arXiv:1812.07564v1 [math.AP] 18 Dec 2018

1.
2.

2.1.
2.2.
2.3.
24.

LECTURE NOTES ON RECTIFIABLE REIFENBERG FOR MEASURES

AARON NABER

ABSTRACT. These series of notes serve as an introduction to some of both the classical and modern techniques
in Reifenberg theory. At its heart, Reifenberg theory is about studying general sets or measures which can be, in
one sense or another, approximated on all scales by well behaved spaces, typically just Euclidean space itself.
Such sets and measures turn out not to be arbitrary, and often times come with special structure inherited from
what they are being approximated by.

We will begin by recalling and proving the standard Reifenberg theorem [Rei60], which says that sets in
Euclidean space which are well approximated by affine subspaces on all scales must be homoemorphic to balls.
These types of results have applications to studying the regular parts of solutions of nonlinear equations. The
proof given is designed to move cleanly over to more complicated scenarios introduced later.

The rest of the lecture notes are designed to introduce and prove the Rectifiable Reifenberg Theorem
[ENVDb], including an introduction to the relevant concepts. The Rectifiable Reifenberg Theorem roughly says
that if a measure y is summably close on all scales to affine subspaces L*, then © = p + 1 may be broken
into pieces such that ji* is k-rectifiable with uniform Hausdorff measure estimates, and 1 has uniform bounds
on its mass. These types of results have applications to studying the singular parts of solutions of nonlinear
equations. The proof given is designed to give a baby introduction to ways of thinking in more modern PDE
analysis, including an introduction to Neck regions and their Structure Theory.
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1. DISCUSSION OF REIFENBERG METHODS AND OUTLINE OF NOTES

We begin these notes by listing a few types of Reifenberg results which exist, as well as the their primary
applications. We will not try and be overly precise at this point, and will return to details after. Much more
complete introductions are given to those topics discussed in these notes at the beginning of each lecture.

(1) The classical Reifenberg [Rei60].

(a) Background: Given two sets S; and So we define their Hausdorff distance dp(S1,S52) =
inf{e : S; C B(52) andSy C B.(S1)}, see (2.4) for more.

(b) Statement: Assume S C Bo(0™) is a set such that for each B, (z) C Bs there exists an affine
subspace L¥ = L% such that dgy (S N By(2), L N By(x)) < e(n)r. Then S N By is actually
homeomorphic to a k-dimensional ball.

(c) Application: This is used to study the manifold structure of the regular sets of minimal surfaces.

(2) Reifenberg Theorem for Metric Spaces by Cheeger-Colding [CC97].
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(a) Background: Given two metric spaces X; and Xy we say their Gromov Hausdorff! distance
don(X1,X2) < e if there exists e-dense subsets {z{} C X and {24} C X, such that
’d(wzhx?l) - d(x227x%)‘ <e€

(b) Statement: Assume a metric space X is such that each ball B, (z) C Bs(p) is Gromov Haus-
dorff close to Euclidean space: dgy (X NB,(z), By (0")) < €(n)r. Then X N B (p) is actually
homeomorphic to a k-dimensional ball.

(c) Application: This is used to show the manifold structure of the regular sets of limits of spaces
with lower Ricci curvature bounds. See also [DT99] for a more general study of such spaces.

(3) Uniform Rectifiability and Alhfor’s regular Measures

(a) Background: We say a measure ;1 C B (0") is Alhfor’s regular if cr* < p(B,(x)) < CrF for
all z € suppp and r < 2. We define the Jones S-numbers of any measure . by
Br(x,7)? = inf fBT(x) d(x, L¥)? du[z], where the inf is taken over all affine subspaces, see
Section 7 for a much more complete introduction.

(b) Setup: For an Alhfor’s regular measure 1 one sees that uniform rectifiability? is equivalent to the
measures support being summably close on all scales to affine subspaces: i.e. f02 Br(z,s)? % <
d, see Jones [Jon90], David-Semmes [DS93], and Toro [Tor95].

(¢) The introduction of these ideas were used by Jones to solve the traveling salesman problem,
and more advanced refinements were used by David-Semmes to prove estimates on Calderon-
Zygmund operators constructed from p. Local refinements were used by Tolsa [Toll5a] and
Tolsa-Azzam [AT15] to characterize when measures with upper and lower density bounds are
rectifiable.

(4) Rectifiable Reifenberg Theorem by Edelen-Naber-Valtorta [ENVDb], Naber-Valtorta [NV17].
(a) Statement: If the support of a general measure p is summably close on all scales to affine
subspaces LF, i.e. f02 B (z, 8)2% < T" where 3} are the Jones 3-numbers, then p = ™ +
©* may be broken into pieces such that ;¥ is k-rectifiable with uniform Hausdorff measure
estimates and p has uniform bounds on the measure.
(b) Application: This can be viewed as effective versions of the previous setup, as one concludes
measures bounds instead of assuming them, and is used to study the rectifiable structure and

volume bounds of singular sets of nonlinear equations.

(5) Reifenberg Theorem to Subset of Subsets.
(a) Setup: Consider a closed subset C of the space of all subsets. Assume for each ball that S N
B, (x) is close to some element C' € C. Then in many special cases, the set S will inherit
special properties itself from C. See the work of Badger-Lewis [BL15].

IThe definition given here is not quite the Gromov Hausdorff distance, but it is uniformly equivalent to it.

ZFor the sake of the introduction view k-rectifiable as being a k-manifold away from a set of measure zero. Precise definitions
and statements are given in Section 6. Uniform rectifiablity roughly means that on all balls one can cover most of the support of 1
by a single chart, see [DS91].
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(b) Application: Take C to be the zero sets of harmonic polynomials. Such subsets enjoy a fre-
quency monotonicity, which weakly transfers to the set S itself and builds a certain stratified
structure on .S, see the work of Badger-Engelstein-Toro [BET17]. See also [DDPTO08] for an
application of similar ideas to minimal cones.

(6) Canonical Rectifiable Reifenberg Theorems.

(a) Setup: Most Reifenberg results rely on the same basic construction to build the Reifenberg
maps. In more complicated situations, as when the underlying space itself is twisted, this
construction leads to additional errors and does not allow for rectifiable and finite measure
control. Instead, one builds Reifenberg maps canonically by letting the maps themselves solve
an equation.

(b) Application: The main application of this is to study the singular sets of spaces with lower Ricci
curvature bounds by Cheeger-Jiang-Naber [CIN]. In that case, to approximate the singular
set by a k-dimensional Euclidean space also requires approximating the underlying manifold.
These errors are worse and fundamentally not controllable using Reifenberg constructions. One
instead solves for harmonic mappings into R*, and proves that on the (approximate) singular
sets that these mappings are automatically Reifenberg and even rectifiable Reifenberg.

These notes will focus primarily on (1) and (4) above. The outline of these notes is as follows:

In Lecture 1 we will study and prove the classical Reifenberg Theorem. Our proof of the classical Reifen-
berg Theorem is designed with the rectifiable Reifenberg in mind, so that many of the technical complica-
tions which appeared previously in the literature, see [NV 17] for instance, may be avoided.

In Lecture 2 we will give the necessary background needed so that we may end with a statement of the
rectifiable Reifenberg Theorem. This includes an introduction to the Jones S-number, which measures on
a given ball how far away the support of a measure y is to being contained in an affine subspace. The
rectifiable Reifenberg theorem roughly states that if a measure p has appropriate integral control on its 3-
numbers, then it must be decomposable into pieces p = uT + ¥, where p* has k-rectifiable support with
finite Hausdorff measure and ;" is a uniformly finite measure. The proof in these notes is different from
[ENVDb] and has been designed as a baby case of how one approaches singularity analysis in general.

In Lecture 3 we will introduce the notion of Neck regions and state the Neck Structure and Neck Decom-
position Theorems. Neck regions are roughly those regions for which a weak version of a Reifenberg type
rigidity hold for u, and which the techniques of Lecture 1 will apply. The Neck Decomposition Theorem
will tell us how to decompose B, in a crucially effective way, into pieces which are either Neck regions
or into regions which already have mass bounds. After stating and discussing the Neck Structure and Neck
Decomposition Theorems we will use them in Lecture 3 to prove the rectifiable Reifenberg Theorem itself.

In Lecture 4 we will prove the Neck Structure and Neck Decomposition Theorems, thus completing the
proof of the rectifiable Reifenberg Theorem. The proof of the Neck Structure Theorem will follow a very
similar line of attack as our proof of the classical Reifenberg in Lecture 1, once some suitable technical com-
plications are addressed. The proof of the Neck Decomposition Theorem is an involved covering argument,
the idea of which originates in the papers [JN],[NV17].
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It is worth taking a moment to mention that the proof structure of these notes are designed to be as
widely applicable as possible. Our proof of the classical Reifenberg is not just designed to be applied to the
rectifiable Reifenberg, but in the process will build a variety of structure which is used in a lot of applications
itself.

Likewise our construction of Neck regions together with the Neck Structure and Neck Decomposition
theorem is precisely what appears in many of the recent applications of this type of analysis. Neck regions
first appeared in the proof of the n—4 finiteness conjecture for manifolds with bounded Ricci curvature [JN],
and the proof of the energy identity conjecture for Yang Mills [NV]. Neck regions in those cases are quite
a bit more subtle (as one cannot directly assume [S-number control), and thus the neck structure theorems
there take a lot more work. However the neck decomposition theorems are almost verbatim. In both cases
the reifenberg context makes for an excellent test case.

2. REQUIRED TECHNICAL BACKGROUND FOR THESE NOTES

These notes are designed to be almost entirely self-contained. It goes without saying that the more
background one has in some basic geometric measure theory the more comfortable you may feel, but strictly
speaking this is not needed as we will build by hand almost all of the structure we require. The following is
meant to list some theorems and basic technical tools which will get used frequently. The reader is free, and
indeed encouraged, to skip this section for now and come back when appropriate, as many of the technical
constructions will be easier to follow when there is a context. The exercises of this section, and indeed these
notes as a whole, are meant to be clear to a reader familiar with the ideas involved. If any tricks are needed,
these are basically always stated in a hint, as the goal of the exercises is to familiarize the reader with the
basic technical building blocks.

2.1. Implicit Function Theorem. The implicit function theorem is typically stated in an ineffective man-
ner, however since we will care about the estimates let us state for convenience the effective result (whose
proof is verbatim the implicit function theorem itself):

Theorem 2.1 (Implicit Function Theorem). Let f : Bo(0") x Bo(0™) — R™ be a C* function and assume
£(0,0) = 0 and |0, f(z,y)|, |0y f(x,y) — Id|,|0*f| < 0. Then there exists g : B1(0") — R™ such that
lg],19igl, |0:0;9] < C(n)d with f(z,g(x)) = 0 for all x € By (0™).

The above not only tells us that the zero set of f is a graphical manifold near (0, 0), but also gives good
estimates on the structure of that manifold.

2.2. Elementary Measure Theory. You will need to understand the definition of a Borel measure. Some
knowledge of the Hausdorff measure is not required, as we will review this in Section 6, but it would be
very helpful.

2.3. Vitali Covering Lemma. We may not directly quote the Vitali Covering lemma, however its proof
will be implicit in a lot of constructions. Let us state the classical result:

Lemma 2.2 (Vitali Covering Lemma). Let {B,_(x,)} be any collection of balls with r,, < A < oo. Then
there exists a countable disjoint subcollection { B, (x;)} such that | ) By, (zs) C | Bsr, (i)
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In general, the reader (and indeed any aspiring analyst) needs to get very comfortable with ways of
covering sets by balls in controlled manners. Let us give a handful of exercises which will help in this
direction.

In practice one proves effective content estimates on a well behaved collection of balls by taking the col-
lection, identifying it with a collection of balls in Euclidean space, and then estimating there. The following
exercise teaches us the minimal structure we need on these balls in Euclidean space in order to conclude
content estimates:

Exercise 2.3. Let { B, (z;)} C B2(0*) be a collection of balls in Euclidean Space R¥. Show the following:
(a) If {B,,(z;)} are disjoint then 3" r¥ < C(k).
(b) If B1(0%) C U By, (x;) then C(k) < Y rk.

We will often need to build controlled covers of regions by balls of some predetermined size. The next
exercise is a gentle introduction into how one takes a covering and refines from it a *well behaved’ covering:

Exercise 2.4. For S C B1(0") letr, : S — R™ with 7, > 79 > 0 be an assigned radius function. Then

(a) Show one can choose a maximal subcollection {B;,(x;)} C {B;,(x)} such that {B,, 5(z;)} are
disjoint. Maximal means if y € By then B, /5(y) N B,, /5(xi) # () for some i.

(b) Show S C | By, (z;).

(c) Argue as in the last Exercise to see #{By,(z;)} < N(n,ro).

Our last exercise is our most technical, however constructions of this type are used almost continuously.
The idea is similar to the last exercise, but we drop our assumed lower bound on the radius and replaced it
instead with lipschitz control on the radius function. The next exercise can be used to build well behaved
partitions of unity, and we will later use a very similar construction to do just that:

Exercise 2.5. Let 7, : B1(0") — R be a nonnegative radius function with |Vr,| < 7~! for some 7 > 0.
Let Ag = {z : r, =0} and let A C {7, > 0} a maximal subset such that { Byy-s,,. (x)} are disjoint.

(a) Show By C AgU U4, Bio-2rr, (2).

(b) Show if Byg-1,,, () N Big-17,, (y) # 0 then 10717, <7, < 107,

(c) Show for each y € By that #{z € Ay : Big-1,,, () N Big-1,,, (y) # 0} < C(n).

2.4. Submanifolds of Euclidean Space. As all submanifolds will be built explicitly, one may hobble
through these notes without any real previous knowledge of submanifolds of Euclidean space, however
the reader will find the learning curve shortened somewhat is time is spent on this first. Let us very quickly
recall a few definitions, and then present some exercises which are relevant to technical constructions which
will appear:

Definition 2.6 (Submanifolds). Recall the following:
(1) We call a differentiable map f : U C R — R™ an immersion if for each € U we have that the
linear map d,.f : R¥ — R™ given by d, f[v] = 9; f(x)v" is injective.
(2) Wesay asubset S C R" is a submanifold if for all y € S 3 aneighborhood y € V and an immersion
f:UCRF = R"suchthat SNV = f(U). We call the pair (U, f) a chart.
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In practice, the submanifolds of these notes will always come from one chart, as we will only be inter-
ested in local constructions. As defined, one might also call S above an embedded submanifold, which is
again perfectly acceptable for the constructions of these notes. We will be interested in tangent spaces of
submanifolds:

Definition 2.7 (Tangent Spaces). Let S C R” be a submanifold and f : U C R¥ — R”™ a chart with f(z) =
y, then we call the tangent space to be the affine subspace 7S = {w € R" : w = y + d,, f[v] for v € RF}.

Let us give a few useful exercises on tangent spaces:

Exercise 2.8. Show T,,S is independent of the chart. Namely, if f': U’ C R¥ — R™ is another chart of S
with f/(z’) = y, then the tangent space defined from f’ is the same as that defined from f.

If w € TS then we define the norm of w by |w| = |w — y|. That is, if we view 7}, S as a linear subspace
by moving y to the origin and then we define the norm there.

Exercise 2.9. Show thatify; € S — y € S withw = y + lim éf:Z' , then w € T,,S is a unit tangent vector.

Let us now consider a few simple examples:

Example 2.10. Let f : R¥ — R™ be a linear isometric immersion, then the submanifold f(R¥) = S = L is
an affine subspace. In this case, the tangent space 1,.S = L is also L for each x € S.

Example 2.11. Let L C R™ be an affine subspace and let Lt be the perpendicular subspace®. Let f : L —
L+ be a smooth mapping, then the graphical map ¢ : L — R™ given by g(z) =  + f(x) is a chart and
gives rise to a graphical submanifold S = ¢g(L) = Graph(L).

2.4.1. Regularity of Submanifolds:

Although the submanifolds of these notes will come from a single chart, it turns out that it may be much
more convenient when working locally to build a new chart tailored to the local structure of the submanifold.
This is related to considering notions of regularity for submanifolds. Locally, every submanifold looks like
the last example and can be written as a graph over an affine subspace, thus let us formalize this into a notion
of regularity:

Definition 2.12. We say S C R" is (0, r)-graphical if for each x € S there exists an affine subspace
L, CR"and f, : L, — L withr=Y|f,],10; fz|,7]0:0; f| < & such that Graph(L, )N B,(z) = SN B,(x).

Remark 2.13. The factors of r are scale invariant factors. Thus if we rescale and translate IR™ so that
B, (z) — Bi(0) then S becomes (0, 1)-graphical.

Remark 2.14. We can also let §, and 7, be functions on S and say S is (., r,,)-graphical.

Let us present some technical exercises which will build an intuition. If the reader is not familiar with the
notion of Hausdorff distance between sets then we refer them to the definition given in (2.4):

3Asa point of notation we will use L to represent affine subspaces and we will put hat’s Lto represent linear subspaces, i.e. L
goes through the origin while L need not.
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Exercise 2.15. Let S be (6, r)-graphical with f, : L, — L a graphing function*. Then show that d (S N
B, (x),L; N B.(x)) < dr.

Exercise 2.16. Let S be (d,r)-graphical with f, : L, — [A/i a graphing function. Assume L/, is an

affine subspace such that dg (L, N B, (x), L, N B,(x)) < dr. Then show there exists a graphing function

foo L — (L))" with v =Y £2],10; f1], 7|9;0; f1] < C(n)AS such that Graph(L.,) N B,.(z) = S N B, (x).
Hint: Let f] be the composition of the projection map from L/, to L, and f.

The above exercise tells us we have some flexibility on which affine subspaces we pick. The next exercise
tells us that the tangent spaces of graphical submanifolds are well approximated:

Exercise 2.17. Let S be (0, r)-graphical with f, : L, — ﬁj a graphing function. Show for each y €
SN By(x) that dy (TS N By(x), Ly N By(x)) < C(n)or.

2.4.2. Projections to Submanifolds:

Finally, let us discuss a little the natural projection map associated to each submanifold. Composing these
will form a key technical tool in the construction of the Reifenberg maps later in these notes.

To begin, given an affine subspace L let w7, : R™ — L be the projection map to L, and let 777, : R" —
L be the projection map to the associated linear subspace. We wish to build projection maps to general
submanifolds:

Theorem 2.18. Let S C R" be a (0, 1)-graphical submanifold. Then the closest point projection mapping
7s : Bp(S) = S C R" defined by ms(x) = arg minyeg %|3: — y|? is well defined and satisfies

(1) mgN S =1d,
(2) |0;ms(y) — 7, | < C(n)d where y € B,.(x) with x € S.
(3) r|0;0;ms| < C(n)d.

Proof. We at least outline the proof. There are actually several approaches to this, including more geometric
ones which I personally prefer, however we will outline a proof using the implicit function theorem so we
can stick with ideas more consistent with these notes. Thus let f : L, — ﬁ; be a §-graphing function for S
on B, (x). Let us consider on B, (x) the function G : L, X [A/i X L, — Ly given by

<G(y7 Zvy/)7v/> - %av’ (’y - y/‘2 + ‘Z - f(y/)lz) = 81)’%‘(:% Z) - (yla f(y/))’27 (2.1)

so that G(y, z,y') is the horizontal derivative of the square distance from (y, z) € B,.(x) to (¢/, f(¢y')) € S.
In particular, if 75(y, 2) = (v/, f(v')) then we have G(y, z,vy’) = 0, and thus for each (y, z) there exists 3’
such that G(y, z,4') = 0. Using our estimates on f let us also see that:

10,G(y, z,y") + Id|, 0.G(y, 29|, |0yG(y,zy")—Id] < C(n)s. (2.2)

YAsa point of notation we will use L to represent affine subspaces and we will put hat’s Lto represent linear subspaces, i.e. L
goes through the origin while L need not.
SThe partial derivative uses the ' notation in order to signify that we are taking the partial derivative in the 3’ direction.
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We can now use the implicit function theorem 2.1 in order to find g : B, jo(x) — L, such that G(y, z, g(y, 2)) =
0 with

roly,z) —yl, [0yg —Id|, |0.9] < C(n)s, r|ddg] < C(n)s. (2.3)

For each (y, z) € B, j5(x) we then have, by the above estimates, that y' = g(y, 2) is the unique point such
that G(y, z,9(y, z)) = 0, and thus we must have 7s(y, z) = (9(y, ), f(9(y, z))). The estimates on g and

f therefore prove the desired estimates on 7g.
O

Let us end now with an intuitive exercise:

Exercise 2.19. Show using (2) that for z € B,.(S) we have |, (x) — z| < (1 + C(n)d)d(x, S,).
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Lecture 1: Classical Reifenberg

The classical Reifenberg theorem describes sets which may be approximated on all points and scales by
affine subspaces. The basic claim is that such sets must in fact be homeomorphic to Euclidean balls, and
thus are quite rigid. To describe this in more detail let us recall the Hausdorff distance between sets:

Definition 2.20. Let A, B C R be subsets, then we define their Hausdroff distance
dp(A,B)=inf{r >0: AC B,(B)and B C B,(A)}. (2.4

It is worth observing that the Hausdorff distance is a complete metric on closed subsets [Fed69a].

Exercise 2.21. Check the following:
(1) Let S C B1(0™) be any closed subset, and let {x;} € S be an J-dense subset. Then dg (S, {z;}) <
J.
(2) Let S € B1(0") x {0} € B1(0") x R? be any closed subset, and let S5 = S x S'(J), where
S'(8) € R2 is the circle of radius 6. Then dg (S, Ss) < 6.

By letting § — 0 in the above examples one sees that Hausdorff distance certainly does not preserve
either upper or lower dimensional bounds in any manner.

Let us now define carefully what it means for a set to satisfy the Reifenberg condition:

Definition 2.22. Let S C By C IR™ be a closed set:

(1) We define the L> Jones B-numbers 35°(z,7) = r~tinf x dy (S N B,(z), L N B,(z)), where the
inf is taken over all k-dimensional affine subspaces LF.
(2) S satisfies the J-Reifenberg condition if for all z € S with B,.(z) C By we have 5°°(x,r) < 6.

It turns out the Reifenberg situation can occur naturally, in one guise or another, in a variety of situations.
Reifenberg was the first to prove that this forces a very strict rigidity on .S. In particular, S must be a
topological manifold:

Theorem 2.23 (Reifenberg’s Theorem). Let S C By C R” satisfy the d-Reifenberg condition. Then for
every 0 < a < 1if§ < 6(n,a) then 3 ¢ : S N By (0™) — By (0%) which is a C*-biholder map. Precisely:

1
Sle =yl <lo@) — o) < 20z -yl (2.5)

The first lecture in these notes will focus on describing some basic examples of the above, in particular
to see that the result is sharp as stated, and to go through a careful proof. Our proof is maybe not quite the
standard one, and instead is designed so that it will easily generalize later to more complicated situations
with minimal additional work.

3. EXAMPLES

We begin in this section by discussing a handful of examples. We will build up the complexity of these
examples with the goal of seeing that the Reifenberg Theorem is sharp.
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Example 3.1 (Trivial Example). Let L* be a k-dimensional subspace and S = L* N B,. Then clearly S
satisfies the 6-Reifenberg condition for every 6 > 0. J

Exercise 3.2 (Graphical). Let f : L — L' be compactly supported with f(0) = 0 and |V f| < §. If
S = Graph(f) N By = {(x, f(z)) : € L} N By then show that S satisfies the J-Reifenberg condition. [J]

The next example is our main one, and the first nontrivial example. It will show the sharpness of the
biHolder condition. Additionally, the proof of the properties of the example will purposefully be done so as
to motivate how the general proof of Reifenberg should go. Roughly, the proof of the general Reifenberg
theorem is more or less just a reverse engineering of the following example:

Example 3.3 (Snowflake). The construction is in iterative steps, and we will build a sequence of piecewise
linear S; which will converge to our final example. Let us begin with the iterative construction:

Construction for Iteration: Let 7, ; be the line segment between a,b € R? and let § € R. We will alter
£, to be the union of four line segments

0oy =LaeUleqgUlaeUlep, 3.1)
which are well defined by the properties that
Lociley CLlgp wWith £ g U Ly . UL, . forming an oriented isosoceles triangle ,
[ael = leal = el = [le] with | p]* = (1+0%)|bap|*, (3:2)

where || is the length of the given line segment. Let 65 be the angle between /. 4 and £ ., and let ds =
|€0b|71d(d, €y ). Note that both satisfy

Exercise 3.4. Show ds, 05 = O(9).

In particular this then gives

dH(ea,bagg,b) = O(é)wa,b‘ ) wg,blz = (1 + 52)’€a,b‘2 . (3-3)
Now our iterative construction is as follow. Let a®; = (—2,0), a = (2,0) with Sy = £, .o the
—1,a7
associated interval. Inductively, if S; = J ¢, @iy, is piecewise linear with 4° edges then let
377
— 4 — ) .

Sit1 = Ueaé,aé+1 =l 1 (3.4)

be piecewise linear with 4°+! edges. By (3.3) we can compute the length of any one of these edges by

L o g » oni/a .

O] = s s | = la5y — aj] =447/ (1 + 6% =447, (3.5)
where 0 < o < 11is given by 4% = —Vlfsz. Note that @« — 1 as  — 0. In particular, using (3.3) we can

then compute

. J
Sl =a4(1+0%) " dn(sis) <09y (@

=i

) <omai=o@E.  Ge

Thus the sequence .S; is Cauchy in the Hausdorff topology and hence there exists a limit S = lim .S, see
[Fed69a] and the remark after (2.4). Note that the angle between each segment in S; is given by 65 = O(0),
from which one can conclude
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Exercise 3.5. For each x € S; show that 5 (z, |[¢']) < O(d).
It is then immediate from the above exercise and the Hausdorff estimate in (3.6) that for ¢ < j:
B3 (x, [€']) < O(8) + B (x, [€']) < O(5). (3.7)

In particular, we get that S is a O(d)-Reifenberg space.

Now that we have built the example, let us study the structure of this example a little. In particular,
imagine what the Reifenberg map ® : [—2,2] — S might look like. Note already that we know from the
volume estimate of (3.6) that S' cannot be uniformly bilipschitz to an interval, and thus best case scenario is
biholder. In that sense we have already shown that the Reifenberg theorem must be sharp. However, let us
go to the trouble of building the bihdlder Reifenberg map ® : [—2, 2] — S. Our construction will mimic the
proof of Theorem 2.23 itself, however will be technically much less involved for the example, and therefore
a good place to build intuition for the general case.

Our strategy will be to build maps ®; : [—2,2] — S; with uniform biholder estimates, and then limit. Let
us begin by considering the projection maps m; : S;+1 — .5;. Note that for § > 0 small this map is clearly
well defined and indeed bilipschitz with the estimates:

||dmi| () — 1] = ‘y lm @) = mily) —1( <V1to-1=0(?),

Esi+1—>.’ﬂ |$ — y|

Imi () — x| < dslts] = O(8)|4] . (3.8)

Observe that the first estimate has an 62. We will actually not use this square improvement here, however
it appears again (crucially) when going from the classical Reifenberg results to the rectifiable Reifenberg
results, and thus we emphasize it.

Now we have defined a mapping from S; to S;, so let us compose these mappings in order to define
Il ; : S; — Sjand II; =119 : S; = So = [—2,2] by II; ; = 7 o - - - o m;_1. Note that although each map
I1; is bilipschitz, we see that the bilipschitz constants are becoming increasing large, so that we cannot hope
to preserve that estimate. If we can show the maps II; are uniformly bihdlder then ®; = 1T Lare as well.

Solet x,y € S; and let j < i be the largest j such that |[x — y| < |/;|. If j < i then we also have
V1 + 82|z — y| > |¢;]. Then to estimate |I1;(z) — II;(y)| we write II; = I1; ¢ o II; ;. We will estimate each
factor separately, using different estimates from (3.8). First let us write x;, = II; ;(x) and y, = II; 1 (y)
where j < k, then using the second estimate from (3.8) we can get

g1 — x| = |Tppr () — 2| < 8]0k] = O(8) 4=l

k1 — yi| < O(8) 4F=3lg (3.9)

where recall 47 = —Vlfsz. We then have

—1
() — 2 <> Jags — 2l < 00)]45] < O(0)]x -yl ,
J
L j(y) — yl < O(6)|x —yl. (3.10)
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Combining and using the triangle inequality gives
11552 = T (0]~ [ = o] < ML) — 2] + [T (0) = 9l < 0@z 9] G

Note we have proved that if | — y| = |¢;], then II; ; is a uniformly bilipschitz map when comparing = and
y. To move from S; to Sp we now rely on the first estimate from (3.8) in order to estimate

ITL(2) = Ti(y)| = |50(TTi () = 0T (9))|
< (1462 j(2) = T 5 (y)] < (14 O(8))(1 + 6%/ |z — y|
< (1+0(8)(1 + 6%t

2 \/ J
=401+ 0(6))(%)’ =4(1+0(9)) ((1T+62)5)
<@+ o) (1) < v owple
< (1+0(8))x -y, (3.12)

where 5 < 1 was defined by ( v 1162 )B = Hfz and thus is as close to 1 as we wish as § — 0. A verbatim
argument shows the opposite inequality, and thus this proves the uniform bihdlder estimate. [

4. PROOF OF REIFENBERG THEOREM

We will now focus on giving a proof of the classical Reifenberg Theorem. Our proof is designed to
motivate how we will be approaching the more general and challenging cases. We have also gone to some
effort to make the general scheme one which applies in seemingly very different scenarios in geometric
analysis, albeit in often much more complicated ways.

It will be convenient in the construction to make the following notation. For each B, (x) C Bs with
r > 10d(x, S) ®let us fix a choice of k-dimensional subspace L, , = L, ,[S] satisfying

Ly, € argmLin dp (SN By(x),LN By (x)) = B (z,7) . 4.1)

Let us discuss some notation which will be in effect throughout these lectures:

Notation: Given an affine subspace L* C R™ let L C R™ denote the linear subspace associated to L.
Notation: We let 77, : R* — L C R™ and 77, : R” — L C R”™ denote the orthogonal projection maps.
Notation: In the case of the subspaces L, , we will write the projection maps as 7, , and 7 ..

The following exercise is a key observation in the Reifenberg theorem:

Exercise 4.1. Assume S C B, satisfies the J-Reifenberg condition, and let B,(x), Bs(y) € Ba with
r > 10d(x,S) and s > 10d(y,S). For a > 10 let B, 1,(y) € Bar(z) € Bay(y) . Then show
da(Lyy N By(x), Ly s N Br(x)) < C(n)dr and ||7, , — 7y s|| < C(n)d, where || - || is the matrix norm.

®Recall the distance function d(y,S) = infzes d(y, x).
This is saying that the balls B (y) and B, (z) are comparable on scale a > 10.
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The above exercise is telling us that the "best” subspaces L, , cannot change too quickly from scale to
scale, and is the basis for our ability to glue them together in a controlled fashion.

The outline of the proof of the Reifenberg Theorem is as follows. In Section 4.1 we begin by stating the
Submanifold Approximation Theorem 4.2, which builds a family of smooth manifolds S, which approxi-
mate the set S on scale . One can take S7 = L to be an affine subspace without any loss, and if we consider
the sequence S; = S,—: then a key observation will be that S; and S;; are smoothly close. Thus we can
consider the projection maps 7; : S;+1 — S; and we will build our end biH6lder mapping I : S — L = 5
from S to k-dimensional Euclidean space by simply composing the projection maps ;. Compare to Exam-
ple 3.3.

The most direct route to understanding the existence of S5, is to use Exercise 4.1 to glue together the
subspaces L, .. One can indeed make this rigorous, but primarily because of how things will work in future
sections, we take a different approach. Instead we will construct a smooth function ®,. : Bo — R which
behaves like a distance function to S,. A little more precisely, ®, will be a Morse Bott function whose
zero level set S, = ®_1(0) will consist of nondegenerate critical points, and thus is a smooth manifold.
Estimates on @, will then translate to estimates on 5.

In the end this proof strategy requires a little more work than simply gluing together the subspaces L, ,,
however comes with a key advantage. In the proof of the Rectifiable Reifenberg Theorem 8.2, and in
particular in the proof of the associated Neck Structure Theorem 9.12, a very similar construction and proof
will be needed, however it will be done on a discrete set of balls. This discreteness can cause a major
technical headache, and previous arguments [JN] have used quite involved covering arguments to deal with
it. Instead, we will see our approach for the classical Reifenberg Theorem will pass over almost verbatim,
with only minimal extra work.

4.1. Submanifold Approximation Theorem. Now we begin by building a series of smooth manifold ap-
proximations to S.

Theorem 4.2 (Reifenberg Submanifold Approximation). Let S C By C R satisfy the §-Reifenberg con-
dition. Then for each 0 < r < 1 there exists a smooth submanifold S, C Bo which satisfies

(1) dg(S,,S) < C(n)dr,

(2) du (S, N Bs(z), Ly s N Bs(x)) < C(n)ds fors > r.

(3) Sy is a (C(n)d,r)-graphical submanifold, see Definition 2.12.

(4) 3 smooth 71, : By(S) — S, C R" with m, N S, = Id, |0;m,(y) — 7y 10|, 7|0:0;57,| < C(n)0. 8

(5) du(Sy)2,Sr) < C(n)ér with |m,(z) — x| < C(n)dr for v € S, a.

(6) Forx € S, 5 and a unit vector v € Ly, we have ||dm,[v]] — 1| < C(n)d>. ?

Remark 4.3. Note that if we take S to be a linear subspace with 71 the orthogonal projection map then the
above holds with » = 1. It will be convenient to make this choice.

8Recall since 7, maps R™ to R™ that 8,7, is a matrix, and thus our norm |0i77(y) — Tz, 100 is the matrix norm.
9Recall dm-[v] = Oimovt € T, (2)Sr
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Remark 4.4. Observe in (6) the square gain on 0 in the error. This will not be used in this section, but in
the rectifiable Reifenberg, see also [Jon90, DS93, DT12], it is an important gain in order to conclude mass
bounds and rectifiable structure.

Let us first see that most of the conclusions of Theorem 4.2 follow from (1) and (3):
Exercise 4.5. Show (2) follows from (1) and the Reifenberg property of S.

Exercise 4.6. Define 7, : B,.(S) — S, to be the closest point projection map ,(z) = arg minyecg, |z — y|.
Show (4) using (3) and Theorem 2.18.

Exercise 4.7. Show the first part of (5) follows from (1). Show the second part of (5) follows from Exercise
2.19.

Thus we see (1) — (5) follow from (1) and (3). To show (6) follows from (1) — (5) is done in two steps.
First, observe that the tangent spaces of .S, and S,. /5 must be close:

Exercise 4.8. Use (2) and (3) to show fory, z € By, (x) withz € S'that dy (T3,S,NB, (), T,S,NB,()) <
C(n)dr and dy (TS, N By.(x), Ty S, /2 N By(x)) < C(n)dr.
Hint: Use (2) and Exercise 2.17.

Exercise 4.9. Use (2) and Exercise 4.8 to show (6).
Hint: Observe 1 = [v|?> = |dr, [v]|? 4 |dm,[v] — v|? and the Taylor expansion v1 — z ~ 1 — 1z + O(2?)
in order to conclude 1 > |dm,[v]| = /1 — |[dm,[v] —v]2 > 1 — C(n)d>.

Finally, we add one more complication to the mix by doing the above slightly less locally:

Exercise 4.10. Use the last two exercises to show for each x € S and y, z € S, N Boy,.(x) that the unit vector

v= ‘z:z‘ satisfies the estimate |7Arx,,,[v] — v| < C(n)d.

Hint: Consider the curve y(t) = tz+ (1—t)y and use (3) to show |% (mr(v(1)) =7 (1)) | < C(n)d|z—yl.
Next use the fundamental theorem to then conclude |% (mr(y(t)) = ~(t))| < C(n)d|z — y|. Finally use that
|dm, — 7tz | < C(n)d to conclude the final estimate.

Let us now see how to prove the Reifenberg Theorem given the Submanifold Approximation Theorem:

Proof of Theorem 2.23 given Theorem 4.2. Consider the radii 7; = 2% and the submanifolds S; = S,., from
Theorem 4.2. Let m; = m,, N Si+1 ¢ Siy1 — S; be the 6-submersion from Theorem 4.2 restricted to S 1.
Our main claims are the following:

Claim 1: If z,y € S;41 with |x — y| < r; then “m(:p) —mi(y)|— |z — y|‘ < C(n)d|x —yl.
Claim 2: If z,y € Si1 with [z — y| > r; then ||mi(z) — mi(y)| — [z — y|| < C(n)dr;.
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To prove Claim 1 consider the straight line 2:; = tx + (1 — t)y which connects y to x. Let Ly = T}, S,,
then by Exercise 4.8, Exercise 4.10 and Theorem 4.2.2 we have for each ¢ € [0, 1] that

1L () — (@ — )| = ldmo(ae)le — 9] — (2 — )

dt
< |(dm(x¢) = 7p,) [2 = y)| + |7, [z = y] = (x = v)]
<C(n)dlz —yl. 4.2)
By integrating we in particular have shown Claim 1, indeed we have the stronger estimate ‘ (mi(x)—mi(y))—
(z — y)‘ < C(n)d |x — y|. To prove Claim 2 first observe that since S;11 C Begy, (S) C Bacsyr, (Si) we

have by Exercise 4.8 the estimate |7(z) — x|, |7(y) — y| < C(n)dr;. Using the triangle inequality we get
|(x —y) — (7(z) — 7(y))| < C(n)dr;, which in particular finishes the proof of Claim 2. 100

With the claim in hand let us build the maps which will connect .S to L. Let us first define the maps
HiJ =T; 00T ZSZ'—>S]'
II; = Hi,O : SZ — S(] = L, (43)

where recall that as in the remark following Theorem 4.2 we have taken Sy to be a linear subspace. We
claim the following:

Claim 3: Letz,y € S;, then |z — y|' T¢I < |II;(z) — I;(y)| < |o — y|t~C09,

To prove the claim let d = d; = |z — y| and define d; = |II; j(x) — II; j(y)|. Note that if d; < r; then by
Claim 1 we have that
|dj—1 —d;| <C(n)dd; = dj—1 < (1+C(n)d)d;
— dj_l < Ti—1 = dp <rpforallk <j. 4.4)
On the other hand if d; > r;, then by Claim 2 we have that
|dj+1 — dj| < C(’I’L)5 . (45)

In particular, using from above that dj, > 7y, for all £ > j this then gives
i—1 J
dj <di+ Y |des1 —dp| <di + C(n)3 >y < di + C(n)dd;,
j i
= d; <(1+C(n)d)d. (4.6)

Now let j be the smallest integer such that d < ;. The above tells us that d; < (1 4+ C'(n)d)d, and then
using (4.4) j — i times we obtain

ITL(x) — i(y)| = do < (1 + C(n)é)’d
(L+C(n)d)"d = &' =0 = o —y|! =00 @.7)

IN

10Recall the analyst’s convention that C'(n) changes from line to line, but is always a dimensional constant.
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which provides one direction of the claim. The other direction is the same. [J

To finish the proof of the Reifenberg Theorem 2.23 we need to simply limit II; — IT : S — L by
combining Claim 3 with the Ascoli theorem and Theorem 4.2.1. O

4.2. Distance Approximation Theorem and Proof of Theorem 4.2. We have now seen how to prove the
Reifenberg Theorem 2.23 given the Submanifold Approximation Theorem 11.11. Our focus now becomes
the proof of the Submanifold Approximation Theorem itself.

Our basic strategy for the proof of Theorem 4.2 will be to build a smooth function ®, : By,.(S) — R
which roughly behaves as smooth approximation to the distance function to S,. In reality, we will build
®, > 0 first and then define S, = ®.1(0) to be the zero level set. We will see that sufficiently strong

T
estimates hold on ®,. in order to conclude our estimates on .S,..

We will build @, in two steps. First, we will build a smoothly varying distribution on By which will
assign to each y € By a k-dimensional affine subspace L, (y) which acts as a Reifenberg approximation on
the scale

7, = 10d(y, S) V r, (4.8)

where recall sVt = max{s, t}. This assignment has a variety of useful applications in its own right. We will
then use these affine subspaces to build @, directly. We begin with the statement of the subspace selection
lemma:

Lemma 4.11 (Subspace Selection Lemma). Let S C Bs C R” satisfy the d-Reifenberg condition with
0 < r < 1 fixed and let T, be from (4.8). Then for each y € By there exists a k-dimensional affine subspace
Ly where if T, = 7, and my = m,[y| then:

(1) Ly varies smoothly in y with 7, |V'#r, |, [V ymy — @ty| < C(n)6 and r|V @y, ry|V?m,| < C(n)é.

(2) We have dg (S N Bior, (y), Ly N Bior, (y)) < C(n)oT,.

(3) We have dg (Ly N Bior, (y), Ly 1057, N Bior, (y)) < C(n)d.

We will prove the above in the next section, and simply take it for granted now. Morally, it is nothing
more than an averaging procedure, though requires a little technical work to check the details.

Given Lemma 4.11 let us now define our approximate distance function ®,. : Bs — R as follows:
1 1 1
®r(y) = 5y, Ly)* = Sly = mylyll* = Sly — my|*- (4.9)

Let us collect together the main properties of this approximate distance function:

Theorem 4.12 (Approximate Distance Function). Let ®,. be defined in (4.9) with T, from (4.8). Then for
each y € By the following is satisfied:

(1) Foreachx € S and { € L, N By.(z) 3 z, € LL + ¢ such that ®,(z;) = 0.
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@ [[99,[2 - 49, |() < C(n)00, (1),
3) |V2®,(y) — 7| < C(n)s>
@) |[VE®|(y) < C(n, k)62 27k for k > 3.
Remark 4.13. Building a function which satisfies just (2)-(4) is a little easier and one does not need the

Subspace Selection Lemma. Our construction is primarily designed so that (1) is also easily satisfied.
Without (1) defining S, = ®,1(0) may not be a reasonable definition.

We will also prove the above in the next subsection, it is mostly a direct application of the definition of
®,. combined with the properties of L,. In this section we want to use Theorem 4.12 in order to finish the
proof of the Submanifold Approximation Theorem 4.2:

Proof of Submanifold Approximation Theorem 4.2 given the Distance Approximation Theorem 4.12. Let us
define the set S, = ®,1(0). Let us make some first observations about this set:

Exercise 4.14. Use Lemma 4.11.2, Theorem 4.12.1 and the definition of ®,. to show dy (S, S) < C(n)or.

The exercise thus proves Theorem 4.2.1. Now we will prove some regularity results on S, and then
use this regularity to prove Theorem 4.2.3. Both will eventually be consequences of the implicit function
theorem.

Let z € S and let us write Bo,(z) in coordinates (y, z) where y € L, and z € L, where L, is the
subspace given in Lemma 4.11. Let us consider the derivative mapping F': L, X IZ% — L given by

(F(y,2),w) = 0u®,(y,2). (4.10)
Using the definition of ®,., Theorem 4.12.2 and Theorem 4.12.3 we have in By, (z) that:
|F(y,2) — 2| <C(n)ér,
|0y F (y,2)|, |0:F(y,z) —Id| < C(n)d. 4.11)
First note that the zeros of F' describe S,
Exercise 4.15. Show S, N B,(z) = {|V®,| =0} = {(y, 2) € By(x) : F(y,z) = 0}.

Hint: Note that (4.11) says that F'(y, z) has a unique zero on each z-slice, use Theorem 4.12.1 to see that
the zero of I must be a zero of ®,..

Remark 4.16. This exercise is the main place we use condition (1) of Theorem 4.12.

Now by (4.11) and Theorem 4.12.3 we may use the implicit function theorem 2.1 in order to find a smooth
function f : B,(z) N L, — L such that
VI <Cm)3d, r[VAfI < Cn)s,
Sr 0 Br(x) ={(y,2) € Br(x) : Fly,2) = 0} = {(y, f(¥))} N Br(2). (4.12)
Thus we have seen that S, is locally a smooth graphical submanifold and thus proved Theorem 4.2.3. We

have seen in Section 4.1 that (1) — (6) of Theorem 11.11 follow from (1) and (3), and therefore we have

completed the proof of Theorem 4.2.
0
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5. PROOF OF DISTANCE APPROXIMATION THEOREM

We now complete the proof of the Reifenberg Theorem by completing the proof of the Subspace Selec-
tion Lemma 4.11 and the Distance Approximation Theorem 4.12. Let us begin some technical results, in
particular we first build a useful covering of Bs:

Lemma 5.1. There exists a covering Bo C |, Br,(xq), where 7o = 7y, = W, and smooth

nonnegative functions ¢ such that
(1) {B%FQ (xo)} are disjoint.
(2) Foreachy € By we have #{x,, : y € By ()} < C(n).
(3) > ba = 1 0on By with supp ¢, C Byr, (x4).
@ [0W o] < C(n, k)rgk. !

Proof. Let {x,} € S be any maximal subset so that { B;_ /4(74)} are disjoint. By maximal we mean if
y € By then Bi /4(y) N By, j4(za) # 0 for some a. Now let us show that By C (J,, Br, (). So for
Yy € By let a be such that Bi /4(y) N B, j4(za) # 0. Observing that [V, | < -5 we have that 7, < 27,.
In particular then gives us y € B, (x4 ), and thus we have shown By C |, Br, ().

The proof of (2) follows from a volume estimate. Indeed, for y € By consider the subset {z}Y such
that y € By;,(z). Observe as in the last paragraph that by using |V, | < Wlo we have for any such /3 that
%ry <1 < 2ry. In particular, B; /19(75) C Bsy, (y) and are disjoint. Thus we can estimate

Nw, 10777 = Vol(|_J Br, j10(2s)) < Vol(Bsz, (y)) = wp8"7 , (5.1)

which gives NV < 80", as claimed.

To build the partition of unity first let ¢’ : B4(0™) — R be a fixed smooth, compactly supported nonneg-
ative function with ¢’ = 1 on Bj. Let us define ¢/, (z) = ¢'(7,'(z + 7,)), and with this the partition of
unity itself by

_ dalz)
Pa(r) = SACH (5.2)

Exercise 5.2. Use (2) to prove c(n) < > ¢o(z) < C(n) for x € Bs. Use this to prove (3) and (4).

Let us now first complete the proof of the Subspace Selection Lemma:

Proof of Subspace Selection Lemma 4.11. Let {B;_(x,)} and ¢, be the covering and partition of unity
from Lemma 5.1. For each « let

La = an7104;a s (53)

be as in (4.1). Morally, we simply want to define L, = > ¢o L and check what estimates hold. Of course,
one needs a well defined way of averaging affine subspaces in order to do this. Indeed, using the notion of
nonlinear averages this is possible, but since we want these notes to be self-contained (and that is a rather

HRecall [8%) f] is the matrix norm of the k" derivative of f.
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technical proceedure) we will do this by hand. However, it is helpful to keep in mind that the remainder of
the proof is nothing other than some technical work in order to average nonlinear objects.

Now we wish to define subspaces L, as in the lemma. To define an affine subspace we need a linear
subspace 7, and a point £, € L,,. Let us begin by writing these out, and then we will move on to estimating
them. We define the point £, simply by

by = Z Do (Y)Taly] - (5.4)
(03
The definition of 7, is a bit more involved. Let us begin by defining the matrix valued function

My=>" ¢a(y)fa. (5.5)

One sees from Exercise 4.1 and Lemma 5.1 that [M, — 73| < C(n)d for any y € Bsr,;(2p), and in
particular M, is close to a projection map. If el(y),...,e"(y) are the eigenvectors of M, in decreasing
order, we then define our linear subspace

7, = span{e! (y),...,e"(y)}. (5.6)

Using our estimate on M, we at least have |7, — mg| < C(n)é for any y € Bs;, (). Let us state our first
Claims on the regularity of £, and M,:

Claim 1: We have the estimates |0;(, — 7|, 7,|0%¢,| < C(n)d.
Claim 2: We have the estimates | M, — 7ig|, 720 M,| < C(n)d.

We prove the gradient estimate of Claim 1. The other estimates are all the same. We first compute
Oty =Y Dida(y)maly) + D damalei] - 5.7)
(03

Now by using Exercise 4.1 and that ) | ¢, = 1 we obtain the following:

> 0iga =0,

(03

|Fo — 73l, [Fa — 75| < C(n)67s if Bsi, (1a) N By, () # 0. (5.8)

Choosing 3 so that z3 € By;, () we then have

10ity — 75 = 1) 0ita(y) (7o — m3)| < C(n)o7, ", (5.9)

where we have used that our partition estimates on ¢, and that 7, ~ 7, for any ball By;_ () which con-
tains y. [

Estimating the subspaces 7, takes a bit more technical work, as it is not just a partition of unity argument:

Claim 3: 7,|0%,|, 720%%,| < C(n)s.
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We will focus on the gradient estimate, the hessian estimate is the same. The key is that we need to
convert the estimates on )/, into estimates on 7,. The important point in this estimate is that there is a gap
between the k largest eigenvalues and the n — k smallest eigenvalues, otherwise the estimate would not even
be correct. Let us begin by using the Rellich characterization to write

7ty = argsuptrr(M,) = argsupZMy(ei, ey, (5.10)
Lk Lk

where the sup is taken over all k-dimensional subspaces and e; are an arbitrary orthonormal basis of Lk,
Now observe from Claim 2 that for y € Bys,(z5) we have

|ty — sl |My —7gl < C(n)d. (5.11)
Now consider the spaces of linear maps
Vz{@:ﬁg—)ﬁé},
Vi={v:Lg— Lg st |jv| <107}, (5.12)

where V, C V is the subset of maps with small norm. For v € V; we let L, = Graph(f) = {(£,v(£)) : £ €
ﬁg} be the associated linear subspace, and thus we may view V; as the open set of linear subspaces which
are close to ﬁg. Then we define the smooth mapping F' : By, (xg) x Vo = V by

(F(y,v),w) = Owtry (My). (5.13)

Note that F'(y,7,) = 0. We wish to use the implicit function theorem 2.1 to give estimates on 7. Thus
using Claim 2 and the eigenvalue gap we have the estimates

|0y, F| r2|8yi8ij| , |(Op Fyw) — (v,w)| < C(n)d. (5.14)
In particular, by the implicit function theorem 2.1 there exists 7, : Bas,(z5) — Vi such that {(y,v) :

F(y,v) =0} = {(y, 7,)} which satisfies the estimates of the claim. [J

Having constructed L, we need only see that it satisfies the desired estimates from the Lemma.

Exercise 5.3. Show the following:

(1) Using that 7, [v] = #,[v — £,] + £, show the estimates |9m,, — 7|, 7/|0%*m,| < C(n)d.
(2) Show dg(Ly N Bior, (y), La N Bior,(y)) < C(n)d7,. Use this to prove estimate dp (L, N
Bl()fy (y), SN Bl()fy (y)) < C(n)éFy

g
With the Subspace Selection Lemma complete we may now prove Theorem 4.12:

Proof of the Approximate Distance Function Theorem 4.12. Recall we define ®,. explicitly by the formula

1 1 1
D, (y) = §d(y,Ly)2 =5ly- Ty lyl)* = Sl — my|?, (5.15)

as in (4.9). We begin by proving (1). Thus let z € S and ¢ € L, N B, (). Let ¢ : L+ — L be a smooth
cutoff function with ¢ = 1 in B,.(0) and ¢ = 0 outside of Bs,.(0). Note that for each y € B,.(x) there exists
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a unique point in the intersection L, N Ili since they are transverse. This point moves smoothing since L,
moves smoothly. Consider the smooth mapping 7 : L — L given by

T(y)=y—oy) - LynLy. (5.16)
Note that 7 = y outside B, and from our estimates on L, we have
IT(y) —y| < C(n)dr, |dr—Id| < C(n)d. (5.17)

We see then that 7 is a degree 1 mapping which fixes the boundary of Bs,.(0), and hence there exists y ~ 0
for which 7(y) = 0. At this point we then have

1
yeLy = &y =3ly- m(y)* =0, (5.18)

as claimed.

Estimates (2) — (4) are now relatively straight forward computations. To prove Theorem 4.12.2 we first
compute the derivative of ®,.:

0;®, = (ﬁj[ei],y —my) + ((y — Omy)[e;], y — my) . (5.19)
Squaring this gives
10D, 2 — |y —my|*| <C(n)dly —my|> < C(n)sd,, (5.20)
as claimed. To compute Theorem 4.12.3 we similarly first compute the hessian
0:0;%, = {wled. b leg)) + ((ry — Omy)[e;], 7y led)) + Oyt ey — my)
+ ((957y — 0;0my) ei], y — my) + (7 — amy)[eihﬁgj_ [e])
+ (7t — Omy)ed], (g — Omy)les]) , (5.21)
which gives
|0:0;®, — 7| < C(n)d, (5.22)

as claimed. Theorem 4.12.4 is the same.
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Lecture 2: Rectifiable Reifenberg for Measures

Let us now explore the various issues that arise in attempting to use the classical Reifenberg theorem
in applications (for instance singular sets of nonlinear equations). To summarize we need to deal with the
following three issues:

(I) The hausdorff distance used in Reifenberg condition behaves as a pointwise L°° bound, and in
practice we will have more integral control than pointwise control.
(II) In applications our sets or measures can have holes and need not satisfy the Reifenberg condition!
Best we can do is force symmetry on some special regions.
(IIT) BiHolder control is simply too weak. Lack of gradient control prevents understanding of volume or
rectifiable structure.

To deal with (I) it becomes more natural to discuss controlling measures than sets and one works with
the Jones S-numbers of these sets instead of the Hausdorff distance. Though this adds some technical
complication, it is a relatively minor issue by itself.

Dealing with (/1) is a more serious, and one introduces k-neck regions to help deal with this, see Section
9. One is able to gain back a weak version of the Reifenberg control in this case, but only on certain
regions and in a discrete sense. Dealing with these neck regions then becomes similar to the classical
Reifenberg case, though dealing with the holes presents some subtle points in the construction. One also
has to then prove such neck regions exist and are even fairly common, which is the content of the the Neck
Decomposition Theorem in Section 9.

Dealing with (I17) is again a serious issue, and will require both the neck region ideas of (I7) and a
more refined collection of hypotheses. One issue at hand is the snowflake example of the previous section,
which shows that the assumptions of the Reifenberg theorem cannot give better than biHo6lder control.
One therefore needs more than just scalewise control on the Jones S-numbers, and we will require a Dini
condition be satisfied. To understand this a little better let us begin by revisiting the snowflake example:

Example 5.4 (Snowflake 2). We are refining the snowflake construction of Example 3.3, so that much of our
terminology originates there. As before let a” | = (—2,0), a} = (2,0) with Sy = (0 a0 the associated

interval, but now also choose a sequence 0 < §; < %5. Similar to the original construction, we define S;

inductively in the following way. If S; = J ¢, ai. is piecewise linear, then let S;; = Sfi =U EZ@ by =
A ' ARV
U4, +1 yi+1. Note that dgg(S;, S;) < 435_,27%0(6;) < 27°O(6), and in particular there exists S =
i %t =
lim S; and S is an O(¢)-Reifenberg set as in Example 3.3.
As before, let us use the pythogorean theorem to compute the length of \S; to be
517 =16 (1 n 55) . (5.23)

J<i

As observed previously, for |\S;| to remain uniformly bounded it is not sufficient for ¢; to remain uniformly
small. One sees from the above that |.S;| remains uniformly bounded iff ) 5j2- < 00. In particular, to control
the volume and lipschitz structure of S one requires not only that the Reifenberg constant of S N B,.(x) tend
to zero as 7 tends to zero, but that the Reifenberg constants be square summable in the scales. [
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The above example is generalized into a Theorem in [DT12], where they show that a Reifenberg set S for
which the sum " 37°(z,277) &~ f02 Bro(x, s) % is uniformly bounded at each point is bilipschitz to By (0%).

We want in this lecture to work toward stating the main generalization of the Reifenberg Theorem which
will interest us and solve the issues (I), (II),(III). The context is more involved now, and thus we will
need to begin by describing some structure.

6. HAUSDORFF, MINKOWSKI, AND PACKING CONTENT

In this section we give a brief review of the notions of Hausdorff, Minkowski, and packing content. For
a more detailed reference, we refer the reader to [Mat95, Fed69b]. Let us begin with the notions of content:

Definition 6.1 (Content). Given a set S C R™ and r > 0 we define the following:

(1) The k-dimensional Hausdorff r-content of S is given by '2

HE(S) Einf{Zwkrf :SQUBM(Q:Z-) and 7; Sr}. (6.1
(2) The k-dimensional Minkowski r-content of S is given by
ME(S) = inf { Zwk rk .8 C U Br(xi)} ~ 7" Vol(B,.(9)) . (6.2)

(3) The k-dimensional packing r-content of S is given by

777]?(5) = sup { Zwkrf : x; € S with { B, (z;)} disjoint, and r; < r} ) (6.3)

Exercise 6.2. Let S* = L’ N By where L' is an /-dimensional subspace. Show there exists 0 < ¢(n) <
C(n) < oo such that for all 0 < r < 1:

Hy (S, M(SY) ~rtt,

PE(SH = 0 if £ > k,

PESH ~rktif k> 0. (6.4)
Example 6.3. Let S = Q™ N B;(0™) be the rationals. Then for all 0 < r < 1 we have

r—0

HE(S) = 0if k > 0 with HF(S) ™5 s if k =0 . (6.5)

In particular, H*(S) = 0 for k > 0 and so dim(S) = 0. However, the Minkowski and Packing content
are quite badly behaved:

ME(S) ~ pkm 9 sofork <n,
PF(S) = oo forall k. (6.6)

Morally, this is because the closure S = B is an n-dimensional set, and so from a packing and minkowski
point of view .S itself is treated as an n-dimensional set.

12 The constant wy, is the volume of a unit ball in R”.
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Note then that controlling the Hausdorff content amounts to finding some covering of S which is well
behaved, controlling the Minkowski content amounts to saying the covering S by balls of radius r is well
behaved, and controlling the packing content amounts to saying every covering is well behaved. In particular,
bounding the Hausdorff content is less powerful than bounding the Minkowski content, which is itself less
powerful than bounding the packing content. Thus we have the relations

HE(S) S ME(S) S PE(S), (6.7)

where < means the inequality holds up to a dimensional constant. One can use these notions in the classical
manner to define measures and dimensions. In particular, for completeness sake let us recall the definition
of Hausdorff measure:

Definition 6.4 (Hausdorff Measure). Given S C R" we define its Hausdorff measure H*(S) = lim, o H(9).

6.1. Rectifiability of Sets. Let us now discuss the notion of rectifiable sets. In essence, these are sets which
are manifolds away from a set of measure zero, though this set of measure zero need not be closed. We begin
with a definition:

Definition 6.5. Let S C IR" be a set, then we say S is k-rectifiable if there exists a countable collection of
lipschitz maps f; : S; € R¥ — R™ such that H*(S\ U f;(S;)) = 0.

Sometimes the above is referred to as countably rectifiable, and one additionally assumes H*(S) < oo in
order to call S rectifiable.

Example 6.6. Let Sk C R™ be a k-dimensional submanifold, then S* is k-rectifiable. Let S¥ C S* be an
arbitrary subset, then S* is also k-rectifiable. Let S = |J 1eQr (S* 4 ), then S is also k-rectifiable.

Note that the example S above is dense in R"”, so the notation of rectifability depends heavily on the
ability to decompose the set.

The notion of a rectifiable measure is very similar:

Definition 6.7. Let i be a measure on By (0™). We say p is k-rectifiable if there exists a k-rectifiable set S
such that ;(B; \ S) = 0 and ;2N S is absolutely continuous with respect to the Hausdorff measure #* N S.

7. JONES 3-NUMBERS

The Rectifiable Reifenberg Theorem 8.2 we will be introducing will be for a measure y instead of a set
S. As such, let us discuss the Jones S-numbers to estimate how close the support of f is to a k-plane in a
more L? sense, as in (I). Because of the possibility of holes as in (17) we will only be concerned with how
closely the support of 1 is to living inside a k-plane, without care for how dense the support is inside L*.
Precisely:

Definition 7.1 (Jones S-numbers). Given a measure . and integer £ € IN we define the L? B-numbers

Be(w, 75 ) = B, 7)* = inf 7’_2_’“/3 ( )d(y7L)2 dply], (7.1)



26 AARON NABER

where the infimum is taken over all k-planes L¥.

When no confusion arises we will simply write 3(z, ) and drop the dependence on the measure. Let us
state the following example, which shows in particular how control on 3(z, ) does not stop the existence
of "holes’ in supp pu:

Example 7.2. Let L* C R” be a fixed subspace and let 11, be an arbitrary measure with supp p, C L¥ N Bs.
Then S (z,7) = 0 for all B,(z) C By. O

Let us now give a series of examples which illustrate how [3;, behaves when the support of j takes its
support on sets of various dimensions:

Example 7.3. As a more specific example, consider 11, = agdo + a1 N L* N By, where 1 N L* is the
k-dimensional Hausdorff measure restricted to the subspace L, dq is the dirac delta measure at the origin,
and oy, oy are arbitrary. Then Sy (x,r) = 0 for all B, (x) C By. O

We see from the above example, by taking «g, o very large, that the measure p;, does not need to have
any apriori bounds, even if i (x,r) = 0 is identically zero. The example also illustrates how even if the
support supp/ is k-rectifiable, the measure itself may not be.

The next example studies what happens for measures supported on higher dimensional subsets:

Example 7.4. Consider py = dH" N By, where H™ is the n-dimensional Hausdorff measure. Then we can
compute

Bro(z,1)? & wy 62k (7.2)
In particular, we have that Sy (x, r) is always d-small, and indeed is decaying polynomially. [J

The above example shows that 5 (z, ) may be uniformly small, even decaying, but that the support of
(i need not live on a k-dimensional object.

The following exercises are fairly straightforward but very instructive in building an intuition for the
behavior of the S-numbers:

Exercise 7.5. Show that if Bs(y) C B,(z) C Bgs(y) then Si(y, s) < C(n,a)Bk(z,r).

Exercise 7.6. Show if 7; = 277 that [ f(z, s)?% < S rric Bl m)? < 12 B(x, )2

s

Exercise 7.7. Show if ju = p1 + pio then B(z, r; ;)2 < Bz, 75 p)?.

8. RECTIFIABLE REIFENBERG THEOREM FOR MEASURES

We are now in a position to deal with the general case and state the Rectifiable Reifenberg Theorem,
which is designed to handle the issues (1), (/1) and (I1I).

Let us now combine the examples of the last section in order to illustrate all the subtle issues involved in
trying to use the [Si-numbers to study a completely general measure:
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Example 8.1 (Varying Dimensions Example). Consider the measure

H= pg + g (8.1)

where juy, is from Example 7.2 and 4. is from Example 7.4. Then by considering the subspace L* from the
examples we may estimate

Bre(, )% < dw,, 627"k (8.2)

In particular, for arbitrary oy, oy, we have that B(x, r) is always d-small, and indeed is decaying polynomi-
ally.

The above example shows that even when one has extremely strong conditions on [y, that for a general
measure we cannot make a general statement about the rectifiability of 4 or its total mass. This may seem
like endgame, however the example also suggests that maybe we can decompose the measure into pieces
where we do have such control. Indeed, this is exactly the case and the content of the Rectifiable Reifenberg
Theorem:

Theorem 8.2 (Rectifiable Reifenberg [ENVDb]). Let i1 be a nonnegative Borel-regular measure supported in
B1(0™). Suppose

2
/ / 5(95,7»)2@ dp <T. (8.3)
By Jo r
Then we can write . = iy, + 4 into a sum of measures such that
(1) puy(Br) < C(n)l.
(2) If K = supp py, then K is k-rectifiable with H* (IC) < C(n), and indeed we have the Minkowski and
packing content estimates:

Vol(B,(K)) < c(n)r™*,  PFHK) < C(n). (8.4)

Remark 8.3. This result holds for measures in Hilbert spaces, see [ENVa], and in particular the c¢(n) con-
stants above are turned into ¢(k) constants. The result is also generalizable to Banach Spaces, see [ENVa],
however this is more subtle.

The above result is for a general measure. We may obtain some stronger results if we strict ourselves to
measures with either upper or lower density bounds. First let us precisely define this:

Definition 8.4. Let 1 be a nonnegative measure. Then we define the upper and lower densities:

0" (u, z) = lim sup ML(::)) )
r—0 Wgr
0. (1, x) = lim inf By () . (8.5)

r—0  wirk
Let us discuss some corollaries of Theorem 8.2:

Corollary 8.5. Let 1u be a nonnegative Borel-regular measure supported in B1(0™) and let (8.3) hold. Then
we have the following:
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(1) 17 0.(, %) < A then p(By) < C(n) (T + A).
() Ifa < 0*(u,z) then KC = supp pu is k-rectifiable with H*(K) < C(n,a)T.
(3) Ifa < 0*(u,x) and 0, (p1, x) < A then y is k-rectifiable with (By) < C(n) (F + A).

Remark 8.6. Note that we are requiring the relatively weak conditions of an upper bound on the lower
density in (1), and conversely a lower bound on the upper density in (2). This is directly due to the packing
estimates on /C. If one only had weaker Hausdorff measure estimates on C, one would have to make the
stronger assumptions of upper bounds on upper density and lower bounds on lower density.

Remark 8.7. Tolsa [Tol15b] and [AT15] have proved the following related result. If x is a measure whose
upper and lower densities are bounded almost everywhere, then p is k-rectifiable iff f02 Br(z, s)% < o0
for a.e. z. An effective version of the if direction is given in (3), however [Tol15b] also proves the only if

direction.
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Lecture 3: Outline Proof of Rectifiable Reigenberg - Neck Regions and their Structure Theory

We now want to begin the proof of the Rectifiable Reifenberg Theorem 8.2. This lecture will focus on
introducing Neck regions and their associated Structure and Decomposition theorems. After we discuss
these we will use them to prove Theorem 8.2. In subsequent lectures we will prove the Neck Structure and
Neck Decompositions themselves. In the process we will build quite a bit more information than is present
in Theorem 8.2, which itself is quite useful in applications.

9. NECK REGIONS AND THEIR STRUCTURE AND DECOMPOSITION

This section is dedicated to introducing the reader to the notion of a neck region, and we will be stating
the basic structure theory and decomposition theorem associated to Neck Regions. Neck regions first made
their appearance in [JN] during the proof of the n — 4 finiteness conjecture and again in [NV] in the proof
of the energy identity conjecture for Yang-Mills. They are also used in [Nab],[CJN] in order to to prove
the rectifiability of singular sets of harmonic maps and spaces with lower Ricci curvature, respectively. The
notion of a neck region developed in these notes is very analogous, though in some manners quite a bit easier
to work with than in the last references due to the technical conditions involved.

Neck Regions will be regions which we can control in a manner analogous to our control in the classical
Reifenberg theorem. There are many subtle points, including the fact that we cannot get a true Reifenberg
condition to hold. That is, when we restrict ourselves to well behaved points they may not be dense in
some k-plane on each scale. However, we can replace it with a weaker notion by making sure at each scale
there are enough well controlled points to at least weakly span a k-dimensional plane. This will be enough
to get the control we desire in the end. To make this more precise let us introduce the notions of linear
independence and noncollapsing. Recall a set of points {ml}lg is called linearly independent if no point lives
in the span of any of the others. More effectively:

Definition 9.1 (e-Linear Independence). We call a set {mz}lg € B, e-linearly independent if ;11 ¢
B,, (3:0 + span{zy — xg,...,T; — 3:0}) for each i. We say a set S C B, is a (k,¢)- linearly indepen-
dent set if 3 a e-linearly independent set of points {z;}X € S.

The notion of e-independence can be viewed as a very weak version of the Reifenberg condition. That
is, a set of points may not densely span an affine space, but they at least effectively span such a space. In
practice what we will need to be independent are noncollapsing points, which is to say points with lower
mass bounds. Precisely:

Definition 9.2 (Noncollapsing). Let u be a measure, then we say a ball B, () is (k, €, v)-noncollapsed if
there exists a 2¢-linearly independent {z;}% € B, (z) such that we have the lower mass bounds ji(Be,()) >
v(er).

Remark 9.3. The condition that B, (x) be (k, €, v)-noncollapsed guarantees not only that there are balls
with definite mass in B, (x), but that there are k + 1 such balls which effectively span a k-dimensional affine

subspace.
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Remark 9.4. The condition implies that if y; € Be(z;) then {y;}£ are e-linearly independent.
Let us now give our formal definition of Neck Regions:

Definition 9.5 (Neck Regions). Let ;1 be a measure on B, with C C B, a closed subset and 7, : C — R™ a
radius function such that the closed balls { B2, ()} are disjoint '*. We call N = B, \ B, (C) a (k, 6, ¢, v)-

neck region if 14

(nl) Forz € C and r, < s < r 3 affine L* such that L N B, C B,4(C) and C N B, C Bs,(L).
(n2) Foreach z € C with 7 1r, <r <1 we have that B,.(x) is (k, ¢, v)-noncollapsed.
(n3) ff: Br(x, 3)2% < ¢ for each x € C.

Remark 9.6. Wecall Co={x €C:r, =0}andCy ={z € C:r; > 0}.
Remark 9.7. One should imagine § << ¢ << 7 = 7(n) = 107107,

Remark 9.8. Note that condition (n3) implies, along with the scale continuity of Exercise 7.5, for every
ry < s < 100r that Si(z,s) < C(n)d.

It is probably helpful to begin with a handful of random remarks discussing the conditions of a Neck
Region and where they come into play. Some of these remarks may not be completely sensible until the
reader begins the process of going through the details of the constructions, however it seems nonetheless
helpful to have these remarks to put everything in the right framework:

(nrl) 7 represents the scale parameter. In the iterative construction of Neck Regions we will drop by a
factor of 7 in each stage. The condition that {B.2,_(z)} be disjoint guarantees we do not overcover
any region by more than a controlled amount.

(nr2) One imagines C as roughly living on the best approximating subspaces at each stage, hence the (n1)
condition C N By C Bss(L). Because {B,2,_(z)} are disjoint one cannot ask for better than the
weak converse L N By C B4(C).

(nr3) The purpose of € is to control the linear independence in the noncollapsing in (n2). One wants
€ << 7 so that when a ball fails to be (k, €, v)-noncollapsed, then when recovering the number of
balls which have large mass is appropriately small. This will be important in controlling the number
balls which are not Neck regions in the Decomposition Theorem.

(nr4) The (n3) condition fir Br(z, 3)2% < 0 tells us that the error from approximating p by an affine
subspaces is summably small at each point. As we will see in Section 11.1 using (5 to control p
is only meaningful on noncollapsed balls, otherwise 33 may be small for trivial reasons. We want
0 << e so that our ability to approximate y by an affine subspace is much better than how spaced
out the noncollapsed balls are.

3From this point forward we take 7 = 7,, = 10~ '°". The main property necessary for this constant is that on scale 7, we need
that the k-content of an £-plane is small when £ < k, more precisely we need Vol( B, (L*~1) N Bz) < 10727k,
g 4 C R™is aclosed subset and 74 : A — Rt isa nonnegative function then we define the closed variable radius tube

By (A) =Ugen Bra(a).
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(nr5) A nice exercise is to see that the disjoint property of {Esz (x)} trivially forces the lipschitz estimate
|Lipr,| < 772. It is possible in the construction to force the much nicer condition |Lipr,| < 4,
however this requires a nontrivial argument which complicates the proof of the Neck Decomposition
Theorem rather significantly, see [JN].

(nr6) As in the classical Reifenberg we will prove a form of submanifold approximation theorem for Neck
regions. Under the condition |Lip .| < ¢ a gluing construction for the submanifold approximation
theorem is possible, however under the condition |Lip 7| < 772 it really is not. This is our primary
reason for introducing the approximate distance function construction in Section 4.2, which is a
more flexible argument.

We will discuss examples in a moment, but let us first introduce some basic notation which will be in
force throughout.

Notation: Given a Neck region N' = Bj \ B, (C) we extend the radius function r, : C — R to
T2 : B1 — R by the regularity scale formula:

re =sup{0<s<1l:r,>72%sVyecCnBs(z)}. 9.1
Let us observe that 1, > d(x,C). Below are a handful of basic properties about our regularity scale:

Exercise 9.9. Show the following:

(1) 7 is lipschitz with [Lipr,| < 772,13

(2) If z € C then r,, agrees with the radius function on C.

The above exercise tells us that r, is a fair extension of the radius function on C. Let us begin with an
easy example:

Example 9.10 (Trivial Neck Region). Let y;, = vH¥ N L N By be a multiple of the Hausdorff meausure on
a linear subspace L* C R". Let r, : L N B; — R* any nonnegative function with |Vr,| < 772 and let
C C L¥ N By be any closed subset such that { B2, (z)}¢ are disjoint and maximal. By maximal we mean
thatif y € L N By, then B2, (y) N B2, () # () for some = € C. Then observe that N = B \ B, (C) is
a (k,d, €, v)-neck region for .

We can extend this example slightly:

Example 9.11 (Neck Region Example). Let yt = puy, + piy, where i, = vH* N LN By + py, is a multiple
of the Hausdorff meausure on a subspace L¥ C R", plus an arbitrary measure 1}, supported on Lk, and
ps = 6H™ N By is a small multiple of the standard Hausdorff measure. Letr, : L N By — R* any
nonnegative function with |Vr,| < 772 and let C C L* N By be any closed subset such that { B2, (7)}c
are disjoint and maximal. Then observe that N' = By \ B, (C) is a (k, J, €, v)-neck region for .

Let us make some observations about the above examples:

e The center points C all lie inside a well behaved submanifold, indeed just a linear subspace.
e The measure w is uniformly bounded, and indeed small, on the neck region.

[f(z)=f()]

SRecall [Lipf|(x) = limsup,_, =

. The lipschitz constant is controlled by how large of radii are disjoint.
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These two properties are not random, and indeed we wish to show they actually always hold on Neck
Regions. The following is our main structure theorem for Neck Regions:

Theorem 9.12 (Neck Structure Theorem). Let yu be a measure on By with N' = By \ B, (C) a (k,d,¢,v)-
neck region. Then there exists a submanifold T' C By such that

(Hh CCT.
(2) T is 1+ C(n,e,v)d-bilipschitz to By (0F).
3) uWN) < u(Br, (1)) < C(n,e) 0.

In particular, for 5 < §(n,e,v) we have Co C T is k-rectifiable with H*(Co) + > e, rk < C(n).

Remark 9.13. Note that if e = H* NCo+ wy, >, 7% is the packing measure of C, then condition (2) gives
us that for each z € C and r, < r < 2 the Ahlfors regularity condition A(n)~'r*F < pe(B,(z)) < A(n)rk.
See Exercises 2.3.

Remark 9.14. Note if By, (y;) is any disjoint collection of balls with y; € T, then (2) gives that Y s¥ <
C(n). See Exercise 2.3.

Remark 9.15. The Neck Regions and Neck Structure Theorem mimic very closely the constructions and
results from singularity analysis of nonlinear equations, see [NV17],[CIN]. However, in those contexts one
replaces the assumed [-bounds in (n3) with bounds on the appropriate monotone quantity. This makes
the proof of the Neck Structure Theorem much more subtle in those contexts. One proves so-called L?-
subspace approximation theorems in order to (sharply) turn the monotone quantity drop into a S-number
estimate, however to do this one must already know the volume bound on x. This leads to a loop where one
must prove the volume estimates, rectifiability, and S-number estimates all simultaneously. In the context
of these notes we get to avoid this subtlety.

Now that we have introduced Neck regions and discussed some their structure theory, the next reasonable
question is whether or not any exist. More than that, for this to be worth the time and effort we should some-
how hope that enough neck regions exist that we may potentially use them toward our greater goal of proving
the Rectifiable Reifenberg Theorem 8.2. The next result tells us how under the correct S-number bounds we
may decompose suppp C By into pieces with special behavior. The crucial piece of this decomposition will
turn out to be neck regions:

Theorem 9.16 (Neck Decomposition). Let p be a Borel measure on By and assume for each x € Bj that
f02 B (z, 3)2% < T. Then for each v,e,6 > 0 with § < §(n,e,v) 3 a covering By C S~ USF UST with

St = JWNunB.,) Ul By () and S* = JCo.a, 9.2)
b a

a

and such that

(1) Ny = By, (24) \ Br, . (Ca) is a (k, 8, €,v)-neck region. In particular, i(N,) < C(n)drk and Cy
is k-rectifiable by Theorem 9.12.
(2) By, (xp) satisfies the measure constraint p(Ba,,) < C(n)vry .
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(3) We have the content estimates Y r¥+>"r¥ < C(n,d,¢,v,T') and packing estimate P*(S~USF) <
C(n,d,e,v,T) 16
(4) We have the Hausdorff measure estimate H*(S™) = 0.

Remark 9.17. Tt follows immediately that S is k-rectifiable.

Remark 9.18 (Effective Estimates). It follows from (1), (2) and (3) that H*(S*) < C(n,¢,T') and pu(S*) <
C(n,d,¢,T). Repeating (4) gives H*(S™) = 0.

Remark 9.19. If the measure p has a lower density bound then one can weaken the assumption to more
of a Carlson estimate: 7% fBr(m) f02r B (x, S)Zd—ss dp < T for all B,(z) C Bj. Indeed, most interesting
examples satisfy this but not the pointwise condition. The lower density bound is important as one can go
from the pointwise condition to the carleson condition through an iterative process, but to control estimates
one needs to turn small mass into small hausdorff measure at each stage.

Let us present an example of this:

Example 9.20. Let L and L’ be perpendicular k-dimensional subspaces with = vH* N L N By + vH* N
L'NBy. Foreachz € LUL'\ {0} consider the radius d, = 10~2|z|. Note then that we may write the trivial
neck region N = Bayg, () \ L with C; = Co» = L N Bag, (x). Now let { B, (z,)} with z, € LUL' N By
and r, = 1072|z,| be a maximal collection of balls such that { B2, (x,)} are disjoint, so that in particular
(LUL nBy)\ {0} € U,Coq Similarly let us now choose { By, (z})} to be a maximal collection with
ap € B1\\ U, Br,(2q), 1o = 107|x3| and such that {B,2,, ()} are disjoint. If we then define
St = (WNan By, (xa)) U By, (),
b

S"=JCoa,
S~ = {0}, 9.3)

then we see that B; C S~ U SF U ST is a Neck Decomposition covering. In particular one sees from this
example that it is fully possible to have a countable number of pieces in the decomposition. []

The rest of this section will be dedicated to seeing that the Neck Decomposition Theorem can be used to
conclude the Rectifiable Reifenberg of Theorem 8.2.

10. PROOF OF THE RECTIFIABLE REIFENBERG THEOREM §.2 GIVEN THE NECK DECOMPOSITION
THEOREM 9.16

First note that if we prove the result for I' = 1, then the general result has been proven by simply rescaling
. Thus, we will focus on this case. Now observe that using (8.3) we can define the set

2
d
Urn={zr € B: / 5/.3(#;3:,7‘)2% <A}, (10.1)
0

16Dye to time constraints we will not carefully prove the packing estimate in these notes and instead focus on the Hausdorff
measure estimates, however they follow from the precise arguments of these notes, no new ideas are necessary, just a little messy
technical work.
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so that we have
u(By\Us) < A7 (10.2)

Thus if we eventually choose A = 1 say, then the above tells us we need only worry about estimating j on
Upr 7. Now let upn = pu N Up. Using that up < p, and hence By (pa; z,7) < Bi(u; x,7), we then have by
the definition of Uy and Exercise 4.1 that for every x € B,

2 odr
/ Bepns 2,2 < Cm)A. (10.3)
0
Let us now apply the Neck Decomposition Theorem 9.16 to 115 in order to write By € S, US XUS;{ with

Sy =JWanB.,) Ul By, (a),
b

a
Sk =1JCo.a- (10.4)
a
We now write
ph=pan (S uST), ul=panst. (10.5)
Using the content estimate Theorem 9.16.4 and the volume condition Theorem 9.16.2 we have that

pi(By) < ZMA(Na) + ZMA(Bm(mb)) < V(erj + er) < C(n,d,v,A). (10.6)
a b a b

On the other hand, using Theorem 9.16.4, Theorem 9.16.5, and Remark 9.17 then we see that if L =
supp,u’fX = S§¥U S~ then K is k-rectifiable with the packing estimates P*(K) < C(n,d, v, A). In particular,
H*(K) < C(n,6,v,A). Now fix v > 0 with § < §(n, v, A) with A = 1, and define

pp =pO UL+ pk = pk (10.7)

then we see we have completed the proof of Theorem 8.2.

10.1. Proof of Corollary 8.5. To prove Corollary 8.5.1 let us consider the decomposition p = p4 + g
from Theorem 8.2 and let K = suppyy. For each x € K use the density assumption to fix s, > 0 such that

1(Bs, () < 24wy, s* . (10.8)

Note then that K C | J, <, Bs, () is a so called Besicovitch covering, and thus by the Besicovitch covering
theorem we have

N
K< UUBy (). (10.9)

i=1 a;

17We consider general A here as it will be used also in the proof of Corollary 8.5.
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where N < N(n) and each collection {By; (x.)} C {Bs,(z)} are of disjoint balls. Note then that the
packing estimate P*(K) < C(n) tells us for each 4 that > o sk < C(n), and thus we can estimate

a;

N N
nK) <D0 n(By (2,)) < 24w Y Y si, < C(n)A, (10.10)

=1 a; =1 a;

as claimed.

Let us now prove Corollary 8.5.2. Let us first prove the Hausdorff measure estimate on suppyu. For this

consider again the decomposition &t = 4 + . The estimates for py, are already sufficient, so we focus on

fi4. For each x € suppyi. \ supppy, consider a radius s, < r - d(z, suppyy,) such that!8

1
(B, (v)) = p(Bs, (v)) > gawp 55 (10.11)
As before we then have a Besicovitch covering suppp+ C UIESUPW+ Bg,_ (x) so that we can find a covering
N .
supppa- \ supppi © |_J [ By (). (10.12)
=1 a;

where N < N(n) and each collection {B,; (%)} € {Bs, ()} are of disjoint balls. We can then estimate

N N
we >y sh<2a7 YN p(By (23,)) < 207 'N(n)us(By) < 2a7'C(n,T). (10.13)
=1 a; i=1 a;
In particular, this gives the content estimate H” (suppuy \ suppuy) < 2a~'C(n,T). Since r < 1 was
arbitrary this gives the Hausdorff measure estimate, as claimed.

To finish Corollary 8.5.2 we need to show that supppu is k-rectifiable. Recall from (10.2) the definition of
Up and pp, and as in the proof of Theorem 8.2 from the last subsection we have

p(Bi\Un) < A7H,
pa = gy + (10.14)

It is thus enough to show pp is k-rectifiable for each A < oo. Now since for each x € Up we have

02T Br(x,5)?% < A, note then that for each = € U we must also have

2r
lim Bk(ac,s)Z% =0. (10.15)

r—0 0

Fix n > 0 very small, then by the above we can find » > 0 such that if

2r 2d8

Upr ={z € Up: Br(w,s) ?ﬁﬁ},
0

then

pa(Bi\ Uyy) <. (10.16)

18Note that since P(suppux) < C(n) we have that suppus is compact, thus this is a reasonable constraint on the radius.
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Let us now use the Hausdorff measure estimate on U,, . € Uy C suppp previously proved in order to find a

covering

Upr C UBT’i (x;) with r; < r and er < C(n). (10.17)

Let p1; = pua N Uy, N By, (x;). Then we can apply Theorem 8.2 in order to write ji; = ,uzr + p; such that
ui (Bry(x:)) < Clnyrf,
(¥ is k-rectifiable . (10.18)

In particular, we have that p, is k-rectifiable away from a set of measure

pa(Br\ Upr) + Z/L;_(BH (zi)) <m+C(n)n Z 7"? <C(n)n. (10.19)

As n > 0 was arbitrary, this proves that pp is k-rectifiable. As A was arbitrary, this proves that y is
k-rectifiable. [
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Lecture 4: Proof of Neck Structure Theorem and Neck Decomposition Theorem

We focus in this lecture on the meat of the argument, and prove the neck structure theorem and the neck
decomposition theorem.

11. PROOF OF NECK STRUCTURE THEOREM

Our proof of the classical Reifenberg Theorem 2.23, given in Lecture 1, was designed precisely to pass
over to the context of the Neck Structure Theorem. Though the basic outline will remain the same, in the
context of Theorem 9.12 most of the results are a bit more refined and there are a handful of technical
challenges and nuances beyond the classical result, which we will describe. In particular, we begin with a
few technical preliminaries in order to deal with this:

11.1. Best Subspaces on Neck Regions. Exercise 4.1 told us in the context of the classical Reifenberg
theorem that the best approximating subspaces do not change much from scale to scale. For a general mea-
sure, even with well controlled S-numbers, this will not need to be the case. We will study this phenomena
some in this section and aim toward proving that at least on Neck regions, one can indeed control the best
subspaces in a manner analogous to Exercise 4.1. Let us begin with some notation and definitions.

Recall that for each z € By and 0 < r < 10 we have fixed a choice of affine k-dimensional subspace
Ly, = Ly 1] satisfying

L,, € arg minr_2_k/ d?(y, L)duly] (11.1)
L By(z)
so that
B (z, 7’)2 = 7’_2_k/ dz(y, L, )dply]. (11.2)
Br(x)

~

Given an affine subspace L, , we denote 7, : R" — L,, C IR" to be the projection map, L, , the
associated linear subspace, and 7, : R" — -Z/:cn“ C R" the linear projection map. The first point that is
worth making is that unlike Exercise 4.1, if 4 is arbitrary then there is no reason the subspaces need to be
comparable, even if the S-numbers are small:

Example 11.1. Let p,q € By be points with [p — q| = 107! = 6, + §, be the sum of dirac deltas. Note
that for every x € By and r > 0 we have that 8 (x,r) = 0. If p, ¢ € B,(x) are both points in the ball then
the best subspace L, , is the line connecting p and ¢. If B(y) contains only one of the points, say p, then
L, s can be any line which contains p. In particular, L, , and L, s need not be at all comparable, even if
B,.(z) and Bs(y) are comparable. [J

Our main goal in this section is to see that in a Neck region the above does not happen, namely the
subspaces L , are indeed comparable, in the spirit of Exercise 4.1. The following is the main result of this
section, which we will prove by its completion:

Proposition 11.2 (Best Subspace Behavior on Neck Regions). Let N' = By \ B, (C) be a (k, 6, ¢, v)-neck
region with § < §(n,e,v). Consider subspaces {L,.,} defined as in (11.1) and let v > 10?r,. Then for
x,y € C the following hold:

(1) di(Lyy N By(x), Lys N By (2)) < C(n, e, v,a)B(z,10ar) 7 if |[v — y| < 10rand a™' < L < a.
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(2) If B,(x) and Bg(y) are as above then ||ty »[v]| — 1| < C(n,€,v,a)By(x,10a7r)? for eachv € ﬁy,s
with |v| = 1,.

Estimates (1) and (2) above tell us that if B, (z) and B(y) are comparable balls, then L, , and L, s are
comparable affine subspaces. As in Example 11.1 let us note that we need to be in a neck region for this,
otherwise such results are false. Let us also emphasize the square gain in (2), as it is key to the volume and
rectifiability estimates on p later.

To prove Proposition 11.2 we need to learn how to compare the best approximating subspaces of a mea-
sure in an accurate manner. The following definition of a center of mass, which originates in [ENVb], will
be used to tell us how to control at least one point in a given ball:

Definition 11.3. [Center of Mass] We define the generalized ji-center of mass X of aball B, (x) as follows.
If u(By(x)) < oo, let X = m fBr(ac) zdpu(z) be the usual center of mass. If (B, (z)) = oo, we let X
be any point in the intersection

X € By(x)N ﬂ {afﬁne 4 / d(z,V)?du(z) < oo} . (11.3)
By (z)

Exercise 11.4. Show if y(B,(z)) = oo but S (z, ) < oo then such a point X exists.

Exercise 11.5. More generally, let B;(y) C B, (x) with u(Bs(y)) = oo but S (x,r) < oo, then show the
center of mass Y of B,(y) lives in L, .

Let us now see how on a given ball we can at least control how far away the center of mass is from a best
subspace. The main result is the following:

Lemma 11.6 (Center of Mass and Best Subspaces). Suppose B,(y) C By (x) and let L,, , be a best subspace
as in (11.1). Let Y be the generalized center of mass for Bs(y). Then

k
2
Y, Lea)” < Zrps

Remark 11.7. In this business it is key how various quantities depend on one another. Let us emphasize that

Br(z,r)r?. (11.4)

the above formula depends inverse linearly on j(Bs(y)) and quadratically on 3 (z,7)2. This relationship
will be crucial to the mass bounds on Neck Regions later.

Proof. We can assume [j(x,r) < oo, otherwise there is nothing to show. From Exercise 11.5 we have if
1(Bs(y)) = oothenY € L, . Otherwise we can calculate by Jensen’s inequality

1
dY,szgi/ d(z, Ly ,)%d 11.5
A Y e 2 116
< —=7 " z,r = 7 ; ; .
<y e e ) = s e, 1)
as claimed. O

Now we need to move from our ability to control best subspaces at a single point to being able to control
the whole best subspace. The first step in this direction is to see that two k-dimensional affine subspaces are
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close iff they are close at £+ 1 independent points. This is quite intuitive as an affine subspace is well defined
by such a collection. Before reading the next lemma recall from Definition 9.1 the notion of (k, €)-linearly
independence:

Lemma 11.8 (Subspace Distance Estimates). Let L1, Lo be two k-dimensional affine subspaces and let
{z;}k C By be a (k, )-linearly independent set. Then we have the estimate

@dLlﬂBbLgﬂBQ5§Cwud§:<d@bLQ—%ﬂthg). (11.7)

i
Proof. Observe that we may assume ) _, (d(xi, Ly)+d(z;, L2)> < 107 3¢, as otherwise by choosing C'(n, ¢)
large the estimates trivially hold. Let L = xg + span{x; — z¢}, and we will prove the result

dy (LN B, LNBy) < Cn,e) Y d(x;, L), (11.8)

the general case then follows from a triangle inequality.
Now with all of this given we define {z}}5 = {m,(x;)} and see that this set is (k, 10~ '¢)-linearly
independent with d(ajll ,x;) < 1072¢. Now let £ be any point in L; N By. Then we can uniquely write

k
El—mé:ZEZi(a:}—mé). (11.9)
1
An instructive exercise, which depends strongly on the e-linear independence of the set {x}}, is to show the
following:
Exercise 11.9. Show |¢}| < C(n,€)|l; — x| < C(n,e).
Now if we define ¢ = ¢ + Zlf ¢i(z; — mo) € L then we have the estimate

d(ly,0) < C(n,€) > |z} —xi| = C(n, €)Y d(wi, Ly). (11.10)

2

Since ¢; was arbitrary this proves every point of L; N By lives within C(n,€) >, d(z;, L1) of a point in L.
The verbatim argument works with L; and L switched, and thus we have proven the Hausdorff estimate and
completed the Lemma. U

The above Lemma’s will be the key point in proving Proposition 11.2.1. In order to prove Proposition
11.2.2 we provide one more general lemma:

Lemma 11.10. Let L1, Ly be two linear subspaces with d = dg (L1 N By, LoN Bl). Then for each v € Lo
with |v| = 1 we have that

|| [v]] — 1] < d®. (11.11)
Proof. The proof is a simple application of the pythagorean theorem, however we emphasize here the im-

portant square gain on d here, as this is crucial for future applications.
To prove the result let o' = 71 [v] with w = v' — v. Note the two estimates:

|w| = d(U7L1) S da
w2 = [0/* + |w]?. (11.12)
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With these in hand we obtain
[0/ = 1] < [1= V1 —|wP| < |wf <d*, (11.13)
as claimed. U
Finally we are now in a position to prove Proposition 11.2:

Proof of Proposition 11.2. We first prove Proposition 11.2.1. Let us fix B,.(z) with » > 10?7, and by using
(n2) let {z;}{ € B, 4(x) be a (k,2¢)-linearly independent set with 7; = er /4 such that yu(B,, (z)) > vrk.
Now let Z; € By, () be the generalized u-center of mass as in (11.3). Note then that the {Z;} are (k, ¢)-
linearly independent. Thus by using Lemma 11.6 and that ;(B,,(z;)) > vr¥ by (n2) we get that

d(Zi, Ly ) < C(n,v,€)Br(x,r)r,
d(Zi, Ly 10ar) < C(n,€,a,v)py(z, 10ar) r, (11.14)
Therefore by Lemma 11.8 we have that d g (L »NBioar (%), Lz, 10arNBioar (z)) < C(n, €, v, a)By(x, 10ar) r.

Note that Bs(z) € Bioar(2), so that the same argument gives di (Ly s N Bioar (€), Lz 10ar N Bioar(2)) <
C(n, €)Bx(x,10ar) r. The triangle inequality then proves Proposition 11.2.1.

Now to prove Proposition 11.2.2 we simply use Lemma 11.10 together with Proposition 11.2.1.

11.2. Submanifold Approximation Theorem. Recall that a primary goal in the proof of the Neck Struc-
ture Theorem 9.12 is to build a submanifold 7" which contains C and is bilipschitz to the ball B (0¥). In the
spirit of the classical Reifenberg, we will build a family 7. of smooth submanifolds which live near C and
are scale invariantly smooth. To state the Approximating Submanifold Theorem more precisely, let us begin
by introducing some notation. Recall from (9.1) our extension of the radius function 7, to all of By by a
regularity scale procedure. In the construction of the submanifolds 7. we will not want to look below scale
r, and as such we also consider the following:

Ty =1y Vr =max{r,,r}. (11.15)

Note that 7, > d(y,C) V 7.
We can now state the Approximating Submanifold Theorem, which is one of the central technical results
needed in the proof of Theorem 9.12:

Theorem 11.11 (Approximating Submanifold Theorem). Let N' = B\ B, (C) be a (k, d, ¢, v)-neck region
with with subspaces {var} defined as in (11.1). For each r > 0 there exists a smooth submanifold T, C Bs
with T =T1 = Loz on A3 /3 5(0) and which satisfy

(1) C € Bomysr, (1r), Tr € Bomyrr, (€)-

(2) di (T, N By(), Ly.s N By(z)) < C(n )(ff’lsﬁk(x t)@)s < C(n)dsfors > 7,

(3) Ty is a (C(n)By(z, 77 ry), 72 )-graphical submanifold, see Definition 2.12.
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4) 3 smooth m, : By, (T;) = T, € R" with m N T, = Id and [V?m,|(y) < C(n)B(y, 77'7,).
(S) du(T, )2, Trr) < C(n)dr with |m.(x) — x| < C(n)or for x € T, o.
(6) For x € T,/ and a unit vector v € Ly 5, we have ||dm,[v]] — 1| < C(k)By(z, 7 17,)?.

Remark 11.12. Note that if we take 77 to be the affine subspace L 2 with 7 the orthogonal projection map
then the above holds with = 1. It will be convenient to make this choice.

Remark 11.13. Note the square gain in (6) on the S-number estimate.

Let us begin with some exercises. If the reader completed the exercises of Section 2.4 and Section 4.1
then these are almost the same:

Exercise 11.14. Use Exercise 2.17, Theorem 11.11.2 and Theorem 11.11.3 to see that for each x € T, if
L = T,T, is the tangent space at x, then dg (L N B1(), Ly 7, N Bi(x)) < C(n)Be(z, 77 1r).

Exercise 11.15. Use the last exercise and Theorem 11.11.6 and Theorem 11.11.4 to see that for each x € T,
if v € T, T} is a unit tangent vector'® at , then ||dr, [v]| — 1| < C(n)Bk(z, 7717,)2.

Exercise 11.16. Let z,y € T, with |z —y| < 10r,. Let o : [0,1] — T, be the curve connecting z
and y defined by o(t) = m((l —t)x + ty). Use Theorem 11.11.4 to show the length |o| of o satisfies
(1-Cm)d)|z —y| <lo| < (1+C(n)o)|x —yl.

Hint: Write the length |o| = fol |o| and argue as is outlined in Exercise 4.10 to estimate |&|.

The above exercise is telling us that locally the intrinsic and extrinsic geometry of 7. are the same. The
proof of Theorem 9.12 in the next subsection will implicitly prove that this holds globally.

11.3. Proof of Neck Structure Theorem 9.12 given the Approximating Manifold Theorem 11.11. The
beginning of the proof is similar to the proof of the classical Reifenberg Theorem 2.23 given Theorem 4.2.
However, the key estimates are different as we now need to conclude bilipschitz control over the submani-
folds 7., not just biholder, and we need to conclude a mass bound on the neck region i (N).

Begin by considering the radii »; = 27 and the submanifolds 7; = 7, from Theorem 11.11. Let
m; = mp, N 141 Ti41 — 15 be the projection map from Theorem 11.11 restricted to 7;41. Let us define
the maps

Hi’jEﬂ'i_lo---Oﬂ'jiTi—)Tj
IL=1Lo:T; =Ty = L. (11.16)

Note that the II; are necessarily diffeomorphisms which equal the identity in A3 /272(0). Note first the weak
estimate, which follows from Exercise 2.19 and Theorem 11.11.5:

i j(2) — x| <> lme(ipga(2) — Mg (2)] < Cn 5ZW<C n)dr; . (11.17)

9Recall T, T, is an affine subspace, we say v € T, T} is a unit vector if [v — | = 1. That is, as an element of the associated
linear subspace v is a unit norm vector.



42 AARON NABER

With this in hand we turn to our first main Claim of the result:
Claim 1: If x € T; and v € T,/ T; is a unit tangent vector then ||dIL;[v]| — 1| < C'(n)d.

Note by the chain rule that dII; j[v] = dm;[dIl; j_i[v]]. Thus using (11.17), Exercise 7.5 and Exercise
11.15 we have that

14T (o] — 1T 1 [o]l] < C(n) Bl 7 4r)?[dTi ja o] (11.18)
and hence
(1 — C(n)ﬁk(l’, T_2’r’j)2) |dHi7j_1[’U]| < |dHi,j [U” < (1 + C(n)ﬁk(l’, T_l’r’j)2) |dHi7j_1[’U]| . (11.19)

Composing the upper bounds gives us
J
a1t ;[o]| < T (1 + C(n)Bi(a, 7 re)?) - (11.20)
i

Exercise 11.17. Use a geometric series to show if ¢; << 107! then [[,(1+¢;) <1+23, ;.

By this exercise we have ifC(n)Bg(x, 7~ 1ry)? < C(n)d << 1 for each r, then we can conclude the
estimate

|dIL; j[v]| <1+ C(n Zﬁk:ET T0)

27 1p;
<iv0m [ s

<1+C(n)s, (11.21)

where the middle estimate follows from Exercise 7.6 and the last estimate follows from the definition of a
Neck Region. The lower bound is the same, which finishes the proof of the Claim. [J

Let us now see that IT; : T; — L is a bilipschitz map?. Precisely:
Claim 2: Let 2,y € T;, then (1 — C(n)d)|x — y| < |I;(z) — IL;(y)| < (1 4+ C(n)d)|z —y| .

Let us first consider the case when |z — y| < 10r; and let v : [0, 1] — T; be the smooth curve (t) =
77;((1 —t)r + ty) which connects z and y. Note that by Exercise 11.16 we have

(1 - C)d)lz —y < Iyl < (1+ C)o)la - yl. (11.22)

200ne should specify whether 7 is given the intrinsic or extrinsic geometry. The next Claim is for the extrinsic geometry,
however a very similar proof goes through to prove the bilipschitz estimate for the intrinsic geometry as well.
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Now consider the curve IT; o v connecting I1;(z) and II;(y). Then using Claim 1 we have the estimate

) - )] < o) = [ lanfs r</ il + [ gl -
< 1+ CMO| < (L+ Ol —y]. (1.23)

which completes half the estimate. The other half is the same, beginning with the curve «y : [0, 1] — L given
by v(t) = (1 — ¢)II;(z) + tII;(y). Then we can similarly estimate

2~y < I  oy] < (14 C)a)] = (1 + C(n)8)|Ii(x) - TL(y) (11.24)

Thus we have proven the result when |z — y| < 10r;. Let us now consider the general case.
For z,y € Tj let r;j be such that 7; < |z — y| < 2r;. Then by the weak estimate (11.17) we have

(1= Cd)lz —y| < Miy(2) — iy (y)] < (L+C)la 9. (11.25)
In particular |II; ;(z) — II; ;(y)| < 107; and thus we can estimate
(1= C(n)o)| s j(x) — i ;(y)| < [I1; o 1L j(2) — 1L o IL; ()|
< (1+ C(n)3)| iy () — Ty ()] (11.26)
Using that IT; = II; o II; ; and combining with (11.25) we have finished the proof of the Claim. [
Let us now consider the bilipschitz maps ¢; = Hi_1 : L — T; C R™. Note that ®;(L) = T; for every i.
Using the standard Ascoli convergence we can now limit
o, -P: L ->T=9(L) CR", (11.27)
so that ® satisfies the bilipschitz estimates of Claim 2. The following are intuitively helpful:

Exercise 11.18. Show 7; — T in the Hausdorff topology.

Exercise 11.19. Use Theorem 11.11.2 and the Ascoli convergence to show for x € T that dy (T N
B, (x), Ly N By(x)) < C(n)or for r > r,, where ry is as in (9.1).

This finishes the proof of Theorem 9.12.2, so that we are left with needing to prove the mass estimate on
the Neck Region from Theorem 9.12.3. To begin let us associate to 1" its Hausdorff measure

pr=HNT. (11.28)
Recall from (9.1) the regularity scale extension of r,. An important consequence of the bilipschitz esti-

mate of Claim 2 is the Alhfors regularity of x7 and control on the S-numbers of 1 on balls centered on 7.

Claim 3: Foreachz € T'and r, < r < 4 wehave (1—C(n)8)wir® < pr(B,(z)) < (1+C(n)8)wirk.
and f;i Br(z,5)?% < C(n)s.

Let us first prove the Alhfors regularity. Indeed, recall from Section 6 that if U C R" then

I s k T k. ' '
HE(U) —ll_r)I%)HT(U) —l;r%lnf{werl U QUBM(%) and r; < s}. (11.29)
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Now consider U = B,(z) and let U’ = ®~!(B,(x)) C R*. Note by the bilipschitz condition on & that if
2’ = & !(z) then

B_cmysy (') C U C Bayomsy (@) . (11.30)
Note by the bilipschitz estimate we similarly have that for any covering B, (x) C |J By, (x;):
U’ C | By (x}) where 2 = &~ (x;) and r} = (1+ C(n)d)r; , (11.31)
and notice for this covering we have

wkz (1+C(n wer (11.32)

In particular, since this held for any covering of B, () we get the estimate

)
HE(Br(2)) > (1= C(n)o)HMU') > (1 = C(n)8)H* (Bscmys)r (z'))
> (1= C(n)d)wer”, (11.33)

which proves half the estimate. By instead beginning with any covering of U’ and using ® to construct a
covering of B, (z) we obtain the reverse estimate by a verbatim argument.

Now let us focus on the S-number estimate. Indeed, let y € 7" and then by the definition of r, we can
findz € CN Ery (y) such that r,, < 7~2r,. Thus by Exercise 7.5 we can estimate

4 4
/ ﬂ(x,s)z% < C(n)/ B(y,s)2% < C(n)d, (11.34)
T T 21y
as claimed. [

Let us now turn our attention to the proof of the mass bound ;(N) < C(n)d. The main technical estimate
is the following, which tells us we can locally control the mass in A/ by the square of the S-numbers:

Claim 4: Let y € N with d = d(y, T), then 1(Bg/10(y)) < fB ) Bl 10d)?dpir.
Recall by Claim 3 that p7(Bag(y)) < C(n)d*, and thus we can find 2 € T N Bay(y) such that
Br(z,10d)? < ka2d Br(x,2d)*dur. Now let L = L, 2r—24 and note by Exercise 11.19 we

have that d(T" N Bgd( ), LN Bgd( )) << 75d. On the other hand, let us take ¥ € Bgj10(y) to be the
generalized center of mass of By (y), as in Definition 11.3. In particular, by the last sentence we must
have d(Y, L) > 3d.

However, let us now assume (B, /10 (y)) = B(n)* [ Bau(y) 5k(:n 10d)?dyur, and in particular by apply-
ing Exercise 7.5 we have

D:J

2
1(Bajio(y)) = D 5k(z 10d)*d" CE 32

Br(y,d/10)* d (11.35)

If we apply Lemma 11.6 we can then get that d(Y, L) < BE ;d so that if we have chosen B(n) >> C(n)
we get that d(Y, L) < %d, which is our desired contradiction. [
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Let us now finish the proof that ;1(A) < C(n)d. To begin let us apply the usual Vitali process (see lemma
2.2, Exercise 2.4 and Exercise 2.5) to cover V-

N € U Baysoly) S Bajrowi) (11.36)
yeN i
where d, = d(y,T) and {By, 50(y:)} are disjoint.

Exercise 11.20. Show for a € IN that if we consider the collection of balls { Bag, (y;)} with 27¢ < d; <
2791 then each z € R™ intersects at most C(n) balls from this collection. Hint: See Exercise 2.4.

Now using Claim 4 we can estimate

HN) < 3 B o) < B2 Y [ bl 104
i 2d; \Yi

7

=B(n)*> > /Bmyaﬂk(x’ 10d;)*dur

a 2-ald; <2t

< Cn) /B S Bel, 10227 2dpr,

Lo-a>r,

2
< C(n) /B | A L < Cn)or(B)

x

< C(n)d, (11.37)

as claimed, which finishes the proof of Theorem 9.12. [

11.4. Proof of Submanifold Approximation Theorem 11.11. What remains is to prove the Submanifold
Approximation Theorem 11.11. From this point forward the proof will mimick very closely the proof of the
classical Reifenberg we presented in Lecture 1. We will first need to prove the subspace selection lemma,
which is essentially nothing more than smoothing out our local choices of best subspaces at each point and
scale. We will use this smooth collection of subspaces in order to define our approximate distance function,
which will itself be a morse bott function with good estimates. The zero level set of these approximate
distance functions will be our choice of submanifolds 7;.. Because most of the proofs are almost verbatim
to those in Lecture 1 we will mainly emphasize the slight changes (which are mostly in the form of what
scale we are working on using a more local error), and leave the rest as an exercise.

11.4.1. Subspace Selection Lemma. Let us begin with a statement of the Subspace Selection Lemma:

Lemma 11.21 (Subspace Selection Lemma). Let N' = By \ B, (C) be a (k, 6, €, v)-neck region with r > 0.
Then for each y € By there exists a k-dimensional affine subspace L, where if 7, = 7, is the linear
projection map and m,, = [y then:
(1) Ly varies smoothly in y with T, |9;7, |, |0;my —ty| < C(n, e,v)Bi(y, 77'Ty) and r}|0;0;7y|, )| 0;05my| <
C(”? € V)/Bk (y7 T_lfy)'
(2) We have Ly, N Bior, (y) € Be(nyrr, (C) and C N Bigr, (y)) € Besr, (Ly).
(3) We have dg(Ly N Bior, (y), Ly 17, N Bior, (y)) < C(n)Bx(y, 17).
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The proof of the subspace selection lemma follows almost exactly from Section 4.2. The main technical
distinction is that we work on scale 7 instead of scales which are powers of 10, and our estimates are now
in terms of 5 on that scale instead of §, however this changes almost nothing in the line by line. We begin
by building a partition of unity on the ball B, which will be used for our gluing process:

Lemma 11.22. There exists a covering By C U, Br, (7o), where 7o, = 727, and smooth nonnegative
functions ¢ such that

(1) {Bi"a (z4)} are disjoint.
(2) Foreachy € By we have #{xy : y € By, (z4)} < C(n).
(3) > ¢a = 1 on By with supp ¢po C Byy, (Ta).
@ [0W 0| < C(n, k)7,
Proof. See Lemma 5.1 and Exercise 2.5. ]

In order to prove the Subspace Selection Lemma we follow the path of Lecture 1. Using the partition
from above let us define for each « the affine subspace

Lo =Ly 10-17-1p, - (11.38)

Morally, we simply want to define L, = > ¢ L, and check what estimates hold. To do this by hand we
make the observation, as in Section 4.2, that to construct an affine subspace L, one requires constructing a
point £, € L, and a linear subspace 7,. We define them by the formulas:

by =Y day)maly],
My =" baly)a,

7ty = span{e1 (y), ... ex(y)}, (11.39)

where e1(y), ..., ex(y) are the k-largest eigenvectors of M,. The proof of the Subspace Selection Lemma
is now the same as in Section 4.2.

11.4.2. Distance Approximation Theorem. The statement and proof of the Distance Approximation Theo-
rem is almost verbatim as in Section 4.2. Recall the definition

ly —my*. (11.40)

1 1 1
(I)T’(y) = —d(y,Ly)2 = §’y - ﬂ-y(y)’2 = 5

2
Then the main estimates on @, are the following:

Theorem 11.23 (Approximate Distance Function). Let N' = By \ B, (C) be a (k, 8, v, €)-neck region with
Ty defined in (9.1) and ®,. defined in (11.40). Then for each y € By the following is satisfied.:

(1) Fort € Ly N Bygep, (y) 3 20 € i; + ¢ such that ®,.(z;) = 0.
@ [[99,12 ~ 49, | () < Cln,v,€)B4{y,777,) @4 ().

(3) ’qu)r(y) - AgJ/_‘ < C(”? v, E)Bk(yaT_lfy)-

@ [V®D|(y) < C(n, k,v,€)Bk(y, 7 '7,) 727" for k > 3.



LECTURE NOTES ON RECTIFIABLE REIFENBERG FOR MEASURES 47

Proof. With the Subspace Selection Lemma 11.21 the proof of Theorem 11.23 is almost verbatim from
Section 4.2.
0

11.4.3. Proof of Submanifold Approximation Theorem 11.11. With the the construction of the approximate
distance function and studied some of its properties in hand, the proof of the Submanifold Approximation
Theorem is now verbatim that in Section 4.1.

12. PROOF OF NECK DECOMPOSITION THEOREM 9.16

We now focus our attention on the proof of Theorem 9.16. The proof is essentially just an involved cov-
ering argument, and was first introduced in [JN],[NV]. The sharp content estimates of Theorem 9.16.3 will
be a consequence of the Neck Structure Theorem from the previous section. Let us first restate the theorem
for the readers convenience:

Theorem. [Theorem 9.16 Restated] Let 1 be a Borel measure on B; and assume for each = € B; we
have f02 Br(z,s)?% dy < T. Then for each v,€6,0 > 0 with € < ¢(n) and § < d(n,€,v) 3 a covering
By €S~ USFUST with

St =JWunB.,) U B, () and 8" =|JCoa, (12.1)
a b a
and such that

(1) Ny = Boy,(24) \ By, (Co) are (k, 8, €, v)-neck regions. In particular, 1(N,) < C(n)§r¥ and Co
are k-rectifiable by Theorem 9.12.

(2) By, (xp) satisfies the measure constraint u(Ba,,) < C(n)vre .

(3) We have the content estimates > 7%+~ r¥ < C(n, §, ¢, v, T') and packing estimate P*(S~US*) <
C(n,d,e,v,T),

(4) We have the Hausdorff measure estimate #*(S~) = 0.

We begin by discussing a variety of notation which will be convenient throughout the proof:

Definition 12.1. We define the k-dimensional distortion Dy (x, ) of a measure y by
T
d
Dy(x,r) = / B (z, 8)2—8 ) (12.2)
0 S
The following short exercises give some good intuition for the basic properties and behavior of Dy:

Exercise 12.2. Show the following:

(1) Dg(z,7) is monotone in 7 and Dy (x,7) = Dy(x, s) for some s < r iff suppu N B,.(x) C L* for
some k-dimensional affine subspace.

(2) C(n)™1Bk(z,7) < Di(z,2r) — Di(z,7) < C(n)By(z,2r).

(3) Ifry =2 " then C(n)~' 3_, . Be(x,7:)* < Dip(z,7) < C(n) X, <oy Br(z, 7).
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There are two primary pieces of information to keep track of during the proof. The first is the distortion
drop from scale to scale, the second is a lower mass bound on balls. We formalize this with the following
noncollapsing set:*!

Definition 12.3 (Noncollapsing Set). Let €, > 0 be fixed, then we define the set of noncollapsed points:
V(z,7) = {y € Br(z) : u(Bs(y)) > vs* forer <s <r}.
Remark 12.4. Recall the definition of noncollapsing as in Definition 9.2.
The following tells us that V'(z, ) must always live close to a best approximating subspace:

Exercise 12.5. If B;(x,2r) < 6% and L = L, 9, is a best affine subspace obtaining /3, (z, 2r), then for each
y € V(z,r) we have d(y, L) < (¢ + C(n,e)v~'/25%)r. Hint: Apply Lemma 11.6 to the center of mass
Y € B, (y) and use the triangle inequality.

12.1. Proof Outline and Induction Step. The Proof of Theorem 9.16 will be done inductively on the size
of the distortion.

12.2. Notation and Ball Types. In our notation for the proof during this section the subscript we use to
denote a ball will always designate special structure of that ball. All ball types will fall into the following
categories:

(a) Aball B,,(z,) is associated with a (k, é, €, v)-neck region N = Boy, (24) \ By, (Ca)-

(b) Aball By, (x)

(¢) Aball B, (z.) is such that By (z., 4r.) < 6% and V (x, 1) is a (k, 2¢)-linearly independent set.

(d) Aball B, (x) is such that V (x4, 74) is not a (k, 2¢)-linearly independent set.

(e) Aball B, () is such that (e, 47.) > 2.

(@)

xp) satisfies p(Bay, (zp)) < vrf.

e

(s) Aball B, (z) is such that for each y € B, (z,) we have Dy (y, 2rs) < D — §°. 2
(f) Aball B, (zy) is one for which we know nothing about.

Before continuing let us discuss a little the role of each of these ball types. The simplest two types are
the (a) and (D) balls, as of course these are what we are wanting to construct in the theorem and there will
be nothing left to do with them.

Part of the proof will involve an induction on Dy(z, 7). Therefore the (s)-balls will represent balls for
which the distortion has strictly dropped, and therefore we will apply our inductive hypothesis to handle
them. Thus in practice we are also done on s-balls as well. The (f)-balls will also require starting over
on, however in practice when we label a ball an (f)-ball we will make sure it is only on a set of very small
context, therefore starting over will be okay as the errors will become a geometric series, see Section 12.6.

The next easiest ball types to deal with are the (d) and (e) balls. For a (d)-ball we will be able to cover
all of B,,(zq) by (b)-balls away from a set of very small context of (f)-balls. For an (e)-ball we will be
able to entirely cover B, (z.) by (s)-balls for which the distortion has strictly dropped, and thus we will be
able to apply our inductive hypotheses to these new balls.

2IRecall wy, is the volume of the unit ball in R™.
22In practice D = sup B Dk (z, R) will be the distortion of a potentially much larger ball.
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The most complicated ball type to deal with in the construction is therefore a (c¢)-ball. The goal will be
to build a neck region so that B, (z.) C N U B,_(C). In order to proceed with the next step, this will have
to be done in a maximal fashion so that each ball B, (x) with x € C is either a (b),(d), (e) or (s) ball. Then
using the Neck Structure Theorem 9.12 in combination with the (d) and (e) coverings just discussed we can
estimate the content of those balls we need to start over as being small.

12.3. Collapsing and d-Ball Covering. Recall the definition of the noncollapsing set from Definition 12.3.

Proposition 12.6 (d-Ball Covering). Let B, (xq) be such that V (x4, 14) is not a (k,2¢)-linearly indepen-
dent set, then we can cover

By, (za) € | Br,(26) U By, () (12.3)
b f
such that p(By,(zp)) < vrf for each (b)-ball and we have the estimates >, r¥ < C(n, e)rk and >of 7"]3 <

C(n)erk.

Proof. Since V (x4,74) is not a (k, 2¢)-linearly independent set we can find a subspace L*~! such that
V(xq,rq) € Boer,(L). In particular, let {x¢} € B,, N L be erq-dense with ry = 4ery. We see the (f)-balls
satisfy the required property. Now for each @ & V(z4,74) let 7, > fery be such that u(Bs,, () < vrf.
Let {B,, (zp)} be any maximal subset such that Byy-1,, (73) are disjoint. Then a simple volume estimate?
shows that { B,, (x;)} satisfies the conditions of the proposition. O

12.4. Symmetry and e-Ball Covering.
Proposition 12.7 (e-Ball Covering). Let B, () be such that Bi(xe,4r.) > 62. Then we can cover

B, (we) C U By (zs) , (12.4)
b

such that 3" r¥ < C(n)rk and Dy(y,rs) < Dy(y,10rs) — C(n)é* for each y € B, (xs).

Proof. Letr, = r. with {z,} € B, (x.) a maximal subset such that Byy-1, (x,) are disjoint. In particular,
{B,,(zs)} is a covering of B,_(x.) and > 7% < C(n)r". Finally, lety € By, (x.) and consider

107 107
e dr e dr
Du(w10r) = Dalyr) = [ Bl Pz [ bl
Te 6re
> C(n)Bk(ze, 4re)? > C(n)s*,
where the last line uses Exercise 7.5. O

23See Exercise 2.3 and Lemma 5.1.
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12.5. Neck Regions and c-Ball Covering.

Proposition 12.8 (c-Ball Covering). Let B,._(x.) be such that Bi(xc,4r.) < 62 and V (z.,r.) is a (k, 2¢)-
linearly independent set. Then for 6 < 0(n, €,v) there exists a (k, 0, €, v)-neck region

N = B (x) \ | B:.(C). (12.5)

such that for each x € C with v, > 0 we have that B, (x) satisfies one of the following:

(d) By, (x) = By, (xq) is such that V (x,ry) is not a (k, 2¢)-linearly independent set.

(e) B, (x) v (0) is such that By, (x,4r,) > 6%

(8) By, () v (xs) is such that for y € B, (x) we have Dy (y,2r;) < SUPB,, (z.) Dy.(y, 4r.) — 6°.
(x)

That is, B, (x) is either a (d), (e) or (s)-ball.

=B
=B

Proof. The proof is purely constructive, and will be done inductively on scales s, = 7%r.. At each step of
the induction we will have built a (k, &, €, v)-neck region N, = Ba,. \ Bya(Cy), and for the next step of the
induction we will recover those balls { B« ()} which are not (d), (e) or (s)-balls.

Construction Step:. Let us begin by describing the constructive step which will be applied each time we
need to recover a ball. Let B,.(z) be a ball for which none of the conditions (d), (e) or (s) hold. In this case
let us define the best affine subspace

L, 4 = arg min (4r)_2_k/ d(y, L)* duly] , (12.6)
L Bur(z)

so that B(x, 47)? < §2 is obtained by L, 4,. Note by Exercise 12.5 that for § < §(n, €, v) we have
V(@,2r) € Buer(Laar) - (12.7)
Now for each y € Ly 4, N Bo,(x) let
Ty = irslf{TT <s<r:V(y,s)is (k,2¢)-linearly independent in B(y)} . (12.8)

Now let {B;,(z;)} € {B,(y)}yer be a maximal subcollection such that {52, (z;)} are disjoint. For
future notational use we define Cy 9, = {z;} with r,, = r; > 7r. In particular, L, 4, N Ba,(z) C
BlO*l—rr(CmQr) and Cx,27“ c Lx,47"-

Base Step: Let us start with the beginning ball B,._(x.) and observe that by assumption the hypotheses of
the constructive step apply. Thus we can apply the constructive step and define Cy = C;,. 2, to be the center
points with the radius function . The following exercise follows immediately from the construction:

Exercise 12.9. Show that V7 = Ba,, (z.) \ B,o(Co) is a (k, 6, €, v)-neck region.

Inductive Step: Let us now assume we have constructed a (k, 8, €, v)-neck region N, = Bay, \ Bra(Ca).
We wish to define from this the next step of the inductive process. Let us first break the centerpoints C into
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two groups:
Co=ClUCt,
CJ = {x € C : Bya(x) satisfies either condition (d), (e), or (s)},
Ct={zecC:r%=r%_.and B, (x) does not satisfy conditions (d), (e), or (s)} . (12.9)

We will let CJ C Cprq with 78+ = 72 for each z € CJ. Tt is then the balls represented by C% which must
be recovered.

Thus for each € C% we can apply the Constructive Step in order to produce a best subspace L, = Ly re
and an associated collection of balls {BT?+1(y)}, where y € C; 2o and 7’3‘“ > 7o*1r,. Note that by
construction we have that {3 _, roctl (y)} are disjoint and Cy ore C L. If we do this for each ball from CJ,
we can choose a maximal subset:

éa+1 C U Cy,2ra , such that
zeCyh,

{BTzrgﬂ(x)}@aH U {BTQT%H(JC)}Cg are disjoint. (12.10)

We now define Cpq1 = C~a+1 U CJ. It is somewhat tedious but otherwise straightforward to check the
following:

Exercise 12.10. Show N1 = By, \ Bat1(Ca1) is a (k, 6, €, v)-neck region.

Limiting Step. We now want to finish the proof of Proposition 12.8 by taking a limit N/ = lim N,. Let
us see how this limit is carefully constructed. Note first that C,, is a sequence of bounded closed subsets and
thus after passing to a subseqence we can take a Hausdorff limits

C= lim C,. (12.11)

a—r 00

Let us define the radius function r, : C — R™ as follows. For = € C if for all a sufficiently big we have
x € C, with 7 = 72+1 then we define r, = lim r¢. Otherwise for # € C we define 7, = 0. Though we
do not strictly need it, the following is a useful exercise for building intuition about the construction:

Exercise 12.11. Show one does not need to pass to a subsequence in order to take the Hausdorff limit
C = limC,. Show that if z% — x with 2% € C® then r$ — 7.

It is clear that conditions (nl), (n2) and (n3) all pass to the limits in this construction so that ' =
B, \ B, (C) is a (k, 6, ¢, v)-neck region. What is left is to check that if r, > 0 then B, (x) satisfies one
of the conditions (d), (e), or (s). However, by construction if 7, > 0 then there exists « for which z € C
with 7, = 7. In the inductive step the ball B, (x) remained in C,1 only if it satisfied (d), (e), or (s).
This finishes the proof of Proposition 12.8. O

12.6. Inductive Proof of the Neck Decomposition Theorem. We now finish the proof of the Neck De-
composition Theorem. The idea will be simply to continuously apply the covering propositions of the
previous subsections. We begin by applying each of the Propositions once in order to get a first covering:
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Proposition 12.12 (Induction Step 1). Let u be a Borel measure and assume for each xr € Bs that
f04 Br(z, r)2% < T'. Then for each v,e,6 > 0 with e < e(n,v) and 6 < 6(n,v,€) 3 a covering

By CNUC U By, (xe) U Br,(xs) U By, ()
b s

f
such that
(1) N =B\ B,,(C) isa (k,0,e,v)-neck region. In particular, u(N') < C(n)d and Cy is k-rectifiable
by Theorem 9.12.

(2) By, (xp) satisfy the measure constraints pi(Bay,) < vy .

(3) Foreachy € B, (xs) we have Dy(y,2rs) < T — 4°.
(4) We have the content estimates H*(Co) + Y rF + > 1k < C(n,e),
(5) We have the content estimate 7"]3 < C(n)e

Remark 12.13. The Neck Decomposition will follow by repeated applications of this Proposition. The balls
B, (x5) have a drop in the distortion, and thus we can handle them later by an induction argument. The
balls B, (xy) we know nothing about, however this is a set with small k-content. Therefore in Inductive
Step 2 we will start over on them and all errors become a geometric series which converge.

Proof. We begin with the ball B; and observe that it is either a (c), (d), (e) or (s) ball, as in Subsection
12.2. If By is a (d), (e) or (s) ball then the Proposition is immediately proved simply by applying either
Proposition 12.6 or Proposition 12.7. Thus we will assume B; is a (¢)-ball.

Now we can apply Proposition 12.8 in order to build a Neck Region N’ = By \ B, (C) such that each
ball B, (z) with r,, > 0 is either a (d), (e) or (s)-ball. This gives us the covering

By CNUCU| By (wa) U Br.(ae) U Br, (s) . (12.12)
d e s

By applying the Neck Structure Theorem 9.12 we get the estimates
HECO)+ )k + > b+ k< com). (12.13)
d e s

Now we wish to remove the (d) and (e) balls from this covering and control what is left. If we apply Propo-
sition 12.7 we can cover each e-ball B, (z.) C |, By, (zes) such that > 7% < C(n)r¥. In particular the
new collection of s balls satisfies the estimate

dork ) rf<cm)+Cm)d k< Cn). (12.14)

e

Combining these (s)-balls together together gives the covering

By CNUC U B, (zq) U Br,(2s), (12.15)
d s

with the estimates

1e o)+ rk+ > k< cm). (12.16)
d s
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We can now apply Proposition 12.6 in order to cover each d-ball B, (z4) € U, Bry, (za) VU ¢ By (zar)
such that >, 7% < C(n,€)rk and 3°, rk < CO(n)erk. Combining all of these together we get the covering

By CNUCU| By, (x0) U By () U By, (), (12.17)
b s f
where ", ¥ + Y 7k < C(n,€) and >t r']ﬁ < C(n)edY_rk < C(n)e as claimed. O

Our next step in our inductive proof to get rid of the (f)-balls in the covering. As there is only a small
content of (f)-balls, the trick is to count the errors which appear and see that form a geometric series. As
not everything goes away in the limit, we may be left with a #* null set:

Proposition 12.14 (Induction Step 2.). Let p be a Borel measure and assume for each x € DBy that
f04 Br(z, r)2% < T'. Then for each v,e,6 > 0 withe < €(n,v) and 6 < 6(n,v,€) 3 a covering

B c|JWNan B,) U J(CounBy,) uS™ Ul By, (a) Ul Br, ()
a a b s

such that

(1) N, = Bay, \ B,,(Cy) are (k, 6, ¢,v)-neck regions. In particular, p(N,) < C(n)dr¥ and Cy , are
k-rectifiable by Theorem 9.12.

(2) By, (xp) satisfy the measure constraints p(Bay,) < v rl]f .

(3) Foreachy € B, (xs) we have Dy(y,2rs) < T — 4°.

(4) We have the measure estimate H*(S™) = 0.

(5) We have the content estimates H*(Co) + Y1k + Y rF + S rF < C(n,e),

Proof. To get from Proposition 12.12 to Proposition 12.14 we will simply continually recover the f-balls.
Indeed, let us begin by applying Proposition 12.12 to B; to get the covering

Bi CNUC U Bio(xs) Ul B ul By (=9), (12.18)
b s f

where H¥(Co) + S (r))F + (9 < C(n, €) and Z(r?)k < C(n)e. Let us now apply Proposition 12.12
to each f-ball BT,? (ac(}) in order to get the new covering

B, C U N, N By, (= UU Co.a N Briaty UUBT;(:Eé)UUBT,%(:E;)UUBT}(:E}), (12.19)
b s f

with

S+ +Z < Cn,e)+Cn, €)Y (rHF < Cln,e)(1+ Cln)e)

a b f

> rpF < (C(n)6>2- (12.20)
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Now we can again apply Proposition 12.12 to each f-ball BT} (x}) Indeed, if we continue this N-times
then we get the covering

31CU (Nan B,y UU (Co.aN By IN))UUBT;}V(:U{,V)UUBrg(mgV)uUBT}V(:cf)
b s !

(12.21)
with

N
S0 )+ Y < Cmg Y
a b s 7=0

N

S < (C(n)e) . (12.22)
7

Now for each N < M let us observe by construction that
{Bv (@)} S{B (w3}, {By (@)} S {Bopu(2y)}, {By(22)} € {Bow (231},
M N
U B,y (zf) € U By (zf). (12.23)

In particular, we can limit the (a),(b) and (s) covers and Hausdorff limit S~ = lim{BT,}v (mﬁfv )} to get the
covering

BlCU (Na N By, (z4) UU (Co.a N By UUBrb T UUB ) US™, (12.24)

with the estimates

Zr —l—ZT‘ +Zrk<0nei <C(n€)
7=0

HE(ST) =0. (12.25)
The last estimate follows because for each N we have S~ C J; B%}v (m}v) with > T’}V < (Cn)e)N =0
ife <e(n). O

Let us now finish the proof of the Neck Decomposition:

Proof of the Neck Decomposition Theorem 9.16. Our goal then is to remove the s-balls from Proposition
12.14 by iteratively applying the Proposition 12.14 some finite number of times. To begin, if I' < §° then
Theorem 9.16 follows immediately from Proposition 12.14, as in this case there cannot be any s-balls. Now
assume we have proved Theorem 9.16 for I” > 0, let us now prove it holds for I' = I'" 4 65, So apply
Proposition 12.14 for I' = I'" + &% in order to get the covering

By €| WanBr,) U J(CounBr,) Ul By, (1) US™ U By (2s) (12.26)
a a b s

where for each B, (zs) we now have that Dy (y,2rs) < I''. In particular, by our inductive hypothesis we
can now apply Theorem 9.16 to these balls in order to then conclude Theorem 9.16 for I' = I + 4%, as
desired. As the amount we increased was some definite 6° independent of I, we can for any I' > 0 simply
apply this procedure §~°T" times in order to then conclude Theorem 9.16 holds for all T'. U



[AT15]

[BET17]

[BLI15]

[CCI7]

[CIN]

[DS91]

[DT99]

[DDPTO8]

[DS93]

[DT12]

[ENVa]

[ENVDb]

[Fed69a]

[Fed69b]

[IN]

[Jon90]

[Mat95]

[Nab]

(NV]

[NV17]

LECTURE NOTES ON RECTIFIABLE REIFENBERG FOR MEASURES 55

REFERENCES

J. Azzam and X. ToLSA, Characterization of n-rectifiability in terms of Jones’ square func-
tion: Part II, Geom. Funct. Anal. 25 mno. 5 (2015), 1371-1412. MR 3426057. Zbl 06521333.
https://doi.org/10.1007/s00039-015-0334-"7.

M. BADGER, M. ENGELSTEIN, and T. TORO, Structure of sets which are well approximated
by zero sets of harmonic polynomials, Aral. PDE 10 no. 6 (2017), 1455-1495. MR 3678494.
https://doi.org/10.2140/apde.2017.10.1455.

M. BADGER and S. LEWIS, Local set approximation: Mattila-Vuorinen type sets, Reifenberg type sets, and tangent
sets, Forum Math. Sigma 3 (2015), €24, 63. MR 3482273. https://doi.org/10.1017/fms.2015.26.

J. CHEEGER and T. H. COLDING, On the structure of spaces with Ricci curvature bounded
below. I, J. Differential Geom. 46 mno. 3 (1997), 406480. MR 1484888. Available at
http://projecteuclid.org/euclid. jdg/1214459974.

J. CHEEGER, W. JIANG, and A. NABER, Rectifiability of singular sets in noncollapsed spaces with ricci curvature
bounded below, preprint. Available at https://arxiv.org/abs/1805.07988.

G. DAVID and S. SEMMES, Singular integrals and rectifiable sets in R™: Beyond Lipschitz graphs, Astérisque no. 193
(1991), 152. MR 1113517.

G. DAVID and T. TORO, Reifenberg flat metric spaces, snowballs, and embeddings, Math. Ann. 315 no. 4 (1999),
641-710. MR 1731465. https://doi.org/10.1007/s002080050332.

G. DAvVID, T. DE PAUW, and T. TORO, A generalization of Reifenberg’s theorem in R3, Geom. Funct. Anal. 18 no. 4
(2008), 1168-1235. MR 2465688. https://doi.org/10.1007/s00039-008-0681-8.

G. DAVID and S. SEMMES, Analysis of and on uniformly rectifiable sets, Mathematical Surveys and
Monographs 38, American Mathematical Society, Providence, RI, 1993. MR 1251061. Zbl 0832.42008.
https://doi.org/10.1090/surv/038.

G. DAvVID and T. TORO, Reifenberg parameterizations for sets with holes, Mem. Amer. Math. Soc. 215 no. 1012 (2012),
vi+102. MR 2907827. Zbl 1236.28002. https://doi.org/10.1090/S0065-9266-2011-00629-5.

N. S. EDELEN, A. NABER, and D. VALTORTA, Effective reifenberg theorems in hilbert and banach spaces. Available
athttps://arxiv.org/abs/1806.01250.

N. S. EDELEN, A. NABER, and D. VALTORTA, Quantitative Reifenberg theorem for measures, arXiv:1612.08052.
Available at https://arxiv.org/abs/1612.08052.

H. FEDERER, Geometric measure theory, Die Grundlehren der mathematischen Wissenschaften, Band 153, Springer-
Verlag New York Inc., New York, 1969. MR 0257325.

H. FEDERER, Geometric measure theory, Die Grundlehren der mathematischen Wissenschaften, Band 153, Springer-
Verlag New York Inc., New York, 1969. MR 0257325. Zbl 0176.00801.

W. JIANG and A. NABER, [? curvature bounds on manifolds with bounded ricci curvature, preprint. Available at
https://arxiv.org/abs/1605.05583.

P. W. JONES, Rectifiable sets and the traveling salesman problem, Invent. Math. 102 no. 1 (1990), 1-15. MR 1069238.
Zbl 0731.30018. https://doi.org/10.1007/BF01233418.

P. MATTILA, Geometry of sets and measures in Euclidean spaces, Cambridge Studies in Advanced Mathemat-
ics 44, Cambridge University Press, Cambridge, 1995, Fractals and rectifiability. MR 1333890. Zbl 0819.28004.
https://doi.org/10.1017/CB0O9780511623813.

A. NABER, Regularity theory for stationary and minimizing harmonic maps, preprint. Available at
https://arxiv.org/abs/1610.02898.

A. NABER and D. VALTORTA, Energy identity for stationary yang mills, preprint. Available at
https://arxiv.org/abs/1610.02898.

A. NABER and D. VALTORTA, Rectifiable-Reifenberg and the regularity of stationary and minimiz-
ing harmonic maps, Ann. of Math. (2) 185 mno. 1 (2017), 131-227. MR 3583353. Zbl 06686585.
https://doi.org/10.4007/annals.2017.185.1.3.


http://www.ams.org/mathscinet-getitem?mr=3426057
http://www.zentralblatt-math.org/zmath/en/search/?q=an:06521333
https://doi.org/10.1007/s00039-015-0334-7
http://www.ams.org/mathscinet-getitem?mr=3678494
https://doi.org/10.2140/apde.2017.10.1455
http://www.ams.org/mathscinet-getitem?mr=3482273
https://doi.org/10.1017/fms.2015.26
http://www.ams.org/mathscinet-getitem?mr=1484888
http://projecteuclid.org/euclid.jdg/1214459974
https://arxiv.org/abs/1805.07988
http://www.ams.org/mathscinet-getitem?mr=1113517
http://www.ams.org/mathscinet-getitem?mr=1731465
https://doi.org/10.1007/s002080050332
http://www.ams.org/mathscinet-getitem?mr=2465688
https://doi.org/10.1007/s00039-008-0681-8
http://www.ams.org/mathscinet-getitem?mr=1251061
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0832.42008
https://doi.org/10.1090/surv/038
http://www.ams.org/mathscinet-getitem?mr=2907827
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1236.28002
https://doi.org/10.1090/S0065-9266-2011-00629-5
https://arxiv.org/abs/1806.01250
https://arxiv.org/abs/1612.08052
http://www.ams.org/mathscinet-getitem?mr=0257325
http://www.ams.org/mathscinet-getitem?mr=0257325
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0176.00801
https://arxiv.org/abs/1605.05583
http://www.ams.org/mathscinet-getitem?mr=1069238
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0731.30018
https://doi.org/10.1007/BF01233418
http://www.ams.org/mathscinet-getitem?mr=1333890
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0819.28004
https://doi.org/10.1017/CBO9780511623813
https://arxiv.org/abs/1610.02898
https://arxiv.org/abs/1610.02898
http://www.ams.org/mathscinet-getitem?mr=3583353
http://www.zentralblatt-math.org/zmath/en/search/?q=an:06686585
https://doi.org/10.4007/annals.2017.185.1.3

56 AARON NABER

[Rei60] E. R. REIFENBERG, Solution of the Plateau Problem for m-dimensional surfaces of vary-
ing topological type, Acta Math. 104 (1960), 1-92. MR 0114145. Zbl0099.08503. Available at
http://link.springer.com/article/10.1007%2FBF02547186.

[Toll5a]  X. TOLSA, Characterization of n-rectifiability in terms of Jones’ square function: part I, Calc. Var. Partial Differential
Equations 54 no. 4 (2015), 3643-3665. MR 3426090. https://doi.org/10.1007/s00526-015-0917~z2

[Toll5b] X. ToLSA, Characterization of n-rectifiability in terms of Jones’ square function: part I, Calc.
Var.  Partial  Differential Equations 54 mno. 4 (2015), 3643-3665. MR 3426090. Zbl 06544048.
https://doi.org/10.1007/s00526-015-0917-z2

[Tor95] T. TOrRO, Geometric conditions and existence of bi-Lipschitz parameterizations, Duke Math. J. 77 no. 1 (1995), 193—
227. MR 1317632. Zbl 0847.42011. https://doi.org/10.1215/S0012-7094-95-07708-4.


http://www.ams.org/mathscinet-getitem?mr=0114145
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0099.08503
http://link.springer.com/article/10.1007%2FBF02547186
http://www.ams.org/mathscinet-getitem?mr=3426090
https://doi.org/10.1007/s00526-015-0917-z
http://www.ams.org/mathscinet-getitem?mr=3426090
http://www.zentralblatt-math.org/zmath/en/search/?q=an:06544048
https://doi.org/10.1007/s00526-015-0917-z
http://www.ams.org/mathscinet-getitem?mr=1317632
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0847.42011
https://doi.org/10.1215/S0012-7094-95-07708-4

	1. Discussion of Reifenberg Methods and Outline of Notes
	2. Required Technical Background for these Notes
	2.1. Implicit Function Theorem
	2.2. Elementary Measure Theory
	2.3. Vitali Covering Lemma
	2.4. Submanifolds of Euclidean Space

	Lecture 1: Classical Reifenberg
	3. Examples
	4. Proof of Reifenberg Theorem
	4.1. Submanifold Approximation Theorem
	4.2. Distance Approximation Theorem and Proof of Theorem 4.2

	5. Proof of Distance Approximation Theorem

	Lecture 2: Rectifiable Reifenberg for Measures
	6. Hausdorff, Minkowski, and Packing Content
	6.1. Rectifiability of Sets

	7. Jones -numbers
	8. Rectifiable Reifenberg Theorem for Measures

	Lecture 3: Outline Proof of Rectifiable Reigenberg - Neck Regions and their Structure Theory
	9. Neck Regions and their Structure and Decomposition
	10. Proof of the Rectifiable Reifenberg Theorem 8.2 given the Neck Decomposition Theorem 9.16
	10.1. Proof of Corollary 8.5


	Lecture 4: Proof of Neck Structure Theorem and Neck Decomposition Theorem
	11. Proof of Neck Structure Theorem
	11.1. Best Subspaces on Neck Regions
	11.2. Submanifold Approximation Theorem
	11.3. Proof of Neck Structure Theorem 9.12 given the Approximating Manifold Theorem 11.11
	11.4. Proof of Submanifold Approximation Theorem 11.11

	12. Proof of Neck Decomposition Theorem 9.16
	12.1. Proof Outline and Induction Step
	12.2. Notation and Ball Types
	12.3. Collapsing and d-Ball Covering
	12.4. Symmetry and e-Ball Covering
	12.5. Neck Regions and c-Ball Covering
	12.6. Inductive Proof of the Neck Decomposition Theorem

	References


