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HOLOMORPHIC COHOMOLOGICAL CONVOLUTION AND
HADAMARD PRODUCT

CHRISTOPHE DUBUSSY JEAN-PIERRE SCHNEIDERS

ABSTRACT. In this article, we explain the link between Pohlen’s extended Hadamard
product and the holomorphic cohomological convolution on C*. For this purpose, we
introduce a generalized Hadamard product, which is defined even if the holomorphic
functions do not vanish at infinity, as well as a notion of strongly convolvable sets.
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1. THE EXTENDED HADAMARD PRODUCT

Classically, the Hadamard product of two formal power series A(z) = ;:i% a,z" and

B(2) = Y120 b,2" is defined by setting

(AxB)(2) = > anbp2".

Using Taylor expansions, one can thus define the Hadamard product f; * fs of two germs
f1 and f5 of holomorphic functions at the origin. Exploiting the Cauchy’s integral repre-
sentation, one obtains the formula
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for all z in a neighbordhood of 0, C(0,7)" being a small positively oriented circle centered
at the origin (see e.g. [I] and [9] for some applications).

In his thesis [12] (see also [I1]), Timo Pohlen introduced the more general notion of
Hadamard product for holomorphic functions defined on open subsets of the Riemann
sphere P = CU{oo} which do not necessarily contain the origin. This new definition led
to interesting applications, (e.g. [8] and [I0]). In this introduction, we shall recall the
construction and the results of T. Pohlen.

Definition 1.1. Let P be the Riemann sphere equipped with its canonical structure of
complex manifold. Let {2 be an open subset of P. One sets

H(Q) = {f € O(Q) : f(o0) = 0}
if co € Q and H(Q2) = O(Q2) otherwise.
Definition 1.2. We set M = (P xP)\{(0,00), (00,0)} and extend the complex multipli-

cation continuously as a map - : M — P. We then have
00-a=a-00=00
if a € P is not equal to zero. If A, B are subsets of P such that A x B C M, one sets
A-B={a-b:a€ Abe B}.

1

One also extends the inversion z — z~! continuously from C* to P by setting 0~! = oo

and co~! = 0. If S C P, one sets
St={z:2'eS}

For the rest of the article, we shall often drop the point and write the multiplication as
a concatenation.

Definition 1.3. Two open subsets 21, )y C P are called star-eligible if
(1) £ and €2y are proper subsets of P,
(2) (P\h) x (P\Q2:) C M,
(3) (P\Q)(P\) #P.
In this case, the star product of £, and €25, noted 2y % {)s, is defined by
O  Qy =P\((P\Q1) (P \2)).

For the several equivalent definitions of the index/winding number of a cycle ¢ in C, we
refer to [13]. For any cycle ¢ in C, one sets Ind(c, oo) = 0.

Definition 1.4. Let 2 be a non-empty open subset of P, K be a non-empty compact
subset of © and ¢ be a cycle in Q\(K U {0} U{oo}). If co ¢ K and

Ind(c, ) 1 if ze K
nd(c, z) =
’ 0 if zeP\Q’

then c is called a Cauchy cycle for K in Q. If co € €2 and
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Ind(c, 2) 0 if ze K
nd(c, z) =
’ —1 if zeP\Q’

then c is called a anti-Cauchy cycle for K in ).

In [I2], Lemma 2.3.1, T. Pohlen refers to ad hoc explicit constructions which ensure that
Cauchy and anti-Cauchy cycles always exist for any (2 and any K. In the next section, we
shall see that this existence can easily be obtained by using singular homology.

Let € and €5 be two star-eligible open subsets of P. Note that, if z € () x {5, then
2(P\Qy)~! is a closed subset of €.

Definition 1.5. Let z € (Q; x 2)\{0,00}. A Hadamard cycle for z(P\Qz)™' in O is a
cycle ¢ in Q1\(2(P\Q) "' U{0} U {oo}) which satisfies the condition given in the following
table :

O th 0, 00 o0 0
2
0,00 cct or acc™ acc™ cct ce
00 acc™ acc™ / /
cct / cct /
ace A,

This table should be understood in the following way : The elements in the first row and
the first column tell which of these elements are in €2; and €25 respectively. The abreviation
cc (resp. acc) means that ¢ is a Cauchy (resp. anti-Cauchy) cycle for z(P\y)™" in .
The abreviation cct (resp. acc™) means that ¢ is a Cauchy (resp. anti-Cauchy) cycle with
the extra condition Ind(c,0) = 1 (resp. Ind(c,0) = —1). A "/" means that this case cannot
occur.

One can now extend the standard Hadamard product.
Definition 1.6. Let f; € H () and fo € H(§2). For each z € (€4 % 22)\{0, 0o} one sets

s ) = 5= [ 508 () T

where c, is a Hadamard cycle for z(P\,)™! in Q. One can check that this integral does
not depend on the chosen Hadamard cycle (see Lemma 3.4.2 in [12]). The function f; x fo
is called the Hadamard product of f; and fs.
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2(P\2) ™

Figure 1. A Hadamard cycle for z(P\Q3)~! in €y, in the case where 0,00 €
and oo € 9,0 ¢ Q.

Proposition 1.7 ([12], Lemma 3.4.5 and Proposition 3.6.4). The Hadamard product fix fo
can be continuously extended to Q0 x Qy. If 0 € Oy % Qo (resp. 00 € Qy xQs), one has

(f1 * f2)(0) = f1(0)f2(0) (resp. (f1 * f2)(00) = 0). Moreover, fi x fo is an element of
H( * ).

Proposition 1.8 ([12], Proposition 3.6.1). The Hadamard product is commutative.

In all this framework, the hypothesis f(oo) = 0, when oo € €, is highly used. In the
next section, we shall provide a more general definition of Hadamard cycles and Hadamard
product, based on singular homology theory, which does not require the vanishing condition
at infinity.

2. GENERALIZED HADAMARD CYCLES

For classical facts about singular homology, we refer to [5] and [6]. For a general back-
ground on sheaf theory and derived functors, we refer to [7]. For a sheaf-theoretic definition
of the Borel-Moore homology and the link with singular homology on HLC-spaces, we refer
to [3].

Let us recall that on any topological space X, there is an orientation complex wx which is
canonically isomorphic to Zx[n] if X is an oriented topological manifold of pure dimension
n. On a topological space X, the Borel-Moore homology (resp. Borel-Moore homology
with compact support) of degree k is defined by

BMI (X)) = H (X, wx), BMHY(X) = H7*(X,wx).
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Definition 2.1. Let X be an oriented topological manifold of pure dimension n. The
orientation class of X is the class

ax € PMH,(X) ~ H (X, Zx[n]) ~ H'(X, Zx)
corresponding to the constant section 1 of Zy.

Let X be a topological manifold X of pure dimension n. Since X is homologically locally
connected, the complex RI'.(X,wy) is canonically isomorphic to the complex of singular
chains on X. Hence, BMH¢(X) is isomorphic to the usual singular homology group of degree
k, Hy(X). Now, let K be a compact subset of X and consider the two canonical excision
distinguished triangles

RT x\ i (X, wx) — RO(X,wx) — RO(K,wx) =
and
RI.(X\K,wx) — RIe(X, wx) — RI(K, wy) .
The second triangle implies that H"(K,wy) is canonically isomorphic to the relative
singular homology group H, (X, X\ K). Hence, we get a sequence of morphisms

M (X) — H™(K,wx) = H, (X, X\K)
and ax € PMH, (X) induces a relative orientation class ax x € H,(X, X\K).

Proposition 2.2. Let ) be a proper open subset of C and let F = C\Q. There is a
canonical isomorphism

H\(Q) = HJ(F, Z)
gien by
[c] = (z = Ind,(c)).
Proof. Let us consider the excision distinguished triangle
(2.1) RI.(Q, we) = RE(C, we) = REL(F,we) 5

It induces a long exact sequence

c— H2(Q) —_— HQ(C) E— H_zRFC(F,WF) j

{—> H{(Q) —— H(C) —— H'RI(F,wp) — -+

Since C is contractible, one has Hy(C) ~ H;(C) ~ {0}. Therefore, taking into account
that wp ~ Zp[2], one gets a canonical isomorphism
§: HYF, Zr) = Hy(9).
Let z € F. Applying (2.1) with C\{z},C and {z}, one gets an isomorphism
0z Z~ H({z}, Zy) = Hi(C\{z}).
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Clearly, ¢;'([c]) = Ind,(c). Moreover, by Proposition 1.3.6 in [7], there is a commutative
diagram

Hg(szF) Hl(Q)
HY({z}, Zzy) 5 Hi(C\{2})

where i,(f) = f(z) and j.([c]) = [¢]. Hence, one sees that §~!([¢])(z) = Ind,(c). Since this

argument is valid for all z € F'| the conclusion follows. O

To introduce our definition of generalized Hadamard cycles, we have to be in the same
setting as T. Pohlen. However, looking at Definition [[.3] we find it more natural to start
with closed subsets instead of open ones.

Definition 2.3. Two closed subsets S and S of P are star-eligible if S1, Sy and 5.9, are
proper and if S7 x Sy C M.

For the rest of the section we fix S; and S,, two star-eligible closed subsets of P. If
z € C*\ 519, S; is a compact subset of P\ 25, " and, thus, a compact subset of P\ (2595 U
({0, 00}\S1)). Moreover, one has

(P\(255 ' U ({0,00}\S1))\S1 = P\ (Sy U 25,1 U {0} U {oo}).
Let z € C*\5195.

Definition 2.4. A generalized Hadamard cycle for S; in P\(2S,' U ({0,00}\5})) is a
representative ¢ of the class in H; (P \(S; U 255" U {0} U {oo})) which is the image of

—0p\ sy (oo p s )8 € H2(P\(285" U ({0,001\51)), P\(S1 U285 U {0} U {oo}))
by the canonical map
Hy(P\ (255" U ({0,001\S1)), P\(S1 U 285" U {0} U {oo}))
Hi(P\(S) U=zSy" U {0} U{oo})).
Our aim is now to define a product
which generalizes the extended Hadamard product of T. Pohlen.
Definition 2.5. Let f; € O(P\S) and fy, € O(P\S,). For each z € C*\ 5152 we set

(fix fo)(= 2m/ fi(¢ < )?7

where c, is a generalized Hadamard cycle for S; in P\(25;" U ({0,00}\S1)). Since two
generalized Hadamard cycles are homologous, the definition does not depend on the chosen
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generalized Hadamard cycle. The function fi* fs is called the generalized Hadamard product
of fi and f5.

Figure 2. A generalized Hadamard cycle for S; in P\ (2S5 U ({0,00}\S1)), in
the case where 0,00 ¢ S7 and 0 € Sy, 00 ¢ Ss.

Lemma 2.6. Let f; € O(P\S)) and fo € O(P\Sy). For each compact subset K of
C*\S1Sy, there is a cycle cx in P\(S; U KSy; U {0} U {oo}) such that

o) = 5= [ o (2) S

forall z € K.

Proof. There is a fundamental class

O\ (k57 U0 s € H2(PNCSy T U ({0,00}\81)), PA(S1 U K S5 " U {0} U {oo}))

We choose ¢k to be a representative of the class in Hy(P\(S; UK Sy 'U{0}U{oc})) which
is the image of —ap\ (g1 (f0,001\51)),5, PY the canonical map

Hy(P\(KS;" U ({0,001\51)), P\(S1 U KS; " U {0} U {o0}))

|

H(P\(S; UKS; 1 U{0}U{co})).

For each z € K|, there is a canonical commutative diagram
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Hy(P\(KS5 " U ({0,001\51)), P\(S1 U K8, U {0} U {oo}))

\

Hi(P\(S;UKS;'U{0}U{cc}))

|

H,(P\(S; UzS; ' U{0} U {o0}))

/

Hy(P\(283 " U ({0, 00}\S1)), P\(S1U 28, " U {0} U {o0}))

Obviously, ap\(.s-15({0,00}\51)),5; 18 the image of apy (g1 j0,00}\51)),5, DY the left vertical
map. Therefore, by the commutativity of the diagram, one can deduce that cx is a gen-
eralized Hadamard cycle for S; in P\ (255" U ({0,00}\S})), for all z € K. Hence the
conclusion. OJ

Proposition 2.7. The generalized Hadamard product is a well-defined map

Proof. Let fi € O(P\S)) and fo € O(P\Ss). We have to check that f; x fo is holomorphic
on C*\51S,. Since it is a local property, it is enough to prove that f; x f5 is holomorphic
on each small open disk D C C*\51Ss. Let D be such a disk. By Lemma there is a

cycle ¢ such that
(fix f2)(= / fi(¢ < )?7

for all z € D. We conclude by derivation under the integral sign. O

We shall now prove that our product is a good generalization of the extended Hadamard

product of T. Pohlen. By doing so, the reader shall see why we chose such a sign convention
in Definition 2.4

Proposition 2.8. Let fi € H(P\S1) and fo € H(P\Ss). Let z € C*\S1S5. Let ¢, be a
generalized Hadamard cycle for Sy in P\(2S5" U ({0,00}\S1)) and d. a Hadamard cycle
for 285" in P\S,. Then,

e [ 508 (E) T = [ 108 (0)

Proof. We treat the case where 0,00 ¢ S; and 0 € SQ, oo ¢ Sy and leave the other ones to
the reader. By construction, it is clear that c, verifies

0 if wezS,'u{0}
Ind(c,,w) = {_1 £ e 512
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Let ¢, be a cycle P\(S; U zS, ' U {0} U {oc}) such that

Ind(c,,w) = {

0 iwazSQIUSl
-1 if w=0.

Since d, is acc™, by Proposition 2.2 it is clear that d, is homologuous to ¢, + ¢, in
P\(S; U=2S; U {0} U{oo}). We then have

[ron(e) €= [ non(E) e[ a0s(e) S

Moreover, by the residue theorem,

08 () - (493 (3)) - 198 ()

= 2 £1(0) fa(o0) = 0.

Hence the conclusion. O

Remark 2.9. Of course, the generalized Hadamard product is no longer commutative if
the functions do not vanish at infinity. For example, let S; and S5 be as in the proof of
the previous proposition. Let f; € O(P\S) and f, € O(P\S,). By a similar computation,
one sees that

Jfix fa— fax fi = f1(0) f2(00).

Despite the lack of commutativity, the generalized Hadamard cycles are more symmetric
with respect to 0 and co. In the section 5, we shall explain how one can define a convolution
between 1-forms which have (not necessarily isolated) singularities at 0 and co. Generalized
Hadamard cycles are key ingredients to compute such a convolution (see also section 6).
Moreover, the commutativity shall eventually be obtained thanks to quotient spaces that
naturally occur in this context.

3. THE HOLOMORPHIC INTEGRATION MAP

Let X be a complex manifold of complex dimension dy and r € Z. Recall that C7_ x
admits a decomposition in bi-types

ooX_ @ Cpq

ptq=r
which induces a decomposition of the exterior derivative d as

d=090+0,

where _
9:ChI — CPI and 0:CHY — CRIL

Similarly, Db’y admits a decomposition in bi-types

Dby ~ P Dry’

ptg=r
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and an associated decomposition of the distributional exterior derivative. Moreover, for
any open subset U of X, we have a canonical isomorphism

Dy (U) ~ T(U, Ciﬁf;{r)’

between the space of complex distributional r-forms and the topological dual of the space
of infinitely differentiable complex differential (2dy —r)-forms with compact support which
induces the similar isomorphism

DII(U) = To(U,CLPx Y.
In the sequel, we denote by 2% the sheaf of holomorphic differential p-forms on X and we
set for short Qx = le(x. Of course, 2% is canonically isomorphic to both the kernel of
9:C0 = Chl s
and the kernel of B
d: DR’ — Dy .
The double complex C y (resp. DbY’) is the infinitely differentiable (resp. distributional)
Dolbeault complex of X. By construction, the associated simple complex is the infinitely

differentiable (resp. distributional) de Rham complex C%, y (resp. Dby ) of X. Moreover,
we have the following chains of canonical quasi-isomorphisms :

Cx ~C x ~Dby and Qf ~CL' ~ Dby,
which are given by de Rham and Dolbeault lemmas.
Let f : X — Y be a holomorphic map from X to a complex manifold Y of complex

dimension dy and let V' be an arbitrary open subset of Y. It follows from the holomorphy
of f that the pullback

friChy (V) = Chx(f7H(V))
sends 27y (V) into C%7 (f~1(V)) if p + ¢ = r. In particular,
I(f'w) = f*(0w) and O(f'w)= f*(0w)

for all w € C&'{Y(V). By topological duality, it follows that there are canonical pushforward
morphisms

/f T proper (fH(V), DB ) = T(V, D)
and

T 7,470 (v, D)

between distributional forms with f-proper support on f~(V') and distributional forms on
V' and that these morphisms commute with 0 and 0. In particular, we get a morphism of
double complexes of sheaves of the form

/ L DO L ppptdvetdy
f
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Moreover, if f is a surjective submersion, one can show that the pushforward of a disti-
butional form associated to an infinitely differentiable form with f-proper support is itself
associated to an infinitely differentiable form which can be computed by integration over
the fibers of f. This shows that, in this case, the preceding morphism factors through a
morphism of the form

. et+dx e+dx et+dy ,e+dy
/ . f! Coo,X — Coo,Y :
f
Thanks to the quasi-isomorphisms
Qf;;’dx ~ Dbg;rdx * and Q’;}Ldy ~ Db’ffdy",

this gives us a morphism

[ RASR 0 (dx] > 08 ay]
f

in the derived category for each p € Z. In the particular case where p = 0, we get the
morphism

/ : Rlex[dx] — Qy[dy]
!

which is usually called the holomorphic integration map along the fibers of f (see e.g. [T,
p. 129]). Note that, if g : Y — Z is another holomorphic map between complex manifolds,
then the well known relation (g o f)* = f* o g* entails that fgof = fg o ff’

4. HOLOMORPHIC COHOMOLOGICAL CONVOLUTION

Definition 4.1. Let (G, i) be a locally compact complex Lie group of complex dimension
n. Two closed subsets S; and S5 of G are said to be convolvable if S; x Sy is u-proper, i.e.
if

(S1 % Sy) Np 1K)

is a compact subset of G x G for any compact subset K of G.

Remark 4.2. A proper map on a locally compact topological space is universally closed,
in particular closed (see e.g. [2]). Hence, if S; and Sy are convolvable closed subsets of G,
then pi]s,xs, is a proper map and Sy + S = fi]g,xs,(S1 X S2) is closed.

Definition 4.3. Two distributional 2n-forms u; and usy of G' are convolvable if the support
St of uy and the support S5 of us are convolvable. In that case, the convolution product
of u; and us is a distributional 2n-form on G defined by

Uy * Uy = /(u1 X ug) := /(p’{ul A pyus),
p p

where pi,ps : G X G — G are the two canonical projections.

Remark 4.4. By choosing a Haar form v on G, one can define the convolution product
of two distributions by means of the isomorphism Dby ~ Db given by v (see e.g. [4]).
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Remark 4.5. If we define
p:GxG—-GExG and v:GxG—-GxG

by setting ¢(g1,92) = (91, 1(91,92)) and ¥(g1,92) = (91, (g7 ', g2)), we see that ¢ and ¢
are reciprocal biholomorphic bijections and that the diagram

GxG GxG

N A

G

is commutative. This shows in particular that p is a surjective submersion and that the pre-
ceding procedure allows us also to define the convolution product of infinitely differentiable
forms.

~

Let S; and Sy be two convolvable closed subsets of G. By construction, the convolution
of distributions on G is the composition of the external product of distributions

Is, (G, D2 @ Ts, (G, D) — Ts,xs,(G x G, Db )
and the map
/ : I‘51><52(Gv X G7Dbé’n><G’) — Fu(sl XSQ)(G>Db2G’n)
“w

induced by the integration map along the fibers of
/ : T proper (G X G, DV ) — T(G, D)
I

and the fact that S; and Sy are convolvable. It is thus natural to define the convolution of
cohomology classes of holomorphic forms on G as follows :

Definition 4.6. Let S1, S5 be two convolvable closed subsets of G. Consider the external
product morphisms

RFS1 (G7 Q%+n)[n] ® RFS2 (Gv QqG+n) [n] — RPSI xS2 (G X G7 Qzé—i;(qS’-Qn) [271]

and the morphisms

/ : R, x5, (G x G, Q8 L™ [2n] — RT 5, x5 (G, Q5T ).
o
induced by the holomorphic integration map and the fact that S; x Sy is p-proper. By
composition, these morphisms give derived category morphisms

*(G,M) : RPSI(G, Q’g")[n] & RF52 (G, QqG—i-n)[n] — RFM(SIX&)(G, Q%+q+n)[n],

that we call the holomorphic convolution morphisms of G. Going to cohomology groups,
these morphisms give rise to the morphisms

*(Gp) ¢ ngn(G, Q%JFN) X Hg,;‘n(G’ QqGJrn) N H;Z;—Fxnsg)(G’ Q}fé—l—q—l—n)’

that we call the holomorphic cohomological convolution morphisms of G.
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Remark 4.7. Consider the diagram

HE (G, Q6) ® HE (G, Qg) H s 5 (G2 Q)

FSI <G7 Db2G’n> ® FSQ <G7 Db2G’n> - FH(SI ><S2)<G’ Dbéﬂ)

where the vertical arrows are given by the Dolbeault complex of Qg and the top (resp
the bottom) horizontal arrow is given by the holomorphic cohomological morphism of GG
with p = ¢ = r = s = 0 (resp. the convolution product of distributions). Obviously, by
the definitions, this diagram is commutative. This remark will allow to perform explicit
computations in the next section.

5. MULTIPLICATIVE CONVOLUTION ON C*

In this section, we will consider the case where the group G is the group C* formed by
the set of non-zero complex numbers endowed with the complex multiplication (noted as
a concatenation). We will assume that S;, Ss are convolvable proper closed subsets of C*
(remark that this means that S; N K .S, is compact for any compact subset K of C*) such
that 5155 is also a proper subset of C* and we will show how to compute the holomorphic
cohomological convolution morphism

(5.1) *: Hg (C*,Qc+) ® HY (C*, Q) = Hg g, (C, Q)
by means of path integral formulas.

Proposition 5.1. Let S be a proper closed subset of C*, then there is a canonical isomor-

phism
. Q(C*\S)/QC") ifr=1,
H1(C o) ~ [2C /AT ifr=1
0 otherwise.
Proof. Any open subset of C is a Stein manifold. U

Thanks to this proposition, one can see that (B.I]) can be interpreted as a bilinear map
*: Q(CT\S1)/Q2(C*) x Q(C*\S5,)/Q(C") — Q(C*\5152)/Q(C).

Now, let wy € Q(C*\S;) and wy € Q(C*\S2) be two given holomorphic forms. Ideally, we
would like to obtain a formula of the form

[wi] * [wo] = [w]
where w is a holomorphic form on C*\(5S2) which can be computed from w; and wy by

some path integral.

It is in general not possible to find such a nice formula. However, we will show that for
any relatively compact open subset U of C* and any open neighbourhood V' of 5;.55 in C*,
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there is a holomorphic form w on U \ V which can be computed from w; and w, by some
path integral and which is such that

W] € QU\T)/QU) ~ H (U, 0c)
coincides with the image of [w;] * [wy] by the canonical restriction morphism

Hyg s, (C*, Qc+) = H( (U, Qcx).
Thanks to the following lemma, this is in fact sufficient to completely compute [w1] * [ws].

Lemma 5.2. Let S be a closed subset of C*. Then

Hg(C*,Qc) =~ lim  Hy (U, Qc)

vnU
UEZ/{W’C7VEVS

where U,. denotes the set of relatively compact open subsets of C* ordered by C and Vs
denotes the set of open neighbourhoods of S in C* ordered by D.

Proof. This follows from the Mittag-Leffler theorem for projective systems (see e.g. Propo-
sition 2.7.1 in [7]). O

To be able to specify the kind of path integral we need, let us first introduce the following
definition :

Definition 5.3. Let F' and G be two closed subsets of C* which have a compact intersection
and let W be an open neighbourhood of FFNG. A relative Hadamard cycle for F with
respect to G in W is a relative 1-cycle

ce ZIW\F,(W\ F)n(W\QG))
such that its class

] € Hi(W A\ F, (WA F)n(W\G))
is the image of the fundamental class

aw,rne € Ho(W, W\ (F'NG))
by the Mayer-Vietoris morphism
Hy (W, WA (FNG)) = H(W\F,(WA\F)n (WA G))

associated with the decomposition

(W, WA(FNG) = (W\F)UW,(W\ F)U(W\G)).
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Figure 3. In grey, a relative Hadamard cycle for F' with respect to G in W.

With this definition at hand, we can now state the main result of this section.

Theorem 5.4. Let S; and Sy be two convolvable proper closed subsets of C* such that
515y # C* and let us assume that wy = fidz and wy = fadz with f; € O(C*\Sy), f2 €
O(C*\Sy). Fiz a relatively compact open subset U of C* and an open neighbourhood V' of
515y in C*. Then, the image of
] ] € AT \8,5)/C") = Hl, (€, 0c)

m B

AU\ V)/QUU) = HE
is the class of the form w = fdz € QU \ V) where

)= [on(¢) ¢

and c is a relative Hadamard cycle for Sy with respect to USy " in C*\(U \ V)Sy*.

U, Q)

Lemma 5.5. Let Sy and Sy be convolvable closed subsets of C* and let VW be a fundamental
system of compact neighbourhoods of 1 in C*. Then
(1) The set S}Y = W S; (resp. Sy = WSy, SIVSY = W?25,S,) is a closed neighbour-
hood of Sy (resp. S, S153) in C* for any W € W.

(2) The closed subsets S}V et S3 are convolvable in C* for any W € W.

(8) One has Nyyew ST =51, Nwew 53 = Sz, and Ny ST Sy = 51.5,.

(4) In particular, if S; and Sy are proper convolvable closed subsets of C* such that
515y # C*, if U is a relatively compact open subset of C* and if V is an open
neighbourhood of S1Sy in C*, then there is W € W such that S} and SY are
convolvable proper closed subsets of C* such that S}V.Sy # C* and S}V Sy NU C V.
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Proof. (1) This follows from the fact that F'K is closed in C* if F' (resp. K) is closed (resp.
compact) in C* and from the fact that (zW )y ey is a fundamental system of neighbour-
hoods of z € C*.
(2) This follows from the inclusion

SYNK(SY) P =WS NKWs;t c W(S, nKW25; 1

which is satisfied for any compact subset K of C”.
(3) This is clear since for any closed subset F' of C* and any z ¢ F' there is W € W such
that zW 1N FEF = 0.
(4) By contradiction, assume that
SVSY NUN(C\V)#D
for all W € W. Then, by compactness,
() (S8 NTN(C\V)) =585NnTN(C\V) #0,
Wew
but this contradicts the fact that SV'SY' NU C V. O
Lemma 5.6. Let S be a proper closed subset of C* and let w € Q(C*\S). Assume that

w admits an infinitely differentiable extension to C* and denote by w such an extension.
Then [w], seen as an element of HL(C*,Qc+), is the image of

[0w] € H'(Is(C*,CJcx))

by the canonical morphism obtained by applying H' to the composition in the derived cat-
egory of the canonical morphism

[s(C*,Clc) = RIS(C*,C7 )
and the inverse of the canonical isomorphism
RI5(C*, Qcr) = RT6(C*,C ¢ )
Proof. 1t follows from the distinguished triangle
RIs(C*, Qc+) — RI(C*, Qc+) — RO(C*\S, Qcr) T

that R['g(C*, {2¢+) is canonically isomorphic to the mapping cone M (pg) of the restriction
morphism

ps : Cl e (C) = CL e (CH\S)

shifted by —1. We know that M[ps|[—1] is a complex concentrated in degrees 0, 1 and 2
of the form

Coaer(€) = € (C) @ CLe (CT\S) = €L (CT\S)
where the differentials in degree 0 and 1 are given by the matrices

(5) and  (—ps —0)

—pPs
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() = )

are two 1-cycles of this complex which are in the same cohomology class. This is clear
since
()2 ()= (%)
—Ps w 0

Proof of Theorem[5.4] Let U and V be as in the statement of the theorem. Thanks to
Lemma [5.5] we know that it is possible to find a closed neighbourhood S; of S} and a
closed neighbourhood S, of Sy in C* such that S; and S, are convolvable and

What we have to show is that

0

Uns,s,cV.

Let f (rvesp. f)) be an infinitely differentiable function on C* which coincides with f
(resp. fa) on C*\S,; (resp. C*\S,) and set

wy = f(2)dz and w,= f (2)dz.

2
It follows from Lemma [5.6] that the image of

[wi] € Q(C*\S1)/Q(C") = Hg, (C*, Q)
by the canonical morphism

Hél(C*, Q(C*) — Hél(c*,Q(c*)
is the same as the image of
Ow,) € H(T's, (C*,C12))
by the canonical morphism
H'(s, (C*,C12.)) — HL (T, Qcr)

considered in this lemma. A similar conclusion is true for the image of

[wa] € Q(C*\S,)/Q(C") = Hg, (C*, Q)
in Hg (C*,Qc-). Therefore, the image of

[wn] * [wa] € Q(C*\S152)/UC”) =~ H,,(C*, Q)

in Hg g (C*,Qc-) is the same as the image of [Ow, * Ow,| by the canonical morphism

H'(Ts,s,(C",CLL0) — HY ¢ (T, Qc-).
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Let us note py,ps : C* x C* — C* the two canonical projections and consider the com-
mutative diagram

C*xC* C*xC*

where ¢(z1, z2) = (21, 2122) and ¥((, z) = ((, z/C Since ¢ o 1) = id = 1) o ¢, we have

= o)=L

Dy % Owy = /(Eﬁl X Ow,)
m

Therefore,

_ / (V" (p10w; A psOw,))

P2
= / (10w A h*Ouw,)),
P2
where h((,z) = z/(. Since

Ow —%(z)di/\dz and Ow —%(z)di/\d
w1 — az Wy — az z,

we have
* 0 ai z z z
9= 32 () 2(2) v )
_Of, (2 (dz —zdC N Cdz — zd(
o0z (Z) & ¢
and 5 5 B
Pi0w; A W Ow, = %(C)% <§) % A % AdZ A dz.
Therefore,
Ow, * Ow,y = ( 88]1 (C)i <§) ?C dCC) dz N dz.

Since f . coincides with f; on C*\ S, one has

supp (C — aaji (C)) C 8.
)

Similarly, one has



HOLOMORPHIC COHOMOLOGICAL CONVOLUTION AND HADAMARD PRODUCT 19

cn B0k (2)

is an infinitely differentiable function on C* supported by S, N zS,' which is a compact
subset of C*.

Hence,

Since U is a relatively compact open subset of C* and S; and S, are convolvable closed

subsets of C*,
K=S8nUS;"
is a compact subset of C*. Let ¢ be a singular infinitely differentiable 2-chain of C* such
that
[c] € Hy(C*,C"\K)
is the relative orientation class ac+ g, which is the image of the orientation class ac+ by
the canonical morphism
BMpL(C*) — Ho(C*,C*\K).

Then, on U, one has

= = of, . 0f, a¢ d¢\ .
Ow, * Owsy = (/ = (C)a_ (Z)?/\?) dz A dz,

since the integrated form is supported by S, N 2S;' € K for any z € U. Moreover, the
function f is infinitely differentiable on C* and the chain c is supported by a compact
subset of (C* Thus, the function

reee [ 52 1, (3) &G

is infinitely differentiable on C* and
) f of, . 0f, d¢  d¢
- [ () 58

Ow, * Owsy = Ow

Therefore, on U, one has

where w = f(2)dz. Since supp(dw; * Ow,) C S,S,, the function f is holomorphic on
U\ S,S, and it follows from what precedes that

(fwr] * [w2)) |y = [wlv]

QU\SLS,)/UU) =~ H(1§1§2)0U<U7 Qc-).

Let us now show how to compute [w|y] in QU \ V)/Q(U) by means of f; and f, alone.
Since V' is an open neighbourhood of §,.9,,

§1Q(U\V)§2_1:@-
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Therefore, -
C* = (C"\S)) U (C\ (T \V)S1))

and, replacing if necessary ¢ by a barycentric subdivision, we may assume that ¢ = ¢; + ¢
where

suppc; C C*\S; and suppc, C C*\ (U\V)S3').

Since supp afl C 84, it is then clear that

/a— 5 (3)ent

Moreover, for any z € U \ V one has
€ \287" 5 €\ ((T\V)S;")  suppes
and since the function ¢ — f_ (/) is holomorphic on C*\ 2.5 ! it follows that

0= [ 2 (50, (2) 1) @nac

_ z\ d¢
- &niﬁoiQ(c) C

supp(de) C C*\K = (C*\S;) U (C'\US;").
Up to replacing ¢ by a one of its barycentric subdivisions, we may thus assume that
dc = ¢, + ¢, where supp ¢, € C*\ S, and suppc, C C*\US,"'. Since

By construction,

dcy + Ocy = dc = ) + &,
there is a chain c3 such that
ey — dy = c3 = ¢} — Dey.

Since supp ¢, C C*\US5 !, the function

zH/f 5(3) ¢

is clearly holomorphic on U. Hence, the image of [w|y] in Q(U\V)/Q(U) is [g(z)dz] where
g is the holomorphic function on U \ V' defined by setting

2= [ 4,0 L)

supp(dez — ;) € (C\ ((U\V)831)) U (CT\US, ") = C\ (U \V)S,")

Since

and

supp(cy — der) C (CT\S)) U (C\S,) = C\5,,
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it is clear that

supp cs C (C*\S;) N (C*\ (U \V)S31)) -

Therefore, we have in fact
d
9= [ aon(3) ¢

for any z € U \ V. Moreover, since dcs = ¢, = —dc}, it is clear that
supp dcz C (C*\S,) N (C*\US; ).
So,
cs € Z1((C\S) N (C\ (U \V)S;1)) ,C"\S; NnC\US; )
and it follows by the construction of the chain c3 that its class in
Hy((C\Sy) N (C\ ((T\V)851)),C\S, NC\US; )

coincides with the image of orientation class of C* by the following sequence of canonical
morphisms

PMHL(CY) = Ho(C\(U\ V)83 (C\T\ V) \ (8, nTS, )
— Hi((C\(U\V)S; )\ (8, NUS; )
= H(((C"\Sy) N (C'\([T\ V)8, 1)) U(C"\US, ™))
= Hi((C\S)) N (C*\(U\ V)8, 1)) U(C'\US, "), C\US, )
— Hi((C*\S;) N (C*\(T\ V)83 1), (C*\S,) N (C\TS)).
This clearly shows that cs is a relative Hadamard cycle for S, with respect to US5 " in

C* \(g\ V)5S Thus, cs is also a relative Hadamard cycle for S; with respect to US; " in
C\U\V)S; "

To conclude, it remains to show that if ¢} is another relative Hadamard cycle for S; with

respect to USy ' in C*\(U \ V)S, ! and if

dg
9= [0 (5) €
for] an}[f /z]' € U\ 'V, then [g(2)dz] = [§(2)dz] in QU\V)/Q(U). For such a ¢4, we have
H ((C*\S;) N (C\(T\ V)S31), (C"\S;) N (C\US; ).

Therefore, ¢ = ¢3 + ¢4 + Ocs where 04 is a 1-chain of (C*\S,) N (C*\US;"') and cs is a
2-chain of (C*\S;) N (C*\(U \ V)S;"). It follows that the function

oo aon()
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is a holomorphic function on U \ V and that

o+ [05(2)%
o 05 ()%

is clearly holomorphic on U, we have [g(2)dz] = [§(2)dz] in QU\V)/Q(U) as expected. [

on U\ V. Since

6. THE CASE OF STRONGLY CONVOLVABLE SETS

It is natural to ask if one can compute the holomorphic cohomological multiplicative
convolution on C* thanks to a global formula, by adding extra-conditions on S; and Ss.
Recalling Definition [2.3] we are led to introduce the following one :

Definition 6.1. Let S; and Sy be two convolvable proper closed subsets of C* such that
S185 # C*. These two closed sets are said to be strongly convolvable if, furthermore, Sy
and S, are star-eligible, that is to say, if S; x Sy C M. (Here (.) denotes the closure in IP.)

Remark 6.2. One can find convolvable subsets of C* which are not strongly convolvable.
For example, consider

S1={(2m)!: m € N} and ng{m:nel\]}.

We shall now highlight the link with the generalized Hadamard product. Recall Defini-
tions 2.4l and

Proposition 6.3. Let S; and Sy be two strongly convolvable proper closed subsets of C*.
Assume that wy = fidz and wy = fodz with fi € O(C*\S1) and fo € O(C*\Sy). For all
z € C*\S1S,, let c. be a generalized Hadamard cycle for Sy in ]P’\(z§;1 U ({0,00}\51)).
Then

[wi] x [wa] = [fdz] € QUC*\S51.52)/Q(C),

- [aon(Q) T

Proof. Let U be a relatively compact open subset of C* and V' an open neighbourhood
of 5195 in C*. Let ¢ be a relative Hadamard cycle for S; with respect to US; !
C*\(U\V)S;*. Then, by a similar argument as in the proof of Lemma 26, it is clear
that the image of [c,] by the sequence of canonical maps

where

for all z € C*\S1.5.
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N __1 ¥ _
H{(P\(S;U=2S, U{0}uU{oo})) = H (C*\(S; UzSyh)
BMAT (C*\(S1 U 2595 1))

BMEL ((C*\Sy) N (C*\(T \ V)S; 1))

Hy((C\S) N (C\T\ V)83 1), (C*\S1) N (CT\TS; 1)
is [—c] for all z € U\V. Hence

[50r (g) z-- / RO (g) X, wenv.

Since this argument is valid for all U and all V', the conclusion follows from Theorem [(.41

O
In this context, we set (fix fo)(2) = [, f1(C) f2 (%) %. If fi € O(P\S,) and f, € O(P\S,),
this really coincides with the generalized Hadamard product.

Remark 6.4. Let S; and Sy be two strongly convolvable proper closed subsets of C*. Let
us make an identification fdz <+ —2imf between holomorphic 1-forms and holomorphic
functions. Then, by the previous proposition, the holomorphic cohomological convolution
morphism

Hy, (C*,Qc+) ® Hg, (C*, Qc+) — Hg,s,(C", Qc)
can be seen as a bilinear map
O(C*\51)/ O(C*) x O(C"\52)/ O(C*) = O(C"\515)/ O(CY),
which can be computed by
L] [fo] = [f1 fal-
For the following example, we use the notation D(0, R) = {z € C : |2| < R} with R > 0.
Example 6.5. Let § = C*\D(0,s) and T = C*\D(0,¢) with s > 0, ¢ > 0 and let
f€O(C\S5) =0(D(0,5)\{0}) and g€ O(C\T)=0(D(0,1)\{0})

be two holomorphic functions. Then, S and T" are strongly convolvable proper closed sub-
sets of C* and we can write f(2) = 327 _a,2", g(2) = 3.7 _b,2". Since the polar part

n=—oo n=—oo

of f (resp. g) is holomorphic on C*, we have [f] = | oo a,2"] in O(D(0,s)\{0})/ O(C*)
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and [g] = [>°,% ba2"] in O(D(0,£)\{0})/ O(C*). Using the preceding remark, we see that

the holomorphic cohomological convolution [f] % [g] is given by
+oo

Z anbnz”] ,

n=0

since the generalized Hadamard product coincides with the usual one in this case.

[fxg] =

Let us now state a trivial proposition :

Proposition 6.6. Let S; and Sy be two convolvable closed subsets of C* and S7 C 5y,
S5 C Sy two closed subsets. Then, S1 and S are convolvable and the diagram

Hél((C*, Qc+) ® HéQ(C*, Qcr) — HéISQ((C*, Qc+)
where the horizontal arrows are given by the holomorphic cohomological convolution mor-
phisms, is commutative.
Example combined with Proposition allows to compute several other examples.

Example 6.7. Let S; = Sy = (—o0,—1]. The principal determination of the function
z + In(1+ 2) is holomorphic on C*\S;. Moreover, S; and S, are strongly convolvable and
thus, there is g € O(C*\[1, +00)) such that

In(1+ 2)] % [In(1 + 2)] = [g].
Using the previous results, one has

(In(1 + 2)] * [In(1 + 2)])[p,1y = (1 + 2)[pe.1)] * (1 + 2)[p,1)]

[ +o0 _ 1)+l X (1)l
e

Ln=1 n=1

Ln=1

= [Li2(2)]|D(071)7
where Lis is the principal dilogarithm function, holomorphic on O(C*\[1,+0o0)). Hence,
there is h € O(C”) such that
9|D(0,1) - L12|D(0,1) = h.

By the uniqueness of the analytic continuation, one deduces that g—Lis = h on C* \[1, +00)
and, thus, that

(1 + 2)] x [In(1 + 2)] = [Liy(2)]
in O(C*\S5152)/ O(C").



HOLOMORPHIC COHOMOLOGICAL CONVOLUTION AND HADAMARD PRODUCT 25

REFERENCES
[1] V. Avanissian and R. Gay, Sur une transformation des fonctionnelles analytiques portables par des
converes compacts de C? et la convolution d’Hadamard, C. R. Acad. Sci. Paris 279 (1974), 133-136.
[2] N. Bourbaki, Elements of Mathematics : General Topology Part 1, Hermann, Paris, 1966.
[3] G. E. Bredon, Sheaf theory, 2¢ ed, Graduate Texts in Mathematics, n° 170, Springer, New York, 1997.

[4] J. Dieudonné, Eléments d’analyse, 2¢ éd, vol. ITT, Cahiers scientifiques, n° 33, Gauthier-Villars, Paris,
1980.

[5] M. J. Greenberg, Lectures on algebraic topology, Mathematics lecture note series, W. A. Benjamin
Inc., New York, 1967.

[6] A. Hatcher, Algebraic topology, Cambridge University Press, Cambridge, 2002.

[7] M. Kashiwara and P. Schapira, Sheaves on manifold, Grundlehren der Math. Wiss., n° 292, Springer-
Verlag, Berlin, 1990.

[8] T. Lorson and J. Miiller, Convolution operators on spaces of holomorphic functions, Studia Mathe-
matica 227 (2015), 111-131.

[9] J. Miiller, The Hadamard Multiplication Theorem and Applications in Summability Theory, Complex
Variables Theory Appl. 18 (1992), 155-166.

[10] J. Miiller and T. Pohlen, The Hadamard Product as a Universality Preserving Operator, Computa-
tional methods and function theory 10 (2010), n° 1, 281-289.

[11] J. Miiller and T. Pohlen, The Hadamard product on open sets in the extended plane, Complex Anal.
Oper. Theory 6 (2012), 257-274.

[12] T. Pohlen, The Hadamard product and universal power series, Phd thesis, University of Trier, Math-
ematic Institute, Trier, 2009.

[13] J. Roe, Winding around : The winding number in topology, geometry, and analysis, Student mathe-
matical library, n° 76, American mathematical society, University park, PA, 2015.

BAT. B37, ANALYSE ALGEBRIQUE, QUARTIER POLYTECH 1, ALLEE DE LA DECOUVERTE 12, 4000
LIEGE, BELGIQUE.
E-mail address: C.DubussyQuliege.be and jpschneiders@uliege.be



	1. The extended Hadamard product
	2. Generalized Hadamard cycles
	3. The holomorphic integration map
	4. Holomorphic cohomological convolution
	5. Multiplicative convolution on `39`42`"613A``45`47`"603AC*
	6. The case of strongly convolvable sets
	References

