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Gradual and fuzzy subsets
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Abstract

In the fuzzy theory of sets and groups, the use of a-levels is a standard to translate
problems from the fuzzy to the crisp framework. Using strong a-levels, it is possible
to establish a one to one correspondence which makes possible doubly, a gradual and
a functorial treatment of the fuzzy theory. The main result of this paper is to identify
the class of fuzzy sets, respectively fuzzy groups, with subcategories of the functorial
categories Fet®1] resp. ¢r(%1] In this line, the algebraic potential of this theory
will be reached, in forthcoming papers, in the study of fuzzy modules, since, in that
case, the functorial category is a well founded subcategory of a Grothendieck abelian
category.

Introduction

Let X be a set, every subset S C X is defined by its characteristic function y4 : X —
. ! 1 ifxes,
{0, 1}, which is defined by ys(x) = { 0 ifxées.
is exclusive. However, we can consider, in a wider environment, different degrees of
membership: 1 means that the element belongs to the subset; 0 that it does not belong
and any other real number 0 < a < 1, would mean a different degree of membership.
The theory, in these terms, is due to Zadeh, see [[14]], who introduces a fuzzy subset of
a given set X as a map y : X — [0,1]. From this primitive concept we can develop a
whole theory of sets, relations, maps, numbers, etc.
In this approach to the fuzzy theory, we are begin by relating various mathematical the-
ories; this relationship is evident in the crisp framework, but which in the fuzzy theory
presents, so far, some difficulties.

Thus, the concept of membership
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Our approach to the fuzzy concept starts from the definition of a fuzzy element: we adopt
the definition given by Duboi and Prade of a gradual element, see [[1]]. So that a gradual
element of a set X is given by a collection of elements, each with a degree of membership,
ranging in (0, 1]: there is always an element of the set X that has a degree of membership
1, and, possibly, other elements with other membership values, but never 0, that is, we
do not determine any element of X that has zero degree of membership. This notion
of gradual element has been extended to study several problems, see [[12]], [[6]] and [7]].
Nevertheless, we have preferred to maintain the former one as when applying to sets,
groups, and other structures, it defines canonically a ground set, group, etc, which is an
ambient object suitable for working.

For a greater flexibility in the definition we assume that not all possible degrees are
reached, so a gradual element is given by a partial mapping from (0,1] to X: we will
call it a partial gradual element. If € is a partial gradual element with definition domain
dom(e) C (0, 1], for its study we need to relate partial gradual elements to each other.
The problem that arises is: when two gradual elements &; and ¢, are equal? It is clear
that we can only compare ¢, and ¢, where they are defined, that is, in dom(e;)Ndom(e,).
This definition of equality is too weak. In fact we are more interested in knowing if &,
and ¢, take equal values in a range [a, 1], for some a € (0, 1]. Taking into account that,
whenever 8 € (0, 1] is very small, it is not relevant at all if that £,(8) and &,(f3) are the
same or different; we are more interested in knowing whenever ¢, and ¢, coincide for
values of 3 close to 1.

Thus, we extend the equality relation to the case, previously indicated, of values in an
interval [a, 1]. In this way a relationship is obtained: &R ¢, if

€1 |[a,1]JNndom(e;)Ndom(e;) =& [[a,1]ndom(e;)Ndom(ey) "

But this relation is not necessarily an equivalence relation, because it depends heavily
on dom(e;) N dom(e,). So, if we want to compare partial gradual elements, we must
standardize the definition domain. In other words, we must, for instance, extend dom(¢)
to the whole (0, 1].

There is a standard method of doing this, consisting of, given a € dom(¢) such that ¢
is not defined in (8, @), defining £(y) = e(a) for all ¥y € (B,a). The condition, that
has seemed most efficient forces to restrict the partial gradual elements to those whose
definition domain verifies that for every a € (0, 1] there is aminimum ¢ of [a, 1]Ndom(¢),
to, in this way, extend ¢ to all (0, 1], defining e(a) = £({). We have called inf-compact
the subsets of (0, 1] containing 1, and verifying this property. In this way, every partial
gradual element ¢, with inf-compact definition domain, can be extended, in a unique
way, to a gradual element £ with definition domain (0, 1]. We call € the extended gradual
element of €.

We define a total gradual element as a map ¢ : (0,1] — X, among which we have the
extended of the partial gradual elements; and denote by & the set of all total gradual
elements of X. Observe that, when working with total gradual elements the relation R,
is an equivalence relation.



The next step of complexity is to consider a binary operation * in the set X, and extend
it to gradual elements. The standard method is to define (&; * &,)(a) = &;(a) * &5(a) for
any a € (0,1].

We have that if (X, *) has a more complex algebraic structure, for example, if it is a group,
a semilattice, etc, the set Z of all gradual elements can have the same property. However,
this has not been the line we followed for the study of fuzzy structures in a set X, the
reason is that when considering, for example, a ring structure in X, although & has a
ring structure, this is of little interest, since it has too many zero—divisor elements.

We have chosen, therefore to consider a greater degree of abstraction, and consider, given
a group (G, %), not the set of elements of G, but the set &(G) of all the subgroups of G.
We have an inclusion #(G) € #(G), in the powerset of G, and the elements of ¥ (G)
are the non-empty subsets S € #(G) verifying: S¥S € S and S™! C S. When considering
gradual elements o,0,,0, of Z(G) \ {@}, we have new gradual elements: o, * 0, and
o~ !, and naturally the notions of gradual subgroup and gradual subset appear.

A gradual subset of a set X is a gradual element o of #(X), and a gradual subgroup
of a group G is a gradual element o of 2 (X) \ {@} which is a subgroup, i.e, it will be a
gradual element of & (G). Observe that in these situations we have solved the problem of
extending partial gradual subsets or subgroups, because we can define the image of any
element in (0, 1]\ dom(o) equals either &, for subsets, or {e}, for subgroups. Therefore,
in section 2 and 3 we shall consider only total gradual subsets and subgroups.

This study will lead us to relate gradual subgroups with fuzzy subgroups, gradual groups
with fuzzy groups, and the same process will allow to relate other structures: rings,
modules, etc.

Before carrying out this work we have considered necessary to implement an in-depth
study that relates gradual and fuzzy sets and subsets.

In the set & of the gradual subsets of X we define a closure operator o — ¢ = U{c(f3) |
p = a}. A gradual subset o will be a decreasing gradual subset if o = ¢¢. And in the set
#(X) of all decreasing gradual subsets of X we define an interior operator o — o =
U{o(B)| B > a}, adecreasing gradual subset o will be a strict decreasing gradual subset
whenever o = o¢.

Associated to any fuzzy subset u of X we have a decreasing gradual subset o (u), defined
o(u)(a) = u,, the a-level of u, for any a € (0, 1], and a strict decreasing gradual subset
o(u) = o(u)?, which is the strong a-level, or strong a-cut, of u. The map u — o(u) does
not preserve unions of infinite families, and the map u — &(u) does not preserve infinite
intersections; hence after modifying the intersection, we establish an injective correspon-
dence, preserving union and intersection, from fuzzy subsets to strict decreasing gradual
subsets, and find conditions on strict decreasing gradual subsets to be in the image of
this map; that condition is property (inf-F). Which is important, in this situation, is that
we have an isomorphism, for intersections and unions, between fuzzy subsets and strict
decreasing gradual subsets satisfying property (inf-F). As a consequence properties on
fuzzy subsets can be studied via strict decreasing gradual subsets.

In addition, we consider a generalization of the theory of gradual subsets through the
use of contravariant functors from the category (0, 1] to the category Set of sets which



allow a functorial framework of both theories of gradual and fuzzy subsets.

This theory, first developed in a context of sets, can be carried out to the more algebraic
framework of groups, in which we may establish also a bijection between fuzzy subgroups
and a specific class of gradual subgroups and contravariant functors. In particular, this
bijection will allow a functorial treatment of fuzzy groups.

This paper is organized in three sections. In the first one we study and establish the gen-
eral theory of gradual elements and introduce binary operations in the set of all gradual
elements defined from binary operation in the ground set X. In particular, if we start
from a group G, we get a structure of group in the set of gradual elements. Not in all
cases this structure reflects the properties of G and its elements.

For this reason, to make an algebraic development later, in the second section we study
gradual subsets and operators in the set of gradual subsets that will allow to establish a
close relationship, an isomorphism, between the set of fuzzy subsets and a set of gradual
subsets. This study ends in Theorem (2.18.) in which an isomorphism is established; ob-
serve that to obtain the isomorphism we had to make use of the strict decreasing gradual
subsets. To do that, first we consider binary operations in & (X), the power set of X: the
standard ones are the meet (intersection) and the join (union), and translate them to
gradual subsets, which are noting more than gradual elements of & (X). In this section
we also identify a new type of objects through the use of contravariant functors from the
category (0, 1] to the category of sets. These contravariant functors, which are identified
with directed systems, generalize gradual subsets and fuzzy subsets, and allow a functo-
rial framework of these two examples, which will provide a tool capable of dealing with
other types of gradual and fuzzy objects such as groups, rings, etc., and that will allow
to work, by using direct limits, with gradual and fuzzy sets, instead of with gradual and
fuzzy subsets.

The third section is devoted to study the more complex example of gradual groups. After
studying the different concepts related to group theory, we establish the most important
result, Theorem (3.17]), showing a bijection between equivalence classes of fuzzy sub-
groups and some specific strict gradual subgroups. This gradual subgroups appear in a
natural way after studying two operator on gradual subgroups, one a closure operator
and another one an interior operator in the class of all decreasing gradual groups. The
formulation of the theory in terms of operators allows to develop a more abstract frame-
work, in this case a functorial one, and hence, obtain new properties and relationships
between known objects.

1 Gradual elements

1.1 Gradual elements

Definition 1.1. Let X be a set, a total gradual element of X, isamap ¢: (0,1] — X,
and a partial gradual element of X isa map € : L € (0,1] — C, defined on a subset
L € (0,1] such that 1 € L. For simplicity, depending of the context, we use gradual



element to refer either to a total gradual element or to a partial gradual element.

For any partial gradual element ¢ : L € (0,1] — X we call L the definition domain of
g, and represent it by dom(e). We represent by & the set of all total gradual elements of
X, and by & the set of all partial gradual elements.

A gradual element ¢’ is an extension of the gradual element ¢ if sl’ dom(e) = &

There is a particularly useful method of extending a partial gradual element ¢ to a total
gradual one, this is the case in which for any a € (0, 1] there exists Min([a, 1]Nndom(¢));
then we define a new gradual element ¢ as follows:

e(a) =¢€(f), being { =Min([a, 1] N dom(g)).

See Example (IL.5)) in which examples of extensions of partial gradual elements ap-

pear. Another example is provided whenever we consider the partial gradual element

e : {1} — {a, b}, defined by (1) = a. In this case an extension ¢ : (0,1] — {a, b} is

defined by g(a) = a for any a € (0, 1], the constant map equals to a.

A subset L C (0, 1], containing 1, such that there exists Min([a, 1]NL), for any a € (0,1],

is named an inf-compact subset of (0, 1].

The following are examples of inf-compact subsets of (0, 1]:

(1) Any compact subset C C (0, 1], containing 1, is inf-compact. In particular, any finite
subset and any closed subset of (0, 1], containing 1, are inf-compact.

(2) Any ascending sequence in (0, 1], union with {1}, is inf-compact.

(3) Any interval [a, b) € (0, 1], union with {1}, is inf-compact.

(4) Any union of finitely many inf-compact subsets is inf-compact.

In the following, the domain of any partial gradual element will be an inf-compact subset
of (0, 1], containing 1; whence, any partial gradual element can be extended to a total
gradual element.

Lemma 1.2. If{C; | i €I} is a family of inf-compact subsets, containing 1, then N,;C; is
inf-compact.

PROOF For any a € (0,1] let & = Inf([a,1] N (N;C;)), and define &; = Min([&,1] N
C;), hence £ < &, for any i € I. On the other hand, since [a,1] N (N;C;) = [£,1]N
(N;C,) C[&,1]1NC;, then Min([&,1]1NC;) =Inf([£,1]NC,) < Inf([£,1]N(N;C,))=&. In
consequence, £ =&, forany i € I. O

For any element a € X there exists a partial gradual element, which we represent by ¢,
with dom(e,) = {1}, and defined by ¢,(1) = a. We denote also by ¢, the extension &,.
Without lost of generality we may identify the element a € X and the gradual element
€, € X, and denote them simply by a.

In this way, a gradual element is nothing more than a collection of elements of X, each
one with a degree of membership; thus if ¢ is a gradual element then £(a) is an element
of X with membership degree a. Since ¢(1) is always defined, we have it is an element
of X with the highest membership degree; since £(0) is not defined, then there is not any
element with zero membership degree.



1.2 Relations between gradual elements

For any a € [0,1], in the set of all partial gradual elements we define a relation R, as:
for partial gradual elements ¢, and ¢, of X we say &,R&, if

€1 |[a,1]Nndom(e;)Ndom(e;) =& [[a,1]ndom(e;)Ndom(ey) "

Observe that if a € (0,1], and ¢,, €, are total gradual elements then &R ¢,, whenever

E1[a1] = €2|[a,1]

Lemma 1.3. For any a, 3 € [0,1] we have:
(1) Ifa,p €[0,1] satisfy a < 3, then R, € Rg.
(2) The relation R,, is an equivalence relation in the set of all total gradual elements.

The equivalence relation R, indicates us when two gradual elements are equal at a certain

level. For instance,

(1) if a =1, then we only have an equivalence class for each element of X;

(2) if a =0, then two gradual elements belong to the same equivalence class if, and only
if, they coincide in their definition domains.

It is necessary to remark that these equivalence relations R, are not compatible with the
extension process. Indeed, if &R, ¢&,, not necessarily ;R €, as the following example
shows.

Example 1.4. Let X = {a, b}, and define

b, if6=1, (b, if6=1,
81(5)_{a, if 1 <6<1, 82(5)_{a, ifo<6<1.

Then &,R¢,, for any a € (0, 1], but €,R ¢, if, and only if, a = 1.

Let f : X — Y be a map between two sets;

(1) for any total gradual (resp. partial gradual) element &€ of X we have a total gradual
(resp. partial gradual) element of Y defined by the composition fe : dom(e) —
X — Y; we call fe the image of € by f;

(2) for any gradual element ¢’ of Y a gradual element ¢ of X is an inverse image of &’
ife' =fe.

1.3 Binary operations and gradual elements

There is another method to relate gradual elements of a set X, this is the case in which
there exists a binary operation in X.

Let G be a set together a binary operation, say *, and ¢,, &, gradual elements of G, we
define a new gradual element &, * &, as:

(g1 % &,)(a) = g1(a) * &5(a), for any a € dom(e;) Ndom(e,).
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In the case of partial gradual elements &, e, we have that dom(e; * £,) = dom(e;) N
dom(e,).

This operation non necessarily is compatible with the extension construction.

The following example shows that if we start from two partial gradual elements ¢, and
€5, then not necessarily we have the equality: €, x €, = €, % €,, i.e., then extension map
is not necessarily a homomorphism with respect to the binary operation .

Example 1.5. Let &, €, be partial gradual elements defined on Z, defined as:

2, ifi<a<l
— > 2 == — 2
sl(a)—{ 1 if%OSaS%, gla)=2,if s <a<1.

In this case we have
(61 +&)(@)=4,if F<a<l,

and the extended gradual elements are

_ 2, ifi<a<i — —
_ ) 3 =5 —9 —4
el(a)—{ 1 ifaS%, ga)=2,ifa<l, (&+e&)(a)=4, ifa<l.

On the other hand, we have

o 4,
(“+%m”_{3 ifa<l.

b

1 1 5
& [ ] 2 €1 |
111 1 1 1
10 3 2 3
€ i 2 €9 2
2 1 1
g1+ &, 4 e,+e, 3 4
2 1 3 1
3 3
€1+ €&y 4

1
On the other hand, this operation is compatible with the equivalence relations R,,.

Lemma 1.6. Let G be a set together a binary operation %, for any a € [0, 1] the relations
R, in the set of all total gradual elements (resp. in the set of all partial gradual elements)
are compatible with the binary operation, i.e., for gradual elements €,€,,¢, of G, if
g,R €, then (& x &,)R, (& *x &,) and (&, * )R, (&, * €).
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PROOF Let g4, €,, € be gradual elements such that &,R ,¢,, for any 8 € [a,1]Nndom(e;)N
dom(e,) N dom(e) we have:

(e1x€)(B)=e,(B)xe(B) = e2(B) x(B) = (&2 % £)(B).
O

In some cases, in which G has a richer structure, this structure could be inherited by the
sets of gradual elements. Let us show an example.

Lemma 1.7. Let G be a group, with binary operation x and neutral element e, the fol-

lowing statements hold:

(1) The set 9 of all total gradual elements is a group with neutral element e, i.e., the
total gradual element ¢,.

(2) For any a € [0,1] we have that ¢ /R, is a group.

PROOF For any ¢, ¢,, &, € ¢ we define, for any a € (0,1]:

(e1xe)(@)=e1(a) ¥ ex(@), and (e7)(a)=e(a)™".

(1). In ¢ the operation is associative and e is the neutral element. For any € € ¢ we
have £~ is the inverse of £. Therefore ¥ is a group, and it is abelian whenever G is.
(2). It is a direct consequence of being R, a compatible equivalence relation. O

Remark 1.8. (The particular case of partial gradual elements) Let G be a group, in
the set ¢ of all partial gradual elements we have an associative binary operation, (&; *
g,)(a) = &(a) * g,(a) for any a € dom(e;) N dom(e,), but we have “many” possible
neutral elements. Thus, to get a useful structure we must define before an equivalence
relation to put together all of them. For instance, given two partial gradual elements
€1, €y, SiNCe €, * €, is defined on dom(e;) N dom(e,), there are three possible neutral
elements: €|gom(e,)> €|dom(e,) AN finally €|gom(e, )ndom(e,)» Which are different two to two.
We can try to fix this problem in defining an equivalence relation R in ¢ generated by:

€1Re,, if there is an inf-compact subset C < (0, 1] containing 1, such that & = &;¢.

With the relation R, the problem is that we may have dom(e;) N dom(e,) = {1}, and this
trivialize this relation.

Hence, to obtain a well defined structure on partial gradual elements we may consider
only special types of partial gradual elements, for instance, the subset of ¢ constituted
by those partial gradual elements who have the same (inf-compact) domain containing
1.

Thus we can extend the above Lemma (I.7.) to consider gradual elements defined on an
inf-compact subset containing 1.

Proposition 1.9. Let G be a group, and let C C (0, 1] be a inf~-compact subset containing
1. If 4 be the set of all partial gradual elements whose domain is C, the following
statements hold:



(1) For any a € C the relation R, is an equivalente relation in 4.
(2) In 9 we have an associative operation.

(3) The extending map from & to % is a group monomorphism.
(4) For any a € C the equivalence relation R, in & is compatible.
(5) The groups ¢ and % /R, are abelian whenever G is.

PrOOF (). It is reflexive and symmetric, and obviously it is transitive as the domain is
the whole set C.

(@). It is evident as the product is defined componentwise.

@). Let g4,6, € ¥, and £ = Min([a,1]N C), then

(g1 x &5)(a) = (&% 8,)(&) = £1(E) x £5(8) = €1(a) x g,5(a).

(). It is similar to the proof on Lemma (1.6.).
(@. It is evident as the product is defined componentwise. O

It is clear that it is better to consider total gradual elements instead of partial gradual
elements, and therefore work in 4.

If the group ¢ has e as neutral element, and for any a in [0, 1] we consider the equiva-
lence relation R, we may rewriting Lemma (I1.6.]) obtaining a filtration of subgroups of
9.

Proposition 1.10. Let G be a group with neutral element e, if for any a € [0,1] we
define
Y, =1{e € 9| eRe},

then we have:

(1) For each a € (0, 1] the subgroup %, C % is a normal.
(2) There is a filtration {9, | a €[0,1]} where 9, C ¥s isa < f3.

(3) We have inclusions: 4, € 9, € %, € ¥, and surjective group homomorphisms:

GGy — 9G/9, — 9G/9, =G.

Observe that in all these examples it seems that the way to define an operation on gradual
elements is to define it componentwise.

If the base set X has a more richer structure; for instance, if it is a ring R, then the
corresponding sets # and £ are rings, but there are in these rings many elements which
are zero—divisor. So, in this case, the use of gradual elements is not a good option.
For that, in this and forthcoming papers, we shall develop a different approach to study
algebraic structures. Before doing that, let us study the simplest notion of gradual subset,
and after doing this we shall return to consider a set endowed with one or several binary
operations, for instance a group.



2 Gradual subsets

Once we have established the notion of gradual element of a set X, we shall apply it to
define new objects. If we consider a set X and the power set &2 (X ), we can study gradual
elements of & (X), thereby the concept of gradual subset appears.

2.1 Gradual subsets

Definition 2.1. Let X be a set, and let #(X) be the power set of X, i.e., Z(X) = {S |
S is a subset of X}. We define a gradual subset of X as a gradual element of #(X). We
represent by o : (0,1] — £ (X) a gradual subset of X.

Throughout this section we follow the same assumptions used for gradual elements in
the previous section. In this way, we have defined partial gradual subsets and total
gradual subsets.

In some sense gradual subsets are a generalization of gradual elements. Thus, for any
gradual element ¢ and any gradual subset o we say ¢ belongs to ¢ if for any a € dom(g)N
dom(o) € [0,1] we have ¢(a) € o(a), and write ¢ € ¢. In the same way, given two
gradual subsets 0,,0,, we say that o, is a subset of o, if o;(a) € o,(a) for any a €
dom(o;) Ndom(o,), and write o; C 0,.

In general, for any gradual subset o, and elements a, § € dom(o) such that a < 3, we
have no information about the relationship of o(a) and o(f3). In some cases, as in the
classical one of a-levels in fuzzy set theory, there is an evident relationship, as we shall
see later. To work with them, first we introduce the following definitions, that reflect toe
order existing in (0, 1].

Let o be a gradual subset of X we say o is

(1) increasing if for any a, 8 € dom(o) such that a < 3, we have o(a) € (). For any

increasing gradual subset o de X, if { = Min(dom(o)), then o({) € o(a) € o(1)
for any a € dom(o).

(2) decreasing if for any a, f € dom(c) such that a < f3, we have o(a) 2 o(f). For
any decreasing gradual subset o de X, we have (1) € o(a) for any a € dom(o).

Let us show some examples of decreasing gradual subsets.

Example 2.2. Let u be a fuzzy subset of X, i.e., a map u : X — [0, 1] that we assume it

is not constant equal to 0. For any a € (0, 1] we define the

(1) a-levelof yas u, ={x X | u(x)>a}l.
In this case we have a decreasing gradual subset o(u), defined o(u)(a) = u, for
any a € (0,1].
(2) strict a-level (or strong a-level) of u as i, = {x € X | u(x)> a}.
In this case we have a decreasing gradual subset & (u), defined
for any a € (0,1), and

(.
ZOORS R
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(3) Let u the fuzzy subset defined by u(x) = 1— u(x), for any x € X; the a-levels of u
define a decreasing gradual subset o(u)(a) ={x € X | u(x) <1—a}.

(4) inverse a-level of y as u* ={x € X | u(x) < a}.
In this case we have a increasing gradual subset 7(u), defined 7(u)(a) = u* for any
ac(0,1]

2.2 Operators on gradual subsets

The following are examples of constructions that can be carried out for any gradual sub-
set, and which will be useful in their study.
Let o be a gradual subset of X, associated to o we define two new gradual subsets:

(1) The accumulation o€ of o.
c(a)=U{o(B)| a < B €dom(o)}, for any a € dom(o).

It is clear that for any gradual subset o the accumulation ¢ is a decreasing gradual

subset, and a gradual subset o is decreasing if, and only if, 0 = o°.

For any gradual subset o we have o C 0 = 0.
(2) The strict accumulation ¢ of o.

B 0-(1)’ ifa= 1.
o¥(a) = { U{c(B)| a< B €dom(o)}, if aedom(o))\{1}.

d

It is clear that for any gradual subset o the strict accumulation o is a decreasing

gradual subset, and 0 C ¢°. In general, o ¢ o°.

Thus, we have an operator, ¢, on gradual subsets: o — o°¢. The behaviour of c is reflected
in the following lemma.

Lemma 2.3. Let X be a set, for any gradual subsets 0,,0,,0 of X the following state-
ments hold:

(1) o Co-.

2) o =0.

(3) Ifo, € 0,, then o] C 075,

(4) o°¢ is the smallest decreasing gradual subset containing o.

PROOF (1), (2) and (3) are easy.
(4). Let T be a decreasing gradual subset such that o C 7, then 0° C 7° = 7. O

This means that the operator c is a closure operator in the set & of all gradual subsets
of X.
Remember that a closure operator in a poset (partial ordered set) P isamapc: P — P

satisfying:

11



(1) p<c(p)foranyp€P.
(2) For any p,,p, € P such that p; < p, we have c(p;) < c(p,).
(3) c¢(p)=cc(p) for any p € P.

The elements p € P such that ¢(p) = p are named the c-closed elements. Thus, the
gradual subsets which are closed for the operator c, are the decreasing gradual subsets.
Let us denote by _#(X) the set of all decreasing gradual subsets of X.

In the same way, we may consider the operator d, defined: o — o¢; its behaviour is
reflected in the following lemma.

Lemma 2.4. Let X be a set, for any gradual subsets 0,,0,,0 of X the following state-
ments hold:

(1) o¢cCoc.

(2) Ifo, C 0y, then o C o,

(3) O.d — O.dd — O.cd — O.dc.

PROOF (1) and (2) are easy. (3). Indeed, for any a € (0, 1] we have:

o (a)=u{cd(B)| B >a}=u{u{o(¥)| y>B}| B >a}
=uf{o(B)| B> a}=0"a).
In the same way, for any a € (0, 1] we have:

o“l(a)=u{o“(B)| B>a}=u{u{o()| y<B}| p>a}
=u{o(B)| B> a}=0%a).

O
A gradual subset o is an strict decreasing gradual subset if o = o¢. We have:
Lemma 2.5. For any gradual subset o the following statements hold.
(1) o is the smallest strict decreasing gradual subset contained in o°.
(2) o is a decreasing gradual subset non strict decreasing if, and only if, o G o°.
PROOF Let 7 be a strict decreasing gradual subset such that T C o, then T =19 C o°¢ =

d

o". O

This means that the operator d is an interior operator in the set of all decreasing gradual
subsets of X.

Remember that an interior operator in a poset P is a map d : P — P satisfying:

(1) d(p) < p for any p € P.

(2) For any p,,p, € P such that p; < p, we have d(p,) < d(p,)-

(3) d(p) =dd(p) forany p € P

The elements p € P such that d(p) = p are named the d—open elements. Thus, the de-
creasing gradual subsets open for the operator d are the strict decreasing gradual subsets.
Let us denote by _#9(X) the set of all d—open (strict) decreasing gradual subsets.
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Remark 2.6. Inspired in these constructions we consider a new construction of a gradual
subset from a partial gradual subset that allows us to avoid the initial restriction of inf-
compact in the domain of definition of partial gradual elements.

Let o : (0,1] — P(X) be a partial map defined at 1, i.e., 1 € dom(c) € (0,1], and
such that dom(o) is not necessarily inf-compact, we may extend o to all (0, 1] simply
defining o(f) = @ if B ¢ dom(o). The decreasing gradual subset associated to o is
0°¢:(0,1] — P(X) defined as:

oc(a)=U{o(B)| B =a,  €dom(o)}, forany a € (0,1].

The use of decreasing gradual subsets is due to the fact that gradual subsets are wild
structures that one can not be managed, and in which there is no relationship between
its components. On the other hand, when studying subsets of a given set, it seems natural
to impose some inclusion relationships and that these inclusions should be parameterized
by the order relation in (0, 1].

Remark 2.7. Observe that we may extend any gradual subset o on X to o on the whole
U{oc(B)| a<pe(0,1]}, ifae(0,1]
U{a(B)| B (0,11}, ifa=0

a € [0,1]. In consequence, we may consider also decreasing gradual subsets as maps
from [0,1] to X.

interval [0,1], in defining o(a) = { for any

2.3 The algebra of gradual subsets

There is a natural relationship between gradual elements and gradual subsets of a given
set X. Thus, for any partial gradual element € we may define a unitary partial gradual
subset o(¢) as o(e)(a) = {e(a)}, for any a € dom(e). As we point out before, we have
¢ € o if, and only if, o(¢) € o, for any gradual subset o.

In the set #(X) there are two operations: the intersection and the union; thus, we can
translate these two operations to gradual subsets, as did in the first section. Following
this line we define, for any gradual subsets, o, and o,:

(1) the intersection, o, N0 ,, as (0, No,)(a)=o,(a)No,(a), for any a € dom(o;) N

dom(o,),
(2) theunion, o,U0,, as (0;U0,)(a) = o,(a)Uo,(a), for any a € dom(o;)Ndom(c,).

In this way we may consider the algebra of gradual subsets of a given set X with respect
to intersection and union.
The definition of intersection and union can also be extended to arbitrary families of

gradual subsets. Let {o; | i € I} be a family of gradual subsets,
(1) the intersection N;o;, defined as: (N;0;)(a) = N;o;(a), for any a € (0, 1].
(2) the union U;0;, defined as: (U;o;)(a) = U;o;(a), for any a € (0,1].

Let {u; | i € I} be a family of fuzzy subsets of a set X, the union, V;u;, and the intersec-
tion, A;u;, are the fuzzy subsets defined by:

(Viu;)(a) = V,u,(a) = Sup{u;(a) | i €I}, for any a € X,
(Ap)(a) = Augy(a) = Inf{u,(a) | i €1}, for any a € X.

13



Example 2.8. LetX = {a, b} be a set, forany n € N\{0, 1} we define u,, : {a, b} — [0, 1]
by u,(a) =1, and u,(b) = % — Zin We have:
(1 (Vait,)(@) =1 and (V,u,)(b) = 3,

[ x, ifs>1,

X if6>2
(3) (U,o(u))o)= { {C;} ;f 5 i v
b 2)

Which shows that the inclusion o(V,u,) 2 U,0(u,) is proper.

In the same line we have a similar situation for & and the intersection.

Example 2.9. LetX = {a, b} be a set, forany n € N\{0, 1} we define u,, : {a,b} — [0, 1]
by u,(a) =1, and u,(b) = % + Zin We have:
(1) (Attn)(@ =1 and (V,u,)(b) =3,
- [ x, ife=41,
N [ x, ifs>1,
3) (ﬂno(,un))(é) - { {a}’ ifs < %’
Which shows that the inclusion 6(A,u,) € N,6(u,) is proper.

In the set _#%(X) of all strict decreasing gradual subsets of X we define two new opera-
tions: intersection: A.0; = (M;0;)?, and maintain the old union: V,o; = N0, for every
family {o; | i € I} of strict decreasing gradual subsets of X. With these definition we
have:

Proposition 2.10. The union and intersection of strict decreasing gradual subsets are
compatible with the union and intersection of fuzzy subsets via the gradual subset G (),
i.e., for any family of fuzzy subsets {u; | i € I} we have:

(1) X@'(Mi) = (E(Vilii)-

2) NG (W) = (Ay)-

PROOF For any a € (0, 1] we have:
o(Viudla) ={aeX| (Viu;)(a)> a}
={aeX| Viu(a) > a}
= U{a € X | there exists i such that u;(a) > a}
= (U;o(u))(a) = (V, 5 (u))(a).
In the same way we can prove the case of & (A;u;)(a). O

From this point of view strict a—levels should be a suitable tool for studying the algebra
of fuzzy subsets via decreasing gradual subsets.
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2.4 Maps

In order to relate two gradual subsets, a standard method consists in defining a map
from one to the other. In this context first we consider a map between the underlying
sets containing each gradual subset; the following result show how to associate gradual
subsets to gradual subsets via a map.

Lemma 2.11. (Direct image) Let f : X — Y be a map, and denote by f the induced

map from @ (X) to Z(Y), the following statements hold:

(1) For every gradual element € of X we have that fe¢ : dom(e) — Y is a gradual
element of Y .

(2) Let o be a gradual subset of X, then f o : dom(o) — P (Y) is a gradual subset of
Y. And we have a map f, :  — % defined f.(0c) = fo forany o € &.

(3) Let o be a gradual subset of X, then f,(c°) = (f.(0))".

In addition, ife € o, then fe € fo.

Lemma 2.12. (Inverse image) Letf : X — Y be a map, and denote by f ' : ?(Y) —
P (X) the induced map. For any gradual subset T of Y we have that f*t : dom(t) —
P (X), defined as f*t(a) = f }(t(a)), for any a € dom(~t), is a partial gradual subset of
X. Thus, we have amap f*: % — %, defined f*(t) = f*1, forany t € ¥

In particular, for any gradual subset T of Y, we have: f*(7¢) = (f*(71))".

Since every element of X and every element of Y are gradual elements, and the same
for gradual subsets, the notions of injective map and surjective map, applied either to
gradual elements or gradual subsets are equivalent. In the case of gradual subsets we
have:

Lemma 2.13. Let f : X — Y be a map, then:
(1) f is injective if, and only if, f* o f, = id,, .
(2) f is surjective if, and only if, f, o f* = id,,.

Our aim will be to establish maps between gradual sets instead of between gradual sub-
sets, i.e., leave out the ground set X and use only the subsets {o(a) | a € (0,1]}. But we
postpone it until the point in which we change the paradigm introducing these gradual
sets.

Remark 2.14. A gradual subset o of a set X is just a family {c(a) | a € (0,1]} of
subsets, indexed in (0,1]. There are particular types of gradual subsets, as decreasing
gradual subsets, in which, for any a, 8 € (0, 1], a < 3, there exists a map j, 5 : o() —
o(a): the inclusion, satisfying j, gjg, = J,, whenever a < f# < y. In some sense,
decreasing gradual subsets are gradual subsets enriched with a family of maps {j, 4 |
a,B €(0,1],a < B} satisfying the above conditions and compatible with the inclusions
in X. Thus, we may work with these enriched gradual subsets of X.

An enriched gradual subsets of X is a gradual subset o together with a family of maps

{fup | a,B €(0,1],a < B} satisfying:
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(1) fa,ﬂ : O-(ﬂ) — G(a),

(2) fupfpy = fa, whenever a <8 <7,

(3) if j, : o(a) — X is the inclusion, for any a € (0,1], then j,f, s = js, whenever
a<f.

Observe that, as a consequence of (3], each f, 4 is an injective map. In particular, en-
riched gradual subsets are just the decreasing gradual subsets. See also Remark (2.23]).

2.5 Gradual quotient sets

The same technique we used to introduce gradual subsets can be applied to define quo-
tient gradual sets of a given set X.

Remember that if X is a set, a subset S C X is an equivalence class in the class of all
injective maps {(i,Y) | i : Y — X injective}, whenever we consider the equivalence
relation: (i;,Y;) ~ (i,,Y,) if there exists a bijective map b : Y; — Y, such that i; =i, b.

Y

P

Y, X

iy

Dually, a quotient set of X is an equivalence class in the class of all surjective maps
{(Z,p) | p:X — Z surjective} when we consider the equivalence relation: (Z;,p;) ~
(Z,, p,) if there exists a bijective map b : Z; — Z, such that p, = bp;.

pP1

X Z
\ lb

P2
Zy

The set of all subsets of X is represented by & (X), and there exists a bijective corre-
spondence between £ (X) and 2X. The set of all quotient set of X will be represented by
2(X), and for any element Z € 2(X) we have:

(1) asurjectivemapp : X — Z,

(2) an equivalence relation R, in X defined as xR,y if p(x) = p(y), and

(3) a partition of X into the equivalence classes defined by a relation R.

Each equivalence relation R in X is a subset of X x X satisfying the properties reflexive,
symmetric and transitive. Hence £(X) is in bijection with a subset of Z (X x X). If we
call 2(X x X) this subset, it is constituted by all the equivalence relations in X.

A gradual quotient set of X is a gradual element of £(X), or equivalently, of 2(X x X).
We represent by p a gradual quotient set of X.
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2.6 Gradual subsets and fuzzy subsets

As an example of application of the gradual subset theory let us to establish a correspon-
dence between fuzzy subsets and enriched gradual subsets. As we had shown before,
see Proposition (2.10)), if we consider the strict decreasing gradual subset & (u), the
correspondence y — 0 (u) is a homomorphism with respect to arbitrary union and inter-
section.

In addition, the gradual subsets o(u) and &(u) are related in a strong way: &(u) =
o(u)! € o(u)° = o(u), using the interior and closure operator. Also, these gradual
subsets satisfy the following properties:

(1) w(x)=Max{a| x € o(u)(a)}, for any x € X, and

(2) uw(x)=Inf{a| x ¢ c(u)(a)}, for any x € X.

We say

(1) a decreasing gradual subset o satisfies property (F) if there exists Max{a | x €
o(a)} for every x e U{a| a €(0,1]}, and

(2) astrict decreasing gradual subset o satisfies satisfies property (inf-F) if Inf{a | x ¢
ol(a)} = B satisfies x € o(B), for every x € U{a | a €(0,1]}.

As a consequence we have the following result:

Lemma 2.15. Let o be a decreasing gradual subset, not strict decreasing gradual subset,
the following statements are equivalent:

(a) o satisties property (F).

(b) o satisfies property (inf-F).

(0) Ugeo110(a) =L.Ja€(0,1] (o¢(a) \ o¢(a)) (the disjoint union).

PROOF By the hypothesis we have 04 G o = 0.

(@) = (b). Let B = Max{a | x € o(a)} and y = Inf{a | x ¢ o¢(a)}, then x ¢ o(5) for
every 6 > y. Since o is decreasing, 8 < y. If <y, for any w such that f < w < y we
have x ¢ o(w), hence y # Inf{a | x ¢ c%(a)}, which is a contradiction.

(b) = (). Let B = Sup{a | x € o(a)} and y = Inf{a | x ¢ o%(a)}. Since o is
decreasing, B < y. If B <y, for any w such that f < w < y we have x € o(w), and
P # Sup{a | x € o(a)}, which is a contradiction.

(@) = (c). One inclusion is obvious. Otherwise, if x € U,¢o1yo(a), let f =Max{a | x €
o(a)}, then x ¢ o(y) for any y > 3, hence x ¢ o¢(3), and x EL.JaG(O,l] (o¢(a) \ o4(a)).
() = (a). Let x € X, if x & U,(o1y0(a), then either x € o(1), and there exists Max{a |
x € o(a)} =1, or x ¢ Uyeo110(a), and Max{a | x € o(a)} = 0. Otherwise, if x €
Uge(o.no (@) =L.Jae(0,1] (o¢(a) \ o4(a)), there exists a such that x € o(a) \ o¢(a), hence
Max{a | x € o(a)} = a. O

Remark 2.16. (1) As a consequence of this result, for any decreasing non strict decreas-

ing gradual subset, satisfying property (F), we have Max{a | x € o(a)} = Inf{a |
x ¢ 0%a)} for any x € X.
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(2) In the case of a strict decreasing gradual subset satisfying property (inf-F) we have
that it also satisfies property (F), hence the following equalities hold: Max{a | x €
o(a)}=Inf{a| x ¢ o%(a)} for any x € X.

Now we are going to establish correspondences between fuzzy subsets and strict de-
creasing gradual subsets, which preserves union and intersection. The following result,
for finite unions, is well known.

Theorem 2.17. Let X be a set, the following statements hold:

(1) The map v : u — o(u) associates to any fuzzy subset u of X a decreasing gradual
subset satisfying property (F), o(u) of X, defined o(u)(a) = {x | u(x) > a}, and it
preserves intersections and finite unions.

(2) Themapv : o — u(o) associates to any decreasing gradual subset o = o ¢, satisfying
property (F), a fuzzy subset u(c) defined:

uw(o)(x)=Max{a| x € o(a)}.
In addition, we have v ov = id and v o v = id, and they preserve finite unions and
intersections.

The behaviour with respect to infinite unions can be solved using only strict decreasing
gradual subsets instead of decreasing gradual subsets.

Theorem 2.18. Let X be a set, the following statements hold:

(1) The map v : u — &(u) associates to any fuzzy subset u of X a strict decreasing
gradual subset & (u) of X, defined & (u)(a) = {x | wu(x) > a}, and it preserves
arbitrary unions and intersections.

(2) The map v : o — [i(o) associates to any strict decreasing gradual subset o = o4,
satisfying property (inf-F), a fuzzy subset {i(o) defined:

p(o)(x) =Infla| x ¢ o(a)}.

In addition, we have vv = id, and vv = id.

PROOF We had already studied the map v in Proposition (2.10)) in page [17}

The map v is well defined due to Theorem (2.18.)). Now, we check that the compositions
are the identity.

Let u be a fuzzy subset of X, for any x € X, we have:

vo y(u)(x) = p(o(u)x) =Infla | x ¢ 5(u)(a)} =Infla | u(x) < a} = ulx).

On the other hand, let o be a strict decreasing gradual subset, and a € (0, 1], we have:

vouv(o)(a)=0o(u(o))(a)={x| p(o)(x)>a}={x| Inf{B | x ()} > a}.

If Inf{f | x ¢ o(B)} = &,, then 6, > a, since o satisfies property (inf-F), then x €
o0(6,) € o(a). Otherwise, if x € o(a) = c%(a) = U{c(B) | B > a}, there exists y > a
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such that x € o(y), hence Inf{f3 | x ¢ o(B)} > v > a, and we have the other inclusion.
O

As a consequence, we have the final result that establishes an isomorphism between the
two lattices. See Proposition (2.10.).

Corollary 2.19. Let X be a set, there is an isomorphism between the lattice of all fuzzy
subset of X and the lattice of all strict decreasing gradual subset of X, satisfying property
(F), and they preserves arbitrary unions and intersections.

2.7 A functorial interpretation

Let us consider (0, 1] as a category whose objects are the elements of (0,1], and homo-
morphisms: only one, f, 5, from a to § whenever a < 3, and the obvious composition.
Let F : (0,1] — et a contravariant functor from the category (0, 1] to the category of
sets. Indeed, {F(a)| a € (0,1]} is a directed system with maps F(f, ) : F(8) — F(a),
ifa<p.LetD= h_m) F be the direct limit of this system.

Let us remember the definition of the direct limit, D = li_m)F . First we consider the
disjoint union, OF (a), of the family of sets {F(a) | a € (0,1]}, and in it, the equiva-
lence relation R generated by: a € F(a) is related with b € F() if either a < f3 and
F(fyp)(b)=aor f <aand F(fg,)(a) =b. Let p :U F(a) — (U F(a))/R be the canon-

ical projection, ig : F(f3) —U F(a) be the inclusion, for any 8 € (0,1], and q5 = pig the
composition.

F(p)
\ ap
ip .
F(fop) UF(a) 5 D
F(a)

The pair (D, {p, | a € (0, 1]}) satisfies the corresponding universal property of the direct
limit.

In the particular case in which every map F(f, ) is injective, then every q, is also injec-
tive; this means that we can consider every F(a) as a subset of D. Therefore, we have
that F defines a decreasing gradual subset of D = h_m) F; or more generally, a decreasing

gradual subset of any overset of D, and represent it by (F, h_m) F).

This allows to give an interpretation of decreasing gradual subsets in terms of contravari-
ant functors. If we start from a decreasing gradual subset of a set X, then {o(a)| a €
(0, 1]}, together with the family of inclusions, is a directed system, and if j, : o(a) — X,
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for every a € (0, 1], is the inclusion, then we have a commutative diagram

o(p)
o(fap) O o(a) ——=D- - = X
o(a)

and an inclusion h : D — X, from the direct limit D to X, beings h(D) = Im(h) the union
of the family of the subsets {o(a) | a € (0,1]}.

Taking into account this construction, we may show that a decreasing gradual subset o
of a set X is nothing more than a contravariant functor F : (0,1] — et of this shape,
together with an injective map D = li_m)F — X. As a consequence, we may consider

contravariant functors as the central element in the study of decreasing gradual subsets.
Hence, we may define a gradual set as a contravariant functor F : (0,1] — Fet, and a
decreasing gradual set as a gradual set such that each map F(f, g), whenever a < f3, is
injective.

Given two gradual sets F; and F,, a map from F, to F, is just a natural transformation
0 : F, — F,, i.e., a set of maps {0, | a € (0,1]} such that each diagram commutes,
whenever a < f3.

F(B)—L _F (a)
N
Fy(fup)

Fz(ﬁ) Fz(a)

The contravariant functors from (0, 1] to Fet, i.e., the gradual sets, constitute a category
that we shall denote by &et(>!). The class of all decreasing gradual sets defines a full sub-
category of Zet®!] and it is closed under (finite and infinite) unions and intersections.
Let us call ¢ this subcategory.

In the subcategory ¢ we define an interior operator, d : F — F, as follows:

Fi(a)=U{F(y)| y>a}=LmF(y),
(@1]

and if a < 3, then there is an inclusion functor (,1] — (a, 1], and a natural map from
F4 = lim F(y) to Fé(a) = lim F(y).
(B)=lim  F(y)toFi(a)=lim F()

Proposition 2.20. Let F be a decreasing gradual set, and 6 : F, — F, be a decreasing

gradual set map. The following statements hold.

(1) F% is a contravariant functor from (0,1] to Set, hence it is a gradual set.

(2) If a < B, the natural map F(3) — F¢(a) is injective, hence F¢ is a decreasing
gradual set.
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(3) There exists a natural map 09 : Ff — Fg, defined, for every 3 € (0,1], as the only
map making commutative the following diagram

F(p) ——— lim  Fi() = F{(B) —— lim _F\(y)

—(0,1]

O :Gd(ﬁ) ‘(
Y
B() ————lim  F()=F(f)———lim F)

—(0,1]

(4) d defines an endofunctor of ¢, which is an interior operator in ¢.

A decreasing gradual set F is an strict decreasing gradual set whenever F = F¢, and
satisfies property (F) if D = h_m) F =U {F(a)\ F%(a)}, where the union is taken in D.
By the relationship between (inf-F) and (F) properties, we may define a fuzzy set as a
strict decreasing gradual set satisfying property (inf-F). In particular, strict decreasing
gradual sets satisfying property (inf-F) constitute a full subcategory of ¢.

As a consequence, we have the following result.

Theorem 2.21. Let F be a gradual set,
(1) The following statements are equivalent:

(a) F is a strict decreasing gradual set.

(b) The pair (F, ]1_m) F) is a strict decreasing gradual subset of D = ]1_m) F.

(2) The following statements are equivalent:

(a) F is a strict decreasing gradual set satisfying property (inf-F), i.e., F is a fuzzy
set.

(b) The pair (F, ]1_m) F) is a strict decreasing gradual subset of D = ]1_m) F satisfying
property (inf-F).

Remark 2.22. The use of decreasing gradual sets allows to avoid the use of decreasing
gradual subsets. Indeed, a decreasing gradual subset is, in some sense, more natural: we
can build the category of decreasing gradual sets as a subcategory of the functor category
Fet®, Otherwise, decreasing gradual subsets are referenced to a set, the same does
not happen with decreasing gradual sets; although, as we have the direct limit, the direct
system itself acts as a real set. With fuzzy subsets we have the same situation. Observe
that in the fuzzy situation, when we consider the directed systems and the direct limit,
we are considering only those elements with a positive, non-zero, membership degree,
i.e., we do not consider those with zero membership degree. See also Remark (2.14.).

Remark 2.23. In looking for an abstract model for gradual subsets of a set X, our first
candidate was the functor category Zet®}. But unfortunately, with this category we do
not obtain faithful representation of all gradual subsets. One may consider the gradual
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X, ifé=3,
@, ifé+#3.
obtain ¢ using contravariant functors from the category (0,1]: the reason is that there
are no maps from X to & (it is not an enriched gradual subset). This have been overcome
when we consider enriched gradual sets. This model works perfectly and meets all our
expectations whenever we consider decreasing gradual subsets.

subset o of a non-empty set X defined by 0(6) = Obviously, we can not

Remark 2.24. Observe that in our construction we have fixed the categories &et and
(0,1], and considered contravariant functor. If we change contravariant for covariant, we
get increasing gradual sets. On the other hand, the category #et has some peculiarities:
one is that there @, which is an initial and not a final object; the other is that there
are objects A and B such that Homg,(A, B) = @; these forces the use of increasing or
decreasing gradual sets to assure of writing the theory in a functor language using the
usual order relation in (0, 1]. Some of these restriction will be removed once we change
the category et for another category as ¥r (the category of groups) or Mod — A (the
category of right A-modules).

3 Gradual subgroups

In section we have studied gradual subsets of & (X) for any set X, and considered
in & (X) the operations: intersections and union. We can repeat the same procedure
whenever we have a binary operation in X, and translate it into & (X), or a subset of
P(X), in the natural way. Thus, our aim in this section is to study gradual subsets of
a given set X, together with an additional algebraic structure in X; to do that we shall
consider the simplest example of groups.

3.1 Gradual subgroups

Let X be a non—-empty set with a binary operation %, we define in 2 (X) \ {&} new binary
and unary operations by:

S1%Sy;={s;*s,| s, €S;}, foreveryS;,S, € ?(X)\{Q} and
Sl={s1| se€S}, for every S € 2 (X)\ {2}.

Thus, we may define an operation on gradual subsets of X (for simplicity, in this section,
for a set X a gradual subset of X is a gradual element of 2 (X) \ {@}) by:

(o,x0,5)(a)=0,(a)*0,(a), foreveryo,,o,and ac(0,1].
o (a)=0c(a)™}, for every o and a € (0, 1].

Definition 3.1. Let G be a group (we eliminate the symbol %, and represent the product
just as juxtaposition), a gradual subgroup of G is a gradual subset o of G, satisfying:
(1) oxo Co,

(2) o' Co.
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Proposition 3.2. Let e be the neutral element of a group G, and o a gradual subgroup,
the following statements hold:

(1) eco(a) for any a € (0,1].

(2) o(a) is a subgroup of G for any a € (0,1].

Therefore, if S(G) is the set of all subgroups of G, a gradual subgroup of G is just a
gradual element of S(G).

PROOF (1). Leta€o(a)thena ! € o(a), hencee=axa! € o(a).
(2). Leta,b € o(a) then b™! € o(a), hence a x b~* € o(a). O

If ¢ is a gradual element of a group G, for any a € (0, 1] we define (¢)(a) = (¢(a)), the
gradual subgroup of G generated by €. A gradual subgroup o of G is cyclic if there exists
a gradual element ¢ such that o = (g).

We may also define finitely generated gradual subgroups: a gradual subgroup o is finitely
generated if there are gradual elements ¢, ..., €, such that for any a € L we have o(a) =
(e,(a),...,e.(a)). We represent this o simply as (¢;,...,&,).

Proposition 3.3. Let o be a gradual subgroup of a group G. The following statements
are equivalent:
(a) o is finitely generated.

(b) There exist gradual elements ¢, ..., &, such that o = (g4,...,&,).
(c) There exists a positive integer t such that each subgroup o(a) can be generated by
t elements.

Observe that due to Proposition (3.2)]), gradual subgroups of G can be identify with sub-
groups of the direct product, indexed in (0, 1], of copies of G.

3.2 Normal gradual subgroups

By the afore mentioned identification the study of gradual subgroups is very simple. Thus,
a gradual subgroup of a group G is normal if for any a € (0,1] we have that o(a) € G
is a normal subgroup of G. If o is a normal gradual subgroup of G, for every a € (0, 1]
we have a quotient group G/o(a).

Let o be a normal gradual subgroup of G, for every a € (0, 1] we have a gradual quotient
group G/o(a), hence a gradual quotient set p of G, defined as p(a) = G/o(a), for
every a € (0,1]. We may represent it also by G/o. For every a € (0, 1] there is a group
homomorphism G — G/o(a) = (G/o)(a).

We define a gradual quotient group of G a gradual quotient set ) of G such that for
every a € (0, 1] the projection p(a) : G — n(a) is a group homomorphism.

Proposition 3.4. Let G be a group, then

(1) For every normal gradual subgroup o of G we have G /o is a gradual quotient group
of G.

(2) For every gradual quotient group M of G there is a normal gradual subgroup k of G,
defined x(a) = Ker{G — n(a)), for any a € (0,1].
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Lemma 3.5. Let f : G— G’ be a group homomorphism,

(1) Forany gradual subgroup o of G we have that f,o : (0,1] — G’, defined f.(c)(a) =
f(o(a)) is a gradual subgroup of G'.

(2) For any gradual subgroup T of G’ we have that f*7 : (0,1] — G, defined f*7t(a) =
f*(7w(a)) is a gradual subgroup of G.

(3) If T is normal, then f*7 is normal.

Let 04,0, be gradual subgroups of G, we define o, C 0,, and say o, is a subgroup of
0,, if o,(a) € o,(a) for any a € (0,1].

Lemma 3.6. Let 0,,0, be normal gradual subgroups of G, the following statements are

equivalent:

(@) o, C oy,

(b) For any a € (0,1] there exist group homomorphisms h, such that the following
diagrams commute:

1—o04(a) G G/o,(a)—=0
e
1—0,5(a) G G/;2(a)—>0

Remark 3.7. In consequence, to include G/o, inside this theory we could introduce the
notion of gradual quotient group of a gradual quotient group G/o,, hence study gradual
objects which are not related to an ambient group. The same can be done in considering
gradual subgroups. Thus, we could introduce the notion of gradual group or enriched
gradual group, in a similar way as we did for gradual subsets and sets.

If o, and o, are gradual subgroups of G, we have a gradual subset 0,0, of G, and not
necessarily a gradual subgroup; we get a gradual subgroup whenever one of them is
normal and, in this case, we have:

Lemma 3.8. Let 0,0, be gradual subgroups of G such that o, is normal, then
(1) 0,0, is a gradual subgroup of G.

010 o1(a)oy(a) -

(2) 222, defined 222 (a) = is a gradual subgroup of(%.

(o5 1 o1 o1(a)

This theory can be enriched whenever we consider maps between the different o(a)’s,
i.e., enriched gradual subgroups. For instance, when there is an inclusion o(f8) € o(a)
whenever a < f3.

3.3 Decreasing gradual subgroups

A gradual subgroup o of G is decreasing if for any a, 8 € (0,1] such that a < f3, we
have o(f8) € o(a). For any decreasing gradual subgroup o of G, for every a € (0,1], we
have that o(1) € o(a).
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Let o be a gradual subgroup, we define the accumulation o°¢ of o as
o(a)=(U{c(B)| B = a}), forany a € (0,1].

It is clear that o€ is a decreasing gradual subgroup, and a gradual subgroup o is decreas-
ing if, and only if, 0 = o°. In particular, we have the following properties of the operator
o—0o°.

Lemma 3.9. Let G be a group, for every gradual subgroups o, 0,0, the following state-

ments hold:

(1) o Co°.

(2) o =oc°.

(3) Ifo, € 0y, then o C 05,

(4) o is the smallest decreasing gradual subgroup containing o.

(5) If o is a normal gradual subgroup, then o°¢ is a normal subgroup, and c°(a) is the
set of all products of elements in U{o ()| p = a} for any a € (0,1].

PROOF (5). Each element of ({Uo(B) | B = a}) is a product a, * --- * a,, for some
a, € o(f;), and 3; > a. Forany b € G we have g*a; *---*xa,*g ' =(gxa; xg 1) *--- %
(gxa,xg ) e{{ua(B)| B =a}). O

This means that the map o — o€ is a closure operator in the set ¢ of all gradual subgroups
of G which is compatible with the product in G. The set of all c—closed gradual subgroups
of G is denoted by _¢(G).

Proposition 3.10. Let 0,0, be gradual subgroups of G, then (0,0,)° = (0{05). In
addition, if either o, or o, is normal, then (0,0,)° = 0{05,.

PrROOF In fact, we have that both, (0,0,)°(a) and (o5075)(a), are the subgroup gener-
ated by the subset U{o(f)Uoc,(B) ]| B = a}.

Since o, is normal each element of (o, * 0,)°(a) is a product a * b, for a € o{(f8) and
b € o5(y), form some 3,y > a, then axb € o{(a)*o5(y). The converse is similar. O

In the same way, we may define the strict accumulation o¢ of o as

[ o(1), ifa=1,
'@ ={ Uiotp)| > ), foramyaco,n)

We have that o is a decreasing gradual subgroup and o ¢ is normal whenever o is. Some

properties of the operator o — o are the following, whose proof is similar to the proof
of Lemma (3.9.), and Proposition (3.10.).

Lemma 3.11. Let G be a group, for any gradual subgroups o, 0, 0, the following state-
ments hold:

(1) o? Coc.

(2) Ifo, C 0y, theno? C ol

(3) O.d — O.dd — O.cd — (O'C)d.
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(4) If o is a normal gradual subgroup, then o is a normal subgroup, and o(a) is the
set of all products of elements in U{c ()| p > a} for any a € (0,1].

(5) (0,0,)* = (0l0d). In addition, if either o, or o, is normal, then (o,0)* = olod.

d

A gradual subgroup o is an strict decreasing gradual subgroup whenever o = o, and

we have:

Lemma 3.12. For any gradual subgroup o we have that o is the biggest strict decreas-
ing gradual subgroup contained in o°.

These results mean that the map o — ¢ is an interior operator in the set #¢(X) of all
decreasing gradual subgroups of G.

3.4 Gradual subgroups and fuzzy subgroups

We shall show that there exists a strong relationship between gradual subgroups of a
group G and fuzzy subgroups of G. Remember that if G is a group, a fuzzy subgroup u
of G is a nonconstant, equal to 0, map u : G — [0, 1] satisfying u(xy ™) > u(x) Au(y),
for any x,y € G. In particular, if e is the neutral element of G, then u(e) > u(x) and
u(x) = u(x1) for any x € G. Our aim is to identify fuzzy subgroups with some particular
decreasing gradual subgroups.
First, we need to realize some modifications to have well defined gradual groups starting
from a fuzzy group.
In the set of all fuzzy subgroups u of G, we define a equivalence relation: w; ~ u, if
W1(x) = uy(x) for any x # e. In order to choose a canonical element in each equivalence
class, following an idea in [4]], for any fuzzy subgroup u we define u' as follows: u!(x) =
plx) ifx #e,
{ 1 ifx=e.
shape u!, whenever u'! is a fuzzy subgroup.

Observe that each equivalence class [ ] has a unique element of the

Lemma 3.13. Let u be a fuzzy subgroup of a group G, then u' is a fuzzy subgroup, and
u! is normal whenever u is.

PROOF Letx,y € G, then u'(xy™) = u(xy™) = u(x)Au(y) = u* (x)Au'(y) whenever
X,y,xy ' #e. On the other hand, if xy™ =e, then u'(xy™!) =1 > ul(x) A ul(y); if
x #e, y=e, then ul(y) =1> ul(x), and we have u'(xy™) = ul(x) = u*(x) A ul(y).
O
A decreasing gradual subgroup o satisfies property (F) if there exists Max{a | x € o(a)}
for every x € U,o(a). An strict decreasing gradual subgroup o satisfies property (inf-F)
if y = Inf{B | x ¢ o¢(B)} satisfies x € o(y) for any x € G.
Let o be a decreasing gradual subgroup, let as denote o*(a) = o(a) \ o¢(a), the differ-
ence set, for every a € (0,1].

Lemma 3.14. Let o be a decreasing gradual subgroup such that o # o, the following
statements are equivalent:
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(a) o€ satisfies property (F).
(b) o satisfies property (inf-F).

(©) Ugeony 07 (@) =U{o(a)| a€(0,1]}.
Let [u] be the equivalence class of the fuzzy subgroup u; we define a gradual subset o (u)

of G by:
o(w)(@)={xeG| p'(x)=a}.

Lemma 3.15. The map v : [u] — o(u) is well defined, and o () is a decreasing gradual
subgroup satisfying property (F).

PROOF Observe that for any class [u] there exists only one fuzzy subgroup u such that
u=pu'. O
Let o be a decreasing gradual subgroup satisfying property (F); we define a fuzzy subset

u(o) by, .
p(o)(x) = { 1fax{y [ xeot), ifxze

Lemma 3.16. With the above notation u(o) is a fuzzy subgroup, and we have a map
v : 0 — [u(o)] from the set of all decreasing gradual subsets satistfying property (F) to
the set of all classes of fuzzy subgroups.

Now we have the announced relationship of gradual subgroups and fuzzy subgroups.

Theorem 3.17. Let G be a group, the maps v : [u] — o(u) and v : o — [u(o)] defines
a bijective correspondence between:

(1) equivalence classes of fuzzy subgroups [u] of G and

(2) descending gradual subgroups o of G satisfying property (F).

PROOF Let u = u' be a fuzzy group, for any x € G we have:
plo(u))(x) =Max{a | x € o(u)(a)} =Max{a | a < u(x)} = u(x).

On the other hand, let o be a decreasing gradual subgroup satisfying property (F), for
any a € (0, 1] we have:

o(u(o))(a@) ={x| u(o)(x) = a} = {x| Max{p | x € o(f)} = a} = o(a).

O
Lemma 3.18. Let u,, u, fuzzy subgroups, let us define [u,][u,] as [y ts]-
PROOF The product [u,][u,] is well defined. Let [u] = [u'], for any u, se have:
o (x) = Sup{u(y) Apa(2) | yz =x} = Sup{t/'(¥) Aua(2) | yz = x} = p uy(x).
O
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Remark 3.19. Unfortunately, in Theorem (3.17]) the map v is not a homomorphism with
respect to the product of classes of fuzzy subgroups. Indeed, for any u,, u, we have:

(o(u)o(u))a) =o(u)x)o(u)(a)={x| u(x)=al{x| u,(x)=a}
C{x | Sup{u () Aux(z) | yz=x}=a}={x| (U u)(x) = a}
= O'(.Ul .U«z)(x)-

This inclusion could be strict as the following example shows.

Example 3.20. We define fuzzy subgroups u, and u, of Z as follows:

0, ifxez\ 2z, 0, if x e Z\ 3%,
m) =1 1-%, ifxe2z\2"'z, uy(x)={ 3—=, ifxe3'Z\3"z,
1, if x =0. 1, if x =0.

We claim (u; + uy)(2) = Sup{u;(y) Au,(2—y) | y €z} < % Indeed, we have two

possibilities:

1 wy)> %, then y € 4Z, i.e., there exists k € Z such that y = 4k. Hence, u,(2—y) =
pp(2— 4k) = uy(2(1—2k)) < 3 as 2—y #O0.

@ m() <3

In both cases we have u,(y) A u,(2—y) < % In addition, we can choose y such that
w1 (y¥) A uy(2—y) is as closed to % as we desire. For any 2 < t,s € N there exist k,h € Z
such that 27’k — 3°h = 1, hence 2 — 2'k = 2(1 — 2"7'k) = 3°h; now, if we take y = 2'k,
then u,(y) = 1—3 and u,(2—y) = 3—3;. In consequence, 3 > u; (¥)Auy(2—y) = 53—+,
which implies that (u; + u,)(2) = %, and 2 € (u; + uz)%. On the other hand, we have
(M1)% + (.uz)% =4Z,and 2 ¢ (.u1)% + (Mz)%-

We shall change the assignation defined by v to consider v : [u] — &' (u), in which &(u)
is a strict decreasing gradual subgroup satisfying property (inf-F), and is defined by:

- [ {xeG| plx)>a}, ifa#l,
G(“)(a)_{ {xeG| u(x)=1}, ifa=1,

whose inverse is U : 0 — [u(o)], defined

o)) = { et BT e

Thus we have the following theorem

Theorem 3.21. With the above notation we have:

(1) o(u) is a strict decreasing gradual subgroup satisfying property (inf-F), and v is well
defined.

(2) u(o) is a fuzzy subgroup.
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(3) the maps v and v define a bijective correspondence between equivalence classes of
fuzzy subgroups [u] of G and strict descending gradual subgroups o of G satisfying
property (inf-F).

(4) v is a homomorphism with respect to the product of classes of fuzzy subgroups.

PROOF (1). First we observe that &(u) = o(u)?, hence it is a strict gradual subgroup,
and by Lemma (3.14)) it satisfies property (inf-F). It is well defined as o(u) is uniquely
defined, hence it is o' (u).

(2). It is a direct consequence of Lemma (B.1T1)).

(3). We can mimic the proof of Theorem (B.17).

(4). For any u,, u, we have:

(o(u))o(u))a) =o(u)x)o(u)(a)={x| u;(x)>a}l{x]| u,(x)> a}
={x | Sup{lus (W Au(2) | yz=x}>a}={x| (u uz)(x) > a}
= o (g Uy)(x).
O

3.5 Normal fuzzy subgroups

A fuzzy subgroup u of a group G is normal if un = n u for any fuzzy subset 7, or equiv-
alently if u(x y) = u(y x) for any x, y € G, see [9]]. We are interesting in relating normal
fuzzy subgroups and normal gradual subgroups. We have defined a gradual subgroup o
to be normal if o(a) € G is a normal subgroup for any a € (0,1].

Lemma 3.22. Let u,,u, be a fuzzy subgroup such that u, ~ u, and u, is normal, then
W, is normal.

PROOF By hypothesis u;(xy) = u,;(y x) for every x,y € G, if xy,yx # e, then
Us(xy) = uy(yx). If xy = e, then x = y™!, hence y x = e, and we have u,(xy) =
po(y x) O
As a consequence, if u is a normal fuzzy subgroup, then every fuzzy subgroup in [u] is
normal; in particular u' is normal.

Theorem 3.23. Let u be a fuzzy subgroup, the following statements are equivalent:
(a) w is normal.

(b) &(u) is normal.

PROOF We may assume, without loss of generality, that yu = u'. Let g € G and let us
consider the fuzzy subset 1(g) defined as the characteristic function of {g}, then

((g) w)(x) = Sup{n(g)(x1) A ulxy) | x =x;x} =n(g)(g) Aulg " x)=u(g " x),
and in the same way (un(g))(x) = u(x g™1). Then
G(w)=5n(g Nun(@)=cn(gNaw)cn(g)=g"ou)sg.

Therefore, 6(u) is normal. Conversely, if o(u) is normal, for any element g € G we have
g 15 (u) g = (), hence n(g~H)un(g) = u, and u is a normal fuzzy subgroup. O
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3.6 Gradual groups

From any decreasing gradual subgroup o of a group G we have two families: one {o(a) |
a € (0,1]} is a family of groups and the other {i, s : () — o(a) | a < f} is the family
of the inclusions. To include these objects inside a more general theory, we shall consider
contravariant functors from (0, 1] to ¥r, the category of groups.

For any contravariant functor F : (0,1] — %r and every a < 8 we have now a group
homomorphism from F(3) to F(a), and the pair ({F(a) | a € (0,11}, {F(f,p) | a < f})
is a direct systems of groups and group homomorphisms, hence there exists its direct
limit, say h_m) F.

We define a gradual group as a contravariant functor F : (0,1] — %r, and a grad-
ual group homomorphisms from F; to F, is just a natural transformation from F; to F,.
Therefore, we can consider the category of gradual groups and gradual group homomor-
phisms, which we denote by 4.

An example of such a gradual group is provided by any decreasing gradual subgroup o
of a group G. In this case, the direct limit h_m) o is isomorphic to a subgroup of G; indeed,
it is the union U{c(a) | a € (0,1]}.

Following this example, for any arbitrary gradual group F, we say F is a decreasing
gradual group whenever each F(f, ), for a < 3. The class of all decreasing gradual
groups is denoted by ¢. To well understand the structure of decreasing gradual groups,
we build an operator (an endofunctor) d in ¢; defined on objects as follows: for any
F € ¢ we define Fi(a) = hm( F(y), for every a € (0,1]. We collect these results

in the following proposition, whose proof, after the theory developed in section (2)), is
straightforward.

Proposition 3.24. LetF be a decreasing gradual group, and 0 : F; — F, be a decreasing
gradual map. The following statements hold.

(1) F® is a decreasing gradual group.

(2) d is an endfunctor of the full subcategory ¢ of 4.

(3) d is an interior operator in ¢ .

A strict decreasing gradual group is a decreasing gradual group F such that F = F¢,

At this point it is convenient to remark that we have gradual groups and gradual sub-
groups. Contrary to decreasing gradual subgroups, that need of an ambient or a ground
group, decreasing gradual groups have it included: it is the direct limit of the direct
system that the gradual group defines. This situation allows us to formulate a more at-
tractive category theory of gradual objects which includes the usual constructions of the
category of groups. In this context, decreasing gradual groups, strict decreasing gradual
groups and fuzzy groups can be identified with adequate subcategories, see the forth-

coming paper [3[].
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Conclusion

Our aim in this paper has been to introduce more general notions that fuzzy subset in
order to find a framework in which develop an easier theory that allows new techniques
to prove and establish new results in fuzzy theory. In this sense we start from the concept
of gradual element with the goal of introducing gradual subsets. At this point we establish
a bijective correspondence between fuzzy subsets and a particular kind of gradual subsets
(strictly decreasing gradual subsets), that satisfies property (inf-F). The more interesting
property of this correspondence is that it preserves arbitrary unions and intersections of
fuzzy subsets.

In a second degree of abstraction we consider a gradual subset as a contravariant functor
from the category (0, 1] to the category of sets, which allows us to define the notion of
fuzzy and gradual sets without the use of an ambient set. Thus we have three degrees
of abstraction, the first one corresponds to fuzzy subset; the second one to gradual sub-
sets, identifying fuzzy subsets as some particular gradual subsets; and the third one to
contravariant functors from (0, 1] to the category of sets, or directed systems of sets, iden-
tifying decreasing gradual subsets as those systems with injective maps. Observe that in
each abstraction level we have the objects studied in the previous one. We also establish
the corresponding theory for groups in two different but compatible ways; (1) defining
contravariant functors to the category of groups; ¥, and (2) defining groups in the
functor category Fet®1,

One of the goals of this paper was to find a framework in which to study together the two
crisp sets associated with each fuzzy set, and we have proven that groups and gradual
groups allow it to do so. On the other hand, the use of category theory tools will allow
to extend this working method to other structures, of which the sets and groups studied
are only an example.
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