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1 Introduction

In [20] Schultz considered the expectation based two-stage optimisation problem
min{ Ew[h(£) + ¢(2(w) = TE)] : £ € X} (1)

where X is a subset of some R", h convex and real-valued, z(w) a s-dimensional
random vector on some propability space (2, F,P) and ¢ a recourse function of
the form

o(t) =min{q"y | Wy = t,y > 0} (2)

which is the value function of a linear program with parametric right-hand side.
For a general introduction to such models we refer to the standard textbooks [6]
and [22]. The optimisation problem can be rewritten as

min{h(z) + Qe(z) | = € T(X)} (3)
with
h(z) = min{h(§) | T¢ =z, € € X} (4)
and the reduced expectation function

Qe(r) = Epu[p(z — )] (5)

where p denotes the pushforward measure of z. It is well-known that under mild
assumptions Qg is well-defined and convex on all of R®. For further structural
analysis of the optimisation problem (e.g. stability analysis, cf. section 4) and
its algorithmic treatment with subgradient schemes (cf. [I2]) conditions for strong
convexity may be desirable and for the risk-neutral setting were given in [20],
Theorem 2.2:

Theorem 1 Assume that the following conditions are satisfied:

A1 For every t there exist some y > 0 such that Wy = t. (Complete recourse)

A2 There exists some v with WTv < q. (Strengthened sufficiently expensive recourse)

A3 ||z|| is p-integrable. (Finite first moments)

A4 p has a density 0 with respect to the Lebesgue-measure and there exists a conver
open set V , constants r,p > 0 such that > r a.s. on V + B,(0).

Then Qg s strongly convex on V.

Remember that a real-valued function f on some convex subset V of a normed
space is called k-strongly convex on that set if for all z,y € V and all X € (0,1) it
holds

FO + (1= 2y) < Af(@) + (1= X)) = A0 =Nz —y]*.

We point out that a constant of strong convexity for Qg in Theorem [I] can be
computed from the model data, i.e. the geometry of the set {v |[WTv < ¢}, p and
r.

In [7] the analysis of (5]) was extended to the upper semideviation based functional

Qp, () = Qu(z) + Ex[max{0, p(2 — z) — Qe(x)}]
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and the expected-excess based one

Qrr(r,n) = Ey[max{0, p(z — z) — n}]

which, for simplicity, we shall call upper semideviation and expected excess repec-
tively. For the latter one an additional assumption A5 on the magnitude of 7 is
needed because if 7 is too big, Qgr(z,n) might not even depend on z anymore.

1.1 On strong convexity of Qgg(-,n) for fixed n

In order to formulate condition A5 we note the following properties of the value
function ¢ and its linearity complex (cf. Lemma 32 and 34 in [7]):

Lemma 1 Assume Al and A2. Then {v | WTv < ¢} is the convex hull of its finitely
many extreme points {d; | i € I ={1,...,N}} and ¢ has the following properties:

(i) o(t) =max;crdlt, p(t) =dlt for allt € K; ={z | (di —d;)Tz >0 for all j € I},
i.e. @ 1is finite and polyhedral.

(ii) UieI K; = R® with each K; being a s-dimensional, pointed polyhdral cone. Fur-
thermore each K; N K; with i # j is a common closed face of K; and K; and it
holds dim(K; N K;) = s — 1 if and only if d; and d; are adjacent.

(iii) There is some « > 0 such that

inf di —d:)Tu> .
Inf. Sl;p( i —dj)Tu > allull

Let us fix some more notation:

Since each K; is a polyhedral cone, we can write it as the conic hull of its
finitely many extreme-rays, i.e. K; = cone{tﬁ,.,.,t%i}. With shorthand Kj' =
K;n{z|dlz>0}and I" = {i € I | intK;” # 0 and d; # 0} we note that for
no > 0 and i € I'" it holds that the hyperplane {z | dlz = 1o} intersects at least
one extreme ray of K; in a single point:

{rts | r>0¥n{z | dlz=n} = {§5}

for at least one s € {1,...,n;}. Let §*(n0) denote one with minimum norm. Theo-
rem 35 in [7] can then be formulated as this:

Theorem 2 Let A1-A4 hold. In addition assume

A5 no is such that for all i € IT we have ||§*(no)|| < p (where p is the one given in
AY).

Then Qgg(x,n) is strongly convex on V (cf. A4 for the definition of V) with respect

to x for all m < ng. The modulus of strong convexity does not depend on 7.

The geometric situation is shown in Fig. 1.

In A5 it is in fact enough to show that for every i € I'" it holds ||§°(n0)|| < p or if
there exist an index set J; C I such that —K; C {J;¢, KJT" it holds || (no)| < p
for all j € J;. In this paper we shall use the slightly less general version of A5.
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Fig. 1 The geometry of the cones K;

Let us make three remarks on the theorem:

Firstly, it is desirable to verify condition A5 for ng as large as possible (especially
when considering Theorem [23|1ater). The larger p and ||d;|| with i € I, the larger
1o can be chosen.

Secondly, condition A5 might not be fulfilled on the entire set V. By considering
a subset U C V instead, allowing for a possibly bigger value of p, one can ensure
that condition A5 holds on U at least. Hence, strong convexity of Qgg(-,n) can
be shown on a smaller set. We shall demonstrate these two remarks in Example 1
below.

Thirdly, a modulus of strong convexity x can be computed in terms of model-
data directly with the techniques employed in [7]. It depends on p, the shape of
{WTv < q}, the lower bound of p’s density r and o (all subsumized as ”model
data”). There is a certain trade-off between how big x can be and how ng is chosen:
The bigger no, the smaller x. Example 2 illustrates this fact.

In Theorem and Theorem we will calculate moduli of strong convexity for
QEpp in a more general setting than in Theorem [2}

Ezample 1 Consider ¢(t) = max{0,at} and p = Uj_, 14,. For arbitrary z € V =
(0,1) we compute for n,a,p >0
Oforz>14+p—aln
sla(l+p—1z) —n]?, else.

Qee(z) = {
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We see that Qgg(-,n) is strongly convex as long as the condition 0 < z < min{1 +
p —a~1n, 1} is fulfilled. In notation of A5 there is only one cone K;r with i € It
which is K = Ry corresponding to d = a. We get § = a”1lng and condition A5
reads a1y < p so that Qrp(-,n) is strongly convex on V whenever i < ap. If
p < 3 we may consider the set U = (p,1—p) C V to get strong convexity for larger
n than before. We can set as the new p = 2p and see that Qgg(-,n) is strongly
convex on U for all n < 2ap.

Note that the modulus of strong convexity does not depend on p or n which in
higher dimensional cases cannot be expected:

Ezample 2 Let p(t) = max{0,t1,t2}, p = U 1)-
We shall also assume 0 < z2 < 21, 7 > 0 and 21 + 7 < 1 when computing

1 1 2
Qrr(z1,x2) = 5172(1 —z1—n)° + §$1(1 —x2—n)*+ 3(1 —z1—n)°

1= =)+ 5 (=) [(L a2 = )% = (1 -1 — )%,

For the tedious computation we refer to the appendix. The components of the
Hessian H of Qgg are

82
—Qpp(z1,72) =72 — 21 + 1
Ox?
82
——QEer(z1,22) =1
8x§
62

mQEE(wlva) =z1+n-1

If » — 1—, we can choose z1 close to 1 and z2 close to 0 which gives detH g, — 0+.
Since the determinant of the Hessian is equal to the product of its Eigenvalues we
see that at least one of them approaches 0 so that the modulus of strong convexity
must depend on the choice of 79 given in condition A5.

1.2 Variational representation of CVaR

In section 3 we shall consider the Conditional Value-at-Risk at a confidence level
a € (0,1), which can be characterized by a minimisation problem in terms of Qgg:

Qacvar(z) = Innelﬂ% {n+ éQEE(fE,ﬂ)}- (6)

For smooth distributions this representation is due to [24] Theorem 1], while [25]
Theorem 10] covers the general case and shows that the Value-at-Risk

Qavan(@) =inf {t € R u({z| p(z— ) <1}) > 1 - a}

is an optimal solution to the above minimisation problem. Thus,

Qacvaer(z) = Qavaer(z) + iQEE(fC, Qavar()). (7)
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We shall however favor working with representation (@ due to inconvenient prop-
erties of QuvaR, 1-€. absence of convexity. While it is straightforward to show con-
vexity of Qncvaer through @ essentially due to joint convexity of Qg in both
arguments, strong convexity does not follow trivially even if Qgg(z,n) is strongly
convex in x with strong convexity constant not depending on 1. A property that
ensures strong convexity of Q,cver can be defined as follows:

Definition 1 Let V C R" and W C R nonempty and convex.

A function f:V x W — R is called partially s-strongly convex with respect to its
first argument if

FO(z1,y1) + (1= MN(22,92)) < Mf(z1,91) + (1= A) fz2,92) — gk(l — Az — z2?
(8)

holds for all x1,x2 €V, Yy1,Y2 € W, 0< A<

Lemma 2 If f (as above) is continuously differentiable then partial strong convexity
is equivalent to

[ (z1,91) = £ (22, 92)]((21,51) — (w2,92)) > Kllz1 — 22 9)
forallzi,22 €V, y1,y2 € W, 0 < A < 1.
Although the proof is virtually the same as for strong convexity (cf. [I7]) in both
arguments, we shall give a variant of the proof in for the reader’s convenience in
the appendix.
For the moment let us assume that Qgg(z,n) is partially strongly convex with
respect to x on some set V x W C R* x R. The following simple calculation shows

that Qncver is strongly convex on V' with modulus £ if Quavar(V) C W.
For any A € [0,1] and z1,z2 € V set n; = Qavaer(zi) € W, i =1,2. Then

. 1
Qacvar(Ar1 + (1 = Nz2) = min {n+ S Qpe(z1 +(1- Nz2,n)}
1
<A+ (1= Xn2 + EQEE(/\II + (1= Nz2, A+ (1= A)n2)

< A[m + éQEE(fla'Ul)] +(1—=X)[n2+ éQEE($27772)] - SA(l — Nzt — 22|

K
= AQacvar(r1) + (1 = A) Qacvar(z2) — a)‘(l = N[z — $2||27
where the second inequality follows from Qgg being partially strongly convex.

One might hope that conditions A1-A5 suffice to prove partial strong convexity
for Qrgg. It turns out, that this is not true:

Ezample 3 As a counterexample consider

Qpp(e.n) = / max{0, ¢ (z — z) — n} p(dz)
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with ¢(t) = max{0,t} and u = U (g1 (i.e. uniformly distributed on (0,1)). Let
V C (0,1) so that conditions A1 — A4 are satisfied. Also choose 79 > 0 so that A5
holds. In case o > n > 0 we get

1

1
QEE(;E,U):/ max{(),z—;r—n}dz:/ z—x—ndz
T z+n

l—z—n 1
:/ tdtzi(lfxfn)?
0
We calculate for z,z +u €V
Qe +u,n+v) — Qpp(x,n)](u,v) = u® + 2w +v* = (u+v)?

as long as n + v > 0. Since for small v we can choose u = —v, Qgg cannot be
partially strongly convex in wrt. = on the set V' x (—oo, 0]

In this example Qg does not have the desired joint convexity properties on any
open set contained in the support of u.

Unsurprisingly, Q.cvaer does not behave any better:

Example / With the same specifications as in example 3 we can calculate the
conditional value at risk at some level a € (0,1) for any z € V as (cf. (6))

VR GRS
QaCVaR(x) - %161]1% {T) + 204<1 €z 77) }

The unique minimizer is n* = Qavqer(z) = 1 —a —z. Note that we can restrict the
minimisation to n > 0 since the value at risk is obviously positive. We arrive at

1
Qacvar(z) = —w + 5(2 - a),
so there is no subset U C V on which Qncver is strongly convex.

We shall give a rather strict condition on the value function ¢ that yields partial
strong convexity for the expected excess in section 3 without additional assump-
tions on the distribution of z.

Before that we will introduce the even weaker concept of strong convexity, re-
stricted partial strong convexity, which can be shown to hold for Qg g under less
restrictive assumptions on the recourse function. This property can also be char-
acterized by monotonicity of the gradient as in Lemma

Definition 2 Let V C R™ and W C R"" nonempty and convex.

A function f : V x W — R is called restricted partially x-strongly convex on
2 C V x W with respect to its first argument if

FM(@1,91) + (1= N)(w2,92)) < Af(z1,91) + (1= A) f(z2,92) — g/\(l —Nlz1 — z2?

for all (z1,y1), (z2,y2) € 2 and all 0 < A < 1.
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Note that 2 does not need to be a cylindrical subset of V' x W as in Definition

In section 3 we will show that conditions A1-A5 are sufficient for restricted partial
strong convexity of Qgrg on some nonempt set 2 C V x R. The estimates above
showing that partial strong convexity of Qg g implies strong convexity of Q.cvar
can be used verbatim to show that restricted partial strong convexity of Qg does
so as well - if one can additionally show that (z,Qavar(z)) € 2 for all z € V (or
maybe for all z € U C V). Example 4 shows that this cannot be done without only
relying on assumptions A3 and A4 on the distribution of z.

2 Joint properties of Qg

Theorem [2| addresses properties of Qgg(-,n) for fixed threshold 5. In Theorem
we will show that in conjunction with A1-A5 the following condition is sufficient
for partial strong convexity of Qgg(z,n) wrt. z:

A6 It holds g > 0, i.e. the gradient of the objective function of the second stage is
positive componentwise (cf. (2)).

Note that this condition is stronger than A2 (choose v = 0 there). Although it is
a rather strict condition on the problem data, it might be well justifiable in the
setting of simple recourse problems because compensating actions in the second
stage should have negative impact on the total objective.

If A6 does not hold, all that can be shown is restricted partial strong convexity
in the sense of Definition [2] We start with an elementary lemma to provide some
geometrical insights that are used within the proof of Theorems 23] and 24}

Lemma 21 Let A1 and A2 hold. Then A6 is fulfilled if and only if one of the following
conditions is fulfilled:

(i) There is some o' > 0 such that for all w € R® it holds

o(u) > o ||ull, (10)
(ii) For all i € I we have d; € int cone{d; — d; | d; adj. to d;}.
Proof This follows directly from well-known separating hyperplane theorems.

Lemma 22 Let A1-A/ hold. Then Qg is continuously differentiable and we have the
following formula:

[Qpr(@+u,n+v) — Qpg(z,n)](u,v)

—[u( U e\ U Miletunn) i (11)

lel(u,v)(T) lel(u,v)(T)

with suitable parametric sets I(u,v) sets Mj(z,n) C R® to be constructed in the proof
below.
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Proof By assumptions A1-A4 and standard arguments Q gg is continuously differ-
entiable on R* x R, so only warrants a proof. We calculate

Qe (w;n)(u,v) ZM(M z,n))(=dju —v)
el
Qe +un+v)(u,v) => p(Mi(z +u,n+v))(~dlu - v) (12)
el

with shorthand M;(z,n) = (z + K;) N{p(z — x) > n}.
Let Mo(z,n) = {¢(z — =) < n} and

7 = u(M;(z,n)), vi = —dju—v,i€l,
7 = u(Mo(e,m)), ¥ =0,
72 = p(Mi(x +u,n + 1)), yi = —dju—v, i€l
e = w(Mo(z 4+ u,n+v)), y3 = 0.

Define random variables Y7 and Ya taking values y} with probability =} and y?
with probability 7ri2 respectively. We observe that the quantities in (12) can be
rewritten as Riemann-Stieltjes integrals with cdfs Fy,, Fy, as integrators:

Qep(z,n)(u,v) = Zmyz —/TdFyl(T)
N
Qup(e+uwn+v)(ur) =S nly? = / - dFy, (7).

=0

Integration by parts yields

[QEep(z+u,n+v) - Qpplz,n)](u,v)
:/TdFyz(T)—/TdFyl(T) = /Fy1 — Fy, dr.

Note that the boundary terms cancel out because yil = yf for all 4.
Introducing the index set

I(u,v)(r) ={i € TU{0} | y; < 7}
and observing that the sets M;(z,n) only meet in lower dimensional sets (if they

meet at all) and thus p(M;(x,n) N M;(x,n)) = 0 for i # j, we can write down the
cdfs Fy, and Fy, as follows:

FY1 (7-) = Z ﬂ-il = Z M(Mi(‘rvn)) = N( U Mi(%ﬁ)%

i€l (u,v)(T) i€l (u,v)(T) i€l (u,v)(T)

FYz(T): Z 7ri2: Z M(Mi($+U7U+V)):M( U Mi(m+u77]+y))'

i€l (u,v)(T) i€l (u,v)(T) i€l (u,v)(T)
(13)
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Note that Fy, — Fy, can be written as the measure of a difference of sets if we can
show that the following inclusion holds for all 7 € R:

U MG@+uwn+vyc |J M), (14)
i€l (u,v)(T) i€l (u,v)(T)

First note that for all 7 we have

U z+u+ K, C U r+ K; (15)
i€l (u,v)(7)\{0} i€l (u,v)(1)\{0}

for if it was not true there would be some z contained in the union to the left
side of the inclusion but not in the right. This means there is some index ¢; with
zZ € x+u+K;, such that —dZ-Tlu—v < 7. Since the cones z+ K; cover the entire space
(cf. Lemma (ii) ) there is some index iz such that z € z + K;, and —dj u—v > 7.
By using the definition of the sets K; we arrive at the contradiction

0 < (dh - diz)T(’g_ L= ’LL) = (d’L1 - diz)T(E_ JJ) - (dh - diz)Tu
< fdiTlu + dszu = (fd;-"lu —v) + (diTzu +v)<7+(-7)=0

Back to we see that this inclusion reduces to in case 7 > 0 which was
just discussed. Now let 7 < 0 and z € M;, (z + u,n + v) for some i1 € I(u,v)(7)
which implies Z € z +u + Kj,, —d] u—v <7 <0 and d] (2~ —u) >n+v. This
yields

p(Z—z)>di (Z—z—u)+dlu>ntv—v=n.

Since by we also have z € z + K;, for some ¢ € I(u,v)(7) we have shown that
zZ € UiEI(u V) (1) M;(z,n) and is proven. We can now replace Fy, — Fy, and
conclude the proof with

/(Fyl—Fn)(T)dT:/u( U M\ | Me+uwntr)dn

lel(u,v)(T) lel(u,v)(T)

0

Since Qgg is continuously differentiable we can prove (restricted) partial strong
convexity of Qg by showing that @D (and its restricted counterpart) holds for
QEE, i-e. showing that there exists some k > 0 with

[Qpp(z +un+v) - Qpp(z,m](u,v) > & |ul? (16)

for relevant x,n, u,v.

This is done by restricting the area of integration in to some subset with
measure not smaller than «flu|| for some constant o > 0. Then the p-measure
of the set within the integrand will be estimated from below by constructing a
cylindrical subset with Lebesgue measure not smaller than o’ ||u| (with some other
constant o’ > 0) and which is contained in V + B,(0), where a lower bound on p’s

Lebesgue-density is available. We begin with the special case employing condition
A6:

Theorem 23 (Partial strong convexity of Qrg) Let A1-A6 hold.
Then Qrg(z,n) is partially strongly convex on the set Vy, =V X (—o0,n0] wrt. z.
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Proof Crucially relying on A6 we may assume v > 0, otherwise substitute =’ =
z4+u,n =n+vand v = —u,v’ = —v and consider «’ and v/ instead of u and
v. Since the sets K; cover the entire space R® we can pick an index i such that
u € K;. Note that in condition A5 and the discussion before it, which will come
into play soon, we have I = I'" and K;' = K; for all indices I € I.

We shall now construct some n~ > 0 and give the desired estimate of (|11)) for
—oo < n <7~ first. By Lemma |1 (iii) there is some index j different from 7 such
that

(di — dj)Tu > aful. (17)
Assume that 7 € (—dfu — v, ~dJu —v). This implies i € I(u,v)(r) and is implied

by k € I(u,v)(r) for all k with dju > dJu. We thus find the inclusion

U Ml(ﬂﬂﬂl)\ U Ml($+u777+V)3Mi($:77)\ U Mk(x+ua77+y)
lel(u,v)(T) lel(u,v)(T) {k:dfu>d]u}
(18)

where the set on the right-hand side does not depend on 7 anymore. We want to
estimate the py-measure of this set:

Remember that K; is a pointed cone and therefore has finitely many facets {F]l Yzl fi

and finitely many extreme-rays {rtfc’j | £k =1,...,9;,} adjacent to facet F; For
notational convenience set

t

i(xm) = (2 + Fj) n{d] (= — @) 2 n}.

Intersecting FJ’ with a hyperplane {d]z = ™} - this really is a hyperplane since i €
IT - yields points {y{ M)y yij (n7)} where the hyperplane meets the extreme
rays of K; adjacent to F;

{dlz=n"}nK;={y{(n7)....ol,(n")}.
Among all yi (n™) pick some ¢/ (n~) with

187 (7)1 = min|ly] (0 Il [ £ =1,...,7;}. (19)
Choose = > 0 such that

max ¢ (n7)] < p, (20)
Jj=1,....f;

which is possible since [|§7 (n7)|| = 0asn~ — 0+, and let 5 = p—max;—1__y, |77 (n7)||.
For all —oo < n <n~ we can now show the inclusions

U ([F;;(m,n*) N By(z + 37 (n7))] + M) C V + B,(0), (21)
0<A<1

U (F5@n) 0B+ o) +x) ¢ (Mien\ ) Miletunty)).
0<A<1 k:dfu>d]u

(22)
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To this end let x4 z+ Au with z € FJJ-(O, 7 )NBs(4’(n~)) and 0 < A < 1 be given.
It holds = + Au € V due to the convexity of V. Furthermore

llzll < llz = &7l + [1#° (n )l

<A1 00l
=p = 2ax g o)l + 17 ()l < p.

It remains to be shown

x4 2+ Au € M;(z,n)\ U M;(z +u,n+v).
{k:d;u>d;u}

Duetoz+z € FJ(JEﬂf) Cz+ K; and u € K; we have x + z + \u € = + K;, since
K; is a convex cone. We also have

di(z+z+ u—z)=dlz4+ MdJu>n" +0>n,

which establishes z+2z+Au € M;(z, 7). Let k be any index in I such that dju > dJu.
We will show that = 4+ z + Au does not even lie in z 4+ u + Kj:

di(x+z+ -z —u)=dz+(\-1)dju
<dlz+(A-1Ddju=dl(z+z+u—1z—u)

where we used the fact that z € F;, implying dj z < dlz = d]T-z, and \ < 1.

As the last prerequisite step we want to show that there exists some constant 3 > 0
such that

AU B @) 0 Balo+ 3 07)] + M) = apull. (23)
0<A<1

First note that we may as well set x = 0 due to the translation invariance of the
Lebesgue measure. The set is then the Lebesgue measure of a cylindrical set with
bases F;(0,77) N B;(4’ (n™)) and F;;(0,n7) N Bs(5 (n7)) + .

Let

B =As—1(F(0,n7) N B3 (n7))) > 0. (24)

This constant still depends on the index j which in turn depends on the direction
u € K;. Since there are only finitely many possible choices of j we can robustify
by picking the minimal £.

The estimate then follows from and Cavalieri’s principle. As a side-remark
- which comes into play when trying to maximize the constant of partial strong
convexity - we note that the function

1" = A1 (FL(0,07) N Bs(# (n7)))

is continuous, monotonically decreasing and tends to As—1 (sz ﬂBp(O)) asn — 0+.
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We have gathered all necessary information to continue in (11)) as

/M( U Ml(ﬂfﬂ?)\ U MI(I—F’U,,’I?—FI/))dT

lel(u,v)(r) lel(u,v)(r)

(T3) 7d;'.'u71/
= [ s\ U Matunsn)ds
—dju—v {k:dfu>dTu}

D aadusen U Mot un+n)

{k:dju>d]u}

122)

g aljull 0(z)dz
Uo<r<1 [P (2 )NBs(a+7 (n7))]+ A

e o o (=

> arfulA( J (F5@ )0 B+ 3 (7)) + )

0<A<1

=arlul A |J (F50,77) 0B (7)) + )
0<A<1

@3)

> o Brlul?

In the first inequality the nonnegativity of the integrand and in the only equality
the translation invariance of the Lebesgue measure was used.

Choose now some 0 < = < 7 with

17Ol = min gLl < p (25)

:1) b
and set
~ ~7 +
p=p—7 I
Now consider the case n~ <n < n™:

We will choose (fdiTu — v, 0) as the area of integration in ([11)). As the integration
variable 7 satisfies —dJu — v < 7 < 0 we can find a subset of the one in (L1]) as

U M (z,m)\ U My (z +u,n+v) D M(z,n)\ U My (z 4+ u,n+v).

kel(u,v)(T) kel(u,v)(T) k:—dfu—v<0
(26)
In analogy with the notation used in the previous case set
Fio(z,n) = (z + K;i) n{d] (2 — =) = n}.

It holds

U (Fiol@,m) N Ba(x + ' ()] + Au) €V + By(0), (27)
0<A<1

U (Fon)nBs@+3' )]+ ) € M)\ | Mile+u,n+wv).
0<A<1 k:—dju—v<0

(28)
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the one for (22)) with minor modifications:
Let  +z+ Au with 2 € K;N{d]z' =n} and 0 <A< 1. Againz + 2+ u €z + K;
due to K; being a convex cone. Furthermore

Inclusion (27) follows the same way as . The proof for works similar to

dl(x+z+M—z)=dlz+ d]u>7
because d]z = n and dJu > 0. Thus & + z + Au € M;(z,n) has been established.
Pick any index k € I with —dju —v < 0. It holds
di(x+z+ u—c—u)=dz+N-1dlu<n+A-1)dju<n+(1-Nv<n+v,

so we have £+ 2+ A ¢ My (z+u,n—+v). In the last inequality we have used v > 0.

As the last ingredient we will show that there exist constants o/, 8’ > 0

AU (Fio0n ) nBs(@' (7)) + Au)) > o B [|ul (29)

0<A<1

To this end set
B = xs1(Fi0(0,n7) N B3 (n7))) >0 (30)

which is positive by construction. Applying Lemma (i) and Cavalier’s principle
yields (29). Having a lower bound on the measure of the set F; o(0, N )NBs (5 (7))
is the reason why we need to have to distinct the cases —oco < np <7~ and n~ <
n < nt in the first place.

With this we can continue as

0
Z/dT p(MiGe)\ | Mi(twn+))dr

k:—d]u—v<0

Sl s\ U M+ un+0)

k:—d]u—v<0

a'\lullu( U (Fiolen) nBalz + ¢ (0))] + )

0<A<1
=aoull u( | ([Fio(0,n7) N B (n7))] + Au))
0<A<1
el A U ([Fo0.17) 0 Bo (7)) + M)
0<A<1
(129)

> orp |ul’.

As before, nonnegativity of the integrand is used in the first step. Translation in-
variance of the Lebesgue measure is exploited in the only equation.

All constants «,a’, 8 and 8’ computed until now implicitly depend on the index i
for which we have u € K;. But since the index set I is finite so is the number of
such constants. Choosing minimal constants thus concludes the proof of the first
part. O
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Fig. 2 Truncated cones for varying n

{z€ K;|dlz=mn}

That fact that the sets M;(z,n) have a simple geometry, i.e. they are pointed cones
or truncated cones, is one of the key arguments in the proof (cf. Fig. 2 below).
This geometry allowed us to explicitly construct cylindrical sets ( resp. )
for the estimates needed after . The size of these cylindrical sets is dictated by
the model data, e.g. p, and a certain degree of freedom when choosing n~ and n*.
With a little more effort the constants 5 and 8’ which depend on the choice of n~
and p explicitly (and on di,...,dy implicitly) can be maximized to yield a partial
strong convexity constant as large as possible. In principle the modulus of partial
strong convexity resp. of restricted partial strong convexity (in the next theorem)
can thus be computed directly in terms of model data. The remarks after Theorem
[ also apply in the setting of Theorem [23]

As alast remark to the preceding theorem we point out that once an~ > 0 has been
fixed, the arguments in the proof can be modified to show that A6 implies strong
convexity of Qg in both arguments with strong convexity constant depending on

n

Next we will consider the more general case when A6 fails to hold and prove
restricted partial strong convexity of Qg wrt. the first argument in the sense of
Definition [2| In the last theorem u and v varied independently of each other, but
as example 3 shows, we need to make some new assumptions which tie together
u and v in order for restricted partial strong convexity to hold. This necessitates
more case distinctions and technicalities, mainly due to the following two facts:
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1. The interplay between choosing the area of integration in and constructing
suitable subsets of the set in the integrand become more subtle.
2. The geometry of the sets M1+ can be slightly more complicated.

To avoid being overly repetitive in the proof of the next theorem, we will borrow
notation from the preceeding one and mostly point out where changes need to
be made to the last proof to accomodate the new situation, i.e. where two main
consequences of A6 - being able to reflect to v > 0 when necessary and the lower
bound on d]u from - were used.

We feel that it is still convenient to separate the two theorems: Firstly, to not ob-
scure the general structure of the proof by even more case distinctions. Secondly,
because most of the discussions in section 3 only make use of Theorem [23| anyway.

We start with some simple geometric observations which apply when A6 is dis-
carded:

Before Theorem [2| we introduced the notation K;™ and I*. For n > 0 we had
observed that for ¢ € I the hyperplane {d]z = n} intersects K; (and also K;")
in some of its extreme rays rays. We denote a point of intersection (say with
{rt* | r > 0}) having minimum norm among all such points as §*. Assume that ¢*
has norm 1 and set v = dZTti. We then have the estimate

+
dlu < v||ul| for all u € K;". (31)

The hyperplane {d] z = n} also slices K; into two polyhedra M;"(0,7) = K;n{d]z >
n} and M; (0,n) = K; N {d]z < n}. Denote with I* indices i € I such that both
polyhedra are unbounded - it is I* # § if and only if A6 fails to hold - and with
I indices in I such that only M;"(0,7) is unbounded - which holds iff there is
some o’ > 0 with

dlu > o[|ul| for all u € K;. (32)

Obviously I+ NI*=@and I*turt =r1t.
For i € I we note that by inequality (31 we can write

K=K TUuK? (33)

with two full-dimensional polyhedral cones K;'™ = K;" n{u | dJu > +/|ju|/} and

KE = K;"n{u| dlu<~'||ul]} (choose for example v/ = 7).

Theorem 24 (Restricted partial strong convexity of Qrgg) Let A1-A5 hold.
Then Qgg(x,n) is restricted partially strongly conver on the set

) .
2 ={(z,n) € Vi, |77'—772—§||y—1:|\ V(y,n/)evno cy—x e K;, z€I+},

where § = max{ag,q/} | ieItT,j eIt} with o and 'y§ from and (33]). For the
definition of Vi, cf. Theorem above.

Proof Let (z,n), (z +u,n+v) € 2 so that we have

)
v >~ (34)
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as required by the definition of 2. In we may, after a suitable change of
variables, assume that u € Kj with i € IT = I'T1 U I*. We can however not take
v > 0 as granted. Since the case i € ITT is structurally more similar to the ones
already treated, we shall start with this one. Drawing on condition A5 choose again
0 <n~ <nT so that conditions and are fulfilled. Let us first consider the
case n” <n<nt:

We need to choose the area of integration in differently as before: This time
it shall be

a
—dlu—v <7< —-dlu—v+ §Hu||

Consequently we need to replace by

U M@n\ U Merun+r)oM@n\ | Metun+o).
kel(u,v)(T) kel(u,w)(T) ki—diu<$|ul|—d]u
Inclusions and must be replaced by

U ([Fiol@m) nBse+ 3§ (m)] + Au) €V + B,(0) (35)
0<A< 3

U ([(Fiole,m) nBale+ 5" ()] + Au) € Mi(w,m)\ U My ( +u,n +v)
0<A<3 ki—diu<$|ul|—d]u

(36)

where only

U ([Fi,o(d/’,n)ﬂBﬁ(m+g}i(n))]+)\u)ﬂ U Mk(w+u,n+y) =0
0<A<3 ki—diu<$|ul|—d]u

needs justification:
For any 0 < A < 3, z € Fj o(x,n) and index k € I with —dJu < &|lul| — d]u it holds
di(z+M—z—u)=dl(z—z)+ (1 = N)(—dfu) < d](z—z) + (1 = X)(—dfu)
a
=0+ (1 =A)(=dfu) <n+ (1 =N (Fllull - dju)

« 2«
<0+ (U= NG llull = allul)) = 0+ (1 = ) (= lul)
1
< gallul <n+v.

With (35) and (36) at hand the remaining estimates are analogous to the ones
made before. The case —oco < n <7~ is identical to the one in (i).

For i € I we shall construct n~ a little different than before.

Let us also assume that the set K, = K; N{z | d]z < 0} has nonempty interior.
The other case can be handled in a similar way.

We then find that for < 0 the hyperplane {d] z = n} intersects the extreme rays
of K~ in singletons, let §* = §%(n) denote one point of intersection with minimum
norm. Choose 1~ j 0 so that ||§°(n7)| < p and set g = p— [|[5°(n7)|.

For arbitrary —oo < n <n~ we see that for all j with d; adjacent to d; it holds

(2 + F5) 0 Bjgi gy (x) © Fify ()
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and

there first inclusion holding true since ||§?||(n) is monotonically increasing in 7, the
second one bcause n~ < 0.

With this and resorting to ((17]) we can be continue using as area of integration
—dlu—v <7< fd]T.u —v. In (21) and the left hand side needs to be replaced
by

U (@+E)nBjgigy (@) + xu),
0<A<1

everything else is straightforward from thereon.

Now consider = < 1 < n™ and - employing (33)) - look at the cases
ue KFn{dlv' <+/|[v/|} and uw € K}t n{d]u’ > +/||u'||} separately.
For each of the two cases the area of integration in and estimates for the
integrands (as seen in , and ) must be done appropriately as demon-
strated before. a

3 CVaR based models

We shall now discuss implications of the preceding results for models extending
by replacing the expectation-functional with the the conditional value at risk
aCVaR:

min{ aCVaR[h(§) + ¢(z(w) —TE)] | £ € X}. (37)

By translation equivariance of «CVaR and the same arguments as above we can
rewrite this problem as

min{h(z) + Qucvar(z) | = € T(X)} (38)
with
Qacvar(z) = aCVaR[p(z —x)]. (39)

Theorem [23] and the discussion after Lemma [J] yields

Theorem 3 (Strong convexity of Q,cver) Assume A1-A6 (in particular, there
is some no > 0 satisfying A5) and the following condition

sup QonaR(x) < no- (40)
xzeV

Then Qo cvar 5 & -strongly conver on V with k being the modulus of partial strong

convexity for Qg forn < no. O
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Let us make some remarks on this theorem:

Since a — Quver(Y) is nonincreasing for fixed Y, condition will hold

for all & < o/ < 1 if it holds for a. It follows that Q. cyer is strongly convex for
all such o'

There is some heuristic on when one can hope for Q. cv.r to be strongly convex:
We have that Q.cver = Qr for @« = 1 which is strongly convex given the usual
assumptions made above. If 1 > a > ag for some ag which is not too close to 0
condition might still hold. When o — 0+ the quantity Qv g (z) will increase
and condition might be violated.

If not on V it might still be possible to show strong convexity on some subset
U of V for two reasons: Firstly, on U conditions A5 is weaker since a larger p
can be chosen so that condition A5 holds. Secondly, in we have the obvious
estimate sup,cy Qavar () > sup,cy Qavar(z). We give an academic example to
illustrate these points in the appendix, cf. example 5 there.

If 0 € V, the following (very rough) upper bound for the value-at-risk might also
be helpful: Set d = max;cy ||d;||, then for any x € U CV and z € R® we have

plz =)= max dl(z~2) < dlz] + dmax o]

Thus,

QaVaR ({E)

IN

. t
< = — >
inf {¢ € R u({z | |2/ < 5 —maxo}) = o f

dinf {t | u(B:(0)) > a} + dmax Jo].

The above quantity is finite by the tightness of the probability measure p and the
boundedness of U. Set 7 := inf {t | u(B:(0)) > a}. As direct consequence of the
above considerations, we obtain the following:

Proposition 1 If Qgg(-;dij + €) is k-strongly convex on V for some ¢ > 0, then
Qacvar s strongly conver with modulus £ on any nonempty, open, conver U C V
satisfying

€
max ||z|| < =.
ma o] < &
As a consequence of theorem [24] we get

Proposition 2 Assume A1-A5, ({40) and the condition

Qavan(y) ~ Qavan(@) < 2lly o

for all x,y € V with § as defined in theorem . Then Qu cvar 18 Z-strongly convex

[e7
on V' with k being the modulus of partial strong convezity for Qg for n < no.
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3.1 Coherent risk measures and spectral risk measures

With verifiable conditions for strong convexity of CVaR-based models at hand, we

shall now consider risk measures that can be represented as mixtures of CVaRs,

so called coherent risk measures. For a general discussion of such functionals we

refer to [2] and [§].

Definition 3 Let Z = L1 (2, F,P). A proper function p: Z — R is called a coher-

ent risk measure if it satisfies the following four properties:

(1) piZz+(1-1)Z)<tp(Z)+ (1 —t)p(Z) for all Z € Z,0 <t < 1. (Convexity)

(2) p(Z) < p(Z") for Z,Z' € Z such that Z < Z’ holds P-almost surely. (Mono-
tonicity)

(3) pla+2Z)=a+p(Z) for all Z € Z, a € R. (Translation equivariance)

(4) p(tZ) =tp(Z) for all Z € Z, ¢t > 0. (Positive homogeneity)

Theorem 4 (Kusuoka [11]) Assume (2, F,P) is nonatomic and p is a law-invariant,
coherent risk measure on Z. Then we have for any Z € Z

o(2) = sup CVaRa(Z) v(da) (41)

where M is a set of probability measures on the interval [0,1).

As in the preceding paragraphs we consider as probability space (2, F,P) =
(R®, B(R®), ) which clearly is non-atomic due to p having a Lebesgue-density.
Now consider the random variables Z;(2) = p(z — z) and the induced functional

Qr:R°DOV R, Qz)=p(Z)

This gives the induced Kusuoka representation

Q@) = swp [ Qucvan(a) vda). (42)
vem

Formula makes theorem applicable to derive sufficient conditions for strong

convexity of @, if information on 9 is available. In the scope of this paper we

shall only investigate comonotonic risk measures appearing in the Kusuoka repre-

sentation as

QV(-T) = /QaCVaR(iE) V(da)

for some probability measure v on (0,1] (cf. [2I] Theorem 2]). In particular, we
shall consider measures vy induced by continuous, increasing, concave distortion
functions g : [0, 1] — [0, 1] with g(0) = 0,¢(1) = 1. These are defined on half open
intervals as

vg((0,4]) = g(t) —tg'(t) (43)
if t € (0,1) and
vo((1)) = lim ¢'(1) (44)

else (cf. [5] and [§], section 4.6). For a comprehensive treatment of distortion
functions and risk measures we refer to [4], [I3] and [23]. Theorem [3] yields criteria
for strong convexity of Q. and Qy,:
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Corollary 1 (Strong convexity for comonotonic risk measures) Assume that
Qa, CcVaRr 18 strongly conver on some nonempty, open convex set V. with modulus of
strong convezity k for some 0 < ag < 1 and that the following inequality is fulfilled:

¢ =v((ao,1]) > 0. (45)

Then Qv is strongly convex on V' with modulus k c. If v = vq is generated by a distortion
function, condition (45|) is equivalent to

c=1-g(ao) + aog’(ag) > 0. (46)

Proof Let z,y € V and 0 < XA < 1. By splitting the integral into two and using
convexity resp. strong convexity of the integrands we get

Qv dr+ (1-Ny) = o) Qacvar(Ar + (1= N)y) v(da)

= /( ] Qacvar(Az + (1= A)y) v(da) +/( ] Qacvar(Az + (1= ANy) v(da)
0,0 a@p,1

< /\/(o,ag} Qacvar(z)v(da) + (1 - /\)/ Qacvar(y) v(da)

(0,0]

+ )\/(%71] Qacvar(z)v(da) + (1 - )\)/( Qucvar(y) v(da)

ao,1]

— S = Nl - yl*v((a0, 1))

= QaCVaR(x) I/(da) + (1 - )\) QaCVaR(y) V(da)
(0,1] (0,1]

— S = Nl = yl*v((a0, 1))

> AQu(@) + (1= NQu(y) = HA1 =Nz -y

For distortion risk measures we have

vg((a0,1]) = vg((0,1]\ (0, ao]) = 4 ((0,1]) — v4((0, cxo])
=1-(g(a0) — a0 g'(a0)) =1 — g(ao) + ao g'(a0) = ¢ > 0,

which completes the proof. O

To illustrate Corollary |1, we shall discuss condition (46) for various distortion
functions.

The expectation is generated by the distortion function gg(t) :=¢. By 1 —g(¢) +
tg'(t) = 1 for all ¢, condition is fulfilled with ¢ = 1. However, the assumption
of strong convexity of Qu,cvar for some ag € (0,1) is generally more restrictive
than the assumptions of Theorem

The distortion function associated with the conditional value at risk Q. cvar is
defined by g, cvaer(t) := min{Lt,1}. We have

1, fort <«

1- 9o CVaR(t) + tg/a CVaR(t) = {0 fort> o
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Thus, (46 does not constitute an additional assumption for the conditional value
at risk.

The Wang Transform distortion is given by ggwr(t) := &(® '(z) — ), where
B > 0 is a parameter and @ denotes the cdf. of the standard normal distribution
(cf. [28]). For arbitrary t € (0,1), we calculate

1
1—gawr(t) +tgswr(t) =1 — ggwr(t) +texp(—pt — 552) > 0.
*/

| ———

<1 >0

Consequently, condition is always fulfilled for the Wang Transform.

The mappings g pg(t) := t7 with v € (0,1] form the parametrized familiy of
Proportional Hazard distortion functions. For any feasible v and any ¢ € (0,1), we
have

1—gypa(t)+td pr(t)=1—(1—~)t" >0,

which means that condition holds for any Proportional Hazard distortion
function.

The Lookback distortion is given by g~ pg(t) :=t7(1 — vIn(t)), where v € (0,1] is
a parameter. For any ¢ € (0,1), we calculate

1= gy15(t) +tghp(t) =17 (1 +yIn(t)(1 - 7)) > 0.

Thus, condition is fulfilled.

4 Stability

While we have only considered Q. cvqr and @y, as functions of the first-stage
decision variable z so far, these quantities also depend on the underlying prob-
ability measure p. In stochastic programming, incomplete information about the
true underlying distribution or the need for computational efficiency may lead to
optimisation models that employ an approximation of u. Stability analysis deals
with the behaviour of optimal values and optimal solution sets of the perturbed
models in comparison to the original one.

First, we shall recall some relevant results concerning stability and strong convexity
of abstract parametric programs of the form

{0 min{g(z,1) | = € X(0)}

where g : R x T — R and X : 7 = R" are functions and ¢ varies in some
metric space (7,d7). With inequality constraints and differentiable data, stability
analysis for goes back to Alt [I], while a more general setting is considered
by Klatte in [I0]. For constant feasible set X (t) = X C R"™ for all t € T, a proof of
the following result is also given in [19].
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Lemma 3 Let X be some nonempty, closed, convex subset of R™ and consider the
mapping ¥ : T = R"™ given by

¥ (t) := Argmin {g(z,t) | z € X}.
Suppose that to € T is such that the following conditions are satisfied:

S1 g(-,t) is convex for all t in a neighborhood of to.
S2 There exists a bounded open set Q@ C R" such that $(to) C Q.
S8 There exist o € ¥(to) and o : R™ — [0,00) such that «(0) =0 and

g(z,to) > g(zo,t0) + alz —x0) Vo € X Ncl Q. (47)
S4 There exists a constant L > 0 such that

l9(z,t) — g(z,to)| < Ldr(t, to) (48)
holds for all x € cl Q and all t in a neighborhood of to.
Then there exists a neighborhood of to on which we have ¥(t) # 0 and

sup Oé(CL‘ — Jio) < 2LdT(t, to). (49)
zeW(t)

In the presence of strong convexity, assumptions S2 - S4 above can be weakened.

Lemma 4 Let X C R"™ be nonempty, closed and convex and suppose that to € T is
such that S1 and the following conditions are satisfied:

C1 g(-,to) is k-strongly convex on some open convex set V with W(tg) NV # 0.
C2 There is a constant L > 0 such that holds for all t in a neighborhood of to
and all = in a neighborhood of ¥ (to).

Then there exists a neighborhood of to on which we have ¥(t) # 0 and

g (F(to), (1)) < 2 %dT(t,to).

Proof Conditions S1 and C1 imply that ¥(¢) is a singleton {zo} C V. By C2
and the openess of V, there thus exist constants L > 0 and r > 0 such that
holds for all ¢ in a neighborhood of tg and all z € ¢l Br(z9) C V. In particular,
setting Q := Br(zo), assumptions S2 and S4 of Lemma [3| are fulfilled. By C1,
gto(-) == g(-,t0) is k-strongly convex on V and [9, Proposition 4.2] yields

1
9t0 () > gty (x0) +d (z — o) + §f<é\|ﬂﬂ—930||2 (50)

for all d € 9g,(z0) and all z € V. As zp minimizes g(-,¢9) over X, there is a
subgradient do € dgy,(zo) such that dj (z — xo) is nonnegative for all z € X.

Consequently, implies
1
9to (@) = gt (z0) + 5kl — wol|®

for all z € X N Q. Choosing a(-) := %k| - || we obtain S3. Lemma [3| yields the
existence of a neighborhood Ty of ¢g on which ¥(¢) # 0 and hold. Thus,

L
du(P(to), ¥(t)) = sup ||z —zoll <24/ =dr(tt0)
TEW (L) K

holds for all ¢t € Tp.
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Returning to stochastic programming models, we shall endow the parameter space
of Borel probability measures on R® with finite moments of order p > 1

ML= (ue PR | [ 7 n(de) < o)
RS

with the p—th order Wasserstein distance (cf. [16], [26] and [27])

|~

Wyiev) =it { [ o=l s(d(0,5)) | 5 € PRIXR") oy = o, mz " = v}

To make the dependence of Q. cvqr on the underlying measure explicit, we shall
consider the mapping Qucvar : R® x M} — R definded by

. 1
Qucver(@,p) == min n+ - / max{0, (= — z) — n} p(dz).
ner « RS

Let g : [0,1] — [0, 1] be some continuous, increasing, concave distortion function
with g(0) = 0,g(1) = 1 such that the mapping Qu, : R" x M¥ — R,

Qu, (.11) = /0 Qo ovar(z, p) v(da)

with vy € P((0,1]) given by and is well defined. We shall consider the

parametric optimisation problem
P(u) min{h(z) + Qu, (z, 1) | = € T(X))},

where X is some subset of R™, T : R™ — R® is linear and the mapping h is given
by (@). Let ¥y : MY = R",

Ty () := Argming {h(z) + Qu, (z, ) | = € T(X))}
denote the optimal solution set mapping of (P(u)).

Theorem 5 (Quantitative Stability of (P(u)) Let X C R"™ be nonempty, closed
and convezr and let po € M% be such that Qu, (-, po) is K-strongly convex on some
nonempty, open convex set V satisfying Yg(po) NV # 0. Furthermore, assume that

[l da) <o
c._/o oy vlde <o

is finite. Then there exists a constant r > 0 such that for any p € MY satisfying
dp(py pro) < 1 we have Wy(u) # 0 and

L - max; d;
Ay o) 0y ) < 20 E 0 I )
Proof By [15, Corollary 12], the first part of Lemma and finiteness of £ imply
|Qu, (1) = Quy (W) < L max ||di| ~dp(p, 1)

for any u,y’ € M%. In addition, the linearity of T implies that T'(X) is nonempty,
closed and convex. The result is thus a direct consequence of Lemma
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5 Appendix

Example 2: Details

11
Qpe(r1,72) = / / max{0, max{0, z1 — z1, 22 — w2} — n} dz1dz2
o Jo

To 1
= / max{0,z1 — x1 —n}dzidzs (A)
0 1
xq 1
+ / max{0, zo — x2 — n}dzadz1 (A)
0 To
11
+ / max{0, max{z1 — z1,22 — 2} — n} dz1dz2 (B)

We directly get

(4) = goa(1 - a1 —)?

O

The calculation of (B) is a little more involved:

14+x2—x1 1
(B) = / / max{0,21 — z1 —n}dzidz (C)
T2 T1+22—T2
14+xo—21 T1+22—T2
+ / / max{0, z2 — z2 — n} dz1dze ()
To 1
1 1
+ / max{0, z2 — z2 — n} dz1dze (c”)
14+xzo—2x1 J21

For the treatment of (C) use that z1 +n < 1 which implies z2 +n < 1:

14+xz2—x1 1
(€)= / / z1 —x1 —ndzidze
xr xr

1+z2—x2VE1+n

2
To+m 1
= / / z1 —x1 —ndzidze
T2 z1+n

14+xo—x1 1
+/ / 21 —x1 —ndzidze
z2+4M T1+z2—x2

o 1 [T 2 2
n-a ey [ et Ga ) d
T2+

1
n(1—a1 =)+ 51—z —n)°

N = N =
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14xo—2x1
(c = / (22 — w2) max{0, z2 — x2 — n}dz2

T2

14+xzo—x1
:/ (22 — z2)(22 — 2 — n) d2z2
To2+n

l—z1—n
- / (zh + )z dzh
0

1 1
=g(l—az1 =)+ 51—z =)™

We thus get
2
(O)+(C) = (1 =21 =) +u(1 21— )%
1
(") = / (1 — 1) max{0, zo — w2 — 1} dz2
14+x2—x1
1
:/ (I —21)(22 — @2 — 1) dz2
14+x2—x1
1
= 5(1 —z)[(1 =22 —n)? = (L — 21 — ).
Proof of Lemma [0t

Proof We shall first show that @D implies
F@2,y2) = f(z1,51) > clar —@2)|® + f(1,91) (w2 — 21,52 — y1) (51)

Set t, = mL_H for k =0,...,m+ 1 and some arbitrary integer m. Let z1 = (x1,y1)
and z2 = (z2,y2). By the mean-value theorem we get ¢ < s < txy1 such that

flz1 4 tiga (22 — 21)) = f21 + (22 — 21))
= f'(z1 + sp(22 = 21)) (b1 — 1) (22 — 21).

This yields

f(z2) = f(z1) = ) _[f (21 + tepa(z2 — 21)) — f21 +tg(22 — 21))]

NE

~
Il
)

[f' (21 + sk (22 — 21)) = £/ (20)](trgr — t) (22 — 21) + [/ (21) (22 — 21)

M

E
Il
<)

m
> kllwe — 21D (tegr — te)sk + f'(21) (22 — 21).
k=0

Since we have

= = 1 i m 1
];)(tk—&-l - tk)slc > ];)(tk-&-l — t}c)tk = m ’;)k‘ = m — bR m — 00
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this shows which is the same as
F(z2) = f(21) = ' (21) (22 = 21) + G lwz — . (52)
Now let z = Az1 + (1 — N)22. yields
F1) = £(2) 2 f(2) (21 = 2) + Slla1 = an + (1= Naa]|?
F(z2) = £(2) 2 J'(2) (2 = 2) + Glle2 = Par + (1= Naa] .
Multiplying by A and (1 — X) respectively and adding up gives
ME=1D+ 0 =Nf(22) - £(2)
> f/(2)AG = 2) + (1= N (e2 = 2]+ 5 [Mlea = Pas + (1= Naa] [P+
(1= Nz — Az1 + (1N)z2]|?]
= HM1 =V — w2
due to the first bracketed term vanishing. Rearranging terms yields .

Ezample 5 We compute the aCVaR for an elementary example via representation

Consider o(t) = max{t, —t}, p = %U|(0,1) + %U|(1.572_5), z € (0,1) and n > 0:
For the expected excess we get

(z—n)?+ 1 —z—n)+
+G-z-n?*-(E-2-n)? 0<z-—n<z+n<l,
(1—z-n)?+(3-z—-n)-
—(3-z-n)? r-n<0<z+n<l,
1Qppan) = GmTm W =G e—m®  won<O<l<adn<s,
’ (5 —a—n)? r-n<0<$<a+n<3,
(z—=n)?+ (3 —z—n)-
-3 —2—n)? 0<z-n<1l<z+n<3
(z—=n)?+ (3 —z—n)? 0<z-n<3<z+n<3,
0 r-n<0<3<az+n.
In order to calculate Q,vr(z) we first compute
n(p(z —z) <)
1 1
= §U| o[z —tz+t])+ §U| (1.5,2.5) ([ —t,z +])
t, 0<z—t<z+t<1,
Lz +1), z—t<0<z+t<l1,
it r—t<0<§<z+t<3,
11—z +1), 0<z-t<l<az+t<3
sA—z+t)+5@@+t—3), 0<e—t<f<ae+t<y,
L r—t<0<3<az+t




28 M. Claus and K. Spiirkel

For given z and a now determine the minimal ¢* for which p(p(z —z) <t) > 1—a,

ie. t* = Qavar(z). For 0 < a < i we get Qavar(z) > 1 on the entire set V,

plugging this into @ exhibits Q,cver to be nowhere strongly convex on V. For
values of a close to 1 and x close to 0 one also sees Q,cvqr failing to be strongly
convex. This is due to the fact that Q,y.r is decreasing in a neighborhood of 0.
For i <a< % one can show strong convexity on U = (% —a,l).
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