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Abstract

This paper aims to present a fairly accessible generalization of several symmetric Gauss-
Seidel decomposition based multi-block proximal alternating direction methods of multipliers
(ADMMs) for convex composite optimization problems. The proposed method unifies and
refines many constructive techniques that were separately developed for the computational
efficiency of multi-block ADMM-type algorithms. Specifically, the majorized augmented
Lagrangian functions, the indefinite proximal terms, the inexact symmetric Gauss-Seidel
decomposition theorem, the tolerance criteria of approximately solving the subproblems,
and the large dual step-lengths, are all incorporated in one algorithmic framework, which
we named as sGS-imiPADMM. From the popularity of convergent variants of multi-block
ADMNMs in recent years, especially for high-dimensional multi-block convex composite conic
programming problems, the unification presented in this paper, as well as the corresponding
convergence results, may have the great potential of facilitating the implementation of many
multi-block ADMMs in various problem settings.
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1 Introduction

In this paper, we consider the following multi-block convex composite programming:

min {pl(:nl) + flx1,. o em) Fa(y1) 9y, yn) | AT+ By = c}, (1.1)
zeX,yey
where X', ) and Z are three finite dimensional real Hilbert spaces, each endowed with an inner
product (-, ) and its induced norm || - ||, and
- X can be decomposed as the Cartesian product of X7, ..., X,,, which are finite dimensional
real Hilbert spaces endowed with the inner product (-,-) inherited from X and its induced
norm || - ||. Similarly, Y = Y x - -+ x ),,. Based on such decompositions, one can write z € X
as = (T1,...,&m,) with z; € &;, i =1,...,m, and, similarly, y = (y1,...,9n);
- p1: X — (—00,00] and ¢; : Yy — (—00, 0] are two closed proper convex functions;
- f:X = (—o0,00) and g : Y — (—00,00) are continuously differentiable convex functions
with Lipschitz continuous gradients;

- A* and B* are the adjoints of the two given linear mappings A: Z - X and B: Z — ),
respectively; ¢ € Z is a given vector;

- without loss of generality, we define the two functions p : X — (—o0,00| and ¢ : Y —
(—00,00] by p(x) :=pi(x1), Vo € X and q(y) := q1(y1), Yy € Y for convenience.

At the first glance, one may view problem (1.1) as a 2-block separable convex optimization
problem with coupled linear equality constraints. Consequently, the classic alternating direction
method of multipliers (ADMM) [13, 12] and its contemporary variants such as [8, 10] can be
used for solving problem (1.1). For the classic 2-block ADMM, one may refer to [9, 14] for
a history of the algorithm and to the recent note [3] for a thorough study on its convergence
properties.

In high-dimensional settings, it is usually not computationally economical to directly apply
the 2-block ADMM and its variants to solve problem (1.1), as in this case solving the sub-
problems at each ADMM iteration can be too expensive. The difficulty is made more severe
especially when we know that ADMMSs, being intrinsically first-order methods, are prone to
require a large number of outer iterations to compute even a moderately accurate approximate
solution. As a result, further decomposition of the variables in problem (1.1) for getting easier
subproblems, if possible, should be incorporated when designing ADMM-type methods for solv-
ing it. Unfortunately, even if the functions f and g in problem (1.1) are separable with respect
to each subspace, say, &; and )}, the naive extension of the classic ADMM to multi-block cases
is not necessarily convergent[2]. How to address the aforementioned issues is the key reason why
the algorithmic development, as well as the corresponding convergence analysis, of multi-block
variants of the ADMM has been an important research topic in convex optimization.

Of course, it is not reasonable to expect finding a general algorithmic framework that can
achieve sterling numerical performance on a wide variety of different classes of linearly con-
strained multi-block convex optimization problems. Thus, in this paper our focus is on model
(1.1), which is already quite versatile, for the following two reasons. Firstly, this model is
general enough to handle quite a large number of convex composite optimization models from
both the core convex optimization and realistic applications [19, 4]. Secondly, the convergence
of multi-block variants of the ADMM for solving problem (1.1) has been separately realized in
[25, 19, 18, 4, 30, 5], without sacrificing the numerical performance when compared to the naively
extended multi-block ADMM. The latter has long been served as a benchmark for comparing



new ADMM-type methods since its impressive numerical performance has been well recognized
in extensive numerical experiments, despite its lack of theoretical convergence guarantee. Cur-
rently, this line of ADMMs has been applied to many concrete instances of problem (1.1), e.g.,
[1, 7,16, 27, 28, 29, 11, 24, 26, 21], to name just a few.

Motivated by the above exposition, in this paper, we plan to propose a unified multi-block
ADMM for solving problem (1.1). Our unified method is an inezact symmetric Gauss-Seidel
(sGS) decomposition based magjorized indefinite-prozimal ADMM (sGS-imiPADMM). The pur-
pose of this study is to distill and synthesize all the practical techniques that were construc-
tively exploited in the references mentioned above for the computational efficiency of multi-block
ADMM-type algorithms. Specifically, our unified algorithm incorporates all the following ingre-
dients developed over the past few years:

- the inexact sGS decomposition theorem progressively developed in [25, 19, 20];
- the majorized augmented Lagrangian functions introduced in [18];
- the indefinite proximal terms studied in [18, 30, 5];

- the admissible stopping conditions of approximately solving the subproblems developed in

[4],
together with the large dual step-lengths for the classic ADMM [13].

We show that the proposed sGS-imiPADMM is globally convergent under very mild assump-
tions, and the resulting convergence theorem also improves those in the highly related references
mentioned above. For instance, it refines the sGS-imsPADMM in [4] by substituting the ex-
tra condition [4, (5.26) of Theorem 5.1] for establishing the convergence with the weaker basic
condition[4, (3.2)], which is imposed for the well-definedness of the algorithm. Moreover, com-
pared with the recently developed sGS decomposition based majorized ADMM with indefinite
proximal terms in [30], the problem setting for sGS-imiPADMM is much more general as the
functions f and g here are not restricted to have the separable structures that were required in
[30].

The rest of this paper is organized as follows. In section 2, we introduce some notation, and
recall the inexact sGS decomposition theorem which plays an important role in the subsequent
algorithmic design. In section 3, the sGS-imiPADMM algorithm for the multi-block problem
(1.1) is formally proposed. Its global convergence theorem is established in section 4 via the
convergence of an inexact majorized indefinite-proximal ADMM (imiPADMM), which will be
introduced in section 4.2, in conjunction with the inexact sGS decomposition theorem. Finally,
we conclude the paper in section 5.

2 Notation and Preliminaries

2.1 Notation

Let U and V be two arbitrary finite dimensional real Hilbert spaces each endowed with an inner
product (-,-) and its induced norm || - ||. For any given linear map H : U — V, we use ||H|| to
denote its spectral norm and H* : V — U to denote its adjoint linear operator.

If 4 =V and H is self-adjoint and positixie semidefinite, then thelre 1exis‘cs a unique self-
adjoint positive semidefinite linear operator H2 : &4 — U such that H2H2 = H. In this case,
for any u,v € U, we define (u,v)y := (u, Hv) and ||ully := /(u, Hu) = H?—[%UH

For a closed proper convex function 6 : U — (—o0, +00|, we denote dom# and 06 for the
effective domain and the subdifferential mapping of 6, respectively.



Let s > 0 be a given integer such that one can decompose U as the Cartesian product

of Uy, ..., Us, such that each U; is a finite dimensional real Hilbert space endowed with the
inner product (-, -) inherited from ¢ and its induced norm || - ||. Then, the self-adjoint positive
semidefinite linear operator H : i/ — U can be symbolically decomposed as
Hu Hiz - His
His Hoo -+ Hos
Ts 7'[55 o Hes
where H;; : U; — U;, i,5 = 1,..., s are linear maps and H;;, @ = 1,..., s are self-adjoint positive
semidefinite linear operators. Based on (2.1), we use Hy := Diag(Hi1,...,Hss) to denote the

block-diagonal part of H, and denote the symbolically strictly upper triangular part of H by H,,,
so that H = Hy + H, + H}. To simplify the notation in this case, for any v = (uq,...,us) €U
and ¢ € {1,...,s}, we denote u<; := {u1,...,u;}, u>; = {wi, ..., us}.

2.2 The inexact sGS decomposition theorem

We now briefly review the inexact block sGS decomposition theorem in [20], which is a general-
ization of the Schur complement based decomposition technique developed in [19].

Following the notation of the previous subsection, suppose that U = Uy X --- X Us and H is
symbolically decomposed as in (2.1). Let 6y : Uy — (—o00, 00| be a given closed proper convex
function, and b € U be a given vector. Define the convex quadratic function h : U — (—o0,00)
by

h(u) = %(u,?—lw — (b,u), Yuel.

Let gi, d;i €U;, i =1,...,s be given (error tolerance) vectors with 51 = 01. With the assumption
that Hy is positive definite, we define

d(6,8) == 6+ H,H; (6 —6) with §:=(5y,...,8,) and 0 := (31, ... d,). (2.2)
Suppose that ©u~ € U is a given vector. Define
; := argmin {6(uy) + h(uz; 1, uiUzit1) — <gz,uz>}, i=5,...,2,
uf = argmin {0(u1) + h(wr,u>2) — (61,w1) }, (2.3)
uj = argurlnin {0(ui) + h(u;_l,ui,ﬂZiH) — (6, ui)}, i=2,...,s.

Uq

Meanwhile, define the self-adjoint positive semidefinite linear operator sGS(H) : U — U by

sGS(H) == Hu H " H. (2.4)
Now, consider the following convex composite quadratic optimization problem:
. 1 _ ~
mig {00u0) + h(w) + 31 = w s — (€6.0) ) | (25)

The following sGS decomposition theorem from [20, Theorem 1 & Proposition 1], reveals the
equivalence between the sGS iteration (2.3) and the proximal minimization problem (2.5). This
theorem is essential for the algorithmic development in this paper.



Theorem 2.1. Suppose that Hy = Diag(Hi1,. .., Hss) is positive definite. Then
(i) both the iteration process in (2.3) and the linear operator sGS(H) defined by (2.4) are
well-defined;
(ii) problem (2.5) is well-defined and admits a unique solution, which is exactly the vector u™
generated by (2.3);
(iii) it holds that H = H + sGS(H) = (Ha + Hu)H; (Ha + HE) = 0
(iv) the vector d(5,8) defined by (2.2) satisfies

—~ ~ _1 ~ 1 ~
1H2d(5,8)|| < [y 2(S = 8)|| + |13 (Ha + Ha) 3.

3 An Inexact sGS Decomposition Based Majorized Indefinite-
Proximal ADMM

In this section, we present the sGS-imiPADMM algorithm for solving problem (1.1). We first recall
the majorization technique used in [18] and the indefinite proximal terms used in [5]. Since the
two convex functions f and g in problem (1.1) are assumed to be continuously differentiable with
Llpschltz continuous gradients, there exist two self-adjoint positive semidefinite linear operators
Ef X—)XandE : Y — Y such that

~

f@) < fla; )=f(w’)+<Vf(w’)w—w’>+%Hw—w’H%f, Vo, 1’ € X,

9() <G:y) = 9W) + (Vo) oy~ )+ 3ly VI . vy €. (3:-1)

For any given o > 0, the majorized prorimal augmented Lagrangian function associated with
problem (1.1) is defined by

~ ~

Lo(z,y; (2,9, 7)) == p(x) ) +q(y) + 9y ) + (7, A"z + By — ¢
1 1
* * 2 112 /12
A%+ Bty — el + L e 213+ 2y — o/ 1%
V(z,y) e X xY and V(2',y,7) e X xYx Z,

where S: X = X and 7 : Y — Y are self-adjoint (not necessarily positive semidefinite) linear
operators satisfying

~ 1~ ~ 1~
S > —§Ef and T > —§Eg. (3.2)

In order to apply the block sGS decomposition theorem, we symbolically decompose the
positive semidefinite linear operators ¥y and ¥, defined in (3.1) into the following form, i.e.,

Eon Epiz o Ep)im Eon Coz - Egm
G Gz o Eom | Eh B o (E)am
Xf= ‘ ‘ . ‘ and X, = ' ' ' ' , (3.3)



which are consistent with the decompositions of X and ). Meanwhile, the linear operators A
and B are also can be decomposed as

Az = (A1z,..., Apz) and Bz = (Biz,...,B,2),

where A;z € X; and Bz € V;, Vi € {1 .,m}, j€ {1 .,n}, and z € Z. Moreover, we can
also decompose the linear operators S X — X and T : y — Y as the decompositions of ) ¥
and Eg in (3.3). To ensure the block sGS decomposition theorem, we require

(if)“—i-O'.AZ.Aj—i-gu =0, ¢+=1,...,m, and (ig)jj—l-O'BjB;—i-ﬁj =0, j=1,...,n, (34)

where Sj; : X; — X;,1=1,...,m and ’7~}j :Yj — Yj, 7 =1,...,n are the block diagonal parts
of § and T, respectively. We now formally present the promised sGS-imiPADMM.
_ Following the discussions in [4], here we define two linear operators M : X — X and

N Y = Y as follows: U _
M=% +0AA + S,
- . ~ (3.5)
N :=%,+0BB*+T.

Just like the decomposmon of & ¢ and Zg in (3.3), we can symbolically decompose M and N

accordingly. We use Md and Nd to denote the corresponding diagonal parts, and ./\/l and /\/

to denote the strictly upper triangular parts, respectively. Consequently, M = Md + ./\/l + ./\/l*
and N = Ny + N, + N

Remark 3.1. Note that the linear operators S:X > X and T : Y — Y are chosen for the
purpose of compensating the deviation from the majorized augmented Lagrangian function to
the original augmented Lagrangian function. Meanwhile, they should be chosen such that the
minimization subproblems involving p1 and q1 are easier to solve. With appropriately chosen
S11 and Tn, we can assume that the following well-defined optimization problems

1 2 1 /112
iy {ion) + o = ot} ond min {a) + gl - i1,

T1E€

can be solved to a sufficient accuracy in the sense of returning approximate solutions with suffi-
ciently small subgradients of the objective functions, for any given ) € Xy and y| € V.

Recall that the Karush-Kuhn-Tucker (KKT) system of problem (1.1) is given by
0€dp(x)+Vf(x)+ Az, 0€09q(y)+Vygly)+ Bz, A'z+B'y=c. (3.6)

If (z,9,2) € X x Y x Z satisfies (3.6), from [23, Corollary 30.5.1] we know that (z,y) is an
optimal solution to problem (1.1) and z is an optimal solution to the dual of this problem. To
simplify the notation, we denote the solution set of the KKT system (3.6) for problem (1.1) by
W.

We now make the following assumption on problem (1.1) and Algorithm 1.

Assumption 3.1. Assume that:
(i) the solution set W to the KKT system (3.6) of problem (1.1) is nonempty;

ii) the self-adjoint positive semidefinite linear operators Sr: X = X and Z Y — Y are
f
chosen such that (3.1) holds;



Algorithm 1 (sGS-imiPADMM): An inexact sGS decomposition based majorized indefinite-
proximal ADMM for solving problem (1.1).

Let 7 € (0, (1 ++/5)/2) be the step-length and {&; }x>0 be a summable sequence of nonnegative
numbers. Let (2%, 4%, 2°) € domp x dom g x Z be the initial point. For k = 0,1,. .., perform the
following steps:

Step la. (Backward GS sweep) Compute for i =m,...,2,

~k+1 : r k ~k+1 k.(.k .k _k
Z; ~ argiin {£U ((xgi—17$i7x>i+1)7y a(:E Y s 2 )>} )
T, EX; -

0 € 0 Ly (o, T T, o5 (2, 29) ) with ()] <

i
Step 1b. (Forward GS sweep) Compute for i =1,...,m,

k+1 . ~ k+1 ~k+1 k...k k _k
x; ~ argn;n {£U ((xgi_lvl'iyxzﬂ_l))y a(:E Y,z )>} )
T; €N

0F € 0, Ly (g, @b 351, o5 (2, o, 29) ) with [ < .

Step 2a. (Backward GS sweep) Compute for j =n,...,2,

~k+1 : ~ k+1 k ~k+1 k ,k _k
vy %argel;nn{ﬁa (x WSy U i) (25,05, 2 ))}
Y&

i;g S 8yj£0' <wk+17 (yéj—hg?—i_lagg}_}-l); (‘Tkayk7zk)) with Hﬁf” S gk
Step 2b. (Forward GS sweep) Compute for j =1,...,n,

k+1 : ~ k+1 k+1 ~k+1 \./..k , k _k
Y; ~arg1§)11n{£a (x cWGo1 Y, Y21 (@5, 7 2 ))}
Yi€Vj

7;6 € 8yj£0' <$k+17 (yé—;El)y;C—i_l?ggj}‘l)a (:Ekvyk)'zk)) Wlth ‘|7]I€H S gk

Step 3. Compute 2"+ := 2% + ro(A* b+ + BryF+! —¢).

(i) the self-adjoint linear operators S and T are chosen such that (3.2) and (3.4) hold.
Under Assumption 3.1, we can define the following linear operators:
Ssas = S +sGS(M) = 8 + M, MM,
{ Teas =T +sGS(N) = T + N NN

Based on the above preparations, the global convergence of Algorithm 1 is given as the following
theorem. The corresponding proof will be accomplished in section 4.

(3.7)

Theorem 3.1 (Convergence of sGS-imiPADMM). Suppose that Assumption 3.1 holds, and the
linear operators S and T are chosen such that

1~ 1~
§Zf +0AA* 4+ Ssas = 0 and 529 + oBB* + Tsas = 0. (3.8)

7



Then the whole sequence {(x*,y*, 2*)} generated by Algorithm 1 converges to a solution of the
KKT system (3.6) of problem (1.1).

We end this section by comparing Algorithm 1 and its convergence theorem (Theorem 3.1)
with its precursors in [19, 4, 30] for solving problem (1.1). Such a comparison will clearly
demonstrate from where the algorithm in this paper originates and to what extent does the
progress made in this paper can reach. The details of the comparison are presented in the
following table.

Ref. \ Item f &g Majorization | Proximal Terms | Inexact
[19] separable, quadratic no semidefinite no
[4] - yes semidefinite yes
[30] separable yes indefinite no
This paper - yes indefinite yes

Here, the column “f & ¢” indicates the additional conditions imposed on the functions f and g
in problem (1.1), the column “Majorization” indicates whether the majorization technique was
used, the column “Proximal Terms” shows whether the proximal terms used are semidefinite or
indefinite, and the column “Inexact” shows whether the subproblems are allowed to be solved
approximately. It is easy to conclude from the above table that Algorithm 1 proposed in this
paper generalizes all those in [19, 4, 30]. This explains why we name the sGS-imiPADMM
as a unified algorithmic framework. Here, it is also worthwhile to point out that even when
the proximal terms in sGS-imiPADMM are chosen to be positive semidefinite, the convergence
theorem in this paper is sharper than that in [4]; see Remark 4.3 for the details.

4 Convergence Analysis

In this section, we will prove Theorem 3.1 step-by-step. We first show how to apply the sGS de-
composition theorem to reformulate the multi-block Algorithm 1 as an abstract 2-block ADMM-
type algorithm. Then we establish the convergence properties of the later, and, as a consequence,
prove Theorem 3.1.

4.1 Basic convergence results

Proposition 4.1. Suppose that (3.2) and (3.4) hold. Define for all k >0,
OF = (OF, ... 0k, %= (0%, .. k), AR =GR, AR, and AR = (4F, AR

with the convention that gf = 6F and 3§ = 4¥. Then

(i) the sequences {(zF,y, 2%)}, {6%}, {6%Y, {v*} and {3*} generated by the sGS-imiPADMM are
well-defined;

(i) the linear operators Ssas and Tsas in (3.7) are well-defined, and

Mgas = if + 0 AA* + Ssgs = 0, Nigs := ig + oBB* + Tsas = 0; (4.1)



(iii) 4t holds that
k Fo( okt k. (ke kK Ligh+l _ k|2
dmeﬁx{£g<:€ ,y7(33‘ Y, 2 )>+2H‘¥ HSGSM)},

dk e o, {/JU <xk+1,¥k+1; (xkyykazk)> + %H%Hl Y ”sGS(N }

where

dlmC = 5k _‘_MVUMVEI(&IC o gk) and dk — ’}/k +ﬁuﬁcl_1(7k _ ﬁk%
(iv) one has that HMSGZSdkH < K&k, ||V G?SdkH < K'Ek, where

—_ 1 ~Ll —~
K= 2vm — 1M || + vm| M2 (Mg + M),

(4.2)
1 1 ~
K= 2/ — TN 2 [+ V/RlNZ (Vg +N) 7
Remark 4.1. It is easy to prove Proposition 4.1 via Theorem 2.1. We omit the detailed proof
here since it is almost the same as that of [/, Proposition 3.1].

4.2 An inexact 2-block majorized indefinite-proxiaml ADMM

Based on Proposition 4.1 and the previous efforts (see e.g. [20, 4]), here we also view the sGS-
imiPADMM as a 2-block ADMM-type algorithm applied to problem (1.1) with intelligently
constructed proximal terms. For this purpose, we formally present the previously mentioned
imiPADMM as Algorithm 2, where the majorized augmented Lagrangian function associated with
problem (1.1) is defined by

Lo(x,y; (24, 2") = pla) + fla;2)) + q(y) + G(y;y') + (2, Az + B*y — )
+ %HA*JJ—FB*y— o, Y(z,y)eXxY and V(',¢,7) € X xYxZ.

Now, we are ready to present the convergence theorem of the imiPADMM. The proof of this
theorem is postponed to Appendix A.

Theorem 4.1 (Convergence of imiPADI\/II\/I) Suppose that parts (i) and (ii) in Assumption 3.1
hold. Then the sequence {(z*,y*, 2*)} generated by Algorithm 2 converges to a point in W, i.e.,
the solution set to the KKT system (3.6) of problem (1.1).

Remark 4.2. Even though the purpose of the proposed Algorithm 2 is to derive the convergence
properties of Algorithm 1, this 2-block ADMDM-type algorithm itself is a very general extension of
the classic ADMM that contains many contemporary practical techniques, including the original
large dual step-lengths in [15], the positive semidefinite proximal terms in [10], the majorized
augmented Lagrangian function and indefinite proximal terms in [18], and the error tolerance
criteria in [4].

Remark 4.3. If both S and T are chosen as positive semidefinite linear operators, Algorithm
2 reduces to Algorithm imsPADMM in [/]. Moreover, if the subproblems (4.4) and (4.5) in



Algorithm 2 (imiPADMM): An inexact majorized indefinite-proximal ADMM for solving prob-
lem (1.1).

Let 7 € (0, (1 ++/5)/2) be the step-length and {e; }x>0 be a summable sequence of nonnegative
numbers. Choose the self-adjoint (not necessarily positive semidefinite) linear operators S and
T such that

1~ 1~ 1~ 1~

For £k =0,1,..., perform the following steps:

Step 1. Compute z¥*! and d* € 9ty (2*!) such that \|(§f + o AA* + S)_%d’;H < &, where

. 1
"~ 2 = argmin {%(w) =L, (:vyk (=", 9", zk)) +5lle = wk\l?;} L (49)
reX

Step 2. Compute y** and df € dpr(y*!) such that H(ig + oBB* + T)_%d;jH < ek, where

) . . 1
Yt gkt = arg min {sok(y) =L, (:Ek“,y; (F, 4, zk)) +5lly - ykll%} . (4.5)
ye

Step 3. Compute PRl ok TU(A*ka + B*yk+1 —o).

Algorithm 2 are solved exactly, i.e., by restricting €, = 0, Vk > 0, imiPADMM here reduces to
the Majorized iPADMM proposed in [18]. However, in both [/] and [18], one requires’

1 1
§Ef+8+0'./4¢4* =0 and §EQ+T+ oBB* - 0,

where Xy = flf and ¥4 = ig, and these conditions are in general stronger than the last two
conditions in (4.3). Therefore, even for 2-block problems, Theorem 4.1 on the convergence of
Algorithm 2 has made its own progress on improving the convergence properties of the previously
proposed algorithms imsPADMM and Majorized iPADMM in [}] and [18], respectively. As a
result, for the multi-block problem (1.1), Theorem 5.1 can also be used to sharpen the convergence
properties of the sGS-imsPADMM in [/].

4.3 Convergence of the sGS-imiPADMM

Now we are ready to prove Theorem 3.1 for Algorithm 1 based on the connection between the
sGS-imiPADMM for the multi-block problem (1.1) and the imiPADMM for the same problem but
from the angle of viewing it as a 2-block problem.

Proof of Theorem 3.1. Suppose that Assumption 3.1 holds. Let S := Ssqgs and T := Tas, where
Ssas and Tggs are given in (3.7). According to (3.8) we know that (4.3) holds. Moreover, one has
from (4.1) that ¥ +0AA*+S = Myas and Sy+0BB*+7T = Nags. Thus by Proposition 4.1(iii),
one has that d¥ € 9y, (2") and df € Oy (y*T). Meanwhile, we can define the sequence {ej,}

!The precise definitions of ¥ and ¥, are given in (A.3) of the Appendix.
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in Algorithm 2 by e := max{x, x'}&x, V& > 0, which is summable due to the fact that the
sequence {&j} used in Algorithm 1 to control the inexactness is summable, where x and x’ are

1 1
given in (4.2). Then, by Proposition 4.1(iv), one has that | M Zd%|| < e, and ‘|/\/;_C;§sd]gj|| < gg.
Thus, since Assumption 3.1(iii) holds, the sequence {(z*,y*, z¥)} generated by Algorithm 1 is
exactly a sequence generated by Algorithm 2 with the specially constructed proximal terms
S = Sigs and T = Tygs. Consequently, since parts (i) and (ii) in Assumption 3.1 hold, from
Theorem 4.1 we know that Theorem 3.1 holds. This completes the proof. [l ]

5 Conclusions

In this paper, we have developed a unified algorithmic framework, i.e., sGS-imiPADMM, for
solving the multi-block convex composite programming problem (1.1). The proposed algorithm
combines the merits from its various precursors by gathering the practical techniques developed
for the purpose of improving the efficiency of ADMM-type algorithms. The motivation behind
such a unification is that, these techniques, including the majorization-type surrogates, inexact
symmetric Gauss-Seidel decomposition, indefinite proximal terms, inexact computation of sub-
problems, and large dual step-lengths, have been shown to be very useful in dealing with convex
composite programming problems. We established the global convergence of the sGS-imiPADMM
under very mild assumptions. We believe that the proposed algorithm can serve not only as a
generalization or extension of the existing algorithms, but also provide a catalyst for enhancing
the numerical performance of multi-block ADMM based solvers. We should mention that the
linear convergence rate of sGS-imiADMM is not discussed in this paper, but one should be able
to establish such results following the works conducted in [15, 30] without much difficulty.

Acknowledgements. The authors would like to thank Prof. Xudong Li and Dr. Xiaoliang
Song for some helpful discussions on Algorithm 1.
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A Convergence Analysis of the imiPADMM

In this part, we prove Theorem 4.1. We begin by introducing the notation and definitions
that will be used throughout this section. Then we establish a key inequality for obtaining the
convergence of the algorithm. After that, we turn to the convergence of the imiPADMM.

A.1 Additional notation and preliminaries

Recall that # is a finite dimensional real Euclidean space endowed with an inner product (-, -)
and its induced norm || - ||. Then, we have that

(w,v)3 = 3 (lullfy + lvllF, = lu—vl3) = 3 (lu+ ol — lull3, = v]%) - (A1)

The following lemma was given in [30, Lemma 3.2].

13



Lemma A.1. Let h : U — (—00,00) be a smooth convexr function and there is a self-adjoint
positive semidefinite linear operator Xj, : U — U such that, for any given u' € U,

1
h(u) < h(u') + (Vh(u'),u —u') + §||u — u’||2§h, Yu €U.
Then it holds that for any given v’ € U,
1
(Vh(u) — Vh(u'),v — ) > _Z”U - uH%h, Yu,v e U. (A.2)

We now turn to problem (1.1) and Algorithm 2. Due to the convexity of f and g, there exist
two positive semidefinite linear operators ¥y (=X X¢) and ¥, (=X X,) such that

fl@) = f(a') + (V@) z —a') + 5llz = 2'|5,,, Va, 2’ € X,

> / \V/ / o 1 2 v / (A‘3)
9(w) 2 9(y") + (Vo) y =) +2ly =¥z, Yy, ¥ €.

Since that the sequence {ex} in Algorithm 2 is nonnegative and summable, we can define the

following two real numbers
o [e.e]
£ = Zak and & = ZE%
k=0 k=0

Suppose that both (i) and (ii) in Assumption 3.1 hold. Then, an infinite sequence {(z*, y*, 2*)}
can be generated by Algorithm 2. Meanwhile, there exist two sequences {Z*} and {*} defined
by (4.4) and (4.5), respectively. In this case, we define for any k > 0,

rk = A*xk 4+ Bk — ¢, .= A7k + B gF — ¢,
2Rl i= 2k 4 okt Rl = 2k 4 roph Tl

with the convention that z°0 = 20 and §° = ¥, where 7 is the step-length used in Algorithm 2.
Moreover, we define the following three constants:

a:= (1+7/min{l+7,1+771})/2,
a:=1-amin{r,77 '}, (A.4)
B:=min{l,1 —7+7}a—(1-a)r

Based on the above definitions, we have the following result.

Proposition A.1. Suppose that both (i) and (ii) in Assumption 3.1 hold. Let {(x*,y*, 2*)}
be the sequence generated by Algorithm 2, and {Z*}, {7*} be the sequence defined by (4.4) and
(4.5). Then, for any k > 0, we have that

[Pt — 2F |y < ey,

and
1 1
Iy = g < (14 o N TZBAM 2 ey,

where R R
M=%s4+0AA+8>0 and N :=%X,+0BB" +T > 0. (A.5)
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Proof. As a consequence of (4.3) in Algorithm 2, (A.5) holds. Then, the subsequent proof can
be easily completed via a few properties of the Moreau-Yosida mappings in [17], and one can
refer to [4, Proposition 3.1] and its proof for the details. O O

The following result on a quasi-Fejér monotone sequence of real numbers will be used later.

Lemma A.2. Let {a}r>0 be a nonnegative sequence of real numbers satisfying ary1 < ax + €k,
Vk > 0, where {ex}r>0 is a nonnegative and summable sequence of real numbers. Then the
quasi-Fejér monotone sequence {ay} converges to a unique limit point.

A.2 The key inequality

Now, we start to analyze the convergence of the imiPADMM by studying some necessary results.
Let 7 be the dual step-length in Algorithm 2 and « be the constant defined in (A.4). We define
the following two linear operators

F = %if +S+ @AA* and G := %ig + T 4+ min{r,1+7 — 7°}acBB*, (A.6)

where i‘,f and f‘,g are given by (3.1).

Lemma A.3. Assume that (4.3) holds. For any 7 € (0, (1 +/5)/2), the constants a, @ and
defined by (A.4) satisfy 0 < a < 1,0 < a <1 and B > 0. Meanwhile, the linear operators F
and G defined by (A.6) are positive definite.

Proof. Tt is easy to see that 0 < @ < 1, 0 < @ < 1 and 8 > 0 from (A.4) and the fact that
7 € (0,(14+/5)/2). Also, it holds that p := min(r,1+7 —72) € (0,1] so that 0 < pa < 1. Note
that by (A.6) we have that

L~

Fo=U50 (15, 4 5+ oAd”) + B2 (38,4 8),

g

Lo (%ig +7T+ aBB*) + e (%ig + T) + 22 oBB*.
Hence, one can readily observe that F > 0 and G > 0 from (4.3). This completes the proof. O
O

Based on the previous results, one can get the following result, which is exactly the same as
[4, Theorem 5.2]. So we omit the corresponding proof.

Lemma A.4. Suppose that both (i) and (ii) in Assumption 3.1 hold. Then, the infinite sequence
{(z*,y*, 2F)} generated by Algorithm 2 satisfies, for all k > 1,

(1 =)ol P + oAzt + BryF — P + 2a(dy ! — dy, v -yt

> ao(||rt 2 = ) + BollrM P + (ot — 2R (A7)
2
k=1 _ k2 k. k+1)2
Hy Yy Ha(ig-i-T) T Hy Yy ||a(§g-‘rT)-‘rmiH{T,l-i—T—Tz}O!O'BB*'

Next, we shall derive an inequality which is essential for establishing the global convergence
of the imiPADMM.
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Proposition A.2 (The key inequality). Suppose that both (i) and (ii) in Assumption 3.1 hold.
For any w := (Z,7,2) € W, the sequence {(x*,y*, 2*)} generated by Algorithm 2 satisfies

2a(dy — di !, yF — ) — 2k, M — ) — 2(dl, T - )

(A.8)
k= 2%+l = PG+ Ballrt TP < k(@) — g (@), VR > 1,
where, for any (z,y,z) € X X Y X Z and k > 1,
_ 1 k2 k2 k2
T R e S LRy RS no)
+ol| Az + B*y* — c® + ao|lr*|? + ally !t - y¥|2

So+T
Proof. For any given (z,y,z) € X x Y x Z, we define x, := 2 — Z, y. :=y — y and 2, := z — Z.
From (A.1) one has that

Zk + O'(A*xk+1 +B*yk _ C) — gk—l—l + aB*(yk _ yk—l—l)'
Then, from Step 1 of Algorithm 2, we know that
d" — vk - A (z’fﬂ + oB*(y* — ka)) + (5 +8)(zF — 2"y e ap(aFth).  (A.10)

Moreover, the convexity of p implies that

p(x) + (ds — V(") - A (z’f“ +oB* (y" — yk“)) + (S +8)(ak — P, 2f ) > p(ak ).

(A.11)
Applying a similar derivation, we can also get that for any y € ),
a(y) +(dy, &) — (Vg(y*) yeth) — (FF, Brybth) A12)
H(Eg + T =),y ) = g, |
By using (3.6) and the convexity of the functions p and ¢, we have
p(a**) = p(@) + (VF(2) + Az, £ ) >0, (413
a(y"*) — a(y) + (Vg(y) + Bz, yih) = 0.
Finally, by summing (A.11) (A.12) and (A.13) together, we get
(EEL ) o (B (), Ak
Hag ™ (@ =M ))g Lo+ WETL (U = yM g, o (28T + (gt A

> (Vf(a®) = Vf(@),28) + (Vg(y*) — Va(), yi )
>~k R~ g -

where the last inequality comes from Lemma A.1. Next, we estimate the left-hand side of (A.14).
By using (A.1), we have that

(B*(y* — y* ), A*zktly = (Bryl — Bryk+l, okl — Bryhtly

Byl — Brygtt, o" ) — 5 (1B E? = 1B yé — Brye+ > — By |1) (A.15)

=5 (IB yet 2 + | A2+ BryF — | — [ By |* — [Ir*1]%) .
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Also, from (A.1) we know that

T I 1 RN
WL~y e = BOBEIE o~ AF I ) — Bl — 2 10
Ye Y —Y Se+7 — 2\l¥e So+T Ye I oA+T 211y Se+T
Moreover, by using the definition of {Z*} and (A.1) we know that
- 1
(L) = (4 S oy = (R e
= 2k (PP = 47 = 4P = EIP) + ol (A17)
92—
= ot (126712 = 12E1) + B2 .
Thus, by substituting (A.15), (A.16) and (A.17) into (A.14), we obtain that
(dh, 2+ (dy, yb ) + o (12817 = 1ETH17) + I8 ye |l — 1B ye™1%)
BIEIG, o+ 191, ) — HOIEAE o+ WIS ) s

> et = Ry - R
+%||A*$k+1+8* k C||2 1 7) HTkHHz-
Note that for any y € YV, A*z + B*y — ¢ = B*y.. Therefore, by applying (A.7) in Lemma A.4

to the right hand side of (A.18) and using (A.9) together with (A.6), we know that (A.8) holds
for £k > 1. This completes the proof. O O

Remark A.1. The inequality (A.18) in the proof is responsible for the improvement that we
made in this paper, when compared with [}], in which the same problem as (1.1) was considered
and the inequality for the same purpose as (A.18) is given as follows:

<d’£7:c’““> <d’“ "c+1>+L(HZ"CH2 HZ’““H) (HB* vell? = 1B yE %)

Lok 2 k (A.19)
2 5”1’ +1”22f+8 §”y +1H12 +T
o 1—7
Pt gyt o+ LTk

where Xy and X4 are deﬁned by (A.3). The difference between (A.19) and (A.18) is highlighted
in a box. Smce that Z‘,f = Xy and E = X4, the inequality (A.18) is tighter than (A.19).
Consequently, the inequality (A.8) looks the same as [4, (5.14) in Proposition 5.1], but one
should notice that the definitions of F and G in this paper are different from those in [/}], as can
be seen from the following table.

Ref. \ Item F g
[4] %Ef+8+@,4,4* 35, + T +min{r,1+ 7 — r*}acBB*
This paper % + 8+ 1227 g g % + T + min{r,1 + 7 — 7*}acBB*
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A.3 Proof of Theorem 4.1

The proof for Theorem 4.1 can be obtained by using the newly defined F and G in (A.6) instead
of those used in [4] and repeating the proof of [4, Theorem 5.1]. In order to make this paper
more readable, we provide the proof of Theorem 4.1 here.

Proof. According to Assumption 3.1(i) we know that the solution set YW to the KKT system
(3.6) of problem (1.1) is nonempty. Then, we can choose a fixed w := (Z,%,z) € W, and define
Te =T — I, Ye :=y — Y and z, := z — Z for any given (z,y,2) € X x Y x Z.

We first show that the sequence {(z*, y*, 2%)} is bounded. According to Lemma A.3 one has
that 0 <a < 1,0 <a < 1 and § > 0. Moreover, the linear operators F and G defined in (A.6)
are positive definite. Hence, it holds that

ly* = y* G + 2a(dy — dy~", o — ™)
= [lg* 5"+ 0g (s — AR — 02l — 5

By substituting z#*! and g**! for z**! and y**! into (A.8) in Proposition A.2, we obtain that

O () = Py (W) + o?[|dy |3

_ (A.20)
> [l++ — ¥ + Boll 2 + Iy Fag N E, Ve > 1,

where for any (z,y,2) € X x Y x Z, we define
N . 1 _ sk)2 k
Gulw,y,2) = s =P+ — 2+ lly — 72 o

+ol|A*z + B*g" — |2 4+ ao||7*))? + af|y*~ VEk > 1.

”2 +77
Now, define the sequences {€¥} and {€¥} in Z x X x Y x Z x Y for k > 1 by
% ::( TO'ze,(Ef-l-S)ZZE Nzyk aork, Va(s, + Tz (yk~ —y’“)>,
&k ::< 702, (S) + S) 2k N2gh Vaork, a(S, + T)2 (y* —g’“)>.

Obviously we have ||& |2 = ¢r(w) and ||€x]|? = ¢r(w). This, together with (A.20) implies that
|E12 < €M% + a2[IG2df =12 As a result, it holds that €% < [|¥] + allg—2d} .
Consequently, one obtains that

[NIE

_1 _ ey
IEFTH < |1€F)| + al|G™2dl | + (|5 — €Y. (A.21)

Next, we estimate ||[£¥! — ¢¥+1|| in (A.21). From Lemma A.3 we know that & 4+ 7 € [1,2], so
that

%Hik"_l _ Zk+1||2 + oz0’||7‘k+1 k+1H2 (7_ + Oz)0’||7“k+1 k+1||2

< 20’||A*( k+1 _ xk-}—l) —I—B*( —k+1 _ k+1)H2 < 4||jk+1 _ $k+1||<27AA* + 4||g7k+1 k+1HaBB*'
This, together with Proposition A.1, implies that
R

< ij—i-l k—i—l”E s 4 ”gk—i—l _ k—i—l”j2\/+ ”gk—i—l k+1”

+4|ZF+t — k+1” s AA* + 4| g — R 2 g

<5t = R R+ 7 = PR < 0%k

R+ T (A.22)
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where g is a positive constant defined by o := \/5(1 +(1+ O'||N_%BA*M_% )2). On the other

hand, from Proposition A.1, we know that HQ_%d];H < HQ_%N% |lek. By using this fact together
with (A.21) and (A.22), one can get

€51 < [1€¥] + o2k + 162N E |e—r < [IEV] + (9 +lg-ENE ) €, (A.23)

which implies that the sequence {£*} is bounded. Hence by (A.22), we know that the sequence
{€F} is also bounded. From the definition of £¥, we know that the sequences {y*}, {z*}, {r*}
and {(Z i+S )%mk} are bounded. Thus, by the definition of 7*, we know that the sequence { Az*}
is also bounded, which together with the definition of M and the fact that M > 0, implies that
{z*} is bounded.
By (A.20), (A.22) and (A.23) we have that
(It = 2¥3 + B2 + 17 =y + ag a5 3)

=1
o)

< <<Z5k( ) = Gr1(W) + Ppp1(w) — &k+1(w)+a2ud’;_1ué,1> (A.24)

o

k=1

< 61(@) + SR 1€ = 8 (U + 1€84H)) + g e
< on(w) + |G7INE|2E + Qrilg?{HﬁkHH +[|IE 3 < oo,
where we have used the fact that ¢y, (@) — dp(w) < [[€% — E¥[|(|€"]| + I€*])). By (A.24), we know
that limy_,oe |27 — 2%||% = 0, limp o0 |75 — y* + oG 1dE 1|2 = 0, and limy_, o0 |72 = 0.
Then, by F > 0 and G > 0, we have that {Z**1 — 2%} — 0, {7*¥™! — 4%} = 0 and {#*} — 0
as k — oo. Also, due to the fact that M = 0 and N/ = 0, by Proposition A.1 we know that
{zF — 2%} — 0 and {gF — y*} — 0 as k — co. As a result, it holds that {z¥ — z*¥+1} — 0,
{yF — 1} = 0, and {r*} — 0 as k& — oco. Note that the sequence {(zFT1, yF+1 ZF+1)} is
bounded. Thus, it has a convergent subsequence {(z*i+1 y*i+1 2ki+1)1 which converges to a
point, say (z°°,y>,2>°) € X x Y x Z. We define two nonlinear mappings F': X x Y x Z — X
and G: X XY x Z — Z by

F(w) :=0p(x)+Vf(z)+ Az and G(w):=09q(y)+Vg(y)+ Bz, V(z,y,z) € X x)Y x Z.
Note that for any k& > 0,
dk — Vg(y*) — BZF1 + (i + Tyk — yF 1 € q(y*+1). (A.25)

Since that Assumption 3.1(ii) holds, by Clarke’s Mean Value Theorem [6, Proposition 2.6. 5],
we know that for any k > 1, there exist two self-adjoint linear operators 0 < Pk <5 ¢ and

0= 775 < Zg such that
Vi) = Vi) =Pi*t —2%) and V(") = Ve(yF) = Pyt =), (A.26)
Note that (A.10) holds. Then, by (A.25) and (A.26) we know that for all & > 1,
d]; _ fpglcf-‘rl(xk _ xk—i—l) + (if + S)(:Ek _ $k+1) +(r— 1)0A7"k+1 _ OAB*(yk _ yk+1)
c F(wk"'l),
dy — Pptlyh —yftl 4 (ig + Tk — y* 1 4 (1 — DoBrFt! € G(wk ).
(A.27)

19



By taking limits along {k;} as ¢ — oo in (A.27), we know that
0€dp(z>®)+Vf(x>®)+ A4z and 0 € dq(y™) + Vg(y>) + Bz>,

which together with the fact that limj_,oo 7 = 0 implies that (x%°,y>,2>°) € W. Hence,
(2%, y*°) is a solution to problem (1.1) and z*° is a solution to the dual of problem (1.1).
By (A.23) and Lemma A.2, we know that the sequence {||¢¥||} is convergent. We can let
w = (2>,y>,2°) in all the previous discussions. In this case, limy_,« ||€¥|| = 0. Thus, from
the definition of {¢*}, we know that
lim 2"
k—oo

=2, lim y* =9, and lim (if +8)z* = (if + S)x>™.

k—o0 k—o0
Since that limj_, 7% = 0, it holds that {A*z*} — A*2> as k — co. Consequently, from the
definition of M and the fact that M > 0, we can get limj_,oo ¥ = 2°°, which completes the

proof. U O
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