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REGULARITY AND SOLVABILITY OF LINEAR DIFFERENTIAL OPERATORS IN
GEVREY SPACES: OMITTED PROOFS

GABRIEL ARAUJO

This is an addendum to [1] which aims to provide the proofs of some results in that paper (Theorem 7.5
and Proposition 9.15) which were removed from its final version. The reason for such omission is that
these proofs follow quite closely others already present in the literature, with minor modifications. I make
them publicly available for the sake of completeness.

1. PROOF OF THEOREM 7.5

Our main reference here is Hormander [1]. We will start by proving analogous versions of several
auxiliary lemmas used in his book, which we did not find in the literature (especially the ones not
covered by Bjorck [2]). Although the proofs of these lemmas are very much like their counterparts in [4],
we chose to present them here for the sake of completeness. We will, however, make free use of the results
already proven in [2].

For the first result in this section (which is an adaptation of [1, Theorem 10.1.5]) we recall that for
each k € 7, one defines, in accordance with [2] and [1],

S (),
M =Ssup ————
Also, for A > 0 let %} stand for the set of functions k € ., such that
(1.1) B(E+m) < X7 k(n), Ve R,

so K, is exactly the union of all 7).

Lemma 1.1. For each A > 0, each k € #} and each § > 0 there exist ks € X} and Cs > 0 such that,
for every € € R™ one has

(1) 1< ks(8)/k(§) < Cs and

(2) 1< My, (€) < el
Proof. For 6 > 0 let

ks(€) = supe™*Mk(E —7), £ eR”,
n
which defines and element of .#,. Indeed, for ¢, &' € R™ we have
;L , 1
ks(€+¢) =supe M€+ —n) <supe MM k(g —n) = N7 5 €).
7 7

Notice that
1 1
k(&) < ks(€) = supe ?1ME(€ — n) < supe MM k(€) = k(&) sup X7 oMl
n n n

where the constant on the far right (call it Cy) is finite, proving the first statement. A change of variables
allows us to write, for £ € R™,

ks (€) = sup e~k (n)
n
and so we have

k(€ + &) = sup e 2K FE () < 21 sup e () = 1€ g (€)
n n
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thus implying that My, (€') < el€. 0
Now we present a version of [/, Lemma 13.3.1].

Lemma 1.2. Let k € J, and, for each § > 0, let ks € J#, be as in Lemma 1.1. Then for each
¢ € D,(R™) there exists 5o > 0 such that

[pullpks < 2ll11
for every 0 < 6 < 6o and every u € By p; = Bp k.

||, s

Proof. From [2, Theorem 2.2.7] we have, for every § > 0,

[dullp.ks < NPl azi, llullp,ks

so it is enough to prove the existence of a g > 0 such that

[ll1,01,, < 2[1@11,1

for every 0 < § < dp. But from the definition of the norms we have
1 - 1 N
610, = g [ Misl®) 19660 € > o (16660 d = ol

because My, — 1 uniformly on compact set as § — 0T: this follows immediately from Lemma 1.1,
which also implies that B, ;, and B, are the same as topological vector spaces, since their norms are

equivalent. O
Now we proceed with the proof of Theorem 7.5 from [1]. We shall not reproduce its statement here.
Due to [4, Lemma 13.1.2] there exist operators with constant coefficients Py (D), ..., P.(D) and functions

€0, C1y -+ -, ¢ € C(Q), that are uniquely determined by the following properties:
o P; < Py forevery j € {1,...,7};
o c;j(zg) =0 for every j € {0,...,7r};
e and, in 2,

P(z,D) = Py(D) + ) ¢j(2) P;(D).
j=1

Since we are also assuming that the coefficients of P(z, D) belong to G7°(£2) one can actually show that
€0,y C1y .. ¢ € G70(Q). For every € > 0, define

Xe={zeR"; |z —xo| <€}

and select €9 > 0 such that X, C Q. Let x € GZ°(R"™) be equal to 1 in a neighborhood of {z € R™ ; |z| <
2¢p} and

Ey € B2 (RY)
be a fundamental solution of Py(D), and define
Fy=xEo€B_ p,.
If g € £/ (R™) has its support in X, then Fy* g = Ep * g in X, hence
Po(D)(Fo * g) = Fox Py(D)g = g in X,.

Now let ¢ € GZ°(R™) be such that

p=1in{zreR"; |z| <1}

p=0in {z e R" ; |z| > 2}

and define ¥ (x) = ¥ ((z — zo)/€). We claim the existence of 0 < €; < €p/2 such that for each 0 < € < ¢;
and each f € &/ (R™) the equation

(1.2) g+ Y bec;Pi(D)(Fo  g) = e f
j=0
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has a unique solution g € £/ (R™). Proceeding as in [4], we provisionally assume this claim and define the
operator F as

where g € £/ (R™) is the unique solution of (1.2), which yields a linear map F : £ (R") — &/ (R™): we
will prove that if € > 0 is small enough then this operator has the properties described in the statement

above.
First, since supp ¢ C X, equation (1.2) implies that suppg C X,, so in X,

P(va)Ef:P(I7D)(FO*g)

= Po(D)(Fo* g) + > ¢;P;(D)(Fy * g)
j=0

=g+ tec;Pi(D)(Fy * g)
=0

= '(/Jef

=f
thus proving the first property claimed. Second, let u € &£/ (R™) be such that suppu C X, and f =
P(z, D)u: putting g = Py(D)u in the left-hand side of (1.2) we get

g+ > ec;Pi(D)(Fo x g) = Poy(D)u+ Y _ tbec; Pj(D)(Fo * Po(D)u)
=0 =0

= Py(D)u+ > thec;Pj(D)u
=0

= P(z,D)u
=f
= f
that is, g solves equation (1.2), and by uniqueness we have
Ef =Fyxg=Fy* Py(D)u=u.

This proves the second property of E.

The last property of E — the estimate between norms — will follow from the proof of our claim about
existence and uniqueness of solutions of equation (1.2), so now we proceed in that direction. For every
€ > 0 we define a linear map A, : D, (R™) — D, (R™) by the expression

Acg =Y ec; Pi(D)(Fy * g)
j=0

which is well-defined for every g € D/, (R™), for Fj is compactly supported. Let k € J#, and, for § > 0,
let ks € X, as in Lemma 1.2 (in which case By, x; = Bpk, with equivalent defining norms): according to
it, there exists dg > 0 such that if 0 < § < dy one has

pks < Y |[ec; P(D)(Fo % 9)llpks

§=0
<2 eyl iP5 (D) (Fo * 9)lpyks
§=0
as long as P;(D)(Fy * g) € By (recall that ¢ec; € D, (R™) for every j € {0,...,r} according to [I,
Lemma 7.4]. Now, since P; < Py and Iy € Boo,ﬁo there are constants Cy,Cy > 0 such that

PO Eo(€)] < [P (ONIFo(&)] < C1lPo(€)Fo(§)] < C1Co

Ay
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for every & € R”, so if we define C' = C1C5 > 0 we have that
125 (D) (Fo * 9)llp.ks = lIks P; Fo dlle < Cllks gllee = Cllgllp.is

for every g € By x: therefore

Acg

T
pks 20 [[becilillglp.ns

=0

and thus A, : B, — By, continuously. Now [4, Lemma 13.3.2] allows us to choose 0 < €1 < ¢/2 such
that

4 1
D el < YTe,

§=0
for every 0 < € < €;. We stress that such a choice is independent of k, and hence
1
(1.3) [Acqllprs < 5”9”1),165

for every g € B, . We conclude that I + A, : B, i — By i, is invertible, which means that equation (1.2)
has a unique solution g € B, , whenever f € B, ;;, which must have compact support for reasons already
mentioned. We need one more lemma to finish this argument.

Lemma 1.3. Let 1 < p < oo. Every u € E,(R™) belongs to By for some k € .

Proof of Lemma 1.3. For u € & (R™), [2, Theorem 1.8.14] ensures, among other things, the existence of
constants A € R and C' > 0 such that

1
a(€)| < CeMel”, vg e R™
1
Of course we can assume A > 0, so k(£) = e~ 217 defines an element of 7, and
1
k@la(e)l < Ce 7, ve e R,
so k. € LP(R™) (i.e. u € B, %) no matter what p is. O

Now we turn back to the deduction of estimate (7.2) in the statement of the theorem (see [1]). Let
fe&L(R™) N B,y and take g € E/(R™) N B,k the unique solution of (1.2): by (1.3) we have

p,ks < 2||w6f||p,ka

lg
thus

ks < 20 Follo 5, 10 llpks < 4 F0lloo p, [YellLall fllp.ks

where we used Lemma 1.2 again. On the other hand, Lemma 1.1 ensures that the norms | - ||, %, and
| - ||p,x are equivalent: an explicit calculation actually shows that

IEf Ny, 2ors = 1F0 * gllp, ks < [1Follso, 5, 191

[ullpe < llullpes < Csllullpr,  Vu € Bpk.
In the same manner one obtains
lull, o < llull, pors < Csllull, gr, Vo € Bpi
so now we have

IEf

.ok < NETly pors < A F0ll oo, 5, 1Velliall fllpks < 4Cs[Folloo, 5, 19ell1, 1]l 1],k
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2. PROOF OF PROPOSITION 9.15

In this section we follow very closely the arguments in [3, pp. 53-56]; this is indeed the “Gevrey
version” of them. Again, the reader is referred to our main article for the statement of Proposition 9.15,
which we shall not recall here.

We assume that g and u are such that suppdg C U, and suppdu C Ug“ N Vp: the other case (i.e. the
opposite choice of signs) can be treated analogously. First of all, compactness of U ensures the existence
of a constant A > 0 (which does not depend on () such that

|®(x,t) — D(zg,t)| < Alx — x0|, V(2,t) € U.
Fix some ¢ € G°(C) and define

(2.1) H=Zp=¢oZ
which belongs, for instance, to G?(U) since Z is a real-analytic map. Denoting by
™ : RxR* — R”

(z,t) +— t
the projection onto the t-variable, we have Uy = 7(U) since U is cylindrical, and so
n*g € G°(U; NT7ICT*R™ ).
This observation allows us to define
(2.2) F=¢* NdZ ATy

which belongs to G(U; AYCT*R™ 1) and, recalling that over Q we have an identification AYCT*R" ! =
A% @ T'M971 we can define f € G7(U; A%9) as the (unique) component of F in that direct sum. We
claim that if the support of ¢ is conveniently chosen we can achieve d’f = 0 i.e. dF will be a section of
T'M9, Indeed, without extra assumptions we have
dF =d (¢* AdZ) AT*g — ¢* AdZ Ad (n7g)
=d¢f AdZ At g — ¢F AdZ AT (dg).

However
99 a9 o9 ¢ =
g __ * % _ % _
do* =d(Z%¢) = Z*(d¢) = Z <8z ANdz + 5 /\dz) (8,2 OZ) ANdZ + <8z oZ) ANdZ
hence
f ~ * 8¢) ~ *
d¢* NdZ AN7¥g = 502 ANdZ ANdZ NTrg

is a section of T'"4 over U: if we can prove that ¢f AdZ A 7*(dg) is also a section of T'*? then our claim
will follow. This is where the choice of ¢ (or, rather, its support) kicks in: we can choose it so that this
summand is actually zero.

Indeed, let @ > 0 and b € R and define the strip

E(a,b) ={z+iyeC; |z —x9| <a, y >b}.
From the definition of U; we have
Uy ) = {(z,t) € U ; (zo,t) < yo}
Z Y (E(a,b)) = {(z,t) €U ; |z — 20| < a, ®(x,t) > b}
and if (z,t) € Z71(E(a,b)) N7~ (Uy") then
b < ®(x,t) < |P(z,t) — P(mg,t)| + P(wo,t) < Alz — 0| + Yo < Aa + yo-

So if we choose a,b such that yo + Aa < b then Z='(E(a,b)) N7~ *(U;) = 0. In particular, choosing
supp ¢ C E(a,b) yields

supp ¢f = supp Z*¢ = Z~(supp ¢) C Z~*(E(a,b)).
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Since we already had
supp*(dg) = 7~} (suppdg) C 7 (Uy))

for suppdg C U, by hypothesis, we must have supp ¢* and supp 7*(dg) disjoint, hence ¢* A dZ A 7*(dg)
vanishes in U. We conclude that d’f = 0.

We introduce a new parameter 7 > 0 (to be specified later) and let x € GZ(R) be such that 0 < xy <1
and

x(x) =1if |x — x| < 1/2,

x(z) =0 if |z — zo| > 7.
Let also ¥ € G(R x R™) be defined as

x(z,t) = x(z), (x,t) € R xR,
hence
v=xANdZ AT*u
is a section of AM"~¢ with G coefficients. Since suppu C V; we have that
suppv C supp X N7 (suppu) C {(2,t) €V ; |z — 20| <7, t € suppu}

the latter being a compact subset of V' if we choose r > 0 sufficiently small: in that case v € G (V; AM"79).
It follows from all the definitions that

fAv=FAv=¢ N\dZAT gAY ANAZ AT u= % (X ¢*) ANdZ AdZ A7*(g Aw).

We remark that the first identity follows from the fact that f — F is a section of T'%47! (so its wedge
with v is zero) and that the correct sign in the last identity is irrelevant for our purposes: we are only
interested in studying the vanishing of their integrals. Also, recalling that supp ¢ ¢ Z~!(E(a,b)) and
that y(x,t) = 1if |z — x| < r/2, it is clear that if we further impose that a < r/2 then ¥ = 1 on supp ¢*,
and hence

fAv=% ¢ NdZ AAZ AT (g Au).
Now notice that
HFANAZNAZ = (Z*Q)NAZNAZ = Z* (p Adz AdZ) = 2i Z* (p Ady Adx).

We will now assume that ¢ is non-negative, and define ¢y € G7(C;R) as

Yy
Yoz + iy) i/_ o(x +1is) ds

which clearly satisfies

A simple calculation also shows that since E(a,b) contains supp ¢ then it also contains supp ¢g. Letting
Y =1py Adx € G°(C; A'T*C) we conclude that

dw:dwo/\dx:%/\dy/\dxzd)/\dy/\dx

hence
fAv=x2i Z" (d Ady Ada) AT (g Au)
=4 2i Z* (dY) A7 (g Au)
=4 21 d(Z*Y) A7* (g A u).
We claim that, for the choices above, Z*¢ A 7*(g A u) is compactly supported in U. Indeed, since
supp v = supp ¢y C E(a,b) we have supp Z*¢) C Z~'(E(a,b)) and thus
(supp Z*¢) N (suppn*u) C {(z,t) € U ; |z —zo| < a, ¢t € suppu}
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the latter a compact subset of U, while the former clearly contains the support of Z*i A 7*(g A u), hence
our claim. It then follows from Stokes’s Theorem that

O:/d(Z*U)/\Tr*(g/\u)) :/d(Z*z/))/\7r*(g/\u):|:/Z*1/}/\d7r*(g/\u)

which in turn implies

/fAU::tQi/Z*1/JAd7T*(gAU).
But notice that
Z*p Ndr* (g Au) =Z"Y A" (dg Au) £ Z%p A (g A du)

where the first summand is zero since supp(Z*v) N supp7*(dg) = 0: this follows from the fact that
suppt C E(a,b) and suppdg C Uy, and thus implies that

/f/\v: + Zi/Z*w/\w*(g/\du).
Now we are going to impose further restrictions on ¢. Recall that suppdu C UO+ N Vp, meaning that
O (xzg,t) > yo for all ¢ € suppdu: by compactness, there exists p > 0 such that
D(xo,t) > yo +p, Ve suppdu.

Once again we shrink r > 0 so that 2Ar < p, and thus yo + Ar < —Ar +yo + p, which allows us to choose
b, v, b" € R such that

Yo+ Ar <b <t <V’ < —Ar+yo + p.
If we further assume that
supp ¢ C {z +iy ; |v — a0 <a, b<y <V}
then it follows from the definition of g that
y > b = Yo(x +iy) = oz +ib'), VzeR.
For | — z9| < a and ¢ € supp du we then have
O(x,t) = (D(x,t) — D(x0,t)) + P(0,t)
> —Alx — x| + P(x0,t)
> —Aa+yo+p
> —Ar+yo+p
> b’
which implies that
Yo(Z(z,t)) = Yo(z + i®(z,1)) = tho(z + b')
holds whenever |z — | < @ and t € supp du.

Now recall that U is a cylindrical open set centered at the origin, hence there exists an open interval
I C R centered at 0 such that U = I x Uy. Hence

C(x) = oz +ib') = / é(x +is)ds
defines a function C': I — R which allows us to write
Z*p = Z* (o Ndz) = (Yoo Z)ANd(z 0 Z) = C(x) ANdx
for (z,t) € U such that | — 2| < a and t € suppdu. It is also clear that
supp (Z*Y A" (g Adu)) C {(z,t) €U ; |z —z0| < a, t € suppdu}

and therefore

/f/\v:i2i/Z*w/\7r*(g/\du):iQi/O(x)/\dx/\w*(g/\du):iQi </0(x) dx)/g/\du
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/C(m) dx://_b;o(/ﬁ(x—i—is) dsdx:/c¢7é0

if we assume ¢ nonzero: equivalence (9.5) from [1] is proven.
We now turn to the second part of the statement: we will prove that if we shrink a > 0 as well as the
difference b’ — b > 0 (but keeping b fixed) then there exists H € O(C) such that

RH <0in Z(supp f), RH >0 in Z(suppd'v).

where

Recall that supp f C supp F, and from (2.2) and (2.1) we have

supp F' C supp ¢* Nsupp7*g = Z ' (supp¢) N7~ ' (supp g)

and thus
Z(supp F) C supp ¢ N Z(7 *(suppg)) Csuppp C {x +iy € C; |z — x| <a, b<y <V}
We denote by R the latter set above, and also define the quantities
M =max {®(x,t) ; |z — x| <, t € suppdu}

M, imax{@(m,t) ; L <l|lz—zo| <71, t € suppu}

M\ﬁw‘

M_ = min{@(x,t) s = <l|x—xmo| <r, te suppu}

as well as the following subsets of the complex plane
A={z+iyeC; |z -z <, V' <y < M}
Bi{zwLiyE(C; g§|xfxo|§r, M_§y§M+}.

We claim that Z(suppd’v) C AUB. In order to check this, notice first that since v is a section of A1"=4
we have

d'v=dvd (Y NdZ Am*u) =dy AdZ A m*u — x AdZ A7 (du)
hence, clearly,
suppd’v C (suppdy N supp 7*u) U (supp x N supp 7*(du)) .
On the other hand
supp X C {(z,1) € RXR"™ ; |z — zo| <7}
suppdx C {(a:,t) eRxR"; % <o — x| < r}
suppmu C {(z,t) € U ; t € suppu}
supp 7*(du) C {(x,t) € U ; t € suppdu}
which, together, ensure that supp d’v is contained in the union of the sets below:
S1 = {(x,t) eU; % < |z — x| <, tesuppu}
So ={(z,t) €U ; |x —zo| <, t €suppdu}.
Clearly, Z maps S7 into B. Also, if (z,t) € So we have
D (z,t) = (P(,t) — P(x0,1)) + P(z0, 1)
> —Alx — x| + P(x0, t)
> —Ar+yo+p
> b

and from the definitions of Z, M, Sy and A we have Z(z,t) € A, proving our claim.
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r =Rz
zo + b

FIGURE 1. The compact sets H = AU B’ and R, which are disjoint; and the open set
w, which contains both of them.

Hy (o + ib) Ho(AUB')

Hy(R) r =Nz

A={zeC; [z-1] <1}
= Ho(w)

FIGURE 2. The scheme presented in Figure 1, now deformed by the homeomorphism H.

For a better visualization of the argument, we define the sets
B = {x—!—iy eC; g < |z —xo| <7, min{M_,b} <y < max{M+,M}}

(which contains B) and H = A U B’ which, on the one hand, contains A U B, and, on the other hand,
does not intercept R (see Figure 1). It is clear that there exists a bounded open set w C C, which is
connected and simply connected, such that:

(1) it contains AU B and R, except for the point z¢ + ib € OR;
(2) its boundary is a Jordan curve that contains the point zy + ib; and
(3) C\ w is connected.

Let A C C stand for the unit open disc centered at 1: a result due to Carathéodory ensures the existence
of a homeomorphism Hy : @ — A which is a biholomorphism between interiors, and we can assume
without loss of generality that Hy(xzg + ib) = 0 (see Figure 2). In particular, 8 Hy(z) > 0 for every z € @

except for z = xg + ib. Since H C w is a compact set, there exists ¢ > 0 such that
RHy > 2cin H.

Also, if we further shrink a and choose b sufficiently close to b (so that R is “thin” in the y-direction)
then

%m<§mn
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Finally, Mergelyan’s Theorem allows us to approximate Hy by an entire function H; such that
RH; > % inH
RH; < % in R
thus setting H = H; — c finishes the proof. O
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