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Abstract

We look into the minimax results for the anisotropic two-dimensional functional deconvo-
lution model with the two-parameter fractional Gaussian noise. We derive the lower bounds
for the LP-risk, 1 < p < oo, and taking advantage of the Riesz poly-potential, we apply a
wavelet-vaguelette expansion to de-correlate the anisotropic fractional Gaussian noise. We
construct an adaptive wavelet hard-thresholding estimator that attains asymptotically quasi-
optimal convergence rates in a wide range of Besov balls. Such convergence rates depend on
a delicate balance between the parameters of the Besov balls, the degree of ill-posedness of
the convolution operator and the parameters of the fractional Gaussian noise. A limited sim-
ulations study confirms theoretical claims of the paper. The proposed approach is extended
to the general r-dimensional case, with » > 2, and the corresponding convergence rates do

not suffer from the curse of dimensionality.
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1 Introduction.

Consider the problem of estimating a periodic two-dimensional function, f(-,-) € L?(U), based

on noisy convolutions that are described by the equations
B 1
dY (t,z) = q(t,x)dtdz + e*dB(t,x), q(t,z) = / f(s,z)g(t — s, x)ds. (1)
0

Here, U = [0,1]2, g(,-) is the convolution kernel and it is assumed to be known, B®(t,z) is
an anisotropic two-dimensional fractional Brownian sheet (fBs), @ = (a1 + a2)/2, and «o; =
2 —2H; € (0,1], i« = 1,2, are the parameters of the long-memory in the direction of ¢ and =,

respectively. A two-dimensional fractional Brownian sheet is defined by the formula

B(ta) = - /0 /0 " Qs y)dW (s, ). 2)

where W = {W(t,z),(t,z) € U} is a two-dimensional standard Brownian sheet, C is some

explicit constant and

Q(s,y) = [(t — 8)4 ] 2 [(w — y)) 2712, (3)

with Y, = max(0,Y). In addition, the two-parameter {Bs is characterized by a covariance

function of the form

Cov (B*(t1, s1), B*(t2, 82)) = c [[t1]* + [t2*™* — |t1 — ta21] [51[*2 + [ 52?2 — |51 — 52>

(4)
for some ¢ € R, (t;,s;) € U, i = 1,2, where H; = 1— 3 are the Hurst parameters in the direction
of t and s, respectively (see Kamont (1996)).

The discrete, and the more realistic, version of model is given by

Y(ti,l‘[) = Q(tuxl) + Ufih (Zal) = 1727 e 7N7 (5)



where t; = &, 7 = %, o is a positive variance constant, and &;; are zero-mean second-order

stationary Gaussian random variables satisfying the auto-covariance structure
v(h1,0) < hy ', (0, h2) < hy** and ~y(hi, ha) < hy “Thy 2. (6)
Assumption A.1. The error structure {§; : 7,] € Z} in model is a zero-mean second-order

stationary process satisfying
D

XNy — Ba, (7)
where
Xn(t,z) = N2—a1/2—az)2 Z Z &, (t,x) € U?, (8)

i=1 I=1
and B¢ is a two-parameter fractional Brownian sheet.
Assumption A.1 is valid under auto-covariance structure @ and it appeared in Adu and
Richardson (2018). It guarantees that, with the calibration T2 < ne1/2te2/2 models and
are asymptotically equivalent. Therefore, for sufficiently large sample size n = N2, model
can be used to approximate model .

Deconvolution model has been the subject of a great deal of papers since late 1980s, but
the most significant contribution was that of Donoho (1995) who was the first to devise a wavelet
solution to the problem. Other attempts include, Abramovich and Silverman (1998), Walter and
Shen (1999), Johnstone et al. (2004), Donoho and Raimondo (2004), among others. In the case
of functional deconvolution model with f(¢,2) = f(t), Pensky and sapatinas (2009, 2010, 2011)
pioneered into the formulation and further development of the problem.

Functional deconvolution problem of type with a; = as = 1 corresponds to the white
noise case and it was investigated under the L?-risk in Benhaddou et al. (2013), and under LP-
risk, 1 < p < oo, in Benhaddou (2017), where they constructed an adaptive hard-thresholding
wavelet estimator, and showed that it is asymptotically quasi-optimal within a logarithmic
factor of € over a wide range of Besov balls of mixed regularity. This model is motivated by
experiments in which one needs to recover a two-dimensional function using observations of its

convolutions along profiles x = x;. This situation occurs, for example, in seismic inversions (see



Robinson (1999)). In these articles, it is assumed that the error terms are white noise processes
or i.i.d noise. However, empirical evidence has shown that, even at large lags, the correlation
structure in the errors takes the power-like form @ This phenomenon is referred to as long-
memory (LM) or long-range dependence (LRD). The presence of long memory in oceanic seismic
data was pointed out in Wood et al. (2014) for instance, and it may be due for example to sea
floor temperature variations.

Long-memory has been investigated quite considerably in the standard deconvolution
model. One can list; Wang (1996, 1997), Wishart (2013), Benhaddou et al. (2014) and Kulik et
al. (2015). In a few other relevant contexts, LM was also investigated in density deconvolution in
Comte et al. (2008), and in the Laplace deconvolution in Benhaddou (2018) where the unknown
response function f(-) is non-periodic and defined on the entire positive real half-line.

The objective of the paper is to extend the work of Benhaddou et al. (2013) to the
case when the noise is an anisotropic multi-parameter fractional Brownian sheet. Following
a standard procedure, we derive minimax lower bounds for the LP-risk, with 1 < p < oo, when
f(t,x) belongs to an anisotropic Besov ball and the blurring function g(¢,x) is regular smooth.
Taking advantage of the Riesz poly-potential operator, and inspired by the work of Wang (1996,
1997), we apply the wavelet-vaguelette expansion (WVD) to de-correlate the anisotropic fBs
in two directions. In addition, we take advantage of the flexibility of the Meyer wavelet basis
in the Fourier domain to construct a wavelet hard-thresholding estimator that is adaptive and
asymptotically quasi-optimal within a logarithmic factor of € over a large array of Besov balls.
Furthermore, the proposed estimator attains convergence rates that depend on a delicate balance
between the parameters of the Besov ball, the degree of ill-posedness of the convolution, and
the parameters a; and as associated with the fBs. Similar to the white noise case studied in
Benhaddou et al. (2013), the proposed approach is easily extended to recovering an r-dimensional
function, r > 2, and the corresponding convergence rates turn out to be dimension-free. Finally,
a simulation study is carried out to further confirm the results of our theoretical findings.

The rest of the paper is organized as follows. Section 2 introduces some notation as well as

the estimation algorithm. Section 3 describes the derivation of the lower bounds for the LP-risk



of estimators of f as well as the upper bounds and establishes the asymptotic optimality of the
estimator. Section 4 presents a limited simulations study to complement the theoretical results
from Section 3. Section 5 extends the results in Sections 2 and 3 to the general r-dimensional

case. Finally, Section 6 contains the proofs of the theoretical results.

2 Estimation Algorithm.

In what follows, denote the complex conjugate of a by a. Let Y (m1, mg), B®(m1,ms), j(m1, ms)
and f(my,m2) be the two-dimensional Fourier coefficients of functions dY (t,z), dB®(t,z),
g(t,x), and f(t,z), respectively.

Consider a bandlimited wavelet basis 1; ;(y) (e.g., Meyer-type) on [0, 1], and form the product

wavelet basis

Wyt @) = iy 1y ()Y k() (t,2) €U, 9)

where w € €2, and
Q:{w:(.]lyk:hijkQ) jZ:m(J*]-a ,OO,]Cl:O,l, 72‘717172:172} (10)

Let mg be the lowest resolution level for the Meyer basis and denote the scaling function for
the wavelet by ¥m,—1%,, ¢ = 1,2. Since the functions @ form an orthonormal basis of the
L?(U)-space, the function f(t,z) can be expanded over these bases with coefficients 3, into a

wavelet series

weN
where 3, = fol fol f(t,x)V,(t,x)dtdx. Denote the two-dimensional Fourier transform of U, (¢, x)
by W, (m1,m2) = ¥y, ky (M1)0), &, (Ma). Tt is well-known (see, e.g, Johnstone et al (2004), section

3.1) that under the Fourier domain and for any j; > mg, i = 1,2, one has

Wy, = {ma: Gj,x,(ma) 0} C 2m/3 [~2742, —23] U [2F, 27+7] (12)



Apply the two-dimensional Fourier transform to equation to obtain

Y (my,ma) = f(my1, m2)g(mi, mg) + e B*(my, my). (13)

Now, applying Plancherel formula in both directions, the wavelet coefficients 3, in can be

rewritten as

Bw = Z Z 7v/;jhkl (ml)&jz,/@ (m2>f(m17 m2)- (14)

m1€W;; ma€Wy,

Therefore, an unbiased estimator for (5, is given by

Y (my,m
= 3 DT ik ()i k(o) ~((m1 m2>) (15)
m1EWj; maeWj, i, ma
Finally, consider the hard thresholding estimator for f(t,x)
Ftoy= 3 BI(1Bl > X5 ) Wt ), (16)

weQ(J1,J2)

where
QJ1, o) = {w = (ji. k1; o, ko) : i =mo — 1, , Jisk; = 0,1,--- , 2" —1i=1,2}, (17

and the quantities Jy, Jo and /\JO»‘;6 are to be specified.
Assumption A.2. In the Fourier domain, the convolution kernel g(t,z), for some positive

constants v, and Cy and C5, independent of mq and mo, is such that
Cilma |~ < [g(ma, ma)[* < Colma| =" (18)

Let us now evaluate the variance of .

Lemma 1 Let Bw be defined in . Then, under the condition (@, for 1 < p < oo, one has

F Bw —ﬁwrp < K1€2p62j1p(2u+a1—1)+j2p(a2—1). (19)




In addition,

P < K2€P52j1%(2u+a1*1)+12%(a2*1)_ (20)

E|& - 8

where K1 and Ko are some positive constants independent of .

According to Lemma |1} choose the thresholds A, of the form
X5 = 9e7/In(e)[2 4 Grrer Do feemD), (21)

where « is some positive constant independent of €. Furthermore, the finest resolution levels J;

and Jo are such that

1

1
2a T 2a T 2vFa
€ 2 e 1
972 — |::| 7 2J1 — I:Az:| . (22)

3 Convergence rates and asymptotic optimality.

Denote

s; = s+1/2—1/m, (23)
s, = si+1/2-1/7, (24)
si = si+1l/p—1/1, (25)

where 7’ = min{2, 7} and p’ = min{p, 7}.
Assumption A.3. The function f(¢,z) belongs to an anisotropic two-dimensional Besov space.

In particular, its wavelet coefficients 3;, i, j, k. satisfy

g/m\ Y4
B;}éSQ (A) =3f€ Lg(U) : Z pUsi+izsi)a Z ’/Bj1,k1,j2,k2’7r <A (26)

Ji.j2 k1,k2

To construct minimax lower bounds for the LP-risk, we define the LP-risk over the set V as

R(V) = inf sup E[| f. — ]2, (27)
i sev



where [|g||, is the LP-norm of a function g and the infimum is taken over all possible estimators

fof f.

Theorem 1 Let min{sy,so} > max{1,1} with 1 < m,¢ < oo, and A > 0. Then, under

conditions (@ and (@), for1<p< oo, ase—0,

- ps2
2a 2s9+an

G i s> Brr ), & 228G ))
ST psp
R(B}gr}(}w(A)) > CAP % T 2vTa; : if g(Ql/—i-Oél)(* — 7) < s < 5722(2;/4_051)’
et )
2a | 2s¥f2vfag—1 .
B T if s < (vt a)b(E - 1) & 2 >5(L - 1),

(28)

Proof of Theorem (1. In order to prove the theorem, first we establish the equivalence between
a process that involves the fractional Wiener sheet (eq. ) and another that involves the
standard Wiener sheet by applying an appropriate integral operator, taking advantage of relation
. Then, we consider two cases, the case when f(¢,x) is dense in both dimensions (the dense-
dense case) and the case when f(t,x) is dense in = but sparse in t. Lemma A.1 of Bunea et
al. (2007) is then applied to find such lower bounds using conditions and (26), combined
with some useful properties of Meyer wavelet basis. To complete the proof, we choose the highest
of the lower bounds. [J

The derivation of upper bounds of the LP-risk relies on the following two lemmas.

Lemma 2 Under condition (@, one has

2]'171 2j271 . . 1 1 . .
S | Biiaias [P Av2 PO G0t g g, > g, (29)
k1=0 ko=0

Lemma 3 Let 3, and Af.. be defined by and , respectively. Define, for some positive

constant n, the set

Ouy = {@:\Bw—ﬂw\ >nA;3€}. (30)



Then, under condition (@ and as € — 0, one has

. B [825]7—
P (@) =0 (un(e)r ) | (31

(S

2,202 Wtar—1+as—1 . . _
where 7 = 111 (&) vt o and y appear in (@ and , respectively, and @ =

ajtar

o~

Theorem 2 Let f(.,.) be the wavelet estimator in (@, with J1 and Jo given by . Let
min{sy, sa} > max{%, %} with 1 < m,q < 0o, and let conditions @ and @) hold. If v in

is large enough, then, for 1 < p < oo and as € — 0, one has

psg

[-2a] 255t _Ppsy ]

> R (IO if 512220 Fa) & 2>

2a] % __ps1 ' . . .
R(BR#(A) < camy - [T [[In(e) [ =reeFer, if §@rton)(z—3) <s <3

- p(s1+%—%) p(si+1-1)

[e23 ] 2] +2v+ar -1 Otooaa—1 Pl 1 52

T ()| T FaT | if s < (u+a)h(i-1) &2

where & and & are defined as

& = H<51:82(2I/—|—a1)>, (33)

oo (D) (z1G-0)

The proof of Theorem [2\ The proof is very similar to that of Theorem 2 in Benhaddou. (2017).
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Remark 1 Notice that the finest resolution levels J1 and Jo in and the thresholds A7, in
, are independent of the unknown parameters of the Besov ball (@) and therefore estimator

(@) 1s adaptive with respect to those parameters.

Remark 2 Theorems and @ imply that, for the LP-risk, the estimator in (@ s asymptotically

quasi-optimal within a logarithmic factor of €, over a wide range of anisotropic Besov balls

B (A).



Remark 3 The convergence rates depend on a delicate balance between the parameters of the
Besov ball, smoothness of the convolution kernel v and the parameters of the anisotropic frac-
tional Brownian sheet, oy and as. These rates deteriorate as the values of a; and ag get closer

and closer to zero.

Remark 4 To de-correlate the two-dimensional fractional Gaussian noise a wavelet-vaguelette
expansion based on Meyer wavelet bases has been applied to the fractional Brownian sheet. The
validity of a wavelet-based series representation for the fractional Brownian motion has been
established in Wang (1997), Meyer, Sellan and Tagqu (1999) and Ayache and Taqqu (2002). In
particular, Ayache and Tagqu (2002) established the optimality of wavelet-based series represen-

tation of the fractional Brownian sheets.

Remark 5 For a; = as = 1, the rates of convergence match exactly those in Benhaddou (2017),

and, with p = 2, those in Benhaddou et al. (2013) in their bivariate white noise case.

Remark 6 If we hold the second dimension x fized, our rates are comparable to those in
Wang (1997) and Wishart (2013) in their standard deconvolution with the one-parameter frac-

tional Gaussian noise case.

4 Simulation Study

In order to investigate the effect of the long-memory on the performance of our estimator, we
carried out a limited simulation study. We implemented an estimation algorithm for the model
(5) using a modification of WaveD method of Raimondo and Stewart (2007). We evaluated

mean integrated square error (MISE) E||f — f]|? of the functional deconvolution estimator.

1. We generated the data using equation (j5) with convolution kernel g(t,z) = 0.5 exp(—|t|(1+
(r—0.5)%)), and f(t,x) = f(t)f(z). In particular, we chose f(t) to be a LIDAR or Doppler
signal over the grid t; = + with ¢ = 1,2, ..., N, and we chose f(z) = exp(—|z —0.5/2%) over
the grid x; = ﬁ withi =1,2,..., N, and N = 2'© = 1024. The LIDAR and Doppler signals

were generated from the waved package. All test functions were scaled to have a unit norm.

10



Bear in mind that, though f(¢,z) is a product of two univariate functions, the method
does not “recognize” this and, therefore, cannot take advantage of this information. Also,
notice that with our choice of g(¢,x), the degree of ill-posedness (DIP) of the convolution
is DIP=0.5.

2. We simulated the LM error in the direction of both ¢ and x using the fracdiff package
of R available from CRaN. In particular, the fracdiff.sim command was used to simulate
two one-dimensional fractionally differenced ARIMA(0O,d,0) (fARIMA) sequences which
behave similar to a fractional Gaussian noise, and then multiply them together to generate
a two-dimensional error structure. For the LM parameters a = (o, o), we used different
combinations of the levels 0.8, 0.6, 0.4 and 0.2. To create a dependence structure that
is anisotropic, we only used combinations such that a; # «a2. Note that the fractional

l1—a

differencing parameter d is obtained from « by the relation d = =52 .

3. The choice of ¢ in was determined by the blurred signal-to-noise ratio (SNR), where
SNR = 10log;, (W) . We considered three choices, SNR=10dB (high noise), 20dB

(medium noise) and 30dB (low noise).

4. To compute the estimator, we used the function FwaveD and IWaveD from the waved
package. First, we applied the Meyer wavelet transform to the data in t¢-direction by
FWaveD, with no thresholding by setting thr to be a zero vector. Then, we applied the
second thresholded Meyer wavelet transform in z-direction by FwaveD, however, the level
dependent threshold were modified according to (21)). For the tuning parameter ~y, we tried
different values ranging from v = v/2 to v = v/6, but the performance of the estimator
reached its best at the latter value. Therefore, our default choice of v was v/6. The finest
resolution level J; was estimated using the default method in the waved package, together

with the choice Jy = 5.

Table 1 reports the averages of the errors over 2000 simulation runs using a sample size of

o~

n = N? = (219)2, Figure illustrates the function f(t.x) and its estimator f(¢,z) and shows

a relatively good precision that deteriorates as the anisotropic pair of LM parameters (aq, ag)

11



decreases from 0.8 to 0.2. Notice here that according to Table 1, the influence of LM is a little
more pronounced in the direction of the dimension x than it is in the direction of ¢. Table 1
complements Figure and confirms our theoretical results in the sense that as the level of
LM increases (a gets smaller), the mean integrated squared error increases (the performance

deteriorates).

~

Figure 1: The function f(t,z) (top) and its estimate f(¢,x) (bottom) at different combinations
of (aq, a2).

Test functon f Test functon Test functon f

00

208, 0,706 @206, 0,704 @204, 0,20.2

Estimation of f Estimation of f Estimation of f

Table 1:
Finest resolution level J; are listed in the parentheses.

DIP=0.5 (011,()[2)

signal o | (0806) (0804) (0802  (0.604) (06,02  (0.4,0.2)
Lidar (10dB) | 0.20 | 0.0779 (3) 0.0948 (3) 0.1296 (3) 0.1134 (3) 0.2097 (3) 0.3232 (3)
Lidar (20dB) | 0.06 | 0.0434 (4) 0.0498 (4) 0.0641 (4) 0.0572 (4) 0.0796 (4) 0.0948 (4)
Lidar (30dB) | 0.02 | 0.0132 (5) 0.0183 (5) 0.0292 (5) 0.0219 (5) 0.0358 (5) 0.0444 (5)
Doppler (10dB) | 0.15 | 0.2613 (3) 0.2724 (3) 0.3160 (3) 0.2935 (3) 0.3828 (3) 0.4823 (3)
Doppler (20dB) | 0.05 | 0.1254 (4) 0.1298 (4) 0.1437 (4) 0.1371 (4) 0.1584 (4) 0.1867 (4)
Doppler (30dB) | 0.015 | 0.0516 (5) 0.0530 (5) 0.0568 (5) 0.0544 (5) 0.0610 (5) 0.0667 (5)
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DIP=0.5 (a1,002)

signal o | (0.608)  (0.40.8)  (0.2,0.8)  (0.4,06) (0.2,0.6)  (0.2,0.4)
Lidar (10dB) | 0.20 | 0.0760 (3) 0.0851 (3) 0.0956 (3) 0.1038 (3) 0.1293 (3) 0.2251 (3)
Lidar (20dB) | 0.06 | 0.0423 (4) 0.0453 (4) 0.0486 (4) 0.0536 (4) 0.0612 (4) 0.0791 (4)
Lidar (30dB) | 0.02 | 0.0120 (5) 0.0132 (5) 0.0149 (5) 0.0180 (5) 0.0210 (5) 0.0331 (5)
Doppler (10dB) | 0.15 | 0.2601 (3) 0.2640 (3) 0.2749 (3) 0.2836 (3) 0.3090 (3) 0.3922 (3)
Doppler (20dB) | 0.05 | 0.1247 (4) 0.1264 (4) 0.1292 (4) 0.1331 (4) 0.1376 (4) 0.1578 (4)
Doppler (30dB) | 0.015 | 0.0513 (5) 0.0510 (5) 0.0522 (5) 0.0527 (5) 0.0541 (5) 0.0591 (5)

5 The r-dimensional case: estimation, convergence rates and
asymptotic optimality.

Consider the r-dimensional case of model

1
dY (t,x) = q(t,x)dtdx + e“dB*(t,x), q(t,x) = / f(s,x)g(t — s,%x)ds. (35)
0
Here, U = [0,1]", x = (z1,22, - ,%r—1), g(t,x) is the convolution kernel, B*(¢,x) is an
anisotropic r-dimensional fBs, @ = Y, _, ai/r, and ap = 2 — 2H, € (0,1], k = 1,2,--- ,r,

is the parameter of the long-memory in the direction of the k** variable. An r-parameter fBs
is defined as a zero-mean Gaussian process { B*(t) : t € [0, 1]"} whose covariance function is of
the form

Cov (B*(t1), B*(t2)) = cIlj_q [[te1[*"* + [tro ™ — |ti1 — tro|*™*] (36)

for some ¢ € R, (tg1,tx2) € [0,1]%, k =1,2,--- 7, where Hj, = 1 — /2 is the Hurst parameter
in the direction of the k** dimension.
Consider a bandlimited wavelet basis 1; 1(y) (e.g., Meyer-type) on [0, 1], and form the product

wavelet basis

\IIUJT (t7 X) = wjhkl (t)H;'":iji,ki (xi—1)7 (tv X) ev, (37)

where w, € Q,., and

QT:{WT:(jlvkl;j27k2;"' ;jrvkr):ji:mo_]-?"' ,OO,kZZO,l, 52]1_17121727 )T}‘
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Then, the function f(¢,x) can be expanded over these bases with coefficients 3, into a wavelet

series

f(t,X) = Z IBUJT\IIUJT(t7X)’ (39)

wr€Qy

where 3, = fU f(t,x)¥,, (t,x)dtdx. Apply the r-dimensional Fourier transform to equation

to obtain

Y(mr) = f(mr)g(mr) + 65Ba(mr)a (40)

where m, = (m1, mo,--- ,m,). Then, applying Plancherel formula in all directions, the wavelet

coefficients S, in can be rewritten as

B, = Z Z Z U, (my) f(my). (41)

m1€Wj; maeWj, mreWj,

Therefore, an unbiased estimator for 3, is given by

BUJT = Z Z Z \ijwr (mr)y((rrnn:)) (42)

m1€Wj1 mQEWj2 mTGWjT

Finally, consider the hard thresholding estimator for f(t,x)

Ftx) = 3 Aol (1] > X ) W (8%, (43)
)

wr€Q(J

where

Q- (J) = {wr = (1, by Jos koy - sdeikr) 1 i =mo— 1, ik = 0,1, 25 =14 =1,2,-- 1},
(44)

with j = (41,72, -+, j»)", and the quantities .Jy, Jo, - -+, J, and Aj. are to be determined.

Assumption A.4. In the Fourier domain, the convolution kernel g(¢,x), for some positive

constants v, and Cy; and Cyg, independent of m, = (m1, mo,--- ,m,), is such that

Crilmi|™? < |g(my)|* < Cramq|2. (45)

14



Lemma 4 Let Bwr be defined in . Then, under the condition , for 1 <p < oo, one has

2p S K36p252j1p(2V+061—1)+j2p(062_1)+“'+j7“p(a7‘_1)‘ (46)

E |, — A

In addition,

A, - ., || < Kiermanbrte gDt o), ()
where K3 and K4 are some positive constants independent of €.

Consequently, choose the thresholds )\J-Oéa of the from

X = pe™/ T[T 2% ), (48)

where p is some positive constant that is independent of ¢, @ = %22:1 ar and Ji and J;,

1=2,3,---,r, are such that

Lemma 5 Let Bwr and A, be defined by and (@, respectively. Define, for some positive

constant n, the set

Oy = {© 1 1Bur = Burl > AL} (50)

Then, under condition , as € — 0, one has

Pr (@Lhn) =0 (W) , (51)

|In(e)|2

2 22 T R
where T, = %EC“ (S%)Qlﬂrzizl(o‘Z 1), and Cr1 and p appear in and @, respectively.
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Assumption A.5. The r-dimensional function f(¢,x) belongs to an anisotropic Besov space.

In particular, its wavelet coefficients B3;, k,.js ko 1j, k. Satisfy

a/m\ V4

ST o* -
Bfr}c}s% r(A) =4 f€ L2(U) : Z 2v s Z |Bj17kl§j27k2§"'§jr7kr| <A

J1,g2ysJr k1,k2, - kr
(52)
where j = (j1,j2,+ ,jr) L, 8* = (s7, 85, ,s%)T and s} are defined in .

Define the quantity

°2 :min{82583a"'7871}7 (53)

Q20 Qg Q3 Qp

and denote the dimension of f that corresponds to by .

Theorem 3 Let min{sy,s2} > max{Z,1} with 1 < 7,q < oo, and A > 0. Then, under

T2
conditions and (@, for1<p<oo,ase—0,

c - PS20
g2@ | 2sg5Fag,

B e i), B 250 )
1

R(B3 5 (A)) > CAP{ |5 |77 0 if Bav+an)(2 - 1)y <s1 <22+ a),

Ko — 2p

[

=

o plity—a)
26| 35¥+3uta; —1

7 cif s < Qv a)§(z - g), 225G - )

™ 7 o

~

Theorem 4 Let f(.,.) be the wavelet estimator in , with J1 and J; with i =2,--- | r given
by @) Let min{sy, s2,--,s,} > max %,%} with 1 < m,q < 00, and let conditions and
@ hold. If p in @ is large enough, then, for 1 < p < oo, as € — 0,

- . PS20

25 | 25 +a &- + PS20 . Y Y
] (e if 51> 22 ta), 2>8(L 1)
-7 1 s
51,,8r P 2% | 2sFvtar FortaTar if P(2 1_1 520 (9

R(Bz;*r(A)) < CA Ve [| In(g) ]2 1, if £2v+a1)( p) <851 < O420( v+ o
~ psiti-d) S B |
_525 2Z{i2uio¢171 §2+% . prl 1 S20 prl
Az [IIn(e)]] ! af s @t a)i(z —5) 22z 50—
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where &1 and & are defined as

520 d 520 S
& =1 (Sl = 0220 (2v + al)) +i:2%#ioﬂ <a220 = ai) ) (56)
1 1 " 1 1 ;
e e 1 Ca) ) R S C1eR) B

1=2,ii,

Proof of Theorem 4. The proof is very similar to that of Theorem 5 in Benhaddou et al. (2013)

so we skip it. [J

Remark 7 Notice that the convergence rates in Theorems [3 and [{| depend on a delicate bal-
ance between si, W, vV, ai, min{c%,i =2,3,--- ,7’} and the average of the parameters of the
anisotropic fractional Brownian sheet, o, t = 1,2,--- ,r. Such rates are comparable to those in
Benhaddou et al. (2013) in their white noise case when oy = ag = -+- = o, = 1. In addition,

the rates are independent of the dimension r as expected.

6 Proofs.

In the proofs of Theorems [I] and [2| we will use the properties described in Petsa and Sap-
atinas (2009) associated with Meyer wavelet basis. Namely, the properties of concentration,

unconditionality and Temlyakov.

6.1 Proof of the lower bounds.
In order to prove Theorem [l we use Lemma A.1 of [Bunea, Tsybakov & Wegkamp (2007)].

Lemma 6 Let © be a set of functions of cardinality card(©) > 2 such that

(Z) ||f_g||£ > 451)) fOT fag € @a f #ga
(ii) the Kullback divergences K(Py, Py) between the measures Py and Py satisfy the inequality

K(Py, Py) <log(card(©))/16, for f, g€ ©.

Then, for some absolute positive constant Cv, one has

inf sup Ey[| fn, — f||} > C107,
In feo
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where inf;, denotes the infimum over all estimators.

Proof of Theorem (1| Let Py be the probability law of the process {q(t, z)+£*dB*(t,z), (t,z) €
U} when f is true. Let us first transform this process into a process that involves the standard
Brownian sheet, taking into account relation . This can be accomplished using the following

functions
Cu
I'(H+1/2)I'(3/2— H)

To(t,u) = [(t—u) 4 )Y>H | fortelo,1], (58)

where C' is some explicit constant, I'(+) is the Gamma function. Consider 0 < u < ¢t < 1, then
(58) reduces to
Lot u) = C(t —u) /> (59)

Now define the operator K1 such that

Kef(ta) = /R /R Lo, (£, 1)y (2, 0) f (1, v)duido. (60)

Taking into account relation , it is well known that operator converts an anisotropic two-
dimensional fractional Brownian sheet with Hurst parameters (Hy, Hy) = (1 — a1/2,1 — ay/2)

into a standard Brownian sheet. Let us then apply operator to equation to obtain,
Y(t,z) = KpdY (t,2) = Krq(t, z) + e B(t, z), (61)

where B(t,x) are standard Brownian sheet. Finally, differentiating both sides of with

respect to ¢t and z, yields
dY (t,z) = Kpq(t, 2)dtdz + edB(t, z), (62)

where K|.q(t, x) is

2

T t t—s
Klq(t,x) = dequ(t,x) :C/o (x—v)1/2H2/0 f(s,v)/o (t—s—r) V2 Hg(r v)drdsdo.
(63)
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Notice that in the Fourier domain, by the convolution theorem and condition , has the
form

Kphq(mi,ma) < f(my,ma)|ma |~ |my |00/ 2|my|(1-02)/2, (64)

The dense-dense case. Let 1) be the matrix with components ny,x, = {0,1}, k; = 0,1,--- , 2% —

1,4 = 1,2, and denote the set of all possible values n by H. Define the functions

291 -1292 -1

Firg2 (6 @) = Y55 Z Z Mherky Wiy (£) ks () (65)

k1=0 ko=0

Note that the matrix 1 has N = 271772 components and therefore, card(H) = 2V. To guarantee
that functions 1} satisfy , choose 7, = A2~ (s1+1/2)9=72(s241/2) * Now, take another
function of the form , fjle’ with 7k, € H instead of ng,k, and compute the LP-norm of
the difference between f; ;, and Jgju'z’ with the application of the Varshamov-Gilbert Lemma

([Tsybakov (2008)], p 104), to obtain
Hfj1j2 - fj1j2 Hg > 7§1j22j1p/22j2p/2/8' (66)

In addition, define ﬁf, the probability law of the process {Kfq(t,z) + c*dW (t,z), (t,x) € U}
when f is true, where W (¢, z) is a two-parameter standard Wiener sheet. Note that the proba-
bility measures ]3f and Py are stochastically equivalent (see, e.g., Huang et al. (2006), Theorem
3.1). Hence, by the multi-parameter Girsanov formula (see, e.g., Dozzi (1989), p.89), the Kull-

back divergence takes the form

K(P;,P;) = K(P;, P;) =E [log (ﬁf/ﬁf)]ﬁf = (252) 7 Hng (- f)(t,x)H% (67)

Since |7k, ky — Meyky| < 1, plugging fj4, and J?j1j2 into , applying Plancherel’s formula,
[V km| < 279/2 and 1} it can be shown that

o~ ~ —\ —1 o _ . _ . .
K(Pr, Py) < C(28%%) j 271 @ven—tigmilea=lgiitse, (68)
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Part (i) of Lemma [f] gives the constraint

Cle21 +a2

—j1(2s14+2v4a1) 9—j2(2s2+a2)
9—J1(2s1 1)9—J2(2s24a2) < e

Now, define

CA?
Te = 10g2 <M> . (70)

Therefore, we need to find combination {j1, j2} which is the solution to the following optimization
problem

25151 + 2250 = j1(281 + 2 + a1 + j2 (282 + a2) > 72, j1, 42 > 0. (71)

It is easy to check that the solution is {j1,j2} = {g 75747, 0} if a2s1 < s2(2v 4+ 1), and

{J1, 42} = {0, 555}, if aes1 > s2(2v + o). Hence, the lower bounds are

psy

£20 | 2s1+2vtag .
L , if agsy < s9(2v 4 aq),
P _ OAP [AQ} \ 2
6 C e2a 2s§+2a2 . (7 )
vl R if a9S1 > 82(21/ + 041).

The sparse-dense case. Using the same test functions fjl jo» and fj 4,, as in Benhaddou et

al. (2013), with a finitely supported basis 7;,x, replaced by a band-limited basis 1j,k,, and

following the same procedure as in the dense-dense case, it can be shown that the lower bounds

are -
[Ej—; eatez if agst > s2(2v + a1 — 1),
0P =CA?P plsyH+1/p—1/m) (73)
EAQ—; epavter =l , if agst < s2(2v 4 ag — 1).

To complete the proof, notice that the highest of the lower bounds corresponds to

s +l_l
d:min{ P51 P2 p( LTy W) } (74)

2514+ 2v+ a1’ 259+’ 28T+ 2+ ag — 1

O

Proof of Theorem [3]

The dense-dense case. Let 7 be the matrix with components n, = {0,1}, k = (k1, ko, -+ , k),

ki =0,1,---,2% —1,4=1,2,---,r, and denote the set of all possible values n by H. Define

20



the functions . , ,
2011221  2ir—1

=% ). Z 3 s e (DT, k, (7).

k1=0 ko= kr=1

(75)

Note that here card(H) = 2V, with N = 2/1+i2++ir Hence, following the same steps as in the

proof of Theorem [1} it can be shown that Note that the lower bounds are

P51
52a:| 251 +2v+aq

5P = O AP [A2 -
525 25,4+ .
S , if a;s1 > s(2v+ ay),

) if Q2051 S 320(21/ + Ckl),

and 1 =2,3,---,r

The sparse-dense case. We apply similar approach to test functions

2021 2ir—1

fita) = D o > metby b (O g, g (20)-

ko=0 kr=1

Here N = 272++Jr and card(H) = 2" and it can be shown that the lower bounds are

- ki)
e | 2s;+a;

o — o 2 , if a;s] > s2v+a—1), 2< min#k{jt—’;,k =23,

p(s1+1/p—1/m)
23T+2u+a1 —1

)
ol

£

A

[

, if st < si(2v+aq — 1),

and 1 =2,3,--- ,r. Hence, the lower bounds of the LP-risk correspond to

b ps1 plsi+5—7) P520
d = min , , ,
251+ 241 28]+ 2+ a1 — 17 289, + e
and the pair (sg2,, @2,) is defined in (53). O

6.2 Proof of the upper bounds.

Proof of Lemma [1l Define the quantities

B — B =" Z Z Vjiks (M1 %gkg(?m) ((ml’m2)

mi,ma)
m1€W m2€W 1s 2)

21

2 <mingep{2 k=2,3,-- 1},

(77)

~,7°}

(78)

(79)
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Consider the Riesz poly-potential operator

1 f(t2, x2)
I“f(t,z) =
fit.z) Y2() /R2 [t — o/ 21 2]y — L/ 2r02/2

dtg d:L'Q, (81)

where yo(a) = 4L (3 — %) T (3 — %) cos((1 — a1)Z)cos((1 — a)F). Then, the anisotropic
two-dimensional fractional Brownian sheet Z%(t,z) = dW%(t,z) allows the wavelet-vaguelette

representation

AW () = D> Cukaoka T {Wj0m (E)smy ()} (82)

Ji,k1 j2,k2
where (j,k,,j,k, are white noise processes, and 1, is a Meyer-type wavelet basis. Then applying

the two dimensional Fourier transform to yields

Wa(m) ’ml, Z Z C]1k17]2k2¢h/€1 (m1)¢32k2 (m2) (83)

Ji,k1 jo,k2

where m = (my, mg). Let us evaluate the covariance of . Indeed,

Cov [Za(m)v Za( )] ’m1l1| ‘m2l2| Z ¢J1k1 mi w]2k’2 (m2)¢31k1 (l1)¢j2k2 (l2) (84)

we
Consequently,
Cov [Z2(m), Zo()] = [y | ™ |mala| > Bk M)k, (1) | [ D Do (m2) ks (I2)
Jiski J25k2

(85)
Now, evaluating the magnitude of , and using Holder’s Inequality along with the fact that
I%k(m)l < 279/2 yields

|Cov [Z(m), Z*(1)]|”

IA

mala | mala 27 [ [k () P10 GO P | | D2 W5 (m2) P[0, (12)
Jisk1 Joska

4]m111\a1*1\m2l2]0‘2*1.

IN
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Hence,

(Cov [Z(m), Zo(1)]] < 2\maly| ™7 [mala|

(86)

Finally, let us evaluate the variance of Bw. Indeed, using and , the variance has the

form
~ 2
E|f. -8 =

<

<

E[Z*(m1, my)

Z(l1, 1))

gxtez Z Z m&hkz (mQ)mJ}jsz (I2)

mi1,mz lq,lo

B a;—1 as—1
9g1taz ( Z \I/w(mhmg)‘ml’ ‘m2’ ) Z\I} l l

mi,m
mi,m2 g( L 2 l1,l2

2
|m1|a1—1|m2|a2—1)

§(m1, m2)

912 ( Z mwjﬂw(m?)

mi,ma2

8 2v+toa1tas—2
28041+a201—2 (7[') 2j1(2V+a1—1)+j2(a2—1)_
3

Results and follow from properties of Gaussian random variables. [

Proof of Lemma 2| First, note that under Assumption A.3., one has

Z | Byt o |T< AWQ—W[(j181+j282)+(%—%)(jl—i—jz)]7 Vi1, j2 > 0.
k1,k2

If p > 7, one has

>

k1,k2

p—m
| Bk ok [P < Z (| Biv ket jarkes |™ {max |Bjy ky oo |} )
ki,k2
s = K
= {max|6j1,k17j2,k’2| b Z ‘6]'1,161,]'2,/62 |

k1,k2
< AP P[(1151+J282)+(*—*)(Jlﬂz)]

23

G(m1,ma)g(l, l2)

]ll\a1_1|l2|a2_1
g(lh l2)

(87)



If p < m, then by Hélder’s Inequality, one has

33

1—

3P

Z | Biv ket gz P < Z | Biv ket gz ko " Z 1

kl,kg k1 ’kQ k17k2
< Apg—plisitizs2)+(3—1)(1+i2)l9(+i2) (1-2)

< Ap2*p[(j151+j252)+(%*%)(J'Hrjz)] )

Combining the above results completes the proof. [J
Proof of Lemma (3| Since the quantities are zero mean Gaussian random variables having

variance of form , by the Gaussian tail probability inequality, one has

012 1/2 3 vtai/24+az/2-1
Pr(0u,) < 2Pr(Z>ny |ln(5)|<2> <87r>

= \li(e)|exp{_2a‘ In(e)|7}, (89)

where Z is a standard normal, C' is some explicit positive constant and 7 appears in Lemma 2.
O
Proof of Theorem 2| The proof follows a procedure which is similar to that in Benhaddou et

al. (2013) with the adaptation to the LP-norm case. Denote
2_2a i -4
Xe = [A7%e™In(e)[], 270 =[x] »7, i=1,2, (90)

and observe that with the choice of J; and Jy given by , the LP-risk allows the decomposition

El|f. — f||2 < Ri + Ry + R3 + Ru, (91)
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where

2mo—12m0—1 P
Rl = 22(p71)}E Z Z (ﬁmg,kl,mo,kz_5m0,k1,m0,k2)¢mo,k1(t)wmo,kz(x) )
ki=0 ka=0 »
p/2
Ry = 230~ 1>E// s ﬁw( E([fw| > X52) 03 4 00, 4 (@) | dida,
(AJGQ Jl,JQ
p/2
Ry = 23~ 1>E// 1B 2 ]I(’Bw‘<)\ )u)ﬂ WO (@) | dtda,
(AJGQ Jl,JQ

20112721

Ry, = 2(p—1>// (Z DT+ D> DD D BwlP g (093, 4, (@)

J1=J1 ja=mo+1  ji=mo+lja=Ja/) k1=0 ko=0

For R; and R4, using in R; and in Ry, as € — 0, yields

o o
Ryt Ry=0 |24 37 argmenst o S5 aryrish | = 0 (4P ya)).
J1=Ja Jja=J2

p/2

dtdzx.

(92)

Using Minkowski’s Inequality for p > 2 and Jensen’s Inequality for p < 2, and Temlyakov

property, Ro and R3 can be partitioned as Ry < Ra; + Roo and R3 < R31 4+ R3s, where

Ry

Ras

R3;

R3o

1/2
-o| Y 2<j1+jz><gl>E‘5w_5w)p[ ng ﬁw‘> Y )} , (93)

27 E
we(J1,J2)

- 0 Z 9(d1+72)(§ 1)1@‘5&) ﬁw) ]I<‘ﬁw| > — 9 ]5)>,

weN(J1,J2)

ol g e (sl ).

2°7E
wWeQ(1,Jz)

= 0 Z 2L +i) (1) |Bw [T (‘5(.0‘ < 2 ]5)

UJEQ(Jl,Jz)

Combining and , similar calculations as in Benhaddou et al. (2013), yield

Rop + Ry = O (Ap (62&)%*§> -0 (Ap [Xe]d> .

25
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Now, combining and , and using and , gives

A = Ryt Rz =0 Z 91 +32)(5-1) 1yin {\ﬁw|p 7 951 (2vten—1)+j2(a2—1)] [A*2€2E| ln(5)|] %}
UJGQ(JLJQ)
(98)

Finally, A can be decomposed into the following components

Ji—1 Jo—1 Ji—1 Jo—1

A = O Yo+ Y D pAvgawsigTrs | (99)

Ji=jio+1lj2=mo  ji=mo j2=j20+1

J1o J20

Dy = O Y Y arpbirtentani) (422 ()] 2 1(E) | (100)
]1 mO]Q mo
Jio  J20 12

Ay = O > > Ao rnsitiss) [Ap[xs]%21'1(%<2V+0<1)—1)+J'2(az%-1) " 1(2°)(JLo1)

Jj1=mg ja=mo

where = = {j17j2 - 95 (1 (@rtar)+azje) < [Xs]d_g}.

. s2 s2 5 p(l 1 i — __Ps2
Case 1: s1 > 22(2v +a1) and 2 > 2(p, p)- In this case, d = 5%, and
p( / Jj1o p(1 (2 J20 11
As = O ApB SO gl EG D) S gmmrlebarGi- Dy =)

j1=mo J2=mo
o

252+a2 2: g Piils1— 53 (2vten)]

J1=mo

] [JIn(e) [T ) (102)

/—\

Case 2: (2v+a1)5(2 — %) <51 < 22(2v + a1). In this case, d = 57—, and

,  Jio J20
Ay = O Ap[Xs]g 1-5) Z 9 —p'ils1—(2vt+en) § (5 — 2] Z 2—j2p’[82—§a2(i—%)}]1(5c)

Ji=mo J2=mo

J20
= O | AP[x ]251+2u+a1 Z 9P (52 2V+a1>

J2=mo

= O (Ax]"). (103)
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plsit;—7)

Case 3: s1 < (2v+a1)B(% — %) and 22 > g(% — %) In this case, d = St o0 e, =1 and
,  J10 1 J20 11
Ay = O AP[XQ]%(li%) Z o Pliils1=5 (5 =) (2vtan)] Z o Pli2ls2=5 (5 —p)az]
Jji=mo J2=mg
p(s1+1-1)
= 0 (Ap[Xe] 25’{4}21/{;&171 Hln(e)”]I(s1:(2y+oc1)§(i—% )—HI(sgazg(pl/—,l,))) ] (104)

Combining the results from to (1104) completes the proof. [

Proof of Lemma |4l The proof will be similar to the proof of Lemma 1. Define the quantities

By = By =" D o Y \I:w,,(mr)Z;(m‘"). (105)

7n1€MG1 7nr€MGT

Consider the Riesz poly-potential operator

1 f, 2, . 2l _y)
(6% _ ) ) ) r / / . /
Fft e mr) = () /R'r |t — t’]1/2+041/21_[£:2|xi,1 - JI;_1’1/2+O@'/2 dtdey - dry_y,

(106)

where (o) = 2'TI7_, [ (3 — %) cos((1 — ;)%)]. Then, the anisotropic r-dimensional frac-

tional Brownian sheet Z(t,z1,...,x,—1) = dW(t,z1,...,z,—1) allows the wavelet-vaguelette
representation
AW (t, a1, .. ze1) = Y Co I {0y, (£,%)}, (107)
wr €Ny

Applying the two dimensional Fourier transform to (107]), yields

a;—1

We(my) = I [m| 2

D GV, (my), (108)

wreﬂr

The covariance of (108 is given by

~ a;—1
2

Cov [Z%(my), Z2(Iy)] = T, [ |mals] Gjore, (M) o, (1) | - (109)
k

JisKi
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Evaluating the magnitude of (109)), yields
Cov [Z0(my), Z0(1,)]| < 25107y [mil| . (110)

Using (105)) and ((110)), similar to , the variance has the form

3 2 - E[Zo(my) Z0(L)]
E|Bu, — Buw.| = (m;) \1/ (1) == &
‘ mlzm 11,2 g(my)g(ly)
< K29 (@vtor—1)tjz(az—1)+-tjr(ar—1) (111)

Finally, results and follow from properties of Gaussian random variables. [J

Proof of Lemma [5| The proof is very similar to that of Lemma |3 so we skip it. O
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