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PARAPRODUCT IN BESOV-MORREY SPACES

YOSHIHIRO SAWANO

ABSTRACT. Recently it turned out that the paraproduct plays the key role in some highly
singular partial differential equations. In this note the counterparts for Besov—Morrey spaces
are obtained. This note is organized in a self-contained manner. Besov—Morrey spaces,
paraproduct

1. INTRODUCTION

In this note we investigate the boundedness property of the pointwise multiplier of the
functions in Holder—Zygmund spaces and Besov—Morrey spaces including the commutators.
Starting from the seminal papers [2 B, 4], we investigate these operators from the viewpoint of
harmonic analysis.

To describe our first result, we recall some notation. First, we use the following convention
on balls in R™ here and below: We denote by B(x,r) the ball centered at x of radius r. Namely,
we write

B(z,r)={y eR" : [z —y| <7}

when z € R™ and r > 0. Given a ball B, we denote by ¢(B) its center and by r(B) its radius.
We write B(r) instead of B(o,r), where o = (0,0,...,0). Keeping this definition of balls in
mind, we define Morrey spaces. Let 1 < ¢ < p < oo. Define the Morrey norm | - || ;z by

1_1
[fllrme = sup Bz, r)[»" || fllLoB(ar)
zeR™ r>0

for a measurable function f. The Morrey space ML(R™) is the set of all the measurable
functions f for which [|f||xz is finite. We move on to the definition of Besov—Morrey spaces.
Choose ¢ € C°(R™) so that

(1.1) XB(g) < ¥ < Xp(

We write

[V

).

wo(€) = P(€), ;&) =v(277€) —w(277TE),  ¥;(€) = ¥(277€)
for j€ N and £ € R".

For f € L*(R™), define the Fourier transform and the inverse Fourier transform by:
FIO=@m7F | fla)e e, F7 @)= @m)7F | fE© e
Here and below we write 0(D)f = F 1[0 Ff] for 6 € S(R") and f € S'(R"). It is known that
0(D)f € S'(R™) N L, (R") and it satisfies

0(D)f(x) = (2m) 5 (f, F10(x — )
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for all z € R™. We define

3=

o0

1, = | D710 (D) fllaag)”

=0
for f € S'(R™).

Let 1 <g<p<oo,1<r<oand s € R. The space N;QT(R”), which we call the Besov—
Morrey space, is the set of all f € S'(R") for which the norm || f|[x is finite. The parameter
s describes the differential property in terms of Morrey spaces as is indicated by the relations
Node(R™) C N, (R") and 9; : NgFH(R") € N5, .(R™) for alle > 0 and j = 1,2,...,n. It is
also clear from the triangle inequality in M2(R™) that N, (R") C M2Z(R"). The main results

in this note are the following:

Theorem 1.1. Let 1 < ¢ <p1 <00, 1 < g <p2 <00, 1 <qg<p<oo,1<r< oo, and
s > 0. Assume that
1 1 1 1 1

3

1
P P2 4 @ g
Then for f € Nj ,.»(R") and g € Ny, ,.(R") the product f -g € N,

(R™) makes sense and

Pp2g27 par
satisfies
1S - gllaz,. < Cliflng,,, 191N,

Theorem [[1]is an extension of the inequality

1S - gllme < Clf a9l aazz

for f € MEY(R") and g € MF2(R"). The proof of Theorem [L] hinges on the paraproduct
introduced by Bony [I]. Let f,g € S’(R™). The (right) paraproduct f < g is defined to be

f=g=2 t;2(D)f-;(D)g,
j=2

while the (left) paraproduct f = g is defined to be
fr=9=> ¢j(D)f-v;j-2(D)g.
j=2
Furthermore, the resonant operator f ® g is defined by
FOg=> 0iD)f ¢j(D)g+> ;i 1(D)f ¢;(D)g+ Y @i(D)f-p;-1(D)g.
j=0 j=1 j=1
We need some assumptions on f and g to justify these definitions. These three linear operators

are key linear operators used in the proof of Theorem [T1]

Another aim of this paper is to extend the results used in [2[4], which also use these operators,
to the Morrey setting:

Theorem 1.2. Assume that the parameters «, 3, s satisfy
0<a<l, s+p<0<s+a+p.
Then for f € Lip,(R"™), g € C°(R"™) and h € N3, .(R™)

par

I(f 29) ©h = f(g O M)l ysrars < ClfllLipellglles 1Allaz

par’



PARAPRODUCT IN BESOV-MORREY SPACES 3

This result is a counterpart to [2, Lemma 2.4].

Here we briefly recall how Besov—Morrey spaces emerged. See [I2 T9] for an exhaustive
account. The first paper dates back to 1984. In [9] Netrusov considered Besov—Morrey spaces.
Later on Kozono and Yamazaki investigated Besov—Morrey spaces and applied them to the
Navier—Stokes equations [6]. Mazzucato expanded this application more in [§]. Decompositions
of Besov—Morrey spaces can be found in [7, T4, [16]. After that Yang and Yuan defined Besov-
type spaces and Triebel-Lizorkin-type spaces in [I7, [I8]. A close relation between these spaces
is pointed out in [I5]. Recently more and more is investigated. For example, Haroske and
Skrzypczak investigated embedding relation of Besov—Morrrey spaces [5]. One of the important
consequence of definining the Besov—Morrey spaces is that we have the embedding

NipooR™) = €7 (R")

for s > 2. See [13].

We organize this paper as follows: Section 2]is devoted to collecting some preliminary facts.
In Section Bl we prove Theorem [[LT] and in Section Ml we prove Theorem

2. PRELIMINARIES

2.1. Schwartz distributions and the Fourier transform. Let us recall the notation of
multi-indexes to define the Schwartz space S(R"). By “a multi-index”, we mean an element
in No™ = {0,1,2,...}". In this paper a tacit understanding is that all functions assume their
value in C. For a multi-index o = (a1, a2, ...,a,) € No™ = (21,22, ...,2,) € R™, we define
% = %29 - -z, . For a multi-index 8 = (81, B2,...,8n) € Np™ and f € C°(R"™), we

set 5 5 5
=) () ()
o' = (8901 Oxs T\ Oy, I

Definition 2.1 (Schwartz function space S(R™)). For multi-indexes «, 5 € No™ and a function
@, write (4 5)(r) = 2°0%p(x), @ € R™ temporarily. The Schwartz function space S(R™) is
the set of all the functions satisfying
SR") = ﬂ {p e C®R") : vp € LR},
a,BENG"
The elements in S(R™) are called the test functions.

Denote by S’'(R"™) the set of all continuous linear mappings from S(R™) to C. Denote by
(f, ) the value of f evaluated at ¢; (f, ) = f(¥).

Note that S(R™) is embedded into L'(R™) and that F mapsto S(R"™) isomorphically to
itself. Thus by duality 7 mapsto S’(R") isomorphically to itself.

A function h € C*(R") is said to have at most polynomial growth at infinity, if for all
a € Ny", there exist C,, > 0 and N, > 0 such that:

(2.1) |0“h(x)| < Co(x)N>, 2 € R™
Here we are interested in the inclusion:
(2.2) supp(F[f - g]) C supp(F f) + supp(Fg)

for f,g € 8'(R™) having at most polynomial growth at infinity. Usually we assume that Ff is
compactly supported.

Let © be a bounded set in R”. Denote by Sg,(R™) the set of all distributions whose Fourier
transform is contained in the closure Q. Define Sq(R") = S,(R™) N S(R™).
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Lemma 2.2.

(1) For all F € C*(R™), G € S(R"),
(2.3) supp(F = G)) C supp(F') + supp(G).
(2) Let K be a compact set. Then for all f € Sk(R™), g € S(R™), 22) holds.

Proof.

(1) The proof of (23] is standard: Simply write out the convolution f * g in full in terms
of the integral to have

{reR" : FxG(zx)#0} C {zeR":F(z)#0}+{zecR": G(z)#0}
C  supp(F) + supp(G).

Since supp(F') is compact and supp(G) is closed, supp(F') 4 supp(G) is a closed set.
Thus, taking the closure of the above inclusion, we conclude that (Z3]) holds.

(2) Inclusion (Z2) is a consequence of F[f - g] = (27r) "2 F f * Fg and the fact that F maps
S(R™) isomorphically.

O

Define the convolution f* g by f*g(z) = f(x —y)g(y)dy as long as the integral makes
Rn
sense.

A band-limited distribution is a distribution whose Fourier transform is compactly supported.

Lemma 2.3. For all band-limited distributions f € S'(R™) and all functions g € S(R™), 22)
holds.

Proof. Let T € C(R™) be such that supp(7) N (supp(F f) 4+ supp(Fg)) = 0. We need to show
that

(FIf-gl,7)=0.
By the definition of the Fourier transform this amounts to showing:
<f "9, ‘FT> =0.

Since g € S(R™), we have
<fgv]:7—>: <fvg]:7—>

from the definition of the pointwise multiplication f-g € S'(R") for f € 8'(R") and g € S(R™).
We note that

F g -Frl=02r) 2 F lgxr.
Thus, by the definition of the Fourier transform F acting on &'(R™)
(f-g9,Fr)=(2n) 2(Ff,Flg=7).

From the definition of the Fourier transform z € supp(Fg) if and only if —z € supp(F'g).
Since supp(7) N (supp(F f) + supp(Fg)) = 0, we have

supp(7 * F~'g) Nsupp(f) C (supp(7) +supp(F ")) Nsupp(f) = 0.
thanks to Lemma 221 Thus, (f - g, F7) =0 and (Z2) holds. O

Corollary 2.4. For all band-limited f,g € S(R™), (Z2) holds.
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Proof. Let T € C°(R™) be such that supp(7) N (supp(F f) 4+ supp(Fg)) = 0. We need to show
that (f - g, F7) =0. Let ® € S(R™) be such that ®(0) = 1 and that supp(F®) C B(1). Then

<fgv]:7—> :lsli8<fg7(1)(€)2]:7->u

since

lim ®(e-)2Fr =7
el0

in S(R™). If € > 0 is chosen so that supp(7) N (supp(F f) + supp(Fg) + B(2¢)) = 0, then we
have

()] - D(e)g, Fr) = 0

thanks to Lemma 23] since ®(e-) f and ®(e-)g are both band-limited due to Lemmal[Z2 Thus,
(f-g9,F1)=0. O

2.2. Lipschitz spaces and Hoélder—Zygmund spaces. Let 0 < o < 1. We let Lip®(R™)
be the set of all bounded continuous functions f : R” — C for which the quantity || f||Lipe =

1 £l + su% |z —y|~|f(z) — f(y)| is finite. Let ¢ satisfy (I). We write
r,yeR™

po(€) = v(€), @i () =v(2778) —v(277TE), U;(€) = v(277¢)

for j € N and ¢ € R" as before. Then the (Besov)-Holder-Zygmund space C*(R") with 5 € R.
is defined to be the set of all f € S'(R™) for which

Iflles = sup 277)lp;(D) f| L~
JENo

is finite. Noteworthy is the fact that Lip®(R") and C*(R™) are isomorphic for all 0 < a < 1
but that Lip' (R™) is a proper subset of C'(R™).

Usually we replace (L) by xpa) < ¥ < xp(2)- However, if we pose a stronger condition
(1) on v, we can quantify what we are doing. The following is an example of such an attempt.

Example 2.5. Let j, k,1 € N satisfy [ > 2.

(1) We note that ¢y, - ;—o # 0 only if I > k. In this case, we have

supp(Flon(Dyn-2(D)f Dl < B (52 ) 4 5 (52 ) 5 (32

(2) Assume [ > k + 2. Then since

supp(Fleor(D)hi—2(D) f - @i(D)g]) € B (2+1)\ B <é : 2l>.

Consequently,

@i (D)lor(D)1—2(D)f - ¢i(D)g] #0
onlyif | —3<j+1<I+1orl—3<j—1<I041,orequivalently | —4 <j <1+ 2.



6 YOSHIHIRO SAWANO

2.3. Some estimates in Besov—Morrey spaces. For the paraproducts, we use the following
observation:

Lemma 2.6. Let 1 < g <p< oo, 1 <r < oo ands € R. Suppose that we are given a
collection {f;}32, C ME(R™) satisfying fo € Spg)(R™), fj € Spairayp prai1)(R"), j € N and

oo "

S @ illpn)" | < oo

j=0
Then

f=> 1t € Nj (R

=0
with
1
£l < C 1@ f5lmz)"
=0

Let j € Z and 7 € S(R™). Then define 7; = 7(277-).

Proof. Let ¥, ; € C°(R™) be as before for each j € Ny. £ € R". Then

k+4

ee(D)f = > @(D)f; (kEN).

j=max(0,k—4)

Thus,
k44

lerD)fllae <C > iz (k€N
j=max(0,k—4)

As a consequence

1f1lns,, (

1
-

NE

(2ks|<ﬁk(D)f|M§)T>

k=0
r 1
(e k+4 "
ks
< o> (2 S il
k=4 j=max(0,k—4)
8 S 4 ™
< O g +C (z (zks S |fk+luMg) )
7=0 k=4 I=—4
1
4 4 o » i
< canjmng( (2k5|fk+z||Mg)>
j=0 I=—4 \k=4
1
< C Z@jsﬂfj”x\/tg)r ,
j=0

as required. O
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3. PARAPRODUCT

3.1. Paraproduct. For the paraproducts, we use the following observation:

Lemma 3.1. Let 1 < ¢t < p1 < o0, 1 <r; <00, 1 < qa < pa <00, 1 <1y < 00,
1<g<p<oo, 1<r<oo, and sg, 51,5 € R. Assume that

1 1 1 1 1 1 1 1 1

- ==+, =—+—, —=—+—, s5=5 152

p P p2 49 @ g T T T2

Suppose that we are given collections { f;}72,,{g;}52, C My(R") satisfying f; € Spp-1)(R"),
g5 € SIB(2j+2)\B(2j)(Rn)7 J €N and

oo "1 oo T2

SIS s [ D@ gl | < oo

Jj=1 Jj=1

Then we have
> fi-g; € Npp (R™)
i=1

and satisfies

IS 50 1 ) 2
SNotivgl <o S@ e D@ gjllagzz)™

prqr

Proof. Thanks to Corollary 24 we have supp(f; - g;) C B(27+3) \ B(2/~1) for all j € N. Thus
by the equivalent expression (see Lemma [Z0]) and the Holder inequality, we have

=y

o0 o0
> fivgj < CUD@N - g5llag)”
=1 =1
J Npﬁ;qr J
1
oo T
< C o@D fll e g5l aez2)"
j=1
1 1
0 1 o) T2
< O D@l ae)™ D@2 £l pazz )"
j=1 i=1

O

3.2. Resonant part. To handle the resonant part, we use the following lemma. When we
prove this type of estimates, we can use the atomic decomposition taking advanatage of the
assumption s > 0 and p, ¢, > 1. Here we estimate the distributions directly. This corresponds
to [2 Lemma A3].

Lemma 3.2. Let 1 < ¢ <p<oo,1 <r<ooands > 0. Suppose that we are given a collection
{fi¥520 € ML(R") satisfying f; € S}S(zjﬂ)(Rn), j € Np and

00 "

D@ fillmg)" | < oo

Jj=0
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Then
> f € Np (R,
=0

Proof. Let ¥, p; € C°(R™) be as before for each j € Nog. We have

oo

2N oDl < D 2R p(D)[27 ).
j=0

j=max(0,k—3)

As a consequence, by the translation invariance of MZ(Rn) and the equality ||‘7'—71<pk||L1 _
| F 1| for all k € N

oo

2% " lew(D)fi] < ¢ Y 202 le(D) fjllwmg)
Jj=0 ME j=max(0,k—3)
< oY 2RI )

j=max(0,k—3)

Since s > 0, by the Hélder inequality

2553 " o (D) £
j=0

MG

< ¢ Y 2Rt git £ )
j=max(0,k—3)
1 1
<ol Y 2t > @D Sl
j=max(0,k—3) j=max(0,k—3)
= L(k—j5)s (ojs r '
< C > @@ fill )

j=max(0,k—3)

Thus, if we take the ¢"-norm, then we obtain

SHll <o S
=0 =0

Niar
O

Corollary 3.3. Let 1 < g1 < p;1 <00, 1 <r; <00,1 < g <p2 <00, 1 < g <00,
1<g<p<oo, 1<r<oo, and sg, 51,5 € R. Assume that

1 1 1 1 1 1 1 1 1
=, S=—t—, =4, s=8+8>0
p P p2 9 ¢ g2 T T T2
Suppose that we are given collections { f;}520,{9;}329 C ME(R™) satisfying f;, g; € SIB(2j+1)(Rn),
7 € No and

1

o 1 00 T2

SIS ] s [ D@ gllz) | <oo

Jj=0 Jj=0
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Then
Z fj g5 € N;qr(Rn)
§=0
and
> fig <C D@l )™ > (2%2)1g;l sz )"
=0 =0 =0
Niar

Proof. In fact, by Corollary 2:4] we see that f; - g; € S}B(QHQ)(R"). Thus, invoking Lemma [3.2]
and using the Holder inequality twice, we have

3=

o0 o0
> fig < D@0 gjllag)T
=0 N, =0
0o 1 00 T2
< O D@1l )™ D (272 gj aaz2) "
=0 =0

O

3.3. Conclusion of the proof of Theorem [I.11 We prove Theorem [[.1] as follows: If we use
Lemma [3.1] then we have

If =gllas,. = |D_¢i—2(D)f ¢;(D)g
j=2 N

qr

<

(oo}

< O swp s (D) ey | D227 gsllaags)
J 0

j=2
Since 1, (D) f = (2m)" 2 FY; * f and F~1ep; = 20" F~14)(27.), we have
I (D) s = ) FIF s+ fl e

< o) EIF Yl 1wz
= @m) EIF Yl ez -
Thus,
1
1F =2 glns, < Cllflaen | 3@ gyl
j=2

Recall that s > 0. Since ME1(R") D N} ,..(R™), we have

piqar

If 2 gllag, < Clfllag,,, Ngllag,,,. -
Likewise
1f=glaz, < Clflag, gl -
Meanwhile, we have
1£ @ gllws,, < 1F @ gllazs, < Cllflws, o gl < CllFlas.. lgllac,,..

by Corollary B3l
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Putting together these observations, we obtain the desired result.

4. COMMUTATOR ESTIMATE

We recall the following lemma obtained in [2] Lemma 2.2]:
Lemma 4.1. Let 0 < a <1, j € Ny, and let F € Lip®(R"), G € L>*(R"™). Then
le;(D)[F - G] = Fj(D)G = < C277%||F||Lipe |G| o

This is a slight extension of [2 Lemma 2.2] to the case where @ = 1. Here for the sake of
convenience for readers, we recall the whole proof.

Proof. Since p;(D)H (z) = (2m)~2 F'p;x H(z) for all H € S'(R") which grows polynomially
at infinity,

P (D)IF - G)(a) - F@)o,(D)G()
= CnE [ 2F e @ - ) (F) - F@)G) dy
As a result, letting
C=(mt [ (e dz,
we have
les(D)F -G ~ Fi;(D)G 1w < 02| Pl |Gl

as required. 0

Lemma 4.2. Let 0 < a <1, j € Ng, and let F € Lip®(R"), G € L*°(R"™). Then we have
lp; (D)[F = G] = Fp;(D)G||1= < C277% || F|Lipe | G| -

This is also a slight extension of [2l Lemma 2.3] to the case where a = 1. Here for the sake
of convenience for the readers we supply the proof.

Proof. We assume j > 1; otherwise we can mimic the argument below and we can readily
incorporate the case where j is not so large. We decompose

@i (D)[F 2 G] = Fy;(D)G

jf (i (D)[F = pr(D)G] = Fo;(D)pr(D)G)
L

Z (i (D)F - or(D)G] = Fo;(D)pr(D)G — ¢;(D)[F = ¢r(D)G]) .
Let k be fixed. ];:fjeijse Lemma 1] to have

¢ (D)[F - ¢r(D)G) = Fipj(D)gi(D)G | e < C277% | F[Lipe | Gl .

Meanwhile, using
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for k € [j — 3,7 + 3], we have

j+5

les(DIF = ee(D)Gll= < 3 s (D)@ DIF = or(D)G =

l=j—5
Jj+5

< C Y ll@(D)F = or(D)G| p=
I=j—5

< C sup [lgi(D)F - v (D)G p~
[,I’eNg

< C2|Fluipe |Gl

We prove Theorem [I.2] to conclude this note.

Proof. We decompose

(f29)Oh—-flgoh) = [ (D)f 2 gl = f-wij(D)glp;(D)h

M3

+
M8°

(pi—1(D)f 2 gl = fpj-1(D)g)p;(D)h

<.
Il
-

_|_

'MS

li(D)[f =gl = f-9;(D)glpj-1(D)h.

<
Il
-

We handle the first term; other two terms are dealt with similarly. We decompose

oo

> i (D)If =gl — f- @i (D)glp;(D)h

=0

Mg

[ (D)[Wjra(D)f = g] = jra(D)f - 0;(D)gle;(D)h

£33 o (D)en(D) < a5 (D)

<.
Il
o

J=0 k=j+5
_Z Z eu(D)f - j(D)g - ;(D)h.
3=0 k=j+5
Since
10 (D)[thj14(D) f = gl = j1a(D)f - 95(D)gl|| e = O(27 3> H77ImD)
for all m = (my,ma,...,my) € No™, we have
> lpi(D)j+a(D)f = gl — bjra(D)f - 5 (D)glp; (D)
j=0 N;(;oHrﬁ

< Cll flleipe llglles1Pllag

PQ"'

11
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Using Example 2.5l we estimate the second term:

> 0iD)er(D)f X gl @i (D)

i=0 k=j+5
=>" 3" i(D)er(D)r—2(D)f - pr(D)g] - (D)
7=0 k=j+5
+Z Z @i (D) (D)r—1(D)f - @r+1(D)g] - 0 (D)h.
5=0 k=j+5

Next, we note that
lor(D)f - i (D)g - ;(D)h pmz
< C27F IR | fllipe | glles |27 05 (DAl pz -

Adding this estimate over j, k, we have

S|

0o k—5
S| 2K NN " o (D) f - ;(D)g - g (D)
k=5 §=0

MG

> 25D flLipelglles 127° 0 (DAl agg

Sl

1
-

37 (I lhuipe llglles 12765 (D)l e )

=0

~C {Z (256D f 1 g e 12705 (D)l g
k=5 j=0

= Cllf lluip=llglles 12 llav,

par’
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