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Abstract

A spectral method is considered for approximating the fractional Laplacian
and solving the fractional Poisson problem in 2D and 3D unit balls. The
method is based on the explicit formulation of the eigenfunctions and eigen-
values of the fractional Laplacian in the unit balls under the weighted L?
space. The resulting method enjoys spectral accuracy for all fractional in-
dex a € (0,2) and is computationally efficient due to the orthogonality of
the basis functions. We also proposed a numerical integration strategy for
computing the coefficients. Numerical examples in 2D and 3D are shown to
demonstrate the effectiveness of the proposed methods.

Keywords: Spectral Method, Fractional Laplacian, Orthogonal
Polynomials

1. Introduction

Fractional PDEs have attracted considerable attention recently due to its
applications in soft matter [1], elasticity [2], turbulence [3], anomalous diffu-
sion [4], finance [5], image denoising [6], porous media flow [7], etc. Among
different fractional operators, the fractional Laplacian has been intensively
studied in the recent literature. For example, [8] uses the fractional Lapla-
cian for linear and nonlinear lossy media. [9] uses the fractional Laplacian
for option pricing in jump diffusion and exponential Lévy models. Recently,
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[10] provides the first ever derivation of the fractional Laplacian operator
as a means to represent the mean friction in the turbulence modeling. For
more application examples, see [11].

Although the fractional Laplacian is studied extensively for operators on
R?, the community has not yet reached an agreement on the definition of the
fractional Laplacian on a bounded domain. We mention that two popular
definitions are the spectral fractional Laplacian and the integral fractional
Laplacian (also called Dirichlet fractional Laplacian), which are listed in
[12]. The spectral fractional Laplacian is defined by considering the
eigenvalues and eigenfunctions of the Laplacian operator —A in ) with zero
Dirichlet boundary data on 92 while the integral fractional Laplacian is
defined by first performing a zero extension of the original function to R?
and then using the fractional Laplacian definition on R€.

Spectral Dirichlet
_ 00 N /2 —
Definition U(X) £k21 akSOO]Z(X) ( P) U(X)u(x)fu(y)
—(—A) u=3, arXpp(x) CadP-V. Jra Taoy[@ia 4Y
Fractional A2 . . Ava/2 . .
Poisson (=A)*?u(x) = f inQ (=AY u(x) = f ?n Q
Equation u(x) =0 on 0 u(x) =0 in Q°
Note (Ak, k) are eigenpairs of A

Table 1: A comparison of two popular definitions of the fractional Laplacian on the
bounded domain.

In this paper, we will focus on the integral fractional Laplacian, for the
reasons that will be stated soon. The integral fractional Laplacian is defined
by

(80 2u(x) = oV [ I E gy

where P.V. stands for the Cauchy principal value, and
_ 2T (%)
R ()]

The corresponding fractional Poisson problem is

(=A)2u(x) = f x €0
u(x) =0 x € Q°

[\



Compared to the spectral definition, the integral definition requires the
boundary condition to be defined on Q¢ instead of 9€2. This definition can
be derived from a killed Lévy process in the bounded domain €2 [13].

Up till now, no definition is better justified than the other without more
assumptions. However, if we consider the fractional Laplacian as a way to
describe long-range interactions (or long tail effects), any effort to restrict
the definition on a bounded domain is unsuitable. Indeed, the long-range
interaction characterization makes it necessary to consider the whole do-
main R? instead of a bounded one, and the limits of the bounded domain
definitions as Q tends to R? coincide. Thus it is reasonable to view the
definitions on a bounded domain mentioned above as an approximation to
the fractional Poisson problem

(-A)*u(x) = f(x) xeR’ (2)

where the support of the source term is restricted to a certain region and the
domain of interest is bounded. The fractional Poisson equation with either
the spectral or the integral fractional Laplacian tries to approximate feq. (2)|
by a problem defined on bounded domains. For the latter case, the value of
u(x) far away from the domain of interest is simply truncated to zero.

Viewed in this fashion, whichever model we choose to approximatejeq. (2)]
is equivalently valid for our purpose, if numerically dealt with carefully.
However, in this article, we focus on for which we can propose
an efficient and accurate spectral method. We will focus on 2D and 3D
which are practically useful. In addition, throughout the paper, we focus on
Q = B¢(0), d = 2, 3, the unit balls in R%, which are most useful in practice.
It is possible to generalize to d > 4. We also use the notation f(z) < (2)
g(x) to denote f(z) = O(g(x)) (g(z) = O(f(x))).

There have already been extensive theoretical investigations. However,
only until recently has there been extensive literature that deals with the
numerical computation of the nonlocal operator. Compared to the normal
Laplacian operator, it presents many numerical challenges which will be
discussed in the next section.

For clarification, we list the notation used in the paper in [table 2

2. Fractional Poisson Problem
There are several challenges in solving jeq. (1)[ numerically:

e The principle value integration of the integrand. This can be resolved
in several ways. For example, [I4] subtracts the singularity by the



Notation

Description

(_A)a/Q
(-2)d”
P.V.

Ca,d

Q = B{(0)
B{(0)
RLp,, ELD,
P (x)
di!

w(x)

a,d

an,l

Mg,

The fractional Laplacian with index a/2

The spectral fractional Laplacian with index «/2
Principle value integration

Coefficient for the fractional Laplacian

Unit ball in R? (an open set)

Closure of the unit ball in RY

Left /Right Riemann-Liouville derivatives

Eigenfunctions of the fractional Laplacian leq. (5)

Eigenvalues of the fractional Laplacian [eq. (7)

Weight function w(x) = (1 — [x|)?

Expansion coefficients of u(x) in terms of {p ., n}
o (d+1-2

Mg, = Cfifll_gg ( ! )7 eq. (6)

Pimmnm = w(X)PZ,m,n(X)

Spherical harmonics

Real spherical harmonics |eq. (17)
Solid spherical harmonics

Jacobi polynomials m

Set of all polynomials in R? with degrees no larger than K
Space of homogeneous polynomials of degree K > 0
Solution operator of

Projection of f onto { P} m.no<i<r,0<n<N1<m<M,, m
ung = LfnL

Approximation solution operator of feq. (1)|unz = Lf

Table 2: Notations frequently used in the paper



approximation of u(x)—u(y) ~ o(|x—y|) szl(x—y)ﬁDﬂu(y) where
o is a window function with compact support and 1 — o(|x — y|) =
O(]x —y[*),x — y. The symmetry of the principle value integration
is used to eliminate the first and third order derivatives. This method
takes advantage of the C3 continuity of the basis functions. [I5] took
a different approach and split the kernel into

1 o 1
x —ylite T |x —y|7 [x — y|dte

in this way, they decomposed the principle value integration into a
singular part which can be evaluated analytically and a nonsingular
part which can be evaluated with regular quadratures.

The non-locality behavior of the operator. Numerically this usually
leads to a dense matrix which requires much more storage and has
high computational cost. Compression techniques are usually applied
to reduce the cost while sacrificing some accuracy. For example, [16]
applies panel clustering method to the finite element method and re-
duce both the storage and computation cost to O(nlog?@ n). However,
the cost reduction is down by a trade-off with accuracy and achieving
optimal convergence leads back to a full matrix. When the problem
is solved on a rectangle domain and regular grid, fast transformation
methods such as the FFT can be applied, and the cost is reduced to
O(nlogn) [14] 15].

The reduced convergence rate for C%* solutions. For solutions that
are less smooth, e.g., C%%, contemporary methods usually suffer from
reduced convergence, and the rates become a-dependent. For exam-
ple, the finite difference method in [I5] can approximate the fractional
Laplacian with order O(h'~%), which converges slowly for a ~ 2. The
finite element method proposed in [17] only convergence like O(h%)
in the energy space. The convergence rate can be improved to O(h)
for 1 < a < 2 at the expense of adopting a graded mesh. The re-
duced convergence rate is mainly due to the reduced regularity of the
solutions: indeed, a standard result for the fractional Poisson problem
is stated in which generally says the solution will only
be C%%. The theorem also informs us that when designing numerical
methods for the fractional Laplacian, we cannot simply assume that
the solution is smooth. Instead, the ability to obtain good conver-
gence for the C%® should serve as the metric for the efficiency of the
numerical methods.



Several methods that can lead to good convergence results exist. For
example, in [I§], the authors observed in 1D and Q = [a, b], the integral
fractional Laplacian operator takes the following form

o Dgu(z) + I Diu()
2 cos(am/2)

(—2)*u(z) = (3)

where ®LD,, B Dy are the left/right Riemann-Liouville derivatives.
Then the authors applied the Legendre collocation method to dis-
cretize the fractional Laplacian operator and obtained spectral
accuracy. In [I9] the authors also propose a spectral method for 1D
problem, but from a different point of view. They take advantage of
a set of explicit eigenfunctions and eigenvalues and use them as basis

functions. This approach leads to an efficient and accurate method.

In [20], the authors applied the Chebyshev collocation method to the
Caputo derivatives. [21] also considered the use of a Chebyshev spec-
tral element method for the numerical approximation of the Riemann-
Liouville derivatives. [22] proposed a spectral collocation method for
left-sided steady-state fractional advection equation. In consideration
of these methods can also be adapted to the fractional Lapla-

cian.

We also mention that efforts have been made to solve directly.
For example, in [23], instead of studying the fractional Poisson equa-
tion in a bounded domain, they applied the Fourier spectral method
to R%, which leads to an easy-to-code approach. This method is a
workaround for the reduced regularity problem.

In this paper, we propose a spectral method that enjoys spectral accuracy
for all @ € (0,2), overcoming the reduced convergence rate issue. This
method is limited to a ball domain B{(0); but for approximation it
is more than enough: we can always pick a large enough ball (and scale it
to B¢(0)) so that the numerical solution is a good approximation. Due to
its high accuracy, only a few terms are needed to achieve the same accuracy
compared to the finite difference or finite element method. Besides, as we
have explicit formulas for the fractional Laplacian of the basis functions, the
principal value integration is no longer necessary. This method can also be
viewed as a generalization of [19].

The codes for the paper will be publicly available at

https://github.com/kailaix/fractional_laplacian_spectral_method


https://github.com/kailaix/fractional_laplacian_spectral_method

3. Preliminaries

3.1. Regularity of the Solution
For the nonlocal equation |eq. (1)| a remarkable regularity result is [24]

Theorem 1. Let Q be a bounded CH' domain, f € L>(), u be a solution

of and §(x) = dist(z,09Q). Then, u/d%?|q can be continuously
extended to Q. Moreover, we have u/5*/? € C*(Q) and

/6%l ooy < Cllf Lo

for some s > 0 satisfying s < min{a/2,1 — «/2}. The constants s and C
depend only on  and .

—a=04
—a=0.8
15F a=1.2
—a=16
1t
> 0.5
0
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A . . . .
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Figure 1: Solutions to the fractional Poisson problem eq. (1)|with f =1,z € Q = [-1,1].
We can clearly see the large slopes near x = +£1, indicating the discontinuity in the first
order derivatives.

This result indicates that u behaves like §%/2 near the boundary. Be-
sides, we can only expect Holder continuity near the boundary and nothing
better in general. In fact, this fractional behavior causes many of the cur-
rent numerical methods to have reduced convergence rate for C%% or C'1®
solutions. shows the solutions to 1D fractional Poisson problem
eq. with f =1, z € Q = [—1, 1]. We can clearly see the large slopes near
xr = +1, indicating the discontinuity in the first order derivatives. These
numerical methods try to fit the solution with polynomial basis functions.
When the solution is smooth or has high order continuous derivatives, the
approximation is appropriate. However, for the critical cases when the so-
lution is only Holder continuous, finer meshes or more terms are needed to



achieve a preset accuracy. We illustrate the effect of reduced smoothness on
the numerical solution in where finite element methods are used to
obtain the numerical solutions.

a=0.1 a=1

— -

0.6

0.4

—— Exact Solution - :xact So\rgor;
0.2 © Numerical Solution 0.2 jumerical Solution

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X X

Figure 2: Numerical results to with f = 1 using finite element methods. We use
200 uniform grid points on [—1,1] and o =0.1, 1 are used. We can clearly see that for
small o, where the solution is less smooth, there is severe deviation on the boundary for
the numerical approximation.

As we have prior knowledge of how the solution behaves near the bound-
ary, it is reasonable to build the asymptotic behavior into the representation
of the solution. Fortunately, in the case of unit balls in 2D or 3D, we have
explicit formulas for such representation, and therefore we can derive elegant
and accurate spectral methods.

8.2. Spectral Representation of the Solution
Let P,sa’ﬁ)(z) be the Jacobi polynomial, e.g.

pled)(z) = F(O“"l"‘n)zpl —n,1+a+pf+n
n! a+1

1;2) W

where pﬁ‘q is the regularized hypergeometric function [25]

= [ ai,...,q B > (a1)g - (ap)k 2F _ T(a+k)
qu< bi,. .., by Z)‘%r( (@ =

b+ k)...D(by + k) k!
Given d > 1 and « € [0,2), we denote

(%) := Vi (x) P20 (2)x]? — 1) (5)

where [,n > 0 and 1 < m < Mgy, and V,,, are solid harmonic polyno-
mial [26] in R? of degree [ > 0, which is a homogeous polynomial of degree



and harmonic, i.e., AV}, (x) = 0. We can also write V] ,,, = r'Y;™ [27], where
Y™ is orthonormal with respect to the surface measure on the unit sphere,
and is called spherical harmonics [28]. Note that P, , is a polynomial of

variables x1,x2,...,x4. Here Mgy, is given by
d+20—-2 (d+1—-2
My = ——
4 d+l—2< z ) (©)

For example, we have
My, =0, Myy =2, My, =21 +1
Finally we define
Prann = (1= %)% P ()
We have the following theorem [29]

Theorem 2. Assume that o > 0,1,n > 0,1 <m < My;. Then

(=) 2Py (%) = do Prmn(x),  x € BY(0)

where 5
29T (1 4+ § +n) T (5% +n
A = (1+3 5) 5 ), §=d+2l (7)
’ n!T (§ +n)
Proof. See [29]. For an alternative proof when d = 1, see [19]. O

This indicates that P, ,(x) is an eigenfunction with respect to the
fractional Laplacian operator and weight function w(x) = (1 — |X‘2)i/ 2,

i.e., the operator f — (—A)%(wf). The eigenvalues are exactly dg’ld. To
investigate the approximation property of P, ,, (%), we need to introduce a
sequence of the space of orthogonal polynomials of degree n, i.e.,

Vi={Pelll: (P,Q)=0, VQelIl i}

where TI¢ is the set of all polynomials in R? with degree at most n. Here
(-,-) denotes a weighted inner product in B{(0); we denote the corresponding
Hilbert space by L?(w), with weight function w, i.e.

/ p()g()w(x)dx =0, ¥pe Vi, qeVi m+#£n
B¢(0)

A notable result is that for every n, P}, »(x) forms a complete orthog-
onal system for L?(w), w = (1 — |x|?)®/2. This is stated below [30]:



Theorem 3. Forx,y € RY, let (z,y) := 191+ - -+xqyq and |z| := \/(z, z).
On the unit ball B{(0) = {x € RY: |z| < 1}, consider

I(g+49+1)

2 >0,
7d/20(2 +1)( )2 a

Wo(z,y) =

normalized so that its integral over B{(0) is 1.

Let {Y;0:1 <m < Mg}, where My, = dim?—[ﬁ given by be an
orthonormal basis of 'Hld, the space of spherical harmonics of degree l, with
respect to the normalized surface measure. Define

1 1-1pEHED) o2
Pl,m,n(x) T [hlm] Pn (2|X| I)W,m(x)

where
o+
ua? = 2
_|_

§+ Dign(l+2n+ 5 +9)

n!(
Then for every n, {Pmn:0<1,1 <m < Mg} is an orthonormal basis of
L*(w).

o3
2

Proof. See [30] and its references. O

This enables us to develop a very accurate and efficient spectral method
for the fractional Poisson problem.

4. Spectral Method for the Fractional Poisson Problem

In this section, we present the accurate and efficient spectral method for
the fractional Poisson problem. We established the convergence result with
proper assumptions on the right hand side.

Given the spectral method for the fractional Poisson problem
proceeds as follows:

e From the expansion for the right hand side f

“+0o0 +0oo Md,l

=3 3 apld P n(x)

=0 n=0m=1
approximate f with spectral accuracy:

N Mg,

f(x) =~ fyo(x ZZZ A AP g (%)

=0 n=0m=1

10



We control the approximation error with N, L > 0. Intuitively, NV
controls the error along the radial direction while L controls the error
on the surface of spheres.

The approximation can be numerically done by projecting f(x) onto
the space spanned by {P,,, »} using numerical quadratures

(=1
2

ot A0 SO P (91— [x) Fd
™! fgl P (x)2(1 — [x[2)3dx

(8)

e The solution is approximated as

L N Mg,

UNL ZZ - |X| )a/2plmn(x)

=0 n=0m=1

The algorithm requires the computation of the integrals in the numer-
ators and denominators in leq. (8)} In [Section 4.4) we propose an efficient
algorithm for this computation. The cost of the computation is O(NLMjgp,).
In [section 4.1] and [section 4.2 we give explicit formulas of for 2D and
3D cases, which will be most useful for practical use.

In the following discussion, we use Lf(x) to denote the exact solution
of and Ly f(x) to denote the numerical solution obtained by the
procedure described above. We immediately obtain a regularity result for

cq. (8)

Lemma 1. Assume f € L?(w), then the solution to satisfies Lf €
L3(2) and

ILfz2) S N llz2(w)

Proof. As f € L?(w), we can write f as an expansion

+00 +o0 Md,l
=3 > > antdy i Puna(x)
=0 n=0m=1
and therefore
400 +00 Md,l /2
a,d ja,d @
1 = 303 3 (afard) [ P01 = ) ix )

=0 n=0m=1

11



The solution is given by

+00 +00 Ma,
=333 a1 = xS P (x)
=0 n=0m=1
and
+o0 00 Ma,1
176 ey = Y- >- 3 ()’ / (1 — %) Pl (%)% dx
=0 n=0m=1
+00 400 Ma,i
<333 (o) [ 4 W R (10)
=0 n=0m=1

Compare legs. (9) and |(10)| we conclude

CILf®) 2 < 1220w

where C' can be picked as

e gand
C= I?izn d,;

Since dz’zi > 0 and

I'(1+9+n)T (%2 +n)
n!F(g—i—n)

>1

we deduce C = mmd ’ > 2% > (. L]

In

In what follows, we will give explicit formulas in 2D and 3D for the
convenience of computation and analysis .

4.1. Explicit Formulas in 2D

If we have an expansion for u(r, 6),

[e.e]

ZZ e cos(16) + ¢ sin(10)PL 2" (22 — 1)t (11)

=0

M\Q

u(r,0) = 177‘

then the fractional Laplacian can be computed directly from

(o e XNe o]

Fr,0) = (~A)3u(r,0) = 3 3 d22(cfy cos(16)+fs sin(16)) PL= " (2r” —1)p"
n=0 [=0
(12)

12



The coefficients in |eq. (11)|can be computed by

. 12 do fLu(r, 0 cos(ze) plEY (g2 - 1)rl+idr7 .
(1+6)n fo 2T2 1)%241(1 — r2) 2 dr
P dHfO r,0) sin(10) Py plE )( — 1)rttldr o (13)
e 7Tf01 P,E )(27“2 — X211 = 2) 2 4p o
cpr =0
where §; = {(1) ; ig

Given f(r, ), the coefficients in jeq. (11)[can be computed by

Emae f) fr,6) cos(ze) P (22— 1)1 - )R ar

clo = —, 1>0
(1 + ) 7rd"‘ 2 fo 27~2 1)27“2”1(1 —r2)%dr
n T de f() r, 6) S1n<l9) ( 1) (27“2 o 1)7’”1(1 o Tz)%dr .
Cll - a bl -
da 2 fo 1)2r2l+1(1 _ 7"2)§d7"
Cgl = O
(14)

Then applying we are able to compute u(r, 6).

When u(r, 0) or f(r,0) is a radial function, f(r,#) or u(r,#) is also radial.
In addition, we see that ¢j;, = 0,Vl > 1,n > 0,k =0, 1, thuslegs. (11)[to|(14)|
are greatly simplified:

u(r) = (1 —r?) ZCOOP 20 -1)

2 7
Z a2 rt - 1) (15)
and the corresponding coefficients are

W _ b e e 1 - ) 2dr fo rP (50202 _ 1)y

oo = o o ey
s Jy PP (2r2 - 121 ) ar fo Jor? — 1)%(1 - )3 ar

13



4.2. Explicit Formulas in 3D

In this case, we have M3; = 2] + 1. For convenience, we let the index m
range be —I,—l+1,...,l —1,[. Let an be the spherical harmonics

20+ 1 (1 —m)! :
pm imao
i Gemill (cosf)e

where R denotes the real part.
Then coefficients in [eq. (16)| can be expressed through u(r, 6, ¢) b

=3
27

dﬁfo dqbfo 7,0, )r' 2y (0, ¢)* P,g Ea )(2r — 1) sin ¢pdr

d0f0 dé [ ra2(1— )3 vm(e, )25 ) (202~ 1)2 sin dar

or through f(r,0,¢) by

. A0 [T d [ f(r,0,0)r T2 (1 —r2) 2 Y (6, 6) P32 (22 1) gin gar

)

Clm =
dfi( o5 Y0, 0) P sin gdgdd ) <f01 rae2(1 - 52)5 pl3at) 9.0 —1)2dr>

Note that ¢}, is a complex number, and we need to take the conjugate
of ¥;*(6, ¢) in the numerator.

14



When u(r,0,$) or f(r,0,¢) is a radial function, f(r,0, ) or u(r,0, ) is
also radial. And we have the following simplifications:

1 el a
u(r)zzzcgoi4 P£2’2+)(2r2—1)(1—r2)5
n=0 i
a 1 1
Zdzo?’c&) P e

[N]]e)

. _\/‘Efo 2 (%’%)(%2 (1 - )2 dr

Coo — 208 -
1,0 f P 21"2 1D2r2(1 —r2)2dr

2]3(2’2)(27“2 — 1)dr

— Var fol

@

fo (5:3) (2r2 — 1)2r2(1 — 7‘2)%d7’

4.8. Error Analysis

To carry out the error analysis for the proposed spectral method, we first
consider the approximation properties of the basis functions {P, ,, ,(x)}. A
typical approach is to compare it with the polynomials basis.

Denote P be the set of all polynomials in R? with degrees no larger
than K, and Px the space of homogeneous polynomials of degree K > 0,
i.e., the vector space spanned by

a1 Qa9 Qg —
xytry . xy, E o =K

We define the subspace Hx C Py the space spanned by Vi, (R%),
m=1,2,...,Mg;. A remarkable result is given in [31]

Lemma 2. Assume n > 0, we have the decomposition
Ps=Hg® 7“2Hd_2 S, T4Hd_4 D...
Proof. See [31]. O

To illustrate, consider d = 3, then we have

3

_ 3,3 2 2 2 2 2
Pg—span{x Y L2 LTY, X2, TY, Y 2T, YR ,$y2}

15



By we have P3 = H3®r>H,, and Hy, Hs can be read from [table 3

In the table, the real spherical harmonics are defined by

LY+ (-0)mY;™) ifm >0

V2
Yim = 1" ifm=0 (17)
LY ()Y ifm <0
m Vi
I=0 0 ﬁ ﬁ
-1 %sind;sin@ %x
=t 0 % cos %z
1 %coswsine %y
—2 %Sinwcoswsinge %xy
[ =9 -1 \/%sinwcoswcose %yz
0 \/%(3 cos?f — 1) %(222 _ 22— )
1 12 cosysinf cos 0 \/éj;?—l'z
’ 165 (cos? ¥ —sin®y)sin®0 /55 (2% — o)

Table 3: Real spherical harmonics Y, and solid spherical harmonics V; ,, in 3D for [ =
0,1, 2.

We now clarify the relationship between the polynomial basis and the
basis { P} in the unit ball.

Lemma 3. Let
Sk = span{ Pl n bn<k, 1<2K,0<m< My,
then Px C Sk. Recall Py, p, is defined as
Prann(X) = Vi (x) P/24/21-D (22 1)

Proof. We prove the result by mathematical induction.
When K = 0, Py = Sy = constant polynomials. When K = 1, P} =
span{l,z1,22,...,24}. Note z; are all valid solutions to Au(x) = 0,x €

16



B{(0) thus span{ V1 m }1<m<nm, , = span{z1, 22, ..., 24} and therefore
Span{%,o» Vl,m}lSmSMlyd = Span{la T1,T2, ... 7'1"d} = ]P)l

implying P; C &;.
Assume the claim is true for all integers smaller than K > 1. Let

x{'as? .. zy? be a monomial with Zle a; = K+ 1,05 € N, we prove
(6% (6% (0%
r'wy? . owyt € Sk
According to there exists a polynomial f(x) € Px_1, s.t.
Mg, k11
2
oftag? . at = Z CrnVE+1,m +[x[" f(x)
m=1
€EHk 41
where C,,, € R.

As [x]2f(x) = (%Q_%f(x) € SEF1 where r = |x|, we deduce that

xrwg? .. xgd e SE+1 Therefore the lemma is true. O

Then we state an approximation result for the polynomials in the unit
ball. The approximation result is essentially stating that we can approximate
a CF function with a polynomial of degree n and obtain the error rate

O(n=F).
Lemma 4 (Theorem 3.4, [32]). Given f € C*(B¢(0)), define

w(f;h) = sup{|f(x) = f(y)| - |z —yl < h}

w(f®sn) =" w(@’f;h)
81—k

then there exist polynomials py,, with degree at most n, such that

1F = pall e ey < Dk ) (0 [ fllersecoy) + w(f®);1/n))
where D(k,d) is a constant which depends only on k and m.
Proof. See [32]. O

Finally, we can give an error estimate of the proposed method.

Theorem 4. Assume f € C"(Q), N > K,L > 2K, where K € N, then
there exists a constant C > 0, only depending on K,d such that the error

lunt —ullz2) < Cn7"[| fllor @)
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where uny, = Lfny, and fn1, 18 the projection of [ onto {Pl,m,n}OSZSL,OSnSNJSmSMd,l:
1.€.,

“+o00 400 Md,l

fe) =323 > anidyi P a(x)

=0 n=0m=1
L N Mg,

fex) =% Y anidyy P (x) (18)

=0 n=0m=1

Proof. Let qx be the particular polynomial in for n = K. By
[emmas 1] and 4 we have

lune —ull2@) = ILfne — Lf 22 @)
SN = flle2w)
<llgx = fllz2(w)
<llgx = fllze)
S fller@

The second inequality is due to lemma 3| and the fact that fyy, is the
projection of f onto {Pfmnto<i<L.0<n<N,1<m<My, - N

We now prove the spectral accuracy of the proposed algorithm. Let
x = [~1,1]¢ be a hyper-square in R? which encloses 2.
We define the generalized Bernstein ellipse by

B(X,p) = B([-1,1],p1) x --- x B([-1,1], pp),
where B([—1,1], p1) is the Bernstein ellipse.

Theorem 5 (Theorem 2.1, [33]). Let f : X — R have an analytic extension
to some generalized Bernstein ellipse B(X,p) for some parameter vector
p € (1,00)* with max,epx,p) | f(X)] <V < oo.

Let N = (N1, Na,...,Ng) and N = 2?21 N;. Then there exists a poly-
nomial pr(x) with degree at most N

max |f(x) = py(x)| < min{a(p, N,d),b(p, N,d)},

18



where, denoting by Sy the set of all permutatz'ons on d elements,

d p‘ﬁf) g (k= 1)+ 261 —
a(p, N,d) = min 4V 241/ 2 -
oeSs M- )
4 d d 1 1
b(p, N.d :25“1/( —2N; )
(p, N, d) sz 11 =
=1 J=1 J
Remark 1. The polynomial can be chosen as
v(x) = ¢Ty(x)
Jj€J
The summation index j is a multi-index over J = {(j1,72,---,Jd) : Ji €

Nuji S LK/dJ} FOT’j = (jlaj?v"’ajD)ﬂ Tj 18 deﬁned by
Tj(xy, ..., wa) = T, T, ()

where T; are Chebyshev polynomz'als The coefficients are

910<ji <Ny " " ki
o d k1,k2,....k v
c; = <Hi: Z Z f (Fe1,ko2 d)) 1 COS < NZ>

k1=0 kq=0
where Y. indicates that the first and last summand are halved. The Cheby-
shev nodes are given by xy, = cos (7‘(’%)
Theorem 6. Let f € B(X,p), where p = (p,p,...,p), and N > K,L >
2K, K € N then we have the error estimate

<y
~ o _ 1yd-1 Lo (B(X,p))
(- D(1-1)

lunt — ullp2(o)

Proof. The proof can be adapted from [theorem 4| by picking gk = py(x).
Let V' = max,ep(y,p) and N; = | &1, then according to [theorem 5L we have

< plaly plilv < p iy
r??f’f( x) —py(x)| < b1 (o — 1)(1_7)d 1~ (p—l)(l—%)d—l

Since Z?:l N; = Z?:l | &] < K, py(x) is a polynomial with degree at
most K. Therefore, a similar argument to yields

lunt = ull2) S NNe = fllzz) S 1pe (%) = fll2ew
< Ju(x) = pr (%)l e ()

K

P
Slo-na-;

o £l oo (B(x.,p))
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O]

Remark 2. The result is consistent with [19] for the 1D case. However, for
2D and 3D, we must be careful how|eq. (8)|is computed to avoid unnecessary
error. This issue will be tackled immediately in the next section.

4.4. Quadrature for weight function w(x) = (1 — |x[?)2
In the equation above, we need to compute the integral of the following
form

1
= (1 —r?)2dr
I—/O fr) @ —r7)=d (19)

where f(r) is a polynomial.

Note the standard Gauss-Jacobi quadrature cannot be applied toleq. (19)]
directly as the integration limit is [0, 1] instead of [—1,1]. Here we derive
a numerical quadrature based on Lanczos process [34]. This is a variant of
the Golub-Welsch algorithm [35].

We first approximate the integral with some simple quadrature
rules such as the middle point rule:

N
IxIy=>Y fz:)w; (20)
=1

where N is a very large number such that |I — I,,| is negligible, and

(1-rd)
N

w; =
is the weight. Let
1 VWL
T2 Vw2
- VN
thus we can write as
I, = bL f(A)b

Now we first run a Lanczos process on A with starting vector b for
K iterations, and obtain A = QKTKQﬁ, where T € REXKE K « N,

20



is a symmetric tridiagonal matrix and Q?(QK = I. Then we apply the
eigenvalue decomposition to Tk

Tk =VAVT

Thus A ~ (QxV)A(QxV)T.
We now have
I, =bTCf(AN)C b~ I, (21)

Therefore, we can extract the new quadrature rules from by
identifying {)\;}X; = diag(A) as the nodes and {s;}2£, = (CTb)? as weights.
To justify that the quadrature is indeed effective, we prove the following
theorem.

Theorem 7. Assume |I—1,,| < € and the new quadrature nodes and weights
{INYE | {si Y| are obtained as described above. Then for all polynomials f
with degree 2K — 1 or less, we have

and therefore
I —Is| <e

Therefore, we reduce the total number of evaluation points for f(r) from
N to K < N without sacrificing much accuracy (precisely the same for
polynomials with degree 2K — 1 or less).

Proof. Let K (A,b) = {b, Ab,..., AK~1b} be the Krylov subspace. Then
by the property of the Lanczos process, Va € K (A, b)

Az = QT QY x = CACTz
If f is a polynomial of degree 2K — 1 or less, we have
bI f(A)b =b"Cf(A)CTD

This indicates the new quadrature gives the same value as the original
quadrature if the integrand is f, i.e., I, = I, thus

I~ I =L, —I|<e
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5. Numerical Experiments

In this section, we carry out the numerical experiments of the spectral
method in 2D and 3D. Both radial and non-radial functions are considered.
All these experiments show spectral accuracy for the method. We will also
apply our method to solve fractional diffusion equations. We use the nota-
tion B to denote the unit ball in the corresponding dimension.

5.1. Accuracy of the Fractional Laplacian Estimate

We consider the function

u(x) = (1 - [xP)"*3 xeB

u(x) =0 x € B° (22)

where s = 0,1,2,..., which is in the C*% class. As

(s
(1 —[x[?)>

is a polynomial in x, it is expected that the orthogonal expansion can rep-
resent the solution exactly with finite number of terms. The result is shown
in We can see that the error demonstrates spectral accuracy for
all the cases. The error is measured by computing the fractional Laplacian
using a high degree expansion (in our case, we use n = 5) as approximation
to (—A)2u and then the infimum error is computed by

[e3

I(=2)2u = (=A)i ulls

In addition, we consider the function

23
u(x) =0 x € B¢ (23)
where s = 1,2, ..., which is in the C*? class.
)=

(1—[xP)3

cannot be exactly represented by a finite sum of the orthogonal system. It
is interesting to look at the coefficients cfj, corresponding to u(x). [Figure 3
shows the case s = 1, « = 0.5, and we see an algebraic decay of the coef-
ficients. The decay is not exponential but algebraic due to the fractional

nature of L)a
(1-x|?)2
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n=>0 n=1 n=2 n=3 n=4
0| 4.5895x1071r  4.4276x107'Y 4.0085x107* 3.2115x107'' 1.9156x10~**
=1 1.0086 5.0678%x10712  4.5871x107*2 3.6737x107'2 2.1904x107'2
=2 1.187 0.46785 3.6082x107¢ 5.5511x107'" 1.6653x101¢
3 1.4283 0.63502 0.17675 2.2204x107¢  2.2204x1071¢

n=>0 n=1 n=2 n=23 n=4
0| 3.7748x10715  3.7748x1071% 4.2188x10~* 3.9968x107'® 5.5511x1071°
=1 2.1206 2.2204%x107  1.7764x107%  1.9984x107'° 4.4409x107'6
=2 2.272 1.3148 2.1649x1071%  2.6645%x1071% 2.5535x1071°
3 2.9125 1.5107 0.61323 3.2196x107*  2.6923x1071°

n=20 n=1 n=2 n=3 n=4
s=011.5289%x1071° 1.5196x107° 1.4687x1071° 1.3012x107'° 8.8244x10~*
s=1 4.656 3.1748x107*2  3.066x107'2  2.7209x107'?2  1.843x107'?
s =2 4.6339 3.7373 1.1657x107** 1.0991x107*  9.77x107*°
s=3 6.3058 4.1131 2.1158 1.2046x107'*  1.2879x10~4

Table 4: Numerical fractional Laplacian of |eq. (22)| for 2D. The corresponding « are 0.5,
We can see that n +1 = s + 1 terms are need to compute the
fractional Laplacian exactly.

1.0, 1.5 respectively.

10°

-6
10
10°

102

Figure 3: Algebraic decay of coefficients cfjy for u(x) = 1 — |x|? in 2D.
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s=015.1471x107" 4.934x107'* 4.4336x107** 3.5251x107't  3.3248x10" !
s=1 1.0574 5.6452x1072  5.0717x107'2 4.0309x107'? 3.8007x10"12
s=2 1.5068 0.50506 1.3323x1071° 8.8818x1071% &8.8818x1071¢
s=3 1.7771 0.92778 0.19824 6.6613x107'¢  4.4409x10'¢
0| 6.4393x10715 7.1054%x107** 6.2172x10"* 7.5495x107% 7.1054x1071°
= 2 6.2172x10715  5.7732x107%®  4.885x1071%  2.3315x107%°
= 3.125 1.125 1.8319x1071% 2.4147x107** 1.3323x107%°
=3 3.9375 2.1875 0.5 1.8041x107*° 4.4409x10~'6
0| 1.8478x1071° 1.8328%x107'° 1.7625x107*° 1.5488x107!° 1.0392x1071°

=1 4.6974 3.8276x10712  3.6797x107'? 3.2374x10712 2.16x10712
=2 6.8389 3.3634 6.3283x107*  5.0515x107 1.1102x10'¢
3 9.1689 5.3726 1.7956 1.7764x107*°  1.138x107'®

Table 5: Numerical fractional Laplacian of jeq. (22)| for 3D. The corresponding « are 0.5,
1.0, 1.5 respectively. We can see that n +1 = s + 1 terms are need to compute the
fractional Laplacian exactly.
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We can still expect spectral accuracy as is shown in In this exper-
iment, we choose the numerical result of n = 50 as the reference solution.
We can see in all cases the solution convergences exponentially with respect
to n. In the case s = 0, the convergence is slow as the fractional power
(1— |x\2)1_% where 1 — 5 < 1 is difficult to approximate with integer power
polynomials.

5.2. Solving the Fractional Poisson Equation

In this section, we solve the homogeneous fractional Poisson equation
using our spectral methods. We demonstrate the effectiveness of the method
for non-radial solutions. 2D results will be provided in this section.

The homogeneous fractional Poisson equation has been used as the bench-
mark problem for fractional Laplacian computation. The problem is

(-A)2u(x) = f(x) x€B
u(x) =0 x € B¢

where f(x) € C*(B) for some k € N. There are some known analytical

solutions to the problem for specific f(x). In our numerical experiments, we
consider the cases shown in [table 6l

u(x) in the ball | (—A)Zu in the ball

(1 x)3 2°T (§ +1)T (42)1(3) "

(1 - ) E+ 29T (§ +2) T (%) 0(3) " [L— (1+9) x?]
(1— x]%)5xq 20T (2 4+ 1) T (2 + 1) T(4 +1) 'xq

(1= %) xa | 29T (§+2)T (42 + )T(E+1) 7" 1= (14 225) xP?]

Table 6: Several functions whose Laplacian can be computed analytically. The third and
fourth equations are not radial.

Note the third and fourth equations are not radial symmetric; this ex-
ample also demonstrates the effectiveness of the method for non-radial func-
tions . The error is shown in We see that the method is quite
accurate and efficient for the problem.

We also apply the method to some other functions. Let

f(x) = [x/? cos(16]x])
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Figure 4: Convergence plot for Left column: 2D. Right column: 3D. First row:
a = 0.5. Second row: o = 1.0. Third row: o = 1.5. We can see in all cases the solution
convergences exponentially with respect to n. In the case s = 1, the convergence is slow
and the error is relatively large compared to other cases. In this case, even the first order
derivative of the function (1 — |x|?)!~% is infinite on the boundary |x| = 1 so polynomial

approximation is not appropriate here. Therefore the slow convergence and relatively
large error are expected.

26



Via
RN Y eSS\
AR /SN

3
0N
N

FRRN 1 11
/’,,',';20\\‘\\\“ W ¥ Il

SR
N

TR W
,;:_;I"':b’&‘ \\\\\\

W

Equation (a = 0.5) | n=0 n=1 n=2

«

eq. 1 (L =0) 0.0000 4.5652x107%  3.3995x10~13
eq. 2 (L=0) 2.5647x107"  9.9838x107'% 9.9811x107'°
eq. 3 (L=1) 2.3870x107"%  1.6488x10"7  2.4919x1077
eq. 4 (L=1) 1.7506x107"  1.0946x1077  1.3067x10°"
Equation (a = 1.0) | n=0 n=1 n=2

eq. 1 (L=0) 0.0000 0.0000 0.0000

eq. 2 (L =0) 1.7877x107"  4.3368x107'7  3.6429x10~"7
eq. 3 (L=1) 1.0478x107*  1.2869x10~®  1.5686x10~°
eq. 4 (L=1) 1.5003x107"  1.2148x107%  1.6127x107®
Equation (a = 1.5) ‘ n=>0 n=1 n=2

eq. 1 (L=0) 0.0000 2.3648x107*  1.2768x107
eq. 2 (L =0) 1.3717x107"  6.7892x107'2  6.8239x10~'2
eq. 3 (L=1) 2.3870x107**  1.6488x1077  2.4919x1077
eq. 4 (L=1) 1.7506x107"  1.0946x1077  1.3067x10""

Table 7: Error for test functions in We have used different n in and
We also tried different L (i.e., ¢y, ¢y, | > L are all computed). For the first
equation, only ¢J, is needed to represent the solution and therefore it converges for all
choices of n. For the second equation, 5y, cio are needed and we see convergence for
n > 1. For the third and fourth equation, due to the presence of x2, L > 1 is required
to represent x2 = rsinf. Note that for eq. 3, L = 1, the error may become larger for
n > 1 because of the roundoff error from the integration. For example, in the case of
eq. 3, a = 0.5, n = 3, the coefficient corresponding to pi 1,2, i.e., cil should be 0. Due to
the roundoff error, we lose this orthogonality in the integration, and obtain a numerical
coefficient cil ~ 2.8980 x 10~". This error contributes to the error 2.4919 x 10~ 7 in the
table.
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which has high oscillations. The error is measured by first computing the
solution u using high degree N = 40 as an approximation to the true solu-
tion. And for solutions u, using degree n < N, the error is computed by
||tn, — t|loo. The solution and convergence plot are shown in

0.2 : 100
0.1 ¢ "I \\'
_______ { 5
T / \ 107}
0 —.-._.._-f"';; \\\: T~ "1 . ‘\\ 1 :8
— \ II S=F--l <
= —ref. (n=40) N/ \ >
-0.1 | 4-- n= V=2 10
n=5 VT 107
02t n=9 '-\v’,
’ --n=13
n=17
0.3 . 10 -15 . . .
0 0.5 1 0 5 10 15 20
r n

Figure 6: Solution profile and convergence plot. We see that the infimum error ||u— ||
decays exponentially as n increases.

5.8. Solving the Fractional Diffusion Equation

In this subsection, we demonstrate the efficiency of the algorithm by
solving the fractional diffusion equation

dyu(x,t) = —(=A)2u, x € B, t >0
u(x,t) =0, x€ B, t>0 (24)
u(x,0) = (1 - [x12)*/2, v € B

where B = Bj(1) is the unit ball in R3. Note as the initial condition is
radial symmetric, the solution is also radial; for visualization, we plot the
value u(|x|) = u(|x[, 1) for x = (r,0,0),r € (0, 1) for different choices of At.

As indicated in the error analysis, the spectral method can be very ac-
curate, so typically we can guarantee a small error for the spatial variable.
The error caused by the temporal discretization will dominate the total er-
ror. We can demonstrate that by looking at the time convergence rate,
which is usually O(At) for the explicit Euler method.

In our example, the factor (1 — [x|?)?/2 in the initial condition is consis-
tent with the regularity result for the fractional Laplacian: as (—A)*/2u(x, 0),
Vx € B exists and u(x,0) = 0,Vx € B, =5 ’Q can be continuously extended
to Q.
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We will use the implicit time stepping method for Let u*
denotes u(x, tx) where t, = kAt, k = 0, 1, 2,..., we have the discretized
scheme

= —(—A) 0t (25)
Plug

N-1 a1
= 3 a1 e )
m=0

into feq. (25)} and multiply both sides by

NI

PLE) (22 12

then integrate over (0, 1), we then have
(I + AtB 'AD)cFH = &

where

B = diag< {/01 (1- r2)°‘/2 (ng,;)(%? - 1)>2T2dT}N_1>

m=0

g {Cﬁ flvgol

® is computed by expand u(x,0) with a truncated series In
our experiment, we use N = 10.

The stability of the scheme is easily established by observing that B,
D are diagonal matrices with positive entries. In addition, A is symmetric
positive definite by observing that it is the Gram matrix of the vector

{P,gg’é)(m? — 1)}

with respect to L?(w) where the weight function is w = 72. A standard
argument leads to the O(At) convergence, which is also demonstrated nu-

merically in [fig. 7}

N-1

n=0
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Figure 7: Solution to for « = 0.5,1.0,1.5. The left column shows the solution
u(|x|) = u(|x|,1) at time T' = 1; the right column shows the solution error ||ua: — u|co.
The convergence rate is about O(At) in all cases, which is the same as the implicit method
for the normal diffusion equation. Note that the convergence rate is a-independent despite
the fact that the initial condition is only Holder continuous.
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6. Conclusion

In this paper, we proposed and implemented spectral methods for ap-
proximating the fractional Laplacian and solving the fractional Poisson prob-
lem in 2D and 3D unit balls. It is based on a recent result in [29]. The
spectral methods can be accurate if the solution or the right hand side has
the correct regularity. In general, we can only expect Holder continuity for
the solution to a fractional Laplace problem. It causes trouble when we ap-
ply finite difference or finite element methods, which assume the existence
of higher order derivatives or that the solution can be well represented by
polynomials. The spectral method, however, avoids the reduced regularity
problem by the explicit formulation of the eigenfunctions and eigenvalues of
the fractional Laplacian in the unit balls under the weighted L? space. The
resulting method enjoys spectral accuracy for all fractional index « € (0, 2)
and is computationally efficient due to the orthogonality of the basis func-
tions. Numerical experiments show consistency with our analysis.
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