g = K21, - - - 20, 2lQ6)p(0)

is finite. Without loss of generality, we may assume that, for i = 1,...,s, L;(y,x) =
y; + pi(x) for a generic linear form p; € K[z], and that, for i = s+ 1,...,n, L; depends
only on the variables z.

Let P, € K[TY,...,T,,T][Z] be a minimal polynomial of z; then,

Pz(zfl(x) + N1($)’ ce ,Zfs(l‘) + /Ls(:p)’Ls—H(:E)’ cet ,Ln(l‘), z) =0

and the leading coefficient ¢ of P, is a factor of a power of Q(T")p(T). The proof finishes
similarly as the proof of Proposition [, by considering the coefficient of z9¢¢=(F%) in the
expansion of P,(zfi(x) 4+ p1(x), ..., 2fs(x) + ps(x), Leg1(2), ..., Ly(x), 2), which is of the
form ¢(G) — >_7_, gi(x) fi(x). Considering P, as a polynomial in K(z)[T7,...,T,,T] and
applying Proposition 4, we deduce that

deg Po(T% ..., T% Tyyy, ... T, T8 < d. deg Py(Th, .., Ty, T%5C))
<d- MV (AL UA o1, AU Ay, deg(G) Ay, A;rjr—ls))
< deg(G) -d- MVpi1 (A U Ay, ..., AgU An+1,Afffll_s)),
=deg(G)-d- MV, (A1 UA,, ..., A,UA,, A=),

10



The main result of this section is the following.

Theorem 12 Let f1,..., fs € Klzy,...,z,] be nonzero polynomials with supports Ay, ..., As C
(Z>0)™ and d = max{deg(f;) | 1 <i < s}. Let I be the ideal of K[z1,...,z,] generated by
fi,-- s fs. Then, (VI)* C I for

p<d-MVy(ALUA,, ..., A, UA,, AP if s <,

and

w<d- JCI{I}in }{MVH(AJJUAn,...,AJ,nUAn)} ifs>n+1,

,,,,,

|J|=n

where, for J={ji,...,jn}, Azi = Aj; UlUgg, Ax for every 1 <i<n.

Proof: Assume I # (1), since otherwise there is nothing to prove.

First, we consider the case s < n. Let G € /1. By Proposition [[I] there exist
¢ € K[T]\ {0} such that ¢(G) € I and deg(¢(G)) < deg(G) -d- MV, (A1 UA,,..., A;U
An,Aﬁl’H)). Write ¢(T) = T+ [[;_,(T — a;) with a; € K\ {0}. Since, for 1 < j <,
G — a; does not lie in any associated prime of the ideal I (because G lies in all of them),
the fact that G"¢ [['_,(G' — a;) € I implies that G"< € I. Now,

pic - deg(G) < deg(¢(Q)) < deg(Q) -d- MV (A1 U A, ..., AsUA,, A=),

and, therefore, ug < d- MV, (A1 UA,,...,A;sUA,, A,(ln_s)).

We conclude that there exists p € Z>g, p < d- MV, (A1 UA,, ..., A;UA,, ASL"_S)),
such that G* € I for every G € v/I. From this fact, it is easy to prove that (vI)* C I
(see, for instance, the proof of [10, Corollary 4.6]).

Assume now that s > n + 1. By taking generic linear combinations of fi,..., fs, for
aset J={j1,...,4n} with 1 < j; <.+ < j, < s, we can obtain polynomials hy,..., h,
with supports Aj1,..., Ay, such that V(hy,...,hy,) \ V(fi,..., fs) is a finite set. Then,
if G € VI, it satisfies the assumptions in Proposition [[T] for the polynomials hi,. .., h,.
Therefore, there exists ¢ € K[T]\ {0} such that ¢(G) € (hy,...,h,) and, as a consequence,
#(G) € I, with deg(¢(G)) < deg(G) - d- MV, (Aj1 UA,, ..., Ajn UA,). As before, it
follows that < d- MV, (Aj1 UA,, ..., Ain UA,). O

Finally, we present an example that compares our mixed bound for the Noether expo-
nent to previously known bounds:

Example 3 Consider positive integers D and 1 < Dy < --- < D,,. Let A=A, U{k(e1 +
v dep);1 <k <D} C(Zso)". For anideal I = (f1,...,fn) in Qz1,...,x,] generated
by polynomials f1,..., fn with supports A; = D; - A, for all 1 < i <mn, by Theorem[I2, we
have that (\/f)“ C I for a mon-negative integer

< \..212
ug(gDz>nDDn,

since MV, (A1, ..., An) = (TT112, Di) MV, (A™) = ([T, Di)nD and, for 1 < i < n,
deg(f;) = nDD;. On the other hand, in this case,

11



e the bound in [T7, Corollary 2.11] is n3DD?;
e the bound in [10, Theorem 1.5] is (H?:l Di) n"D™.

In particular, when Dy = --- = D,,_1 = 1 and D,, = D, our bound is n>D*, whereas the
bounds from [I7] and [I0] are n3D" "' and n" D", respectively.

Acknowledgments. The authors wish to thank the anonymous referees for their helpful
comments.
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