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AVERAGE CM-VALUES OF HIGHER GREEN’S FUNCTION AND
FACTORIZATION

YINGKUN LI

ABSTRACT. In this paper, we prove an averaged version of an algebraicity conjecture in [16]
concerning the values of higher Green’s function at CM points. Furthermore, we give the
factorization of the ideal generated by such algebraic value in the spirit of the famous work
of Gross and Zagier on singular moduli.
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1. INTRODUCTION

Let j(z) be the modular j-invariant on the modular curve Xr := I'\H with I' := SLy(Z)
and H the upper-half complex plane. Its value at a CM point z € H, i.e. an algebraic number
in an imaginary quadratic field K C C, is called a singular moduli. The theory of complex
multiplication tells us such a singular moduli is algebraic and generates an abelian extension
of K. This is the extension of the well-known theorem of Kronecker-Weber from Q to K,
and part of Kronecker’s Jugendtraum.

On the other hand, the modular j-invariant also plays an important role in arithmetic
intersection theory as the function Gi(z1,22) = 2log|j(21) — j(22)| is the automorphic
Green’s function on X2 with logarithm singularity along the diagonal 7y C X2. Values of
G, at a divisor Z on X2\T) then give the archimedean part of the arithmetic intersection
between T} and Z. When Z = Z,, is the average of all pairs of CM points with discriminants
dy and dy (see (B3.31), this arithmetic intersection is related to the Fourier coefficients of
an incoherent Eisenstein series associated to Z,. This is the essential ingredient behind the
analytic proof of the factorization of the norm of difference of singular moduli by Gross and
Zagier in [17].

The Green’s function G is a member of a family of higher Green’s functions Gj, on X2\T}
for k € N (see (£.23))), which are eigenfunctions under the hyperbolic Laplacians of both z;
and zo with the same eigenvalue k(1 —k). They also play an important role in the calculation
of arithmetic intersections by giving the archimedean height paring of CM-cycles in Kuga-
Sato varieties [33]. Even though complex multiplication does not apply to special values of
higher Green’s functions, one still expects them to be of algebraic nature. In [18], Gross and
Zagier made the following conjecture.

Conjecture 1. Let G} be the higher Green’s function associated to a weakly holomorphic
modular form f € M} ,, for k > 2 (see (£2.4))). Suppose f has rational Fourier coefficients.
For a CM point Z = (z1,22) € X3 not on the singularity T of Gy s (see (E2.5])), there exists
a=a,,; € Q C C such that
1k
Gi.f(Z) = (dids) 2 log|a,
where d; is the discriminant of z;.

The first instance of this conjecture was proved by Gross, Kohnen and Zagier [16], where
they consider the value of Gy ¢ at Z, for k odd and VA ¢ Q with A := dydy. In this
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case, o can be taken to be a positive rational number, and has an explicit factorization
generalizing [I7]. To state this result, let F' be the real quadratic field Q(v/A) C R with
ring of integers Op. Denote x the genus character corresponding to the CM extension
K := Q(\/dy,\/ds) over F. For each integral ideal a C O, we can attach an integral ideal
I7(a) C Op given by

(1.0.1) LF(a) o= [ J(b- 0)x®),
bla
where ' denotes the real conjugation in Gal(F/Q). Notice that I} (a) is Gal(F/Q)-invariant,
hence principal, and has a unique positive integer as its generator. If a = (\) is principal,
we simply write I (\) for I} (a).
For each positive integer m, we have a finite set S,, of elements in O defined by
(1.0.2) Sy ={A€0r: AWA>0, AelzZ+2VAY
For each A € O and integers m € Z,k > 1, denote
_ tr(\)

1.0.3 Cr(A\,m) = —(—mVA) 1P, < )ez,

(1.0.3) k(A m) = —( Y VA
where Pj,_1(t) is the (k — 1) Legendre polynomial (see (A.2.1))). The result of Gross-Zagier
and Gross-Kohnen-Zagier can be phrased as follows.

Theorem A (Theorem 1.3 in [I7] and Theorem 2 in Section V of [16]). Suppose dy,ds < 0
are co-prime, fundamental discriminants. For oddk > 1 and f € M}_,, with integral Fourier
coefficients cg(n), let ot = oz;;f € Q be the unique positive generator of the ideal

H H [;(A)Cf(_m)ck()‘vm).

m>1 AeSy,
Then Gy ;(Zy) = AU=9/2]og(at).

Remark 1.1. When k = 1, the result above is the factorization of norm of difference of
singular moduli by Gross and Zagier.

Since the work of Gross-Kohnen-Zagier, there has been a lot of progress proving conjecture
Il When the discriminants A = djdy is a perfect square, this was proved by Zhang [33]
conditional on the positivity of the height parings of Heegner cycles on Kuga-Sato varieties.
Later in [30], Viazovska gave an unconditional proof using the machinery of theta liftings.
When A is not a perfect square, i.e. I is a real quadratic field, Mellit proved the conjecture
for k = 2, z; = i, 2 arbitrary in his thesis [27]. In a recent work [5], the conjecture is proved
when one averages over all CM points (z1, 25) with z; having discriminant d;. Most recently,
conjecture [I is proved in [26] for any CM point Z = (z1, 22) and odd k > 3. In these cases,
the algebraic number « is in an abelian extension of an imaginary quadratic field. In general,
one expects a to be in an abelian extension of the CM field K.
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With the (sometimes conjectural) knowledge of the algebraicity of «, it is very natural to
ask for the factorization of the ideal generated by it. For even k > 2, this is not known even
when one takes the average Z = Z,. The goal of this work is to provide a result in this
setting, which complements Theorem [Al dealing with the cases that k is odd. The subtlety
created by the parity of k is made clear in the following example by Mellit [27]

(, —1+\/—7) 8 8 — 37
Goylit,——— | = log ;
2 VAT T8+ 3VT
where d; = —4,dy, = —7. The algebraic number S;gﬁ is not rational. Furthermore, it is a

unit and its norm to Q is 1. It turns out that the right modification for even k is to replace
the integral ideal /" (a) with the fractional ideal

(1.0.4) IS(a) =] (;)X(b)

bla

for every integral ideal a C Op. Since I (a)’ = I (a)”", the ideal I (a) is not necessarily
principal. One can overcome this by raising it to a suitable power (for example the class
number of F'). With this minor difference, we can now state the analog of Theorem [Al for
even k as follows.

Theorem B (Theorem 4. Suppose di,ds < 0 are co-prime, fundamental discriminants.
For even k > 2 and f € M) ,, with integral Fourier coefficients cy(n), there exists k =

krr € N and a positive generator o~ = o € F of the fractional ideal
H H I;()\)Cf(—m)ck()\,m)n
m>1 AeS,,

such that k- Gy ;(Z,) = A0/ 2log(a7).

Remark 1.2. Even though the result is an existence statement, the algebraic number o~ is
explicitly constructed. This theorem then also gives a constructive proof of Conjecture [I]
when Z, consists of just one point.

To give a numerical example, we take k = 4 and f(7) = ¢~ ' + O(1) € M_¢. Such f exists
(and is unique) since there is no non-trivial cusp form in Ss. If we take the discriminants
—7 and —23, then the CM points are (27, 2230), (27, 2231) and (27, 223 —1), Where z4 = 240 :=
HT‘/:Z and 23 41 = il%‘/m. Theorem [B] above gives us o~ € F and s € N such that

1
Z Gaf(27, 2035) = log(a™).

—— 10
o 16132k
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The factorization tells us that o~ generates the fractional ideal

<&) —2878 (&) —3580 (@)2628 K
ps pir Pl ’
where p, = (m) are prime ideals in F' = Q(+/161) with

5 = 38 + 3V 161, m7 = 12 + V161, m9 = 25 4 2/ 161.

Numerically, we have computed the left hand side to be —4.157888612785.. and bounded «
explicitly. This helps us to see that we can take x = 1 and

o\ T28T8 g\ 580 4\ 2628
_ 5 17 19 11
Ty 17 g

where e = 11775 + 9281/161 is the fundamental unit of F.

In [16], the authors proved Theorem [Al by expressing the special value of higher Green’s
function at CM points as linear combinations of the holomorphic part Fourier coefficients
of certain real-analytic Eisenstein series, which are incoherent in the sense of Kudla [21].
These Fourier coefficients can be computed exactly and are rational multiples of logarithms
of integers.

Comparing the theorems above, it is then clear that one does not expect the value Gy, ¢(Z,)
to be directly related to these Fourier coefficients when k is even. In fact, the method in [16]
applies to all & > 1 with Gy, ¢ replaced by a function which is odd under the Atkin-Lehner
involution when k is even (see page 502 in [I6]). For level one, this returns the trivial
equation.

To prove Theorem [Bl we take this analytic approach and replace the incoherent Eisenstein
series with the O(2,2) theta lift of a weight one real-analytic modular form on SLy over Q.
In the context of the Siegel-Weil formula [24125], the incoherent Hilbert Eisenstein series
used in [I7] and [12] lies on SLy over the real quadratic field F' and is the integral of a theta
function over the orthogonal group, i.e. sum of big CM points. Even though our lift goes in
the opposite direction, the exceptional isomorphism between O(2,2) over Q and SLs over F
makes it a viable idea. The key step then is to find the right input and theta kernel.

The input is a weight one modular form, which was studied in [14] and used to construct
weight one harmonic Maass forms associated to real quadratic fields. The form is constructed
by deforming a theta integral from O(1,1) to SLy, and has no singularity. Therefore, it can
be fed into the theta lifting machinery without regularization and the output will have no
singularity either. Unlike the incoherent Eisenstein series in [16], our replacement will not
behave nicely under the Laplacian. Fortunately, it still has a holomorphic part, which can
be explicitly calculated. This, along with an error term arising from the non-holomorphic
part, equals to Gy, f(Zy) (see Theorem 3]). One then needs to carefully analyze the error
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term to see that it contributes a rational multiple of log e with e the fundamental unit of
F. This is the reason we need x in Theorem [Bl

The theta kernel we used are also quite interesting. For each k € 2N, we use a different
Schwartz function formed from the Gaussian with a suitable polynomial p;_; in the sense
of [3] (see sectionB.3]). They are easy to describe in the polynomial Fock space, and particular
cases are related to the Schwartz forms studied by Kudla and Millson [23]. To evaluate such
a theta lift, we require a formula by Borcherds [3, Theorem 7.1] with polynomials in both the
plus and minus parts. In addition, we also need the recent work [I] on the Fourier expansion
of Millson theta lifts.

It would be interesting to see how our formula fits into the context of arithmetic intersec-
tion theory, i.e. Gross-Zagier formula and various generalizations [2,[7,[8,[13,31,[33]. In the
Gross-Zagier type formulas, one has an equality between a special value of the derivative of
a suitable L-function and an appropriate arithmetic intersection number, which has contri-
butions from the archimedean and non-archimedean parts. The former are special values of
Green’s functions and the latter are local intersection numbers. After explicit calculations,
one can match the non-archimedean part with Fourier coefficients of incoherent Eisenstein
series. When the L-function is identically zero, e.g. attached to the trivial cusp form, then
one obtains an equality (up to sign) between the archimedean and non-archimedean contri-
butions. This, for example, gives the factorization of singular moduli. Our result suggests
that there should be a similar interpretation of Fourier coefficients of our replacement in this
setting, with which one can then prove a Gross-Zagier type formula by replacing f with a
harmonic Maass form. It would then be interesting to generalize our proof to the cases when
f has higher level.

We organize the paper into three parts. The first part consists of sections 2l and Bl where
we discuss some preliminary notions about theta lifts, real quadratic fields and the deformed
theta integral studied in [14]. The main results are the two counting propositions B.I1]
and B.I3l This can be considered as an analysis of the information contained in the non-
archimedean component of the theta lift. The archimedean component is contained in the
last part of the paper. It consists of the last section and the appendix, where we give the
relevant theta functions and study in details various theta lifts involved. Between these two
technical parts is section 4l which is the middle part of the paper. It consists of information
about higher Green’s function, the main result (Theorem [4]), and its proof. Assuming the
first and last parts, the reader can read through the middle part to get the rough idea of the
proof.

Acknowledgement. We thank Don Zagier for informing us about this conjecture and
providing us with the unpublished note [32]. We also thank Jan Bruinier for helpful con-
versations and providing us with a preliminary draft of [5], Richard Borcherds for helpful
communication concerning [3], and Stephan Ehlen for helpful exchanges about numerical
computations.
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2. PRELIMINARY FACTS

2.1. Weil Representation and Modular Forms. We first follow the convention of [3]
to recall the Weil representation arising from finite quadratic modules. Let Mpy(R) be the
metaplectic two-fold cover of SLy(R) consisting of elements (A, ¢(7)) with A = (28) €
SLy(R) and ¢ : H — C holomorphic function satisfying ¢(7)?> = cr + d. Let Mpy(Z) C
Mp,(R) be the inverse image of SLy(Z) C SLa(R). It is generated by T := (({1),1) and
S=((?73"),/7), where \/* denotes the principal branch of the holomorphic square root.

Let I" € Mp,y(Z) be a subgroup of finite index and p : I' — GL(W) a representation on a
finite dimensional C-vector space W. A real-analytic function f : H — W is called modular
with respect to p and weight k € %Z if

(2.1.1) (f s (A, 0))(7) = &(r) " f(A - 2) = p((A,9)) - f(7)

forall (A, ¢) € I'and 7 € H. We denote the space of all such functions and the usual subspace
of weakly holomorphic, holomorphic and cuspidal forms by Ay, ,(I'), M,LP(F), My ,(I'), Sk p(I)
respectively. We sometimes omit p, resp. I, if it is trivial, resp. Mp,(Z). Given f € Ay ('),
we denote

(2.1.2) fo(r) =08 f(r) € A 5(T)

for convenience.

The representations that we are mainly interested in come from arithmetic. Let L be an
even, integral lattice with quadratic form @ of signature (n*,n7), the dual lattice LY and
the associated finite quadratic module

(2.1.3) Ap = LY/L,

on which @ becomes a quadratic form valued in Q/Z. Let B(:,-) be the associated bilinear
form. The vector space C[AL] := D,,c,, Cep is naturally an Mp,(Z)-module via the Weil
representation py defined by

pr(T)(en) = e(Q(h))en,

pulS)en) o= U LI S e
L HEAL

Despite the notation, p;, only depends on the finite quadratic module A;. There is a natural
hermitian pairing (,) on C[AL] given by (ep,,en,) := 1 if hy = hy and zero otherwise. With
respect to this pairing p7 is a unitary representation. When n* + n~ is even, pr factors
through I' := SLy(Z). To understand Ay, it is sometimes useful to consider the p-component

(2.1.4)

(215) AL’p = AL ®Z Zp
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with Z, the p-adic integers for a prime p € N. It is a finite quadratic module with value in

Z[%]/Z. Through the natural map A; — Ay, given by h — h ® 1, we have

(2.1.6) A= P As,
p prime

as finite quadratic modules.
Suppose M C L is a sublattice of finite index and s : LY/M — Ay, the natural surjection.
Then LY C MY and there is a linear map ¢ : C[Ay] — C[AL] defined by

esn), heLY/M,
(2.1.7) Plep) =14 ™ /
0, otherwise.

The adjoint of 1) with respect to the hermitian pairing (-, ) is
218) T
HELY [M,s(u)=h
It is straightforward to check that ¢ and ¢ are I'-linear with respect to the Weil representa-
tions above and ¢ o ¢ is [L : M] times the identity map on C[AL].

2.2. Symmetric Space and Theta Function. We will now introduce the two-variable
theta function associated to a suitable Schwartz function (see (2:2.4))). This can be done
either adelically as in [24] or classically as in [3], and the connection between the two are
spelled out clearly in section 1 of [22]. We take an approach closer to that of Borcherds,
while keeping the adelic perspective visible in the setup as well.
For n € N, let R" be the Euclidean space with the metric
)= ) 2
1<j<n

for z = (21,29, ...,x,) € R". With respect to the quadratic form @, (z) := %|§|2, the space
R™ becomes a real quadratic space. Let Ag := > i 8§j be the Laplacian on R™ and define
for a > 0 the following operator

(2.2.1) Ho(f) i= e A/

on a smooth function f : R™ — C. In particular, we consider f = p a polynomial homoge-
neous of degree m. It is easy to check that

(2.2.2) Hi(p)(a - z) = a"Haz (p)(2).

for any o € R,z € R™. Using such a polynomial, we define the following Schwartz function
on R"”

(2.2.3) o(a;p) = Ha(p)(x)e ™",
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which is an eigenfunction of eigenvalue " with respect to Fourier transform on R".

Suppose nt,n~ € N with n = nt +n~. Let R*"™ = R" @ R" be the real quadratic
space with the quadratic form Qg := Q,+ — @,-. Suppose p is a polynomial on R” homoge-
neous of degrees m* and m~ on z* € R"" and = € R" respectively. Then we can form
the Schwartz function

(2.2.4) o(aip) == Hi(p)(z)e @) ¢ F(R™")

for x € R"" | which is also an eigenfunction under the Fourier transform on R”" "™
Furthermore, it is in the subspace of . (R™ ") called the polynomial Fock space [23].

For a real quadratic space (V, Q) with signature (n™,n~), denote Dy the oriented Grass-
mannian of V', i.e. the set of oriented, positive definite n*-dimensional subspaces of V. Then
every w € Dy induces an isometry

(2.2.5) Ve : Ve — R

by projecting A € V to w and its orthogonal complement w™ C V. We denote these
projections by A, and A,.. For any function f : R*"*" — C, we use f,, : Vg — C to denote
the composition for,. The quadratic form @, := Qoo is half the majorant (-, -),, defined
by

(2.2.6) AN w = (A A) = 2( A1, Apt)
for A € V. Given 7 = u + iv € H, we can now define a Schwartz function
P T, w;p) = 0" 0, (Vi p)e(Q(A)u)
B AT (p) (1, (V)@ (Q(Aw)T + QA1 )T)

for A € V with k == 5" +m* —m".
Let L C V be an even, integral lattice of rank n with dual lattice LY and finite quadratic
module Ay := LY/L. We can define the theta function O (7, w,p) valued in C[AL] by

(2.2.8) L(T,w; p) Zeh Z (A; 7, w; p),

heAr  AeL+h

(2.2.7)

and denote the ¢, component of ©7, by ©r,,. We omit p in the notation if it is the constant
1. Let I'y be the kernel of the surjection SO(L) — Aut(Az). Then O (7, w;p) is clearly
', invariant in w € Dy. By Poisson summation, one can show that O (7, w;p) € Ai,,
(see [3, Theorem 4.1]). For m € Q and h € Ay, denote as usual

(2.2.9) Lypn={ € L+h:Q\) =m}, L(m,h) :=T\Lp.
Then Oy, has the Fourier expansion

OLn(r,w;p) = v 2N "e(mu) Y u(voAip)

meQ )\eLm,h



10 YINGKUN LI

For a finite index sublattice M C L, it is easy to check that

(2.2.10) V(Om(T,w;p)) = OL(T, w;p),

where 1 is the map in (2.1.7).

Example 2.1. Suppose V = R0 and p(z) = py(x) = 2° for b € N. Then the polynomial in
the theta function above can be expressed in terms of the Hermite polynomials. In particular,
we have

(2.2.11) Hi(p)(x)e ™™ = (—4m) (0, — 27z)’e ™ .

For N € N, the lattice Z is even integral with respect to the quadratic form Qy(z) :=
Na2, and its dual lattice is given by ﬁZ. We denote this lattice and the associated Weil
representation by Py and py respectively. Since Py is definite, the Grassmannian consists
of one point o, which induces

Vo: Py @ R — R
r— V2Nr.

Using this lattice, we can form the theta series

(22.12)  On(mib) = Opy(roip) = > en > Ho(p)(V2NT)e(N1*7) € Apiijopy-
heﬁZ/Z reZ+h

For b = 0,1, Ox(7;b) is holomorphic in M, ,, and Sss,, respectively. If Py denotes the

lattice (Z, —Qy), then @P];(T, 0; pp) = 0% (73 ).

Example 2.2. Let (V,Q) = (Ms(R),det) be the real quadratic space of signature (2,2)
with Ms(R) the vector space of 2 by 2 matrices with entries in R. The Grassmannian Dy is
identified with H? via

(2.2.13) 2= (21,2) € H? = w(z) := RRZ(2) ®RIZ(2) € Dy,
where we denote
(2.2.14)

, 1 2129 2_2) L 1 L 1 (2’122 22)
Z(z)=X(z2)+Y(z) = , Z(2) =X~ (2)+Y~(2) = .
O = XY =g (U7 F), 240 = X i@ = e (1

It will also be important later for us to consider the diagonally embedded H in H x H. In
that case, we use z € H to denote its image (z, z) € Hx H and also the point w((z, 2)) € Dy.
The vector YV := Y (z) = % (9 5") is independent of z and the isometry v, : V — R*? is
then given by

(2.2.15) v.(A) := (A, B(A,Y), R(A,1), S(A,1)) € R*?,
where we denote
(2.2.16) A, :=B(A, X(2)), A= B(A, ZH(2)).
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The lattice L = M5(Z) C V is even and unimodular. The theta function ©(7,w(z)) has
the explicit form

(2217) Ou(rw(z) =v Y _ e

a,b,c,deZ

(\azlzg +bzy + czo + d*T — |az1Zo + b2y + 2o + d\z?)
4y1y2 .

From the result above, we know that O (7, w(z)) € Ay as a function of 7 € H for any z € H?.

Suppose f(7) € Ay, is regular on I'\H and has sufficient decay near the cusp, then one
can integrate (f(7), O (7, w;p))vFdu(r) on T\H to obtain a function on Dy. If f is allowed
to have linear exponential growths at the cusps and be nearly holomorphic, i.e. L?f =0 for
n > 0, then Borcherds defined regularized theta integral

Op(w;p, f) = /reg<f(7)a@L(T,w;p»vkdu(ﬂ
(2.2.18) i

:= Constg— lim (f(7),0p(1,w; p))vF*du(r)
T—o00 Fr
following the regularization idea of Harvey and Moore [19]. This is defined by integrating first
over the truncated fundamental domain Fp:={r=u+iw e H:|7| > 1, |u] < 1/2,v < T},
before taking the limit 77 — oo for R(s) > 0, analytically continuing this to s € C and
taking the constant term in the Laurent expansion in s € C. The same integral can be
defined for harmonic Maass forms as well [41[6].

On the other hand, one could also integrate orthogonal modular forms in the variable w to
produce symplectic modular forms on H. In [20], Hecke computed one of the first such theta
integral and associated weight one cusp forms to real quadratic fields. This is a special case
of the Siegel-Weil formula [24)25]. In the next section, we will review Hecke’s construction
along with its deformation.

2.3. Real Quadratic Field. From now on, let FF C R be a real quadratic field with
fundamental discriminant A > 1. Its ring of integer and inverse different are given by

Or =72+ Zwa,wa = % and 07! = ﬁOF respectively. We also denote A, the square-
free part of A, i.e. A = Ay - c? for some ¢ € N. Since A is fundamental, it is in one of the
following forms

e A=1mod4 and A = Ay,

e A=0mod4 and A/4=Ag=2,3mod 4.
We denote the (narrow) class group of F by C1™™(F), which is the quotient of
(2.3.1) I := {Op-fractional ideal a C F': a and 0 are relatively prime to each other.}

by its subgroup of principal ideals (with totally positive generators). By the Chebotarev
density theorem, every class in C1*(F) has infinitely many prime representatives in I,. For
each prime p | A, let 9, denote the unique (ramified) prime ideal in Op above p. They are
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the only prime ideals dividing 0. We use ' to denote the non-trivial Galois conjugation, with
which we can define the norm map Nm(«) := e’ on F. Denote

(2.3.2) Nm(F); :={m € Q: £m > 0 and there exists o € F with Nm(a)) = m}.

If F does not have an element of norm —1, then Nm(F'), and Nm(F')_ are disjoint. This
happens when A is divisible by a prime congruent to 3 modulo 4.

The group of units O is generated by the fundamental unit e > 1. If A is divisible
by a prime congruent to 3 modulo 4, then e is totally positive, and the canonical map
CI*(F) — CI(F) is a 2-1 surjection. Besides the usual norm map, we will also need the map
on Op-fractional ideals
(2.3.3) Nm™(a) := —,
whose image is exactly the kernel of Nm.

Suppose ( = Nm is the quadratic form. Then O is an even integral lattice of signature
(1,1), whose discriminant kernel is denoted by I'a. The Galois conjugation is an element in
O(OpF). On the finite quadratic module

(234) AA = D_l/OF,
which is identified with Z/(A/ ged(A, 2))Z x Z/(ged(A, 2))Z by the map
a+ bwa

A — (a,b),

the Galois conjugation acts as the map sending h € Ax to —h. The multiplication on F' also
induces a multiplication Ax X Ax — Aa. For us later, it will be convenient to work with the
p-components A ,. If p{ A, then An, is trivial. When p | A is an odd prime, it is easily
seen that

(2.3.6) Anp = (Z)pT 0~ anp™).

(2.3.5)

for some ana, € (Z/pZ)* depending on A. For p =2 | A, there are two possibilities

((Z)27)2, (a,b) — ££22), ordy(A) = 2,

4

(ZJAZ x T)2Z, (a,b) = TZE) - ordy(A) =3,

(2.3.7) Apg {

since A is a fundamental discriminant. Note that the +’s must be chosen consistently and
the choices depend on A.
For every prime p | A, we define an automorphism o, on Aa , by

(bya), if p=2,0ordy(A) =2, and h = (a,b) € (Z/2Z)* = Ao,
—h, otherwise,

(23.8)  o,(h) = {
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which has order 2. It is easy to check that for every prime p | A and distinct h, he Anp
(2.3.9) Qp(h) = Qy(R) < 0y(h) = .

Since Ax = Dp|a primeAa p as a finite quadratic modules in ([Z.1.6]), we also use o, to denote
the isometry on A that acts as o, on Aa ,, and trivially on the other components. These

automorphisms all have order 2 and commute with each other. We denote the group they
generate by Ga, which contains the subgroup

(2.3.10) Gapn =10 € Ga:a(h) =h}
and has the following property.

Lemma 2.3. In the notations above, h is in 0,07 /Op C A if and only if o, fizes h.
Suppose Q(h) = % with n € Z/AZ, then |Ga | = 2¢E42) where w(n) is the number of
distinct prime factors of n € Z. Furthermore, if there exists h € An satisfying Q(h) = Q(h),
then h = a(h) for some o € Ga.

Remark 2.4. For convenience, we define

(2.3.11) Ga = {|d| : d fundamental discriminant dividing A and ged(d, A/d) = 1},

which has a group structure under the multiplication d; - dy = dydy/ ged(dy,dy)?. We
canonically identify it with Ga via the map

(2.3.12) deGarrag:= [[ op€Ga
p|d prime

Consider the subgroups of G of the form
(2.3.13) Gagi= {d €Ga:d d}

for some d € Ga. For any h € Ap, 04 € Gay, if and only if 0, € Ga, for all primes p | d.
Therefore, we can define a function d : Ay — G such that

(2.3.14) Gaam = Gan,

i.e. d(h) and ged(A,n) have the same prime factors. For any prime p | A and h € Ax, we
have

(2.3.15) d(ph) = lem(d(h), p).
Remark 2.5. The following set
(2.3.16) A ={h € Apr : #Garp =1} ={h € Ar :d(h) =1}

will be useful for us later.

Remark 2.6. One can check that oa,(h) = —h, where Aq is the square-free part of A.
Therefore, 2h = 0 € Ax if and only if oa, € Gap, 1.e. Ag | d(h).
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Proof. The first claim can be verified directly, though one needs to be slightly careful when
p = 2 divides A. The second claim follows from the first since h € 0,07!/Op if and only if
p | m. For the last claim, notice that Q(h) = Q(h) is equivalent to Q,(h,) = @, (h,) for all
primes p | A, where h, and fzp are the p-components of h and h respectively. Therefore, fzp
is either hy, or o,(hy) by [2.39), and we are done after setting o := [T A prime, 7,0y (h,) Tp €

Ga.

We can now replace O with any fractional Op-ideal a C F to obtain an even integral
lattice L, with Q; = Nm/Nm(a) and LY = ad~!. We denote the finite quadratic module
(L) /L4, Q) and the Weil representation associated to it by A, and p, respectively. Their
isomorphism classes only depend on the class of a in C1*(F). The finite abelian groups A,
and Aa are always isomorphic. Furthermore, suppose that a,b € I, with b C a. Then
one can use this inclusion to canonically identify the abelian groups A, and A,. By taking
b = anN Op, we then have the canonical identification.

(2.3.17) An = Agrop = Au

However, the quadratic form is given by Q, = Nm(a)~'Q under this group isomorphism.
Since the quadratic forms only differ by a factor invertible in Z/AZ, one can define the
automorphism o, on A, , and A, as in (2.3.16]) and (2.3.8)) respectively. Therefore the group
Ga = Ga also acts A,, and one can define the subgroup Gaj for h € A, and the subset
Ar C A; as in (2.3.10) and (2.3.16) respectively.

We are in a particularly nice situation if @, = @, i.e. a € ker(Nm) = im(Nm™) , since
(Z3317) is an equality of finite quadratic modules, which is I-linear on C[A4,] = C[AA] with
respect to p, and pa after extending by linearity. On the other hand, if a = («) for some
a € F coprime to 0, then there is another group isomorphism

AA :0_1/0}7 = Aa = ab‘l/a
h — ah.

(2.3.18)

When Ap is equipped with the quadratic form @, := Nm/Nm(«), this is an isomorphism
between finite quadratic modules. If Nm(«) = 1, then A, = Ax and (o) = Nm™(b) with
b € I, having order at dividing 2 in C17(F). When [b] is trivial in C17(F), i.e. b = () with
p € F totally positive, then Nm™ () = 1 mod ? and the composition Ay = A, = A is the
identity map. Therefore, the composition Ay = A, = Aa only depends on the class of b in
CI*(F). It is straightforward to verify that this is the automorphism o, defined in (2.3.8)
when [b] = [0,] for any prime p | A.

2.4. Genus Theory. We make a quick digression to the genus theory of quadratic fields.
The map Nm~ defined in (2.3.3) induces the squaring map on CIT(F), whose kernel and
image are denoted by

(2.4.1) Cl} (F) = ker(Nm™) € CI*(F), CI*2(F) := im(Nm~) ¢ CI*(F)
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respectively. Then CIJ (F) is exactly the group of 2-torsion elements in CI*(F) and is
isomorphic to (Z/2Z)*®)~! by genus theory. It is easy to see that [d,] € Clj (F) for every
prime p | A. With the group G defined in ([Z3.11]) from the previous section, we can now
describe Cl (F) precisely in the following lemma.

Lemma 2.7. There is a unique dy € Ga\{1} such that the class of

(2.4.2) 0= J] 2

pldo prime

in C17(F) is trivial. Let €} > 1 be the generator of the subgroup of totally positive units in
OF. Then multiplying by et induces the automorphism o4, on A,. The discriminant kernel
A of Ly is generated by

(2.4.3) ea = (ef)?
and the quotient group SO(Ly) /T a is isomorphic to (Z/27)* with generators €5, and —1.
Proof. For every d € G, define

(2.4.4) w= J] o

p|d prime

Then d,d € Ga are equal if and only if 9, = 0. The unit ¢}, is either €5 or £% depending on
whether e has norm 1 or —1. By Hilbert’s Theorem 90, there exists an ag € O such that
e} = ap/aj. Since €}, is a unit, we can choose g such that (ag) = 94, for some dy € Ga\{1}.
Suppose d € G such that 9, = (o) with oy totally positive, then o/;/aq = (e})" = (an/ap)"
for some r € Z, which implies afay € Z. If r is even, then 9, has a generator in Z, meaning
d must be 1. If  is odd, then 94,04 has a generator in Z, implying that 0; and 9,4, have the
same prime factors, hence are the same. This proves the uniqueness of dy. Note that dy = A
if €7 has norm —1. We denote dg := 04, Using €} = ap/af, with (ag) = 0 and ag — af, € D,
it is straightforward to verify the congruence

—1modd,, p|dyodd,
(2.4.5) e =1mod /0y, e =< —1mod 0y, 2| dp,ordy(A) =2,

—1mod 03, 2| dp,ordy(A) =3,
which implies the second claim. Note that ords(A) = 2 implies Ag = 3 mod 4 and A is
divisible by a prime congruent to 3 modulo 4. In that case, the fundamental unit ez has
norm 1, i.e. . = ep. Since dy # 1, 0 is non-trivial and €} &€ T'a. As the group SO(L,) is
the subgroup of units in OF with norm 1, the quotient SO(L,)/T'a contains +1 and +e}.
This proves the last claim. U

Corollary 2.8. The map sending d € Ga to 04 defined in 244) is a surjective group
homomorphism from Ga to Clf (F). Its kernel is generated by dy € Ga satisfying 04, = 0o.
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Let Ga = Ga denote the quotient by the subgroup generated by dy. Since the group Ga
acts on Aa, we can consider define an equivalence relation ~y, such that hy ~g, he if and
only if hy = o4, (hs) for hy, hy € Ax. Then Clj (F) acts on the set

(2.4.6) Ap = An/ ~a, -

For h € Aa, we also use h to denote its image in Ax, and G a7 the stabilizer of h or oy, (h)
in GA.

Using the embedding F' C R fixed in the beginning of the section, we can make sense of
the sign function on SO(L,), which factors through the discriminant kernel. For h € A,, we
define

(2.4.7) Sp 1= Z sgn(s).

s€SO(La)/T A s-h=h

Since the group SO(L,)/Ta is isomorphic to (Z/27)?, the only possible values of s;, are 0,1
and 2. Using Lemma 2.7, we can explicitly determine them as follows.

Lemma 2.9. Let d be the function defined in (2.314), Ag the square-free part of A and
dy € G the fundamental discriminant in Lemma[2.7 Then we have

O> A0 | d(h)>
(2.4.8) sh=142 do|d(h) and Agtd(h),

1, otherwise.
Remark 2.10. Since dy, Ag # 1, we have s, = 1 for h € A?.

Proof. 1t is clear s, = 0 if and only if 2h = 0 € A,, which is equivalent to Ay | d(h) by
Remark 24 Now suppose Ag 1 d(h), then s, = 2 if and only if efh = h, which is equivalent
to 04, € Gap by Lemma 2,71 This is then the same as dy | d(h) by ([2.314). In all other
cases, s, = 1 and we are finished with the proof. Note that it is possible that both dj
and Ay divides d(h) for non-trivial h € A,. For example, if A = 12 = dy,a = Op and
h=(1++/3)/2¢€ Aa, then d(h) = A. O

Now we can attach an element of the group ring Z[C1" (F)] to an ideal a C Op and h € Ax
as follows

(2.4.9) sqrt(a, h) := > B € Z[CIT(F)].

B=[b]€ClT(F)
a=Nm~ (b)(p) for a positive

K -1
\/ZEOF‘i‘hCD

Since 7 = 1 mod 0 whenever a € F'is relatively prime to 0, we know that the condition in
the definition is independent of the choice of the representative b € I,. However, there is



AVERAGE CM-VALUES OF HIGHER GREEN’S FUNCTION AND FACTORIZATION 17

a choice between p and efpu for the positive generator. Since Lemma 2.7 tells us that the

multiplication by €} induces o4, on A4, we have

(2.4.10) sqrt(a, h) = sqrt(a, og,(h))

for every a and h. For other distinct hy, hy € Aa, the supports of sqrt(a, ki) and sqrt(a, hs)

(when viewed as functions on CI7(F)) are disjoint. The action of an element d € G =

Ga = Cl (F) on CI*(F) via multiplication with [9,4] induces an isomorphism on Z[C1™ (F)],

which sends sqrt(a, k) to sqrt(a, oq(h)). This implies

(2.4.11) sqrt(a, o4(h)) = [04] - sqrt(a, h).

When sqrt(a, h) is non-zero, its support is a regular G'a qn)-set and has size 2

In particular, it has exactly one element for h € A} if er(a) = Q(h) and [a] € CIT2(F).
For any positive «, it is clear that

(2.4.12) supp(sqrt(a, h)) C supp(sqrt((«)a, ah)),

which is an equality if « is relatively prime to 0. Using the analysis above, we have the
following precise result.

(ged(Nm(a),A))

Lemma 2.11. For any positive o € Op and integral ideal a C O, let d € Ga be the smallest
element such that gcd(Nm(a), A/d) = 1. Then for any h € A, we have

1
sqrt(a,o(h)).
FGmanGay, 2 i)

(2.4.13) sqrt((@)a, ah) =

Proof. The choice of d implies that ao(h) = o(ah) = ah for all 0 € Ga 4. In fact, every
h € Aa with the property ah = ah is of the form o;(h) for some d | d by 239). On
the other hand, sqrt(a, h) = sqrt(a,o(h)) if and only if o(h) = h or g4,(h), i.e. 0 € Gaj.
Therefore, we have an equality of both sides. O

Finally, recall that the genus field Fye, of I is the maximal abelian, unramified extension
of F' that is obtained from the composite of an abelian extension K/Q and F'. By class field
theory, Gal(Fyen/F) is identified as a quotient of CI7(F'), and a genus character is a character
of CI7(F) that factors through this quotient. We can also view it as a homomorphism from
Z[CIT(F)] to Z. If we factor A into A;-Ay with Ay, Ay co-prime, fundamental discriminants,
then there is a genus character xa, a, on C17(F') corresponding to it defined by

(2.4.14) Xara. () = (5) = (%)
with 2 = [a] and A = Nm(a) relatively prime to A. Note that for any xa, a,, we have
(2.4.15) XA, ([0]) =sgn(A;) = sgn(Ay).

By genus theory for quadratic field, these are all the genus characters of F'. We call a genus
character x even, resp. odd, if x([?]) is positive, resp. negative. There exists an odd genus
character if and only if A is divisible by a prime congruent to 3 modulo 4.
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3. DEFORMATION OF THETA INTEGRAL

3.1. Hecke’s Cusp Form. We continue using the notation from the previous section and
set (L,Q) := (a,Nm/A) to be an even integral lattice of signature (1,1) for a fractional
Op-ideal a C F with norm A.

By identifying F' ® R with R? through the embedding F' C R and its Galois conjugate,
we can view the Grassmannian D as the parabola, whose components are parametrized by
R via w +— (¥, e™") and w — (—e", —e~ ™) respectively. We identify R with the connected
component of D in the first quadrant. Each w € R gives an isometry between L @ R = R?
and R"! by sending (A1, A2) to (Are™™ 4+ Ape®, Adje™™ — Xpe®)/(v/2A). The generator e of
['aA acts on R by sending w to w + logea, and dw is the invariant measure.

In [20], Hecke constructed a holomorphic cusp form ¥, € S;,, by integrating the theta
kernel

e~ v +X e 4 New)? e — New)?
(3.11) O4(r,w):=vu Y e Y e<( vl L I )?)

heAq A€a+h

against the constant function on I’ A\R. Here, O4(7,w) equals O (7, w;p) with the poly-
nomial p : RY — R given by p(x1,22) := v/22,. He also explicitly calculated the Fourier
expansion of ¥,, which is given as follows (see Satz 3 and Satz 4 in [20]).

Proposition 3.1. Let a,L,Q,'a be as above. For h € A,, the following function

Donlr) = [ LOulr e = 3 m h)a”
A

meQ,m>0
3.1.2
( ) ca(m, h) = Z sgn(A) = Z sgn(A), when m > 0,
AeL(m,h) Ae{ea)\a+h
Nm(\)=Am

is the ep-component of a cusp form 94(7) € Si,p, -
Remark 3.2. Let L™ denote the lattice L with —@) as the quadratic form and

w ! _w —w /7 _w\2 —w /w2
(3.1.3) O (r,w) fzehz)\e — Ne e(()\e 4A)\6)T_()\e 4tl)\e)?)

heAq A€a+h

the corresponding theta kernel. The same construction above applies and produces a cusp
form 9 € S 5. If we denote its Fourier coefficients by c; (m, h), then c; (m, h) = cq(uy(m, pth)
for all m € Q,h € ad~!/a, and any relatively prime to 0 element p € F* satisfying u > 0
and p' < 0.

Remark 3.3. By changing A to —\, we have ¥, _j = —V,, for any a and h € A,.

For each fractional ideal b € I, recall the equality Ay~ = Aa in (Z3I7). From the
discussion there, we know that this only depends on the class B of b in C1*(F). Therefore,
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we can define

(314) 19‘3 = ﬁNmf(b), /19% = ﬁl;mi(b)
It is then easy to check that
(315) 19«3[3} = O'A(ﬁcg) = —19«3, 19%[0] = —19%,

where oa is the automorphism defined in (2.3.12)). Let x be a genus character of F'. By
summing g over the classes B € CI7(F) with the twist by x, we can now define a cusp
form that only depends on y

(3.1.6) O(7) = D xX(BWa(r) =D e > cy(m h)g" € Sips
BeCIT(F) h€An  meQ,m>0
By B.3] we know that the coefficient ¢, (m, h) satisfies
(3.1.7) c(m,h) = —c (m, —h) = —c,(m, h')
for all m € Q and h € Ax. The form ¥, (7) can be produced by integrating the theta kernel
(3.1.8) Oy (row; Sp) i= Y X(0)Oy, - (o (T-w) € Az,
beSE

with respect to dw over I'A\R, where Sr C I, is any set of representatives of classes in
CI™(F). Even though 9, (1) does not depend on the choice of Sg, both ©, (7, w; Sr) and the
following theta function do

(3.1.9) 0, (75 Sp) == O,(7,0; Sp) € A1 55
The Fourier coefficient ¢, (m, h) can now be rewritten as follows.

Proposition 3.4. Let x be a genus character. Forn € N and h € Aa, the Fourier coefficient
cy(m, h) of ¥y can be written as

n 2sy, Z x(sqrt(a, b)), ifn € Nm(F), and x is odd,
(3.1.10) ¢ (Z’h) - aCOp. Nem(a)=n
0, otherwise.

where Nm(F)4, s, and sqrt(a, h) are defined in [232), 241) and 249) respectively.

Proof. We can use the definition of ¥, to write

a(h)= X x® X sm=s Y x®) Y s

[b]eCIt(F) AETA\NmM ™ (b)+h [b]eCIt(F) (1)CNm~(b)
Nm(A)=-n/A ﬁ:hEAA
Nm(p)=n
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By the definition of Nm(F), in (23.2), it is clear that the sum above is empty if n € Nm(F),..
Therefore, we restrict to the case n € Nm(F');, where Nm(u) = n implies Nm((p)) = n.
Using this and x(b) = x(b’), we can continue to write

Cx (%,h) =sp Z x(b") Z 1-— Z 1

[b]eCIT (F) (W)CNm™(b), Nm((n))=n (W)CNm™ (b), Nm((n))=n
ﬁ:heAA, u>0 %ZhEAA7 u<0

—sn > x(b) > 1- > 1

[b]eCIT (F) aCOp, Nm(a)=n aCOp, Nm(a)=n
a=(p)Nm™ (b’) with a=(p)Nm™ (b’) with
ﬁ:heAAand u>0 %:—heAAand u>0

=5, Z Z x(b") — Z x(b)

aCOFp, Nm(a)=n [b]eCIt (F) [b]eCIt (F)
a=(u)Nm™ (b’) with a=(p)Nm™ (b’) with
%:heAAand n>0 %:—heAAand u>0

=s, Z x(sqrt(a, h)) — Z x(sart(a, —h))

aCOp, Nm(a)=n aCOp, Nm(a)=n
If x is even, i.e. x([9]) = 1, then ¢, (m, h) vanishes identically by (ZZII]) as —h = oa,(h)
and [0a,] = [0]. This finishes the proof. O

From this proposition, we can deduce some the following properties of the coefficient
cy(m, h).

Corollary 3.5. Let p | A be a prime such that x([9,]) = —1 with 9, the unique prime ideal
in Op above p. Then c,(m,h) =0 for allm € Q and h € A satisfying p | d(h), where d is
the function defined in (Z3.14).

Proof. This easily follows from the proposition above and (ZZ.IT]). O

Proposition 3.6. Let ¢ € N be a prime such that there is only one prime | in O above it.
Then

*n e (%,n), if (1A or l ] ged(A,n),
(3-L.11) x (K’Eh) B {(1 +AX([[]))CX (%,h), if€]|A andlfn,
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for alln € Z and h € An.

Proof. By Prop. B4l we can suppose that n € Nm(F'), and y is odd, otherwise both sides
are identically zero. Applying Prop. 3.4l gives us

62
Cy ( A £h) = 2841, Z X (sqrt(fa, ¢h))
LaCcOp, Nm(fa)=F*n

since there is only one prime in Op above (. If ¢ is inert, i.e. £ t A, then sy = s, and
sqrt(fa, Ch) = sqrt(a, h) by Lemma 2.T1] which completes the proof. Suppose ¢ is ramified,
i.e. £ | A, then Lemma 2.1 implies that

€2n 2Sgh
e | —,Ch ) = (sqrt(a, o(
* ( A ) #(GarNGag) Z Z 4 ")

aCOp O'EGA ¢
Nm(a)=n

Let dy and Ay be as in Lemma We have now several cases

Case 1: (| d(h).

Case 2: ({d(h) and x([l]) = —1.

Case 3: (1d(h), x([]) =1 and Ay | d(¢h).

Case 4(a): ¢1d(h), x([1]) =1, Ag 1 d(¢h) and dy | d(h).

Case 4(b): ¢,dy td(h), x([[]) =1, Ao t d(¢h) and dy | d(¢h).

Case 5: Otherwise, i.e. £4d(h), x([]) = 1 and dy, Ao 1 d(¢h).
For the elements sqrt(a, h), sqrt(a, oz(h)) to be non-zero, we can suppose that ¢ | n in Case
1 and ¢ 1 n for the other cases. In Case 1, the proof of the inert case carries through since
sen, = sp, and Gay NG AR = Gay. For Case 2, the left hand side vanishes by Corollary [3.5],
and equals the right hand side. For Case 3, since x is odd, i.e. x([0]) = —1, there is a prime
p | Ag such that x([9,]) = —1, which implies that p # ¢. Therefore, p | d(h) and both sides
vanish again by Corollary

For the other cases, it suffices to establish the equality

and the rest follows as in the previous cases. In Case 4(a), we have sy, = s, = 2 from Lemma
2.9 The conditions ¢ t d(h) and dy | d(h) | d(¢h) together imply that o,(h) # h = 04,(h), i.e
GaeNG,p g is trivial. In Case 4(b), Lemma 2.9 again implies that sg, = 2s;, = 2. On the other
hand, we have ¢h = o4, (h) = loy(h), which means h, o4, (h) and o,(h) all have the same p-
component for p # £. Since ¢ t d(h) implies that h # o,(h), we must have o,4,(h) = h or o,(h)
by ([239). The former cannot happen precisely since dy 1 d(h). Therefore o4,(h) = o4(h)
and oy € G, ;, by definition. In the last case, we again have sy, = s, and Ga N G, j, being
trivial. This finishes the proof. O
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3.2. Deformed Integral. Let (L,Q) = (a,Nm/A) as in the previous section. In [14], we
considered the following deformed integral

logea
(3.2.1) Ja(r) = / Oulr, whwdw € Ay ,,.
0

Note that this function is real-analytic on H with exponential decay near the cusp. Further-
more, it depends on the choice of the fundamental domain. In Prop. 5.5 in [14], we have
calculated its Fourier expansion, which we recall here. For each A € ['*, denote

A

(3.2.2) r(A) = ak

For each I'a-orbit A C F'*, choose a representative Ao € A such that 1 < r()\g) < €4. Now
define

_Jsen(Xo)logr(Xo), 1(Xo) # 1,
(3.2.3) a(A) == {_bg%’ O =1,

These are the “holomorphic” part coefficients of Qgcuh with h € ad~'/a. For the non-
holomorphic part, we first define incomplete Gamma function

(3.2.4) [(s,x) ::/ e_tts%.

for s € C and x > 0. Then we can define the following non-holomorphic function on H

Jon(7) = > sgn(A)T(0, —47Q(A)v)g?™,

Aela\(a+h),Q(A)<0

<, sgn(A — ) oA — N|?
()= > L p— )%
A€a+h

Furthermore, under the lowering operator L., these functions become modular and satisfy

(3.2.6) Ly (7) = =vi (1), LeB3(r) = —v6,,(7,0).

(3.2.5)

They turn out to form the “non-holomorphic” part of ¥, (7).

Proposition 3.7 (Prop. 5.1 in [I4]). The function U4(1) = > hea-1/a enlUon(T) has the
Fourier expansion

(3.2.7) Wan(7) =Y Glm,h)g" —U;,(7) —logea - O} ,(7),
meQxo

where ¢q(m, h) = ZAGFA\L(m’h) a(A).
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Let x be a genus character of ' and Sr as in (3.1.8)). As before, we can sum X(b)ﬁNm*(b)
over b € S to define

Oy (758F) = Y X(O)Dnn-(e)(T) = D en > E(m,hyv)e(mu) € Ay,

beSr heAx  meQX
(3.2.8) .
~ R T A 2mrmu ~
CX(m7 h’) T vli)l’go CX(m7 h7 U>€ - 5 bzs X(b)cNmf(b) (m7 h) € R.
F

The lemma below gives a bound of the Fourier coefficients ¢, (m, h, v).

Lemma 3.8. For every h € Ax and € > 0, we have the asymptotic

A T|mlv ~ eV + 1
(3.2.9) ey (m, h,0)e®™"" = &, (m, h) + O, c <|m| W) ,

where Sg is the set of ideals as in (3.1.8)) and ¢, (m,h) =0 for m <0.
Remark 3.9. When m > 0, it is easy to check that ¢, (m,h) = Op(m°) for any € > 0.

Proof. When m < 0, we see from the definition that é,(m, h) = 0 and
(3.2.10)

|ex(m, h,v)| <p E 0, —4mmv) + E (L, mo(\, =A%) | e 2,
beSE nez
(A)CNm~ (b)o~?! An#EN,
Nm(A\)=m

where we have denote A, := A" and chosen the index n such that r(\,) > 1 if and only if
n > 0. Using the bounds T'(s, ) <, z*"'e™, we can write

e—27r\m\v 6—7T|m|v(7’()‘n)+7’()‘7l)71)

I (3, 10\ — X)) e ™™ < NGRS

Since A, — A, # 0 and b'd(\,) C Op, we have |\, — \,| 7! <, 1. Since the function z + 2~
is monotonically increasing for z > 1 and , we have 7(\,) +7r(\,) 1 =2 > C-|n|for alln € Z
with some constant C' = C'(Sg) > 0 depending on Sr. Summing over n € Z gives us

['(0, —4mmu)e™ 2™ <

mlv

1 1\2\ ,—27|m|v 6_27T|m|v —7t|m|vCn v+1 —27|m|v
ZF (5,7w(>\n - ) ) e <Lsp 7 Z e <55 3 © ,
nezZ n>0

since —— < xTH for > 0. The sum on the right hand side of ([B.2.10]) counts the number

l—e—2
of ideals in Op with norm Am, which is bounded above by C. - (Am) for any € > 0 and
a constant C. > 0. Putting everything together, we obtain the bound (B:2:9) for m < 0.
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When m > 0, we have
&y (m, h,v) = & (m, h)e™ ™| L Z Z L (3, 7oA, = Xp)?) e 2™

beSp ne”
(A)CNm~(b)o~!
Nm(\)=m

Proceeding as before finishes the proof. O

The function 1§X(T, Sr) will be the input of the theta lift that constructs the preimage of
an KEisenstein series under the lowering operator since

(3.2.11) 2L, (1; Sp) = V(1) +logea - 05(7; Sp) € ALy,
where 6, (7; Sp) is defined in (3.1.9).

3.3. Siegel-Weil Formula. In this section, we will consider the theta function O (z,w(z))
in Example for z at CM points. Let F' = Q(v/A) be a real quadratic field, x = xa,.a,
an odd genus character and K/F the corresponding unramified, quadratic extension. Since
X is odd, K is a CM field and contains the imaginary quadratic fields K; := Q(\/KJ) for
Jj=1,2. Let Z(A;) be the set of all CM points in I'\H of discriminants A;, Cl;, U;, h; and
w; the class group, unit group in K; and its size respectively. Then

(3.3.1) Zy, = A Yooz

wiw
V2 pez(an)x2(A0)

is a divisors on (I'"\H)?.
For an integral ideal a C Op, define the character sum o, by

(33.2) o2(@) = 3 x(b) = preyr(a),

acCbh
where pg/p(a) counts the number of ideals in the ring of integers O C K with a as their
relative norm. Since K/Q is abelian, the function p satisfies px/r(a) = px/r(a’). We can
now define the following function

2hyhsy _
(3.3.3) E(z) = T + E o, ((Mo)d)e(Aoz + AgZ).
Aocv !
A0>0>X)

One can show that y&,(z) € Ag is the image of the diagonal restriction of the incoherent

Eisenstein series in [I7] under the lowering operator L,,. Note that &, (z) = &£,(2). As an
application of the Siegel-Weil formula, we have the following result (see [§, Prop. 4.5]).

Proposition 3.10. Let O (z,w(z)) be the theta function in (Z2IT). Then
(3.3.4) Or(z, Z,) = 2E,(2)
for all z € H.
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3.4. Counting Result I. In the notations of sections 2.3] Bl and B.3] we can define a
quantity

_ . Nm(po/t) po/t
(3.4.1) Cx(uo)—tlw§6N X( A ’\/Z>

for any o € Op. This turns out to be related to the ideal counting function pr/r((1i0))
defined in Eq. (3.3.2)).

Proposition 3.11. Let x be an odd genus character of F' and K/F the corresponding CM
extension. For any totally positive py € Op,

(3.4.2) Cy (o) = 20 ((1o)) = 2px/r((110)),
where pg p(a) is the ideal-counting function defined in Eq. ([3.3.2).

Proof. We will proceed by considering the prime factorization of the ideal (ug). Let ¢ be a
rational prime and ord,(Nm(ug)) = a. If £ is inert in O, then 2 | a, x([¢]) = 1 and

C(0) = (a + 1)Cx(po/€*"?) = preyr(£)Cy(o/*7?)

by Prop. B.6l If ¢ is ramified in O, i.e. /Op = [2, then there are two cases depending on the
parity of a. When a is even, Prop. again implies that

a/2

N/ 1) /1)
= 2 ()
- (5<1 () +1) e (PR B — )6, ),

t/7io

where [iy := p10/£*?. When a is odd and x([l]) = —1, Corollary implies that C\(uo) =
0 = 2pk/r((0)). Suppose that a is odd and x([l]) = 1. Applying Prop. as before yields

(a—1)/2

CNm(/t) O/t a+1 Nm(jio/t) jio/t
349 Gl =2, )« () -5 ;( SE)

where fig := po/ E(“il)/ ? and ordy(f1y) = 1. Now we can apply the Chebotarev density theorem
to choose a prime [ relatively prime to pq in the class [I] € CIT(F). That means Il = («)
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with a € Op totally positive. Mimicking the proof of Prop. 3.6, we have

Cy (%,h) = Z x(sqrt(a, b)) = % Z x(sqrt(a(a), ah)) + x(sqrt(a(a’), a’h))

aCOp aCOp
Nm(a)=n Nm(a)=n
1 . 1 N
-5 X anan) = 3o (R o)
aCOp

Nm(a)=nNm(«)

for any n € Z and h € Ax with o,(h) = h. Note that the second step follows from Lemma
211 and ah = o’h € Aa since o,(h) = h. Substituting this into ([.43)) gives us

Ca+1 Nm(goor/t) fioa/t a+1 Nm(goa/t) /0 figa/(tl)
Culio) == ;( R = |~Z/< S )
_ 20 o (e
e (D ot/ 0).

Notice that (/g /¢) is not divisible by [.
From this, we can suppose that g is only divisible by split primes in Op, i.e.

(3.4.4) (o) = [ 1(0)®

where [ = (I;)1<j<s with Nm(I) = £ = ({;)1<j< aset of distinct rational primes and a,b € N’.
Here, the operations on vectors are carried out componentwisely and [] sends a vector to
the product of its components. WLOG, we take a < b. Then the divisors of yy in N are of
the form

t(s) =[] s<a

For each such t(s), the ideals with norm Nm(uo/t(s)) are exactly given by

(3.4.5)  a(r) = ffé]))) H Nm™(IF) = H_[g_§+z(_[/)l‘)_§_£, s—a<r=(rji<j<s <b—s,

(
(e (B2 [T

and

Therefore, we can write

bj—Sj

=25 X fsar (s 20D)) o T (35w ).

seN’ rez’ 1<5<J \sj=0r;=s;—a;
s<a s—a<r<b-s
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Since x is a genus character, x([;) = x(I}) = £1. It is straightforward to verify that

a b—s
DO &= pryp(i())
s=0 r=s—a

for any a,b € N and [ with x([) = €. Therefore, we have C\(110) = 2px/r((1t0)) and finished
the proof. 0

3.5. Counting Result II. Recall that Sp C [, is a set of ideal representing classes in
CI™(F) as in (BL8). By replacing the coefficients ¢, of ¥, in C, from the previous section

with the coefficients &, of 9, in ([B28), we can define

(3.5.1) CoroiSk) = Y. & (Nm(Xo/t), Ao/1)
t‘\/Z)\oJEN
for any Ay € 9~'. This quantity appears later in the Fourier expansion of a theta lift (see

Prop. B.9)) and the special value of the higher Green’s function (see Theorem [£.3). From
definition, it is clear that there exists a(Ag, Sp) € F* C R* unique up to sign such that

(3.5.2) C (Xo) = log [a(No, Sp)|.

A good understanding of the factorization of a(X\g, Sr) directly leads to Theorem A4l If
Nm()\g) < 0, then LemmaB8 implies that C()\g) = 0, and hence a(\o, Sp) = £1. Therefore
we will focus the case Nm(\g) > 0. In this section, we will factor the algebraic number
a(Ag, Sk) into two parts. The factorization of the first part is nice and independent of Sp.
The second part eventually vanishes when substituted into the expression (£3.1]) for the
special value of the higher Green’s function. The result is as follows.

Proposition 3.12. For \g € 0~ with positive norm, there exists ¢, € R independent of \o
and y(Ao; Sr) € Op such that

1
2hp

)\07SF
(Xo; SE)’

(3.5.3) Cy (o) = + ) o Y o) (NmM(No/t), Ao/1) |
bESF  t|VAXo
where hg is the class number of F', and for any prime l of Op
1 = — / e
(354) —Ol'd( (>\075F)) _ pK/F((AO)D[)(a_'_l)v X([) 17[# [,01‘d[((>\0)0> a
2hp 0, otherwise,

log ‘

where pg p is the ideal counting function in (33.2).

In order to prove this proposition, we need the following analogues of Prop. B.4] and
for ¢, (m,h). To state them, it is convenient to fix generators p, of the principal ideal a*
for every ideal a C O such that

(3.5.5) [lab = Halle, o = Hq
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for every a,b C Op.

Proposition 3.13. Let x be an odd genus character, n € N and h € Ax. Then there exist
constants ¢, € R independent of n or h for each b € Sg, and r € LZ C Q such that

(3.5.6) Gy (%, h) =rlogep + ¢y ( ) Z CoCNm~ (b) ( h)

where

- n S a
(3.5.7) &, (Z,h> = i > x(sqrt(a, h))log‘%

aCOp, Nm(a)=n

Proof. As in the proof of Prop. B4, we can write

~ n Sh M
NCROEED RCND SR
bESF (u‘)LcN}Tlxb)
VA "eda

Nm((1))=n

where the generator p is chosen appropriately as in the definition of a(A) in (3.2.3). Continue
as in the proof of Prop. B.4, we have

1
o

Z log p

NEROEED ST D SR B

beSrp aCOp, Nm(a)=n aCOp, Nm(a)=n
a=(u)Nm™ (b’) with a=(p)Nm~ (b’) with
ﬁ:heAAand u>0 ﬁ:—hGAAand u>0

Given an ideal a C Op satisfying the conditions in the summand, the principal ideal a"* is
generated by pF r ™ , which then differs from the fixed generator i, by a unit in O. Therefore

1
Z log ‘ﬁ/' = 2rppnloglep| + — Z log Ha
_ H hp _ a
aCOp, Nm(a)=n aCOp, Nm(a)=n
a=(u)Nm™ (b') with a=(u)Nm™ (b") with
\Lﬁ =h€Apaand pu>0 %:hEAAand n>0
Heo
10 — 1
DY
(#)CNm ™ (b)
ﬁ:heAA

Nm((u))=n, p>0
for ro . € }%Z C Q Summing over b € S, we obtain (B.5.6) with 7 := s, > .o X (0)(7onn—

Ton,—n) and cp O
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Using the proposition above, we can deduce the following analogue of Prop. [3.6

Corollary 3.14. Let ¢ € N be a prime such that there is only one prime [ in Op above it.
Then

_ (n & (%,h), if (4 A orl | ged(A,n),
(358) o(3) - {( X (2.7), €] A and £,
for allm € Z and h € Ax.

Proof. We have pg = piopu by (351) and are done by proceeding as in the proof of Prop.
0.0l [l

Proof of Prop. [312. Prop.B1I3implies that

Cy(Mo; Sp) = Floger + Cy(Mo) + D 6 D Cxm(o) (NmM(Ao/2), Ao/1)
beSr t‘\/Z)\o

for some r € éZ, where

(3.5.9) Cy(ho) == > & (Nm(Ao/t), Ao/1t).
t[VAXo

Therefore,

Cy(ho; SF) = h—log|a| +b§ Co tl; CNm- (o) (Nm (Ao /1), Ao/1)
F 0

for some « € F satisfying o/ = 1/a. Even though « depends on Sp, the factorization of
the fractional ideal () only depends C, (), which is independent of the set Sp. To finish
proving the proposition, we need to analyze this part.

Suppose the principal ideal generated by g := vA)g has the factorization a [ I2(I')? with
a consisting of exactly the inert and ramified primes in . Here [ = (I;);<j<; are the split
primes in pg, and we have adopted the notations in the proof of Prop. B.11l along which we
obtain

(3.5.10) (o) pK/F Z S (H F) log

s<a s—a<r<b—s

Ha(r)

a(r)

Using the definition of the ideal a(r) in (3.4.3]), we can rewrite the equation above as

&
i,

3 prc/r((po) /(5 (1))

GX()\O) = hF

log > x()i(a; — b+ 2r;).

SjSCLj
s;—a;<r;<bj—s;

1<j<J
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By the lemma below, the last sum vanishes unless x([;) = —1 and 2 { (@ — b). Therefore, we

can further simply C, () to

- pre/r((1o) /(67 ()" ) (a; + 1) |y
Cho) = > Lt log | 7
15 <, x(1)=—1 g '
2|ged(aj+1,b;)
ooy G PN Y
. hF I[L[_
1<5< 7, x(1)=—1 i
2|ged(ay;,bj+1)
[)(a; +1 . )(b: + 1 Ly
_ Z pK/F((MO})l])(a] )log ,U_ig n P/ ((10) 1) (b >log iy
152 F [ F H;
x(l;)=—1
By setting
; ) (a;+1 ’ .
~(\; Sp) = a}}F H MCK/F((uo)J)( i+ )(M{j>pK/F((M0)[J)(bJ+1)’
1<5<J, x(1;)=—1
we obtain the claim in (3.5.4). O
Lemma 3.15. For e = £1 and integers 0 < a < b, we have
a+1, if e=—1 and 2 | ged(a + 1,b),
(3.5.11) Y la=b+2r) =< —(b+1), ife=—1and2]ged(a,b+1),
pgme, 0, otherwise.

4. HIGHER GREEN’S FUNCTION

In this section, we will state and prove the main result (Theorem [4]). The basic idea is
to express the higher Green’s function as a theta integral. At the cycle Z,, the theta kernel
becomes the Eisenstein series y&,(z) by the Siegel-Weil formula (see Prop. B.10). The key
idea then is to use theta lift to construct a suitable real-analytic modular form, whose image
under the lowering operator is related to the image of y&,(z) under the raising operator.
This construction, along with necessary calculations, are postponed until section [3l

4.1. Differential Operators. For any k € %Z and 7 = u + 1w € H, define the following
differential operators on real-analytic C-valued function f on H

k
RT,k = 2Zaﬂ' + ) LT,k = _2ivza?7
v
Arp=—RrjoLlyy=—LogoRey — k = —v° (024 02) + ikv(9, + i0,).

(4.1.1)
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We omit the subscript 7 when it is clear from the context. For any n € N, we also know that

1D RS = Renro Ruonro oo i = Y0 (1) 0= 0)

from equation (56) in [11]. Suppose that f € Ay ,(I') for any I' C Mp,(Z) of finite index and
representation p : I' = GL(V'). Then applying the differential operators Ry and L; compo-
nentwisely to f preserves its modularity by raising and lowering the weight by 2 respectively,
ie. Ri(f) € Akto,(I), Lip(f) € Ap_2,(I'). Furthermore, it is a simple consequence of the
commutation of differential operators that

(4.1.3) Apyon R f = (k+n— R f

if Apf = 0. For N,n € N, recall the unary theta function Oy(7,n) € A,41/2(pn) from
([Z:2.12). It is easy to check that

(4.1.4) Ryi120n(T5m) = —2m05 (750 + 2).
From Stokes’ theorem, we can deduce the following consequence.

Lemma 4.1. Let f,g be smooth functions on H and S C H a compact domain. Then

[ s sginr) + [(Repoiuts) = § Toam
(4.1.5) s S o5
/ F(Ling)du(r) + / (L P)gdu(r) = — ¢ fodr,
S S oS

with counterclockwise orientation on 0S for any k, kq, ko € %Z.

Proof. Note that 2@’80034”2) = R*igfg) = v *((Rrf)g + f(R_x—29)). Integrate this against
du A dv and using 2idu A\ dv = d7T A dr along with Stokes’ theorem proves the first equality.
The second one follows similarly by considering |, g d(fgdr). O

In order to maintain both holomorphicity and modularity of derivatives of modular forms,
one can take linear combinations of products of repeatedly raised modular forms. This is the
idea behind the following operation (see e.g. section 5.2 of part 1 of [11]). For j = 1,2, let
I'; C Mpy(Z) be finite index subgroups and p; representations of I'; on C[A4;]. For k, 6 €1iZ
and r € N, we can define the Rankin-Cohen bracket on two real—analytlc modular forms

f S ‘Ak,Pl (Fl)vg S A&Pz (F2> by

ral = e () (), B

h1€A1,ha€A2

i k — l —
S () e

h1€A1,h2€A>
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m(m—l)(m—%)...(m—n—i—l)

where GU) := (27:2.)]» d?G for any real-analytic function G on Hand (") :=

is the binomial coefficient. Then one can check that

[f> g]r € Ak+€+2r,p1®p2 (F)
with I' = 'y NIy, Furthermore, if f and g are holomorphic with rational Fourier coefficients,
s0 is [f, gl

4.2. Higher Green’s Function. For R(s) > 1, let
(4.2.1) Qs—1(t) == / (t + Vt?2 — 1coshv)*dv
0

be the Legendre function of the second kind, which satisfies the ordinary differential equation
(1—)F"(t) — 2tF'(t) + s(s — 1)F(t) = 0.
Define a function g; on H? by
2
(4.2.2) 95(2) i= —2Q,_1(cosh d(2)) = —2Q,_, (1 + M)
2y192

for z = (21, 22) € H? with d(z) the hyperbolic distance between z; and z,. By averaging over
the I'-translates of the second variable, we obtain a function

(423) Gs(g) = Z gs(zlvf}/z2>
+EPSLy(Z)

on (PSLy(Z)\H)?. Since linear fractional transformation is an isometry with respect to the
hyperbolic distance, the function G4(z) is symmetric in z; and z,. Furthermore, it is an
eigenfunction of the hyperbolic Laplacian A, o of eigenvalue s(1 — s) for j = 1,2.

Fix a positive integer k > 2 and let f(7) = Y. o _ cp(m)q™ € M, _,. be a weakly
holomorphic modular form. By the residue theorem, we have

D es(=mag(m) =0
m>1
for all g(7) = >, 5, ag(m)g™ € Sai.. Define the higher Green’s function with respect to f by
(4.2.4) Gry(2) =Y cf(=m)m*'Gy(2) | T,
m>1
with 75, the m™ Hecke operator acting on z; (see §IV.4 of [I8]). The singularity of Gy, ; is
(4.2.5) Tr=  |J (2T CH.

m>1, cp(—m)#0
zeH

It was shown in [30] that
(4.2.6) 2Gi,(2) = (—41)' " Pz (w(2), 1, Ry o),
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where w(z) is the identification in Example 2.2 This is essentially a direct consequence of
Theorem 6.2 in [3], which implies that the right hand side has the same singularity on H?
as the left hand side. There is an extra factor of 2 here since SLy(Z) was used in [30] in
defining the higher Green’s function. By Lemma [£1] we can obtain the following simple
consequence.

Proposition 4.2. Let L = My(Z) and © (7, w(2)) the theta function in [221T). Then we
have

reg

(4.2.7) Geg(2)=(4m)' 7" . FNRG (O, w(2)))du(r).

for all z € H2.

Proof. Suppose z1, 29 € H. Then |az12y + bz + czo + d|? + |a21Z2 + bz + ¢Z2 +d|> > 1 for all
a,b,c,d € Z not all zero. Therefore, one can check inductively that

4
. k 1—j J _
Jim WT( 22 ) ()0 (vO1(z, w(2)) 75 = 0
for all 0 < j <k — 1. Then applying Lemma 1] (k — 1) times finishes the proof. O

4.3. Main Theorems and Proofs. Let A > 0 be a fundamental discriminant, ex € O
the generator of the discriminant kernel I'a as in (2Z4.3)), x = xa, A, an odd genus character,
and Z, the associated 0-cycle of CM points on (I'\H)? as in ([3.3J]). Suppose k € 2N
and f(z) = >~ . cr(m)e(mz) € M;_,,, we will now state and prove the two theorems
concerning Gy, (Z,).

Theorem 4.3. Let Sp C I, be as in (B18) and c(f, Sr) € C the constant defined in (5.4.1]).
Then we have

(4.3.1) Gry(Zy) — c(f, Sr)logea = \/7 > > ep(=m)Ci(po, m)Cy (%)

1<m<mg poESm

where Cy (o, m) € Z is the integer defined in (LO3) and C,, is defined in (B5.1)).

Proof. By the Siegel-Weil formula in Prop. [3.10 and the integral representation of the higher
Green’s function in Prop. 2], we can rewrite

Grs(Zy) = (4m)'™* lim [ f(2) RIS (Y€, (2))dpa(2).

T—o00 Fr
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In Prop. .8 we use theta lift to construct essentially a preimage of Rffol(yé'x(z)) under the
lowering operator. Substituting this into the equation above yields

Gh,p(Zy lim ((* (2 Pr, U5))%) + (yk_lq)(z;ﬁk—hHX))CIOgﬁA) dp(z)

T—o0

= c(f,Sr)logea + lem f( )L (4 (23 Prr, 05)) ) du(2)

= of, Sr)logea + nggo / F(& 4+ iT)(T B (z + iT; s, 0))Cd,

where the second step follows from the definition of ¢(f, Sr) in (5.4.1]) and the last step is
a consequence of Lemma H.Il Now Prop. tells us the m™ Fourier coefficient a,(m,y) of

(y*®(z; pr_1, 190))c It decays as y~/2(1 + |m|)**3e=2""I¥ when m < 0 and has a main term
ay(m)e 2™ when m > 0. Putting these together, we see that

Grf(Zy) = c(f,SF)logea = ﬁ Z cr(—m)ay (m).

1<m<mgo
Substituting the definition for a,(m) in (5.3.4)) and we are done. O
We can now combine formula (£3.1]) with Prop. B.12 to prove Theorem [Bl
Theorem 4.4. If f(7) = >, 5. ¢s(m)q™ € M_,, has rational Fourier coefficients, then
there ewists k = kyp € N and vy € F such that

(4.3.2) kG (Z,) = —A'T" - log %
f

Furthermore, for every prime ideal | of O satisfying x(I) = —1,1 £,

(4.3.3) &ém: > ep(=m) Y MPK/F((NO)[)Q—I—Ordl((ﬂo)))~

1<m<mo HOESm

and ordi(ys) = 0 for every other prime ideal | of O, where Cy(po, m) is the quantity defined
m (LO3). In particular, the fractional ideal generated by ::—; has the factorization

H H [ Cf(— m)Cl, ,uom)7

m>1 poESm

where I (a) was defined in (LO4).
Remark 4.5. The result above still holds if 7, above is replaced by nv; for any n € N.
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Proof. First, we can substitute (3.5.3)) into (£.3.1]) to obtain

Grs(Z) = (f.5p)logea —VA " 3" Y i 4%;(”0’ ™ Jog

V(Mo/\/& SF)
Y(po/VA; Sp)!

1<m<mg poESm

__Zcb Z chbk( )

beSk 1<m<mg
where cgp (M) is defined by
1—k
copr(m) = VA S Culioym) Y exm o (Nm 110/ (VA t)),AO/(\/Kt)>
10E€Sm tIM()

and is the m'" Fourier coefficient of the holomorphic cusp form %(y'@(z; Pr—1,V%,,— (b)))c
in Sy, by Prop. B.IIl The sum ), ... ¢;(=m)caopr(m) is then the constant term of the
%(ykq)(z;ﬁk_l, V) € M, which is zero. Now Prop. :ellls us that v/Ac(f, Sp) €
Q. Since k € 2N, the Legendre polynomial P,_; is odd and VA" P._1((Ao — Ny)/m) € Q
for A\g € F'. We can now choose x € N such that

1)/2 cy(=m)Cy(po, m)
kAED2e(f S0), K Thy eZ

for all o € S,, and 1 < m < mg. We then obtain equation (£33]) by the factorization
of v(Ao; Sr) in Prop. BI2 To see the factorization of the fractional ideal generated by 1—},
notice that
(4.3.4) H (pxc/F (o)) (1+ordi((po)) H a—2x(a)

[[uo prime, x()=-1 al (o)

This finishes the proof. O

5. THREE THETA LIFTS

This section contains the construction of the preimage of the kernel Ry *(y&,(z)) under
the lowering operator Log. It consists of several theta lifts. We will first present the basic
setup and some technical calculations, before moving on to the construction in 5.3

5.1. Basic Setup. Let I’ = Q(v/A) C R be a real quadratic field with fundamental dis-
criminant A > 0. Consider the lattice M C My(F') defined by

(5.1.1) M= {(; 2) EMQ(F):a,beZ,)\EOF}
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with determinant as the quadratic form. The dual lattice M"Y is given by

MY = {(f\‘, 2‘) eMg(F):a,beZ,Aeb‘l}.

Then the lattice L~ = (Op, —Nm) embeds isometrically into M via A — < )E]’ ())\), through

which Ay, = A;- as -modules with respect to the Weil representation py; = pa in section
B We also denote Q(A) :==Q ((¥ 3)) = —Nm(X) for A € F.

Via the two embeddings of F' into R, the real quadratic space V := M ®z R is isomorphic
to (My(R), det). As in section [Al we identify My(R) with R*? and the symmetric space Dy,
with H?. For our purpose, it suffices here to consider the diagonal H C HxH. For a,b,c € N,
consider the polynomial p, ;. on R*? defined in (A1.9). The function y=“© (T, 2; Pap.e) 18
in Agip—cp, and Ag. as a function in 7 and z respectively. Suppose

g e g c(m, h,v)e(mu) € Agtp—cpy
heAn meQX

is regular on H and decays sufficiently fast near the cusp such that the following limit exists

(5.1.2) O(2; pape, f) = lim (f(7), O0(T, 2 Dap.e) )00 dpu(T).

T—o00 Fr

We would like to express its Fourier expansion in terms of ¢(m, h, v) by specializing Theorem
7.1 in [3]. The result is as follows.

Proposition 5.1. In the notations above, the function y'®(z; pase, f) has the expansion
(5.1.3)

() G) ()P @IIE) () (5,0, ) (D)o rers

1 (27)9(at+b+c)/242j+h—1h+j
9‘(%)2( )/2+2j rh+i

Y (25 papes f) = (fiPape) + 3
0<h<h~<c

0<r<j<(b+c—h7)/2

d>1,xe0~1\{0}
e(—d()\ + )\/)l’)(dy)a+b_h_j_1/2()\ . )\/)b—%()\ + )\/)c—h*—2j+2r

> 1 o d
[ emaN oy exp (< (54 00+ (0P ) ottt

0 v v

where ¢(f; Pape) 1S a constant.

Later, we will evaluate the integral in v, which becomes the K-Bessel function for holo-
morphic input f. The following standard estimate is then useful.

Lemma 5.2. For a € C and r € R, let K,(r) be the K-Bessel function defined by
1 /r\—a [ r? dt
1.4 K, (r) = = <_> TN e
(5.1.4) (r) 5 (5 /0 exp < t 4t> t*— T
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It has the following asymptotic expansion

(5.1.5) Kolr) =/ %e—" + Oy (r~3/%e)
for r large.

5.2. Lift 1. Now, we are ready to apply the above result to (a,b,c¢) = (0,1,0) and f = 9,
for x = xa,.a, an odd genus character of F'. The theta lift turns out to be the function
y&,(z), which is a finite sum of the theta kernels.

Proposition 5.3. Let x be an odd genus character and ¥, € Sy 55 be the cusp form defined

in (B16). Then
(5.2.1) D (2;p0.10, 0y) = ©(2; P00, Uy) = —4V2yE, (2)
for all z € H.

Proof. We will compare the Fourier expansions of both sides. The parameters h, h™, j,r in
the summation of (5.1.3)) are all zero, and Prop. Bl implies that

(2c0+ 3" (=2, 0) ) e(n(—Az - X2)) )
Aeo! n21
A>0>N
P(25p0,10,0y) = —V2y ,
* = 3 (WY e(n(-Az - N7))
Aeo—t n>1
\ N>0>\ )
with ¢y € C and ¢, (m, h) the Fourier coefficients of ¥J,. By (8.1.7), we know that ¢, (m,\) =
—cy (m, =XN') = —¢ (m, X'). Therefore, the equation above becomes

O(zp010:0y) = —2V2y [ co+ D Cyu(havVA)e(Noz + A7) | .
Ao€d !
)\0>0>)\6
where we have substituted Ay = —n\ and C, is defined in (341]). Prop. BIIl now directly
implies that ®(z; po.1.0,0y) +4v2yE,(2) = yc; for some constant ¢; € C. Since this difference
is in Ay, we must have ¢; = 0, therefore proving (5.2.1]). O

5.3. Lift 2. In the first theta lift, we have already expressed y&,(z) as a theta lift. Since the
value of the higher Green’s function Gy, (21, 22) at Z, is related to R’;Blygx(z) for k € N, we
want to realize this function also as a suitable theta lift. Let M be the lattice in the previous
section and pq . the polynomial on R?? defined in (AL9). Our first result is as follows.
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Proposition 5.4. Let b € N be an odd, positive integers with b < k and x an odd genus
character of F'. Then we have

(5.3.1) (4m)* (YR (25 prppi-1,Uy)) = —AV2REYE(2)
for all z € H.
Remark 5.5. The same proof shows that ®(z;p1 0,0, ?,) vanishes identically.

Proof. First, we denote a := k — b and show that ®(z;p, -1, f) only depends on b modulo
2 when f € Si,,, is holomorphic. In this case, it is easy to first check that R, _, f¢(7) = 0.
By Lemma ] and the first equation in Corollary [A.4] we see that

(23 Pabrok—1, f) — P(2; Pavapr_1, f) = (2r)" lim (fUT), Rr—1OM (T, 25 Dapk—1)) A (T)

T—o00 Fr
= —(27)7" lim (f7), Om(T, 2 Pap—1))—5 = 0.
T—o00 a.FT v

Now to prove (5.3.1]), we can use Prop. and apply the raising operator R’;Bl to the theta
integral ®(z;po1,0,7y) to obtain

—4\/§R551y5><(z) = R551®(z;p071,0,ﬁx) = /\ (0 (1), REBIGM(T,Z;pO,LO))du(T)
I\H

= (47T/?/)k_1q)(2529k—1,1,k—1,ﬁx) = (47Ty)k_1(q>(z;pk—1,1,k—1,ﬁx))c>

where we used RY('Ou(7, 2 po10) = (47 /y) ' On (7, 2; pr-1,1,4-1) from Corollary A4 O

As an immediate consequence of this proposition and Eq. (32ZTIT]), we can use the poly-
nomial p,_; to produce a theta kernel that could reproduce lefolyé'x(z).

Theorem 5.6. For a positive, even integer k € N, let pr_1 be the polynomial on R*? defined
in (A23). Then

(53.2) — VBRI E(2) = (4m) T (0 e, )

Remark 5.7. Similar statement holds for odd k£ € N if y&, (z) is replaced with ®(z;p1 00, 7y).
But this vanishes identically by Remark

Proof. By its definition in (A.2.3), we know that pj_; = Zogbgkq Ch—1bPk—bpk—1. Since k is
even, c,_1 is non-zero precisely when b is odd and between 0 and k& — 1. The theorem then
follows from Prop. B4l and the identity » o yp_y ch1p = Pr1(1) = 1. O

By exploiting the relationship between Oy (7, z; pr_1) and O (7, z; pr_1) in Corollary [A.4]
we can now use theta lift to construct a function that almost maps to nglygx(z) under L.
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Proposition 5.8. Choose a set of ideals Sp as in (BL8), and let 0, (7; Sp) € Ay ,,,, Uy (7; SF) €
A pa be the functions defined in (B 19) and [BL8) respectively. In the notations above, we
have

(5.3.3)  L.((y"®(2; pr_1, ﬁ;))c) = 4\/5(4%)1_kR551(y5X(z)) — (" (25 pr_1,0y)) logea
for all z € H and even k € N.

Proof. We can substitute the third equation in ([A.2.6) into the left hand side of (5.3.3),
apply Lemma [T and (B:2.11]) to obtain

Lz((yké(zvﬁk—b @;))c) = /I‘\H<1§X(T)’ Lzy_k@M(T’ <3 ﬁk—l))d:u(T)

_ gyl-k /F \H@X(T), L, 001 (7 2 ) ydp(7)

::._le—kUK;H(LTﬁX(T),EEQZ;T;ia;IS>dM(T)

= — ("' (2 Pp-1,00) — (U TR (25 rer, 0y)) og en € Aspo.
Theorem then finishes the proof. U

~

Now, we can again apply Prop. 5.1l to describe the Fourier expansion of q)(z;ﬁk_l,ﬁ;).
Since the input is real-analytic and the theta kernel has a polynomial, the precise Fourier
coefficient, which is a function of y, is complicated. Fortunately, we only need the main term
that survives when y is large. Therefore, the sum in (5.1.3]) greatly simplifies and yields a
nice answer.

Proposition 5.9. Suppose that the modular form (y*®(z; pr_1, 19;))0 € Ay has the Fourier
expansion y . G, (m,y)e(mz), then

iy (m,y) = (ay(m) + Opgy (1 + [m|)F+3y~1/2)) e72rmly,

(5.3.4) i (m) = —2V2VA 37 Culpn, m)Cy 10/ V),

MOESm

where S,, is the set defined in (LO2), Ci(uo, m) is the constant defined in (LO3) and C is
defined in (3.5.7))

Remark 5.10. Notice that a,(m) = 0 for m < 0 since the sum is empty.
Proof. First, we apply Prop. Edlto (a,b,¢) = (k—b—1,b,k) and

FEO) =05m) =v Y e > &(m hv)e(—mu)

heo—1/0Op  meQx
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to obtain

Y (25 prmvm o ) = Y e (fs Proptpp)+

y—h—j+l/2 Z Ck,b,h,h*,j,rdk_h_j_1/2()\ _ X)k—1—2z—2r(>\ n )\/)k—h*—2j+2r

h,h™,§,r>0
d>1,xe2~1\{0}

% e(d(A + X)a) / 6 (N, A, dyo) exp (—mzy (% G ()\’)2)11)) o2
0
where a = (b, h,h=,j) :=b+h—h~ —j+1/2 and
() () GO E) Q) () (5,0,) (D)
4! @]) 9k+2j+h—3/2h+j ’

By Lemmas 3.8 and Remark 3.9, we have the estimate

Ck:7b7’17]”’77.j771 :_

/ (AN, dyv) exp (—Wdy (1 + (A + (X)Q)v)) o
0 v -

e~ 2mdy([AI+ X)) 5 (d(A| + |N]))? )
T T (O Ons (SRR (007 ) )

where we have used |AN| < (|[A\|+|)N|)? and 1 < d. Now, we consider the coefficient of e(mz)
in Yy *®(z; pr_p_1pk, f) for a fixed m € Q. When m = 0, the claimed asymptotics is clearly
true. Suppose m # 0. This imposes the condition m = d(A+ \'). The sum of the terms with
h,j,7 > 0, or AN < 0 gives an asymptotic term of Op s, »(|m|**3y~/2). The other terms,
namely those satisfying h = j =r =0 and A\ > 0, will contribute the following main term

o kYN 4 =& (AN, Ne(ma)e=2Imly
1/2 _23/2 k dk 1/2 A=\ b A+ N k—h~ =X )
P> ()= xS

R=>0, d>1
A€o, AN >0
A+ )=m
"k
— _93/2=b k—b-1 Z (d()\ _ )\/))be(,rnx>e—27r|m|yéx()\)\/7 )\) Z (h_)sgn(k)k_h
a>1 h==0

A€ AN >0
d(A+N)=m

= —2v2m"le(mz) Y (AO;LXO) > E(Nm(Ao/d), o/d)

X0€07 L, Ao>0 d>1, d|\o
tr(Ao)=m

plus an error of Of g, »(|m|*+3y~1/2). Notice that the main term is present only when m > 0.
Adding this together over 0 < b < k — 1 with the factor c¢;_1, from (A2.2)) then finishes the

proof.
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The theta lift above becomes a classical one if 1§‘X € A, ,, is replaced by any holomorphic
cusp form f € Sy ,,.

Proposition 5.11. For any cusp form f(7) = > ,ca, ¢ D mego, Cr(0 h)G" € Sipy and
even k € N, the theta integral (y*®(z; pe—1, €)= 3,51 a(m)e(mz) is a holomorphic cusp
form in Ssy, with

a(m) = =2V2VA 3" Cilpom) D e (Nm(puo/ (dVA), o/ (dVA)).
10ESm (d)[ (ko)

Proof. The calculation from the proof of Prop. 5.8 shows that L. annihilates y*® (2; pr_1, f€))S,
i.e. it is holomorphic. The Fourier coefficients are calculated in the same way as in the proof
of Prop. 5.9 O

5.4. Lift 3. Let f(2) = Y_,5_n, ¢f(m)e(mz) € M;_,, be a weakly holomorphic modular
form with k& € 2N. In this section, we will analyze a constant defined by the following integral

(5.4.1) c(f,Sp) = 4— lim / F()y F0 (2 pr_y, 0,)du(z) € C.

2 T—o0

The main result is as follows.

Proposition 5.12. Suppose that the principal part coefficients of f are rational. Then

1
(5.4.2) VAc(f,Sr) € 7 SF)Z cQ

with k(f, Sr) € N a constant depending only on f and Sg.

We break the proof of this proposition into several steps. First, we will rewrite ¢(f, Sr)
as a double integral and change the order of integration. Then, the inner integral becomes
a Millson theta lift [I] and produces a weakly holomorphic modular form of weight % —
By a well-known result of Shimura [29] (see also [9L28]), this form will have rational Fourier
coefficients if f does. Finally, the outer integral becomes a Borcherds’ type regularized theta
lift, which we can evaluate using the result of [10] and Stokes’ theorem.

We start by analyzing the lattice involved in ®(z;pi_1,0,). Recall that

Oy(:58) = > X(0)O,~ (15 0) € Aipz

beSp
from (B18) and (B.19). Given such b € S, define lattice
(5.4.3) My :={(A,A) € MY xo'Nm™(b) : A=\ € Ap},

with the quadratic form Q((A,\)) = det(A) + Nm(A). This turns M, into a unimodu-
lar lattice of signature (3,3), which contains M & Ly,,~) as a sublattice. Let D be the
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Grassmannian associated to M, ® R. For z € H, we have the following identification
v, : My @R = (M @R) & (Lyp-) ® R) X R*»® = R*?  R"!
/ RV
oy AN RAL), (AL, 22 ) ,
V2 V2

where A, and A, are defined in (Z.2.16). This gives rise to a point in D, which we also
denote by z. Then we can rewrite

VB (511,00 = VE S x0) [ 3 Baalr s B0y 37 O
(5.4.5) rese TR,

—22 b) s, (2011, 1),
beSp

(5.4.4)

(A, N) <A B(A,Y),

where 1 denotes the constant function on I'\H and

. T . _
pch—l(l) = (Wl)kpk—l (i) (txqg + I5)k Lrg
1

for k e Nand z = (z1,...,26) € R*?. Therefore, we can write
1
e(f.Sr) = 7 D X(b)e(.b).
beSp
with
(5.4.6) c(f.b) = Jim | f(2)y' " Pu, (2:p}y, 1)dlpa(2)
F
and it suffices to show that ¢(f,b) € & Z for some k(f,b) € N.

To execute the first step, we need to find a sublattice in M, that behaves well with respect
to the polarization in (5.4.4). Let Ly := {(%g) € My(Z)} be a signature (1,2) sublattice of
Ms(Z), B := Nm(b) = Nm(b') and

(5.4.7) Ly := Prn® Pp2 @ Py,

where Py is the positive definition lattice in Example 2.1l for N € N. Then L; & L, embeds
isometrically into M @ Ly~ C My by

L: L1 D L2 — Mh
(A,ry,79,73) — (A—I—rl\/g (_01 (1)) , B(ry ‘l"f’g\/g)) )

We use M to denote the image of this embedding and use it to identify MY / M with LY/Li&®
L3 /Ls. By linearity ¢ can be extended to M ® R and composing with it v, from (5.4.4) gives
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us
v.ov: LY @ Ly — R*?
(Asr, 2 75) > Az =71V28, V2B, R(A.L), S(Ass), BrsV24)
For z € R" and n,b,N € N, let p}, ,(z) := (iz1)" "' (izy + x3)" be a polynomial on R"?
and Oy (7;n) the unary theta functions in Example 211 Define
(5.4.8) 61, (7;b, B) := (—1)"0a(7;b) ® 052 (73 0) @ 03 g2 (75 1).

If we denote ¢ : C[M" /M) — C[M /M, and cj_1, as in @17) and (A22) respectively,
then

k—1
O, (7, 259} 1) = v (O, 9] 0) ) = v (Z 16O, (7 25 P 1) @ O, (13D, B)) .
b=0

As a function of the variable z € H, y' %O, (7, 2;pf_, ;) is a modular form in Ay _s.
When b = k — 1, this is one of the theta kernels studied by Kudla-Millson [23], and is also
known as the Millson kernel (see [1]). The theta kernel for the other odd b can be obtained
from b = k — 1 via the raising operator. One could switch to the Fock model as in section [A]
(or just do a straightforward computation) to verify the following result.

Lemma 5.13. For all 7,z € H and b,k € N, we have
(549) RT,—b+1/2@L1 (7-7 Z; pZ—l,b) =210y, (7-7 Z; pZ—l,b+2)
where R _yy1/2 is the raising operator in ([A1I]).

Since f € M} _,,, we can use Oy, to define the following regularized integral

(5.4.10) I(r, f;8) = lim /f F(2)00 (7, 2505 1)y du(2),

T—o00

which is a modular form in A_p1/5 5, . To evaluate c(f,b), it turns out that we could change
the order of integration in 7 and z.

Lemma 5.14. Let ¢(f,b) be the limit defined in (5.46)). Then

k—1

(5.4.11) ¢(,b) ch . Jim / W (I(r, ) @ Oy, (7 b, B)) du(7).

Proof. Using the definition of ©,,, we can rewrite (5.4.6)) as

c(f,b) Th_r)r;oTllgnoo/FT/FT/ (ch 16 (2)O1, (T, 2 D41,) @ 01, (730, B)

b=0

) . dudv dzdy

12 y2 :
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The region Fr x Fr is compact and there is no problem with changing the order of integra-
tion. The sum over b is also a finite sum. Therefore, we need to argue that the limit in T’
can be moved inside. To achieve this, it suffices to consider each component and prove this
with .FT X -FT’ replaced by RT X RT/ = [—1/2, 1/2]2 X [1,T] X [1,T’], where RT = -FT\-Fl-
We can first integrate in u to obtain

1/2
@L1,h1 (Tv Z5 pZ—l,b)eLsz (T7 bv B)du = i2k—b—lvk+3/2 Z Sd(U, T, Y, b)v
—1/2 dez
for hy € LY /L, and hy € LY /Ly, where
Sd(’l}, T, Y; b) = Z Hoy (zl ) |x1 =A. (AzL)k_lc(n ha, v; b)

A= (2 )t
7‘:(7‘1 ,r2 ,7‘3)€L2 +ho
det(A)+Ar2+B2rZ=AB?r2

e—m(AﬁHAzl \2+2Ar%+2B2r%+2AB2r§)
and c(r, he,v; b) is the r'® Fourier coefficient of 67, ,(7;b, B), i.e
Z b, B) = ha,v;ib)e ((Ar? )T — AB*r}
L27h2(7_a ) ) - C(T’, 2, U; )e ( ri+B T2)T 3T
r=(r1,r2,r3)€L2+h2

From the definition, it is clear that |c(r, ha, v;b)| < p(r) for v € [1, 00) with p a polynomial in
r1, 72, 73. Furthermore, ¢((rq,72,0), hy,v;b) = 0 for all 71,7, € Q and b € N. Now, it suffices
to consider

T 12
(5.4.12) Ly(m, T, T";b / / / e(mz)Sy(v, x,y; b)v* 2y~ Ldzdudy,
—1/2

since we want to bound Himr e im0 D250 D gez ¢ (m)La(m, T, 17 ). For A= (2 3) €
L, ® R, it is easy to check that N

2 _ 2
dx* — 2cx + a) > 2y

Y2
When d # 0, the integrand in (5.4.12)) is bounded for any m € Q and z,v,y. Furthermore,
it decays exponentially as d, v,y approaches infinity. The same holds for d = 0 and m > 0.

The sum over d € Z and m > 0 weighted by c¢¢(m) then converges uniformly and absolutely.
Therefore, we have

lim lim Z cp(m)la(m, T, T";b) = Z lim lim cy(m)la(m,T,T';b) =

T—o0T'—o0 T—o0 T'—c0

A2 AL = d*? 4+ 2(de — ¢)* + (

m>0 or d#0 m>0 or d#0
/. . : : /.
Z Tl/linoo Jll_r)rgo cp(m)ly(m, T, T";b) = Tl/linoo Jll_r)rgo Z cp(m)lg(m, T,T";0).

m>0 or d#0 m>0 or d#0
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So it suffices to consider Iy(m,T,T’;b) with d = 0 and m < 0. In this case, S, simplifies to

: E . —2mv( Ar24+-B2r2+ AB?r2
S()(U,l’,?%b) - C(’l“, hQ,U,b)e ( 1 2 3)><
cEZ+hy
r=(r1,r2,m3)€La+ha
Ar?4+B%r2=c2+AB%r2

N\ k-1 (a—2cz)? 2)
a — 2CZ _7”)(7"1‘20
k—b 2
E Hv(xl a—2czx ( ) € v .

a€l xl - fy \/§y

By Poisson summation, the inner sum becomes

N\ k—1 - 2
B a— 2cz — o la=2c2)” YPk b(nyacav) _my?n?
BTN (o RElC S

a€Z nel

for a polynomial pyp, which can be evaluated using Corollary 3.3 of [3]. When m = 0, we
have

T/
dvd
b0 7150 / / > Pro(0, ¢, 0)c(r, by, v; b)e2mo(Ari+ B i rantiee) TV

k—b
v
c€Z+hy y
=(r1,r2,m3)€La+hs
Ar1+B2r2—c +A32 2

The sum converges absolutely and uniformly in v,y since pg(0, ¢, v)c(r, ho, v;b) is bounded
by a polynomial in ¢, v, 71,79, 73 and ¢((0,0,0), ho, v;b) = 0. Since k > 2, the limit in T" also
exists and we can interchange the limits in 7" and 7.

When m < 0, we have

T/
_ 2 2,.2 2,.2
Io(m’ T, T/ / / C(T’, hg, v; b)e 27rv(Ar1+B r5+AB 7"3) >
C€Z+h1, 2c|m

7“1,7’2,7’3)6L2+h2
Ar2+B2r2 =c +A32 2

Z pk,b(ny7 C, U>€_

neZ,2nc=m

dv dy
K

22
TYNT _ormy—2mc?u

Uk by

We can suppose that 73 # 0 in the sum above since ¢((r1, 79, 0), he, v; b) vanishes identically.
Using the equalities Ar} + B?r? = ¢ + AB%*r2 and m = 2nc, we can bound the exponent as

y?n?

— 2mmy — 2wc*v — 2o (Ar + B?ry + AB*r3) = —z(yn + 2cv)? — ArAB*riv
v v

y?
< —a=— — v < —€6v — €y
v
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for all v,y > 1 with «, 3, €,62 > 0 absolute constants depending only on B, A and my.
Therefore the integrand decays exponentially in v, y, and

. . /. T . /.
Th_r)I;oTlllinoo Z cp(m)lo(m, T, 1) = Tl/gnooTh_:EI;o Z cp(m)lo(m, T,T";b).
—mo<m<0 —mo<m<0
This then finishes the proof. U
We could further simplify the formula for ¢(f,b) in (B.4TII) and express it using the
Rankin-Cohen bracket in (1.0]).

Lemma 5.15. In the notations above, we have
(5.4.13) c(f,b) = =281 Tlim W (RC(7; [, A) @ Op2(7;0) @ 03 g2(75 1)) dpa(7),
=00 S Fp
where RC(7; f, A) := [I(7, f; k — 1),0a(7; 1)]k/2—1 is a modular form of weight 1 with [-,-],
the Rankin-Cohen bracket defined in (E10).

Proof. To deduce (5.413) from (G.4.17]), it suffices to prove that

k—1
Z Ck—l,bI(Ta f; b) & (_l)beA(T; b) = _2k/2_1[1(7a f; k— 1)7 QA(T; 1)]k/2—1-
b=0

Since k is even, c¢j_1, vanishes whenever b is even. By ({LI4) and Lemma (.13 we can

rewrite the left hand side as
T

—(2m) 7" (1)’ crrasa RS I (T, fik = 1) ® RS04 (7;1)

s=0
after substituting s := (b—1)/2 and r := k/2 — 1. From definition, one could verify that
3/2—k+r—1\(3/24+r—1
pes1 = (=1
R )
forall 0 < s <r=k/2— 1. Using the definition (4.1.6]), we see that both sides agree. =~ [

The last lemma before the proof of Prop. concerns with the rationality of the lift
I(r, f).
Lemma 5.16. Suppose f € M, o, has rational Fourier coefficients. Then the function
I(7, f; k — 1) defined in (5.410) is a weakly holomorphic modular form in Mé/2_k7PL1 with
rational Fourier coefficients.

Proof. The Fourier expansion of I(7, f;k — 1) has been calculated in [I] (see Theorem 5.1
loc. cit.). For m € Qs and hy € Ly /Ly, the Fourier coefficient of I, (7, f) is given by

clm )= 5o (m) S (R x),

Xel\(L1+h1),det(X)=m x|
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where I' = SLy(Z) and zy € H is the CM point associated to the positive vector X. Since
f is weakly holomorphic, the function RS~ f is a nearly holomorphic function. It is a well-
known result of Shimura that the values (47)'"*R,~) f at CM points are in the ring class

field of an imaginary quadratic field [29]. In fact, the set
{(4m) " (RE=L ) (2x) : X € T\Ly + hy,det(X) = m}

is the union of Galois orbits (see [9, Theorem 1.1] and 28| Prop. 3.1]). Therefore, ¢(m, hy) €
Q for all m € Q~¢ and hy € LY /Ly, which implies that I(7, f; k — 1) has all rational Fourier
coefficients. 0
Proof of Prop. [5.72. By Theorem 4.7 of [10], we know that there exists a harmonic Maass
form Oapz(7) € Aij2,p, ., such that Lofap:(7) = 03 g (T, 1)/4/2 and the holomorphic part
67 ;. has rational Fourier coefficients. Substituting this into (5.213) and applying (L3
yields

VA - e(f,b) = lim Y(g(T) ® Lofap (7))du(T)

T'— o0 ‘FT’

— Const(¢(g(7) ® 01 (1)),

where g(7) = V2A - [I(7, fik = 1),0A(7;1)]/2-1 ® 0p2(7,0) € M§/27PL1®PA®PB2' Since f
has rational Fourier coefficients, so does g(7) by Example 2.1l and Lemma Therefore,

VA - ¢(f,b) € Q and the denominator only depends on f and b. This finishes the proof of
Prop. U

APPENDIX A. CALCULATIONS IN FOCK MODEL

In this section, we will give some differential equations satisfied by theta kernels. Even
though these follows from straightforward calculations, the steps are long and tedious. In-
stead, we follow [23] (see also [I5l Appendix]) and switch to the Fock model of the Weil
representation, where the actions of differential operators can be described elegantly using
elements in the Lie algebra sly(C).

A.1. Fock Model. For our purpose, we restrict to the case (V,Q) = (Mz(R),det). We
identify it with R*2? with respect to the orthogonal basis

oy = RZ() = % (é (1)) vy = S2(1) = i2 ((1) _01> ,

vy = RZ1(i) = % (_01 (1)) ,vg = SZH(0) = % (? (1)) :

where Z(z) and Z+(z) are defined as in (Z2.14). We define V, := Rv; ®Ruvy, V_ := Ruz®Ruy
and can identify >V with the Lie algebra o(V) via the isomorphism p : A*V — o(V) given

(A.1.1)
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by
p(v" AV (V') = (v, ")V = (v, 0" )V",
where (,) is the associate bilinear form. For 1 < i < j < 4, let X;; denote the image of
v; A vj under p.
As in section [5.]], where we considered the diagonally embedded symmetric space of SL
in that of SO(V'), we can embed the group SLy into SO(V) in the following compatible way

LA SLQ(R) — SO(V)

A.1.2
( ) Y h(y) Ay Ay,

The pushforward of ¢a identifies the Lie algebra sly(R) as a subalgebra of o(V). On the
generating elements E := (1), F := (99) and H := (} %), it is easily checked

LA*(E) =X+ X34> LA*(F) = X141 — X34, LA*(H) = —2X3.

The elements R := 2 (H-+iE+iF), L := $(H—iE—iF) in sl5(C) are then sent to —X13+iX14
and — X3 — i X4 respectively.

On the symplectic side, we take W = Re + R f to be the real vector space with the skew-
symmetric pairing (, ) satisfying (e, f) = 1, and the positive definite complex structure .J :=
(9 ') with respect to the basis {e, f}. Then W®C = W'+ W" with W’ := Cw’, W" := Cuw"
and

wi=e—if,w =e+if
eigenvectors of J with eigenvalues i« and —i respectively. For a,b € W, we denote a o b the
element ¢ ®b-+b®a in the symmetric algebra Sym?(W), and identify Sym?(W) with sp(WW)
via the R-linear map o : Sym?*(W) — sp(W) given by

o(aob)(c) = {(a,c)b+ (b, c)a.

Under the isomorphism SLo(R) = Sp(W) induced by left multiplication, the Lie algebras
sl5(C) and sp(W ® C) are isomorphic and L, R are identified with —w' o w’, 20" o w”
respectively.

Let W := V®@W be the symplectic space with the skew-symmetric form (, )®(,) and w the
oscillator representation of Sp(W), which contains Sp(W) x O(V'). Different polarizations
of W gives rise to different models w. We recover the Schrodinger model by taking the
polarization W =V @ Re + V ® Rf, where w acts on (V') by

(w(h)(@))(@) = p(h™'z), (W(n(b)(¥))(@) = e(dQ(x))¢(z), (W(m(a))(®))(z) = |a|*¢(za)

for n(b) := (%), m(a) :== (§,%) € SLy(R), he O(V), p e (V) and z € V.
The Lie algebra sp(W & C) now also acts on vectors in .#(V') through the infinitesimal
action dw induced by w, which satisfies

dw(A)w(g)p = dw(ge")p |imo= w(g)dw(A)p.
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for any g € Sp(W) and A € sp(W). For 1 < r <4, define the following operators on . (V')
(A.1.3) D, = 0,, — 2nx,.

One can interpret sp(W) as quotients of graded pieces of the Weyl algebra #5,; of W, and
view D, as the actions by generators of #a,; (see [23] section 6]). The subspace S(V') C .7 (V)
spanned by the Gaussian

(24020 2 2
800(1'1>1'2a I3, 1’4) — e m(x{+x5+ri+a])

and functions of the form [], <j<a D;j ¢p for r; € N is called the polynomial Fock space.
It is easier to describe the infinitesimal action of sp(W) if we choose the polarization
WeC =W + W with
W=V, W +V_ W' W =V_ oW +V, W’

and switch to the Fock model of the Weil representation. The underlying vector space that
Sp(W) acts on now is Sym*®*(W”) and we also use w to represent this action. We introduce
the linear functionals {31, 32, 33,34} on Sym®(W”) given by

{(v@w,z}r@w”), r=1,2,

Al4 AU R =
( ) : (U w> <U®wavr®w/>a T:3a4>

which identifies Sym®(W”) with Z2(C*), the algebra of polynomials in 31, 32, 33, 34. For con-
venience, we also denote
(A.1.5) 0 = 33 — 134

in 22(C*). Furthermore, there is a unique intertwining operator ¢ from S(V') to 2(C*) that
sends g to 1. The following lemma describes dw in the Fock model and the effect of ..

Lemma A.1 (Lemma A.1-A.3 [I5]). In the notations above, the following elements in
sly(C) = sp(W) C sp(W) acts on P(C*) as
1 1
(A.1.6) dw(L) = =27 (02 + 02) + gmﬁ, dw(R) = —8m0y 0z + g(?’% + 33).
Recall that 1 : SLo(R) < SO(V) is the map in (AI2). Then

) 1
dCU(LA*(L)) = dw(—Xlg — ZX14) = 871'8318\»0 — 4—31m,
(A.1.7) "

1
dw(tas(R)) = dw(=Xi3 +iX1) = 870,05 — —5i10.

Under the intertwining map v : S(V) — Z2(C*), the operator D, acts as follows

12y, r=1,2,
—iz., r=3,4.

(A.1.8) 1Dyt
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For 7 = u+iv € H, let g, € SLy(R) be any element to takes ¢ to 7. In particular, any g,
differs from n(u)m(y/v) by multiplying an element in the maximal compact K := SO5(R) C
SLy(R) on the right. For a,b,c € N, we define a family of polynomials p, . on V = R*? by

(A.1.9) Pape(z) = (ixl)“xg(ixg + x4)°.

It is homogeneous of degrees a + b and c in the first two and last two variables respectively.
From this, we can construct a Schwartz function

Cabe(x) = (& pape) € S(V) C L(V).
By (2211 and Lemma [AT], we have
(A.1.10) U Pape) = (—4m) 0 bme20tbs0 50 me,

Under the action of w(rg) with ry := (%% 5n%) € K, the function ¢4y is an eigenvector

with eigenvalue e*® and k := a + b — c. For 2z € H, the isometry v, : V — R?*? in ([2.2.15)
is given by applying the map h(g,) € SO(V) in (A.L2). Therefore, the Schwartz function
O(A; T, 2, Pape) in (Z2.7) can be written as

(Alll) 90()" T, %2, pa,b,c) - 'U_k/2(w(gr)w(h(gz)_l)spa,b,c)()\)-

For k € Z, recall that R, and L., are the raising and lowering operators. Using Lemma
[A.1], we can calculate their effects on p(\; 7, z; pap.e) as follows.

Lemma A.2. For any a,b,c € N, let k :=a+b— c. Then we have

1
gRT,W(/\; T, 2 Pape) = PN T, 25 Darape) — PN T, 25 Daptare)s

(A.1.12) R.ocy 0N T, 25 Pape) = 47y~ o(NS T, 23 Paspesr)
2L 3y~ “p(Ni T, 23 Patipe) = PN 7,23 (2 + 1 — a)apa—1,p,c + b(b — 1)patip-2.)
+ Loneray 0N T, 2 Dapert)
forall X € V.

Proof. Using the relation between the differential operator R.; and the action of the Lie
algebra element R, it is enough to calculate the effect of dw(R),dw(L) and dw(ta«(L)) on
©Papc- For example, the equations
Rrp(N T, 23 Pape) = v 2 (w(gr)w(h(g:) ™) dw(R)pape) (#),
LN T, 23 Page) = 012 (w(gr)w(h(g:) ™) dw (L) ape) (),
R 2y~ (N 7, 23 Pape) = =y~ (w(gr)w(h(g:) ") dw(ta(R)) Pap.e) (#),
Lz,2cy_690()‘; T,z pa,b,c) = _yl_c(w(g‘r)w(h(gz)_1)dw(LA*(L))Soa,b,c)(go)
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follows from (A.I11). The negative sign in the last equation is a result of the inversion

action by h(g.) in (A.LII). From (A.L6), (A.L7) and (A.LI0), we can easily calculate that

dw(R)Qpa,b,c = 27T(§0a+2,b,c - Soa,b+2,c)a
_de(L)¢a+1,b,c = dW(LA*(L))QOa,b,C-l-l - (2C +1— a)agaa—l,b,c - b(b - 1)90a+1,b—2,c-
These then imply the lemma. 0

A.2. Legendre Polynomials. For n > 0, the n'" Legendre polynomial P,(z) is a polyno-
mial solution to Legendre’s differential equation. It can be defined from the recursion

(n+1)Pi(x) = 2n+ 1)aP,(z) —nP,_1(x), Po(x) =1,P(z) ==z

and satisfies

1
A21 P _—
( ) Z \/1 —oxt + 2

Furthermore, it has the explicit representation

n n+b—1
(A.2.2) P.(z) = chvb b, Cpp 1= 2" <Z> ( ; ) € Z,

where (%) = M for any m € N and a € R. Since 22~ € N is less than n when
b=n+1mod 2, we have P,(—x) = (—=1)"P,(z). From (m it is clear that P,(1) =1

for all n > 0. Usmg the Legendre polynomial, we can now define the following polynomial
for each n € N on R?2.

(A23) ﬁn = Pn (2) (Zl’l)n(’ll'g + l’4)n+1, ]5” = Pn (2) (il’l)n+l(il’3 + ZL’4)n.
121 121

Note that we can write p,, and p,, as a linear combinations of p, . as

(A24) ﬁn = Z Cn,bPn—bb,n+1, ﬁn = Z Cn,bPn—b+1,b,n-
=0

b=0

Using these two polynomials, we can form a theta function as above. The main result is as
follows.

Proposition A.3. Forn € N, let p, and p, be the polynomials on R*? defined in ([(A23)).
Then the corresponding Schwartz functions o(-; 7, z;Dn) and p(+; T, z; Py satisfy the following
relation

(A25) Lz,2n+2y_n_1§0()\; T, Z; ﬁn) = 2LT,1?/—”90()‘; T, Z, ﬁn)
forallT)ze H and A € V.
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Proof. From the third equation in lemma [A.2] and (A.2.4]), we see that it suffices to prove
that

> e (2n+1= (n =) (n = b)pu_prbin + b(b = 1)pu_pr1p22) = 0.
b=0
The left hand side can be rewritten as

n—2

D (ean(n+14b)(n—b) + crpra(b+2)(b+ 1)) Pacb-tm
b=0

which vanishes identically for all 0 < b < n — 2 from the definition of ¢, in (A2.2). If n is
odd, then there is an extra O

As an immediate consequence of the definition in (2.2.17), the theta function formed from
Da,b.c; Dn and p,, satisfy the same differential equation.

Corollary A.4. Let M C V be any even, integral lattice of full rank. Then

1

%RT,a—i-b—c@M(Tv 2 Pape) = Om(T, 2 Datape) — Om(T, 25 Daprae)

(A26) Rz,ch_C@M (T7 2 pa,b,C) = 47Ty_c_1@M (T7 2 pa+1,b,c+1)7

Lz,2n+2y_n_1@M (7-7 Z; ﬁn) = 2LT,ly_n('_')M (7-7 zZ;5 Pn)
for any a,b,ce,n € N and 7,z € H.
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