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DIFFERENTIAL IDENTITIES AND POLYNOMIAL GROWTH OF THE
CODIMENSIONS

CARLA RIZZO, RAFAEL BEZERRA DOS SANTOS, AND ANA CRISTINA VIEIRA

ABSTRACT. Let A be an associative algebra over a field F' of characteristic zero and let L be a Lie algebra
over F. If L acts on A by derivations, then such an action determines an action of its universal enveloping
algebra U(L) and in this case we refer to A as algebra with derivations or L-algebra.

Here we give a characterization of the ideal of differential identities of finite dimensional L-algebras A in
case the corresponding sequence of differential codimensions cﬁ (A), n > 1, is polynomially bounded. As a
consequence, we also characterize L-algebras with multiplicities of the differential cocharacter bounded by
a constant.

1. INTRODUCTION

This paper deals with differential identities of algebras over a field F' of characteristic zero. More precisely,
if A is an associative algebra over F' and L is a Lie algebra acting on A by derivations, then this action
can be naturally extended to an action of the universal enveloping algebra U(L) of L and in this case we
say that A is an algebra with derivations or an L-algebra. Then a differential identity of the L-algebra A is
a polynomial in non-commuting variables #¢ = d(z), d € U(L), vanishing in A. Such identities have been
studied in later years (see for example [4] 10, 14} 19, 21]) and they are a natural generalization of polynomial
identities of algebras.

It is well-known that in the ordinary case the polynomial identities satisfied by a given associative algebra
A can be measured through its sequence of codimensions ¢, (A4), n > 1, i.e., where ¢, (A) is the dimension of
the space P, of multilinear polynomials in n variables modulo the polynomial identities Id(A) of A. Such a
sequence was introduced by Regev in [I§] and, in characteristic zero, gives an actual quantitative measure
of the identities satisfied by a given algebra. The most important feature of the sequence of codimensions
proved in [I8] is that if A is an associative algebra satisfying a non trivial polynomial identity (also called
PI-algebra), then ¢, (A) is exponentially bounded. Later Kemer in [I3] showed that such codimensions are
either polynomially bounded or grow exponentially (no intermediate growth is allowed). In the late nineties
Giambruno and Zaicev (see [B] [6]) proved that if A is PI-algebra then the limit exp(A) := lim, oo {/cn(A)
exists and is always a non-negative integer called the exponent of A.

One of the main advantages of the exponent is to have an integral scale allowing us classify the PI-algebras
according to their exponent. Much effort has been put into the study Pl-algebras with “slow” codimension
growth. It is well known that exp(A) < 1 if and only if ¢,,(A) is polynomially bounded. Various descriptions
of such algebras were given (see for example [7, 12 [13]). Similar results were also proved in the setting of
varieties of graded algebras and algebras with involution (see for example [2] 3] 15 22]).

Inspired by the above results it is natural to expect that similar conclusions hold for varieties of L-
algebras. In fact, in analogy with the ordinary case, one defines the sequence of differential codimensions

cE(A), n > 1, of an L-algebra A and the growth of the L-variety V = varl(A), i.e., variety of algebras with
derivations, is the growth of the sequence cZ(V) = cL(A), n = 1,2,.... In case A is a finite dimensional

L-algebra, Gordienko in [9] proved that the limit exp?(A) := lim,, ., V/cL(A) exists and is a non-negative
integer called L-exponent of A. As a consequence, it follows that the differential codimensions of a finite
dimensional algebra are either polynomially bounded or grow exponentially.

Our purpose here is to characterize L-varieties V having polynomial growth and we reach our goal in the
setting of varieties generated by finite dimensional L-algebras A. In this frame we prove that exp”(A) <1
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if and only if exp(A) < 1. As a consequence, we get that c¢Z(A) is polynomially bounded if and only if ¢,,(A)
is polynomially bounded. Notice that this result was known before only in case L is a finite dimensional
semisimple Lie algebra (see [10, Theorem 15]).

Similarly to the ordinary case, another two useful invariants can be attached to an algebra with derivations
A: the sequence of differential cocharacter xZ(A), n > 1, where yL(A) is the character of the S,-module
of multilinear differential polynomials in n variables modulo the differential identities Id*(A) of A, and the
differential colength sequence [L(A), n > 1, where [L(A) is the sum of the corresponding multiplicities of
X (A).

It is well-known that, in case A is a finite dimensional L-algebra, the multiplicities of the differential
cocharacter are polynomially bounded (see [9]). Thus it seems interesting also to characterize the differential
cocharacter sequence when stronger conditions hold for the multiplicities. In this perspective, motivated by
the results for ordinary algebras [16], for graded algebras [T} [I7] and for algebras with involution [20] 23],
we characterize the differential identities when the corresponding multiplicities are bounded by a constant.
In particular we prove that the multiplicities in xZ(A) are bounded by a constant if and only if differential
codimensions of A grow polynomially, and, consequently, we get another characterization of L-varieties of
polynomial growth. Also as a direct consequence of this results we have that cZ(A) is polynomially bounded
if and only if IL(A) is bounded by a constant.

We give also two others characterizations of L-varieties V of polynomial growth: the first one in terms of
the structure of an algebra generating V' and the second one in terms of the shape of the diagrams of the
irreducible S, -characters appearing with non-zero multiplicity in the nth differential cocharacter of V.

2. PRELIMINARIES

Throughout this paper F' will denote a field of characteristic zero and L a Lie algebra over F. Let A be
an associative algebra over F. Recall that a derivation of A is a linear map § : A — A such that

0(ab) = 6(a)b+ ad(b), for all a,b € A.

In particular, an inner derivation induced by a € A is the derivation ad, : A — A of A defined by ad,(b) =
[a,b] = ab — ba, for all b € A. The set of all derivations of A is a Lie algebra denoted by Der(A), and the set
ad(A) of all inner derivations of A is a Lie subalgebra of Der(A).

If L acts on A by derivations, then by the Poincaré-Birkhoff-Witt Theorem, the L-action on A can be
naturally extended to an U(L)-action, where U(L) is the universal enveloping algebra of L. In this way A
becomes a left U(L)-module and we call it algebra with derivations or L-algebra.

Given a basis B = {h; : i € I} of U(L), we let F(X|L) be the free associative algebra over F with free
formal generators :1:;“, i€l,jeN. Forallh=7}_;ah; € U(L), where only a finite number of a; € I are
non-zero, we set =" := 3", _; ;. We let U(L) act on F(X|L) by setting

hiy i, hins _ ~vhiy hi

1 in 2 in -
v(le T, x:m) =z twyt x4

h’iZ x’yhin
J2 "7 n j

Ji g2 i 0

where v € L and x;lllx?; . I?n" € F(X|L). In this way F(X|L) has a structure of L-algebra. We write
z; ==z}, 1 € U(L), and we set X = {x1,22,...}. Then the algebra F(X|L) is called the free associative
algebra with derivations on the countable set X over F' and its elements are called differential polynomials.

Let now A be an L-algebra. A polynomial f(z1,...,2,) € F(X|L) is a differential identity of A, or an

L-identity of A, if f(a1,...,a,) =0 for all a; € A, and, in this case, we write f = 0. We denote by
1d*(A) = {f € F(X|L) : f =0 on A},

the Tr-ideal of differential identities of A, i.e., it is an ideal of F(X|L) invariant under the U(L)-action. In
characteristic zero Id* (A) is completely determined by its multilinear polynomials and for every n > 1 we

denote by

PL = span{zza) .. :cgl(fl) c0 € Sp,h; € B}
the space of multilinear differential polynomials of degree n. Notice that in case A is a finite dimensional
L-algebra, U(L) acts on A as a suitable finite dimensional subalgbera of the endomorphism algebra of A,
then we may assume that Pl is finite dimensional and similarly to the ordinary case we can define the
following invariants.
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Let us consider the space

L
PL(A) = Pi"L, n>1.
PENId™(4)

Then its dimension cL(A) = dimp PF(A) is called the nth differential codimension of A. Moreover recall

that the symmetric group S,, acts on the left on the space P as follows: for o € S,,, o(a?) = xg(i). Since

PL N 1d*(A) is stable under this Sy,-action, then PX(A) is a left S,-module and its character, denoted by
XE(A), is called the nth differential cocharacter of A. Since F is of characteristic zero, we can write

X (A) = Z MAXA,

AFn

where A is a partition of n, y is the irreducible S,,-character associated to A and my > 0 is the corresponding
multiplicity.

Another numerical sequence that can be attached to a L-algebra A is the sequence of differential colengths.
If xE(A) = >, maxy is the nth differential cocharacter of A, then the nth differential colength of A is

defined as
H(A) =) ma.
Abn
Notice that the theory of differential identities generalizes the ordinary theory of polynomial identities.
In fact, any algebra A can be regarded as L-algebra by letting L act on A trivially, i.e., L acts on A as the
trivial Lie algebra and U(L) = F. Moreover, since U (L) is an algebra with unit, we can identify in a natural
way P, with a subspace of PL. Hence P, C P* and P, NId(A) = P, NId"(A). If we consider the S,,-modulo

P,(4) n > 1, then its dimension ¢, (A4) = dimp P,(A) is the nth (ordinary) codimension of

= P.nId(A)’
A and its character x(A) is the nth (ordinary) cocharacter of A. Since char F' = 0, by complete reducibility
we can write

Xn(A) =D maxa,
AFn

where A is a partition of n, x) is the irreducible S,,-character associated to A and m > 0 is the corresponding
multiplicity. As a consequence we have the following relations.

Remark 1. Foralln > 1,
L cu(A) < cf(A);
2. my < my, for any A+ n.

Recall that if A is an L-algebra, then the variety of algebras with derivations generated by A is denoted
by varf(A) and is called L-variety. The growth of V = var®(A) is the growth of the sequence cZ (V) = c£(A),
n > 1, then we say that the L-variety V has polynomial growth if c¢(V) is polynomially bounded. In what
follow we shall characterize L-variety of polynomial growth.

We conclude this section by recalling a basic result concerning the sequence of cocharacters which can be

easily proved.

Remark 2. Let A and B be two L-algebras such that

XE(A) =Y "maxa and x5(B) =) mixa
AFn AbFn

Then the direct sum A@® B is also an L-algebra where the L-action is induced by the L-action by derivations
defined on A and B. Moreover, if

Xn(A® B) = maxa
AFn

is the decomposition of the nth differential cocharacter of A& B, then my < my +m), for all A\ F n.
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3. FINITE DIMENSIONAL L-ALGEBRAS AND VARIETIES OF POLYNOMIAL GROWTH

In this section we shall characterize finite dimensional algebras with derivations generating varieties of
polynomial growth.

We start by recalling some results on the structure of finite dimensional algebras with derivations.

Let L be a Lie algebra over F' and A an L-algebra over F'. An ideal (subalgebra) I of A is an L-ideal
(subalgebra) if it is an ideal (subalgebra) such that I© C I, where I denotes the set of all h(a), for all a € T
and h € U(L). The algebra A is L-simple if A% # {0} and A has no non-trivial L-ideals.

Let A be a finite dimensional L-algebra over F'. By Wedderburn-Malcev Theorem for associative algebras
(see [8, Theorem 3.4.3]), we can write A as a direct sum of vector spaces

A:Ass+']7

where A, is a maximal semisimple subalgebra of A and J = J(A) is the Jacobson radical of A. Notice that
J is always an L-ideal of A (see [II, Theorem 4.2]), but it may not exist an L-invariant Wedderburn-Malcev
decomposition, i.e., it may happen that AL, ¢ Asg, for every maximal semisimple subalgebra Ay, of A.
However, we remark that the Wedderburn-Malcev decomposition always exists in case L is a semisimple Lie
algebra (see [10, Theorem 4]). In what follows we give an example of an L-algebra that has no L-invariant
Wedderburn-Malcev decomposition.

Example 3. Let UT{ be the L-algebra of 2 x 2 upper triangular matrices where L acts on it as the 1-
dimensional Lie algebra spanned by the inner derivation § = ad.,,. Suppose that UTS = Ags + J for some
mazimal semisimple subalgebra Ags of UTS such that AL, C As. Since § = ade,,, J = spanp{ei2} and
AL C Ay, it follows that [Ags, J] € Ass. On the other hand , since J is an ideal of UTS, [Ass, J] C J.
Thus it follows that [Ass, J] C Ass N J = {0}. But since J = spang{e1a}, we have that [J,JJ] = {0}. This
says that the center of UTy contains J, that is no true. Therefore AL, ¢ Ass, for all mazimal semisimple
subalgebra Ags of UTS. Thus UTS has no L-invariant Wedderburn-Malcev decomposition.

In [9], Gordienko proved that if A is a finite dimensional L-algebra, then the sequence of differential

L
n

exists and is a non-negative integer. In this case, this limit is called the L-exponent of A and is denoted by
expl’(A). In particular, we have the following.

codimensions ¢y (A) is exponentially bounded. Moreover, the author proved that the limit lim {/cL(A)
n—r00

Theorem 4. [, Theorems 1 and 3] Let A be a finite dimensional algebra over a field of characteristic zero.
If L is a Lie algebra acting on A by derivations, then there exist constants C1,Co,71,72,C1 > 0, and a
positive integer d such that
Cin™d" < ck(A) < Cyn™d", for alln € N.
Hence, exp”(A) = d. Moreover, If J = J(A) is the Jacobson radical of A and A/J = A, & --- & A,,, then
d = max{dim(4;, ® A;, ®--- ®A;,) : AL ATAL AT AT AL £ {0}},

where i, # 5,1 < 1,8 <mn, AT = A+ F-1 and A; is a subalgebra of A (not necessary L-invariant) such
that w(A;) = Ay, for all 1 < i < m, where m: A — A/.J is the natural projection.

As a consequence we have the following.

L
n

Corollary 5. If A is a finite dimensional L-algebra, the sequence c;/(A), n > 1, either is polynomially

bounded or growth exponentially.

Lemma 6. Let A be a finite dimensional L-algebra over an algebraically closed field F of characteristic zero
such that, as ordinary algebra, A= A1 ®--- B Ay +J with Ay = ... =2 A,, 2 F. If there exist 1 < i,k <m,
i # k, such that ALAT AL £ {0}, then A;J A # {0}.

Proof. We assume, as we may, that i = 1 and k = 2. Let a € AT, ¢; € A; with e = ¢;, i = 1,2, such
that hi(ei)ahz(ez) # 0, for some hi,hy € U(L). If hy,ho € spanp{ly(r)}, then we are done. So let us
suppose that hy ¢ spang{ly ()} and hy € spanp{1ly ()}, the other cases will follow analogously. Without
loss generality we may suppose that hy =~1...7, v € L,i=1,...,7, 7 > 1, and hy = 1y(1). We proceed
by induction on r.
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If r = 1, then hy = vy € L, and since e? = e, we have that hy(e1)aes = e1hi(e1)aes + hi(er)eraes # 0.

Thus if e1hy(e1)aes # 0, we are done since hy(e1)a € J. If hy(e1)ejaes # 0, then a € J and we are done. So
let 7 > 1. Hence by definition of derivation and the idempotence of e; we have that

hi(e1) = hi(e1)er + erhqi(er) + Z hi(e1)hk (e1),
I,K

where I = {i1,...,4,} and K = {ki,...,k} are two disjoint subsets of {1,...,7} such that i; < --- < i,
p<r,and ky <--- <k, t <r, respectively, hy =4, -+, and hy = Y, =+ Vi, - Since hq(e1)aes # 0, then

hi(er)eraes + erhy(er)aes + Z hi(er)hi(e1)aes # 0.
IK

If e1hy(er)aes # 0 or hy(er)eraes # 0, then we are done. So let us assume that there exist I and K such
that hy(e1)hi(e2)aes # 0. Then it follows that hg(ez)aes # 0 and by inductive hypothesis the proof is
complete.

O

If we denote by exp(A) = lim /¢, (A) the ordinary exponent of A, then
n—r00

exp(A) = max{dim(Ail D---P Azk) : Ai1 JAZ'ZJ e JA“C #+ {0}},

where J = J(A) is the Jacobson radical of A and A = A & --- & A, + J is the Wedderburn-Malcev
decomposition of A as ordinary algebra (see [8, Chapter 6]). Thus as an immediate consequence of Lemma
and Theorem [] we have the following.
Theorem 7. Let L be a Lie algebra over a field F of characteristic zero and A be a finite dimensional
L-algebra over F'. Then the following conditions are equivalent:

1. ck(A) is polynomially bounded;
. expl(A) < 1;
. ¢n(A) is polynomially bounded;
exp(4) < 1.

A N

As in the ordinary case, we have the following remark (see [8] Lemma 7.2.1]).

Remark 8. If A and B are L-algebras, then A® B has an induced structure of L-algebra and c(A @ B) <
cE(A) + cL(B). As a consequence, exp®(A @ B) = max{exp?(A),exp’(B)}.

Recall that if A and B are two L-algebras, then we say that A is Tp-equivalent to B, and we write
A ~p, B, if 1d¥(A) = Id*(B). Notice that given an L-algebra A, A is Tp-equivalent to B if and only if
vark (A) = varl(B).

Lemma 9. Let F' be a field of characteristic zero, F the algebraic closure of F and A a finite dimensional L-
algebra over F, where L is a Lie algebra over F acting on A by derivations. Suppose that dimp A/J(A) < 1.
Then A ~1, B for some finite dimensional L-algebra B over F with dimp B/J(B) < 1.

Proof. Since dimz A/J(A) < 1, it follows that either A = F + J(A) or A = J(A) is a nilpotent algebra.
Now we take an arbitrary basis {v1,...,v,} of J(A) over I and we let B be the L-algebra over F generated
by B={lp,v1,...,v,} or B={v1,...,v,} according as A = F + J(A) or A = J(A), respectively.

Since A is finite dimensional over F' and J(A) is a nilpotent L-ideal of A, B is finite dimensional over
F. Therefore B is a finite dimensional L-algebra and dimp B/J(B) = dimz A/J(A) < 1. Now notice that,
as F-algebras, Id“(A) C 1d*(B). On the other hand, if f is a multilinear differential identity of B then f
vanishes on B. But B is a basis of A over F. Hence Id*(B) C 1d*(A) and A ~7, B. O

Next theorem gives a characterization of L-varieties of polynomial growth in terms of the structure of the
generating algebra.

Theorem 10. Let L be a Lie algebra over a field F of characteristic zero and A be a finite dimensional
L-algebra over F. Then ct(A), n > 1, is polynomially bounded if and only if A ~1, By @ -+ ® B,y,, where
By, ..., B, are finite dimensional L-algebras over F such that dim B;/J(B;) <1 for all 1 <i < m.
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Proof. Suppose first that A ~7, B where B = By ®---® B,,, with By, ..., By, finite dimensional L-algebras
over F such that dim B;/J(B;) < 1, for all 1 < i < m. Then, by Theorem [l cZ(B;) is polynomially bounded,
for all 1 <i <m, and c£(A) = cE(B) < cL(By) + -+ + cL(B,,). Thus cL(A) is polynomially bounded.

Conversely, suppose that cZ(A) is polynomially bounded. Assume first that F' is algebraically closed. Let
A = A + J where Ay is a semisimple subalgebra and J = J(A) is the Jacobson radical of A. By Theorem
[ it follows that Ags = A1 - DA with A} =2 --- 2 A =2 F and AFATAL = {0}, forall 1 < i,k <1,i# k.

Set By =A1+J,...,By=A;+J. Since AF C A;+J for all 1 <i <[, and J is an L-ideal of A, B; is an
L-subalgebra of A, for all 1 <4 <. We claim that

1d*(A) = 1d¥(By) n---n1d"(B;) Nn1d*(J).

Clearly 1d*(A) € 1d*(By) n---N1d*(B;) N 1d*(J). Now let f € Id*(By) n---N1d*(B;) N1d*(J) and
suppose that f is not a differential identity of A. We may clearly assume that f is multilinear. Moreover,
by choosing a basis of A as the union of a basis of Ass and a basis of J, it is enough to evaluate f on this
basis. Let uq,...,u; be elements of this basis such that f(ui,...,u;) # 0. Since f € IdL(J), at least one
element, say us, does not belong to J. Then us € B,, for some 7. Recalling that AXAL C AFATAL = {0},
for all 4 # k, we must have that uy,...,u; € A, UJ. Thus uy,...,u; € A.+J = B, and this contradicts the
fact that f is a differential identity of B,. This prove the claim. The proof is completed by noticing that
d*B, @ ---@ B @®J)=1d"(B;)n---ni1d“(B;) n1d*(J) and dim B;/J(B;) = 1, for all 1 < i < L.

In case F is arbitrary, we consider the algebra A = A ®p F, where F is the algebraic closure of F' and
A = A®p F is endowed with the induced L-action (a ® a)’ = a” ® a, for vy € L, a € A and a € F.
Clearly, over F, varl(A) = varl(A). Moreover, the differential codimensions of A over F coincide with the
differential codimensions of A over F. Thus, by hypothesis, it follows that the differential codimensions of A
are polynomially bounded. But then, by the first part of the proof, A ~7, B; @ --- @ B,, where By, ..., B,
are finite dimensional L-algebras over F' such that dimpz B;/J(B;) < 1, for all 1 <4 < m. By Lemma [ there
exist finite dimensional L-algebras C1, ..., C,, over F such that, for all i, C; ~7, B; and dimp C;/J(C;) < 1.
It follows that Id*(A) = Id*(A) = 1d“(By @ --- @ B,,) =1d"(C, & - - - ® C,,) and we are done. O

4. DIFFERENTIAL COCHARACTER OF VARIETIES OF POLYNOMIAL GROWTH

In this section we give other characterizations of L-varieties ) of polynomial growth through the behaviour
of their sequences of cocharacters.

Theorem 11. Let L be a Lie algebra over a field F' of characteristic zero and let A be a finite dimensional
L-algebra over F. Then ck(A), n > 1, is polynomially bounded if and only if there exists a constant q such
that

X (A) = Z MAXA
An
[IA|=A1<q

and J(A)? = {0}.

Proof. Notice that the decomposition of xZ(A) into irreducible characters does not change under extensions
of the base field. This fact can be proved following word by word the proof for the ordinary case (see for
example [8 Theorem 4.1.9]). Also if F is the algebraic closure of F' and J(A)? = {0}, then J(A®p F)? = {0}.
Therefore we may assume, without loss of generality, that F' is an algebraically closed field.

Suppose cZ(A), n > 1, is polynomially bounded and let A be a partition of n such that |A\| — A\; > ¢ and
my # 0. Then there exist f € PL and a tableau Ty such that er, f ¢ Id%(A). Let N = (X;,...,\;) be the
conjugate partition of \. Then er, f is a linear combination of polynomials each alternating on ¢ disjoint
sets of A}, ..., A} variables, respectively. We shall reach a contradiction by proving that these polynomials g
vanish in A.

Let A=A1®--- DA, +J, where Ay, ..., A, are simple algebras and J = J(A) is the Jacobson radical,
then by Theorem [ dim A4; = 1 and AYAT AL = {0} for all 1 < i,k < m, i # k. In order to get a non-zero
value of g we must replace at most one variable with elements of a single component, say, A;, and the
others variables with elements of .J. Since dim A; = 1, we can substitute at most one element of A; in each
alternating set. Thus we can substitute at most A, elements from A;. It follows that to get a non-zero value,
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we must substitute at least |A| — A1 elements from J, but |A\] — A\; > ¢, and we reach a contradiction since

J1={0}.
Suppose now that xZ(A) = > myxa. Since |[A| — A1 < ¢, then A\; > n — ¢ and by the hook formula
An
[Al=A1<q

|
dy = deg x) = ﬁ < n4. Thus by [9, Theorem 5], it follows that

!’
ch(A)= Y mady<n? Y my<Cnf
AEn An
X —=X1<q [Al=Xi1<q

for some constant C,¢’, and the claim is proved. O

Next we shall give us a characterization of finite dimensional L-algebras with multiplicities of the nth
differential cocharacter bounded by a constant.
We start by proving the following result.

Lemma 12. Let A be a finite dimensional L-algebra over an algebraically closed field such that dimp A/ J(A) <
1. Then there exists a constant C such that in xE(A) ="\, mixa

m)\SC,
foralln > 1.

Proof. Let A = Ags + J where Ay is a semisimple subalgebra and J = J(A) is the Jacobson radical of A.
Since dimp A/ J(A) < 1, it follows that either A,s = F or A = J(A) is a nilpotent algebra. Clearly if A is a
nilpotent algebra, we have nothing to prove. So let assume that Az = F.

Let now d = dimp A and {a1,...,aq} be a basis of A where a; € A and ag,...,aq € J. If ¢ is the
smallest positive integer such that J7 = {0}, we shall prove that my < dq® for all A - n.

Notice that since dimp A/J(A) < 1, by Theorem [l cZ(A) is polynomially bounded. Then, by Theorem
[T we get that my # 0 if and only if h(\) < g, where h(\) is the height of the partition A - n, i.e., the
number of the rows of A.

So let A F n be a partition such that h(A) < ¢. Consider the Young tableau T\ of shape A and the
corresponding minimal essential idempotent er,. Then it is well-known that

er, = Z (sgnt)or

G’GRTX
T7€CT,

where Ry, and Cr, are the subgroups of row and column permutations of T}, respectively.

For all 1 < 5 < g, let X; be the set of variables whose indices lies in the ith row of T). Thus, for any
f € PL the polynomial er, f is symmetric in each set X, ... , X4 and its variables are partitioned into the
disjoint union of ¢ subsets X7 U --- U X,. Notice that X; may be empty if h(\) < j < q.

Notice that for any p € Sy, per, # 0. Then it follows that, if e, f # 0, where f is a multilinear differential
polynomial, then er, f and per, f generate the same irreducible S,-module.

Let f1,..., fm be a multilinear differential polynomial generating in PZ(A) different isomorphic irreducible
Sp-modules corresponding to the same partition. By the above, one can choose p1,...,p, € S, and a
decomposition X = X; U---UX, such that py f1,..., pm fm are simultaneously symmetric on X;, 1 <j <gq.
Thus without loss of generality, we may assume that f1,..., f,,, satisfy this condition.

Now assume by contradiction that m = my > C = dq? and prove that A satisfies a differential identity
of the type

(1) f:ﬂlf1+"'+ﬂmfma

where (1, ..., B € F are not all zero. Then we shall reach a contradiction since this will say that fi1,..., fi,
are linearly dependent modulo Id¥(A).
Since f is multilinear, in order to verify that f =0, it is sufficient to verify that f has only zero value on
elements of a basis of A. First let us define substitutions of special kind. Consider the non-negative integers
7



a{,...,afl such that, for all 1 < j < g,

d .
Zaf = |X}]
i=1
We say that an evaluation ¢ has type
(af,....0d)

for 1 < j < g, if we replace the variables from X in the following way: for fixed j, 1 < j < ¢, we evaluate
the first o] variables from X; by elements a1, the next o in as, and so on up to the last o, variables from
X;in aq.

In order to get a non-zero value of f in (), any substitution should satisfy the following condition

d .
doal<qg-1
=2

for all 1 < j < g, since J? = {0}. Moreover, by definition we have also the following restriction

. d .
of = X5 =) af
i=2

for all 1 < j < gq. Then for any 1 < j < ¢, the number of distinct d-tuples (a{, cee ai) is less than ¢%. Thus
it follows that the total number N of distinct type of special substitutions is less than ¢%9.

Let us consider all these N distinct special substitutions ¢1, ..., ¢n and construct the matrix (b;;), where,
foralll<i<mand1<j <N,

;i (fi) = bij-
This matrix has m rows and N columns of elements of A. Since m > dg? > dN, the rows of (b;;) are
linearly dependent. Thus there exist 51,... 08, € F not all zero such that

Z Bibij =0
i=1

for all 1 < j < N, ie., the polynomial f = > " B;f; is zero under all special substitution ¢1,...,¢nN.
Therefore it is enough to show that this implies that f e Id” (4).

To this end, let ¢ be any substitution by elements of the basis {a1,...,aq}. Let l{ be the number of
variables in X; mapped by 9 in aq; let l% the number of variables in X; mapped by v in as, and so on. Since f
is simultaneously symmetric on Xy, . .., X,, we get that, for all p € S,, such that p(X71) = X1,...p(X,) = X4,

V() =v(pf) = Wp)f.

In particular, we can choose p € S, such that ¢p is the special substitution of the type (l{, ceey li). By the
above, ¥(f) = (¥p)f =0 and f € Id*(A), a contradiction. This complete the proof. O

In case A is a finite dimensional associative algebra we have the following result (see [8, Sections 7.2 and
7.4)).

Theorem 13. Let A be a finite dimensional algebra over F'. Then the following conditions are equivalent:
1. ¢, (A) is polynomially bounded;
2. There exists a constant C such that in xn(A) =D\, MAXA
mx < Cu

forallm > 1;
3. there exists a constant k such that 1,,(A) =3 ,,, mx < k, for alln > 1.

We are now in the position to prove the following result.
8



Theorem 14. Let L be a Lie algebra over a field F' of characteristic zero, A be a finite dimensional L-algebra
over F' and xL(A) = 3",.,, maxx be its nth differential cocharacter. Then ck(A) is polynomially bounded if
and only if there exists a constant C' such that, for all X\ n, the inequality

my < C
holds.

Proof. Since the decomposition of yZ(A) into irreducible characters do not change by extending the base
field, we may assume that F is algebraically closed. Suppose now that cZ(A), n > 1, is polynomially
bounded, then the proof follows by Theorem [0 Remark 2] and Lemma [[2

Conversely, let xZ(A) = 3",,,, maxx be the nth differential cocharacter of A and assume that there exists
a constant C' such that, for all A - n, the inequality my < C holds. Then if x,,(4) = >_,,,, max» is the nth
(ordinary) cocharater of A, by Remark [l we have that my < C for all A - n. Thus by Theorems [7] and
we are done. ]

As an important consequence, we shall prove the following corollary that relates the growth of the differ-
ential codimension sequence of a finite dimensional L-algebra A with its differential colength.

Corollary 15. Let L be a Lie algebra over a field F of characteristic zero and let A be a finite dimensional
L-algebra over F. Then ck(A), n > 1, is polynomially bounded if and only if IL(A) < k, for some constant
k and for allm > 1.

Proof. Assume first that c¢Z(A), n > 1, is polynomially bounded. By the previous theorem all non-zero
multiplicities my in
X (A) =Y maxa
AFn
are bounded by a constant C. On the other hand, by Theorem [T, n — Ay < ¢ as soon as m) # 0, where ¢
is such that J(A)? = {0}. Since the number of partition n — A\; < ¢ is less than ¢?, we get

15(A) = ZmA < C-¢* = const.
AFn

Conversely, suppose that IZ(A) is bounded by a constant. If x,,(4) = >",., maxx is the nth (ordinary)
cocharacter of A, then as a consequence of Remark [[l and Theorem [[3] we have that [,,(4) = >, my is
bounded by a constant. Thus by theorems [[ and [[3] c%(A) must be polynomially bounded.

We now collect the results obtained in the following theorem which gives a complete characterization of
the L-variety generated by a finite dimensional algebras with derivations of polynomial growth.

Theorem 16. Let L be a Lie algebra over a field F of characteristic zero and let A be a finite dimensional
L-algebra over F'. Then the following conditions are equivalent:

1. ck(A) < ant, for some constant o, t, for all n > 1;

2. expl(A) <1;

3. cn(A) < ant, for some constant a,t, for allm > 1;

4. exp(A) < 1;

5. A~p, B1®-- @By, with By, ..., By, finite dimensional L-algebras over F such that dim B;/J(B;) <

1 foralll <i<m;

6. There exists a constant q such that

X (A) = Z MAXA
}_

\)\|i)\711<q
and J(A)? = 0;
7. There exists a constant C' such that in x5 (A) =3, maxa
my < C

forallm > 1;



8. there exists a constant k such that 1X(A) =", mx <k for alln > 1.
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