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A SCALE INVARIANT APPROACH FOR SPARSE SIGNAL RECOVERY*

YAGHOUB RAHIMIT, CHAO WANG!i, HONGBO DONG§, AND YIFEI LOUt

Abstract. In this paper, we study the ratio of the L1 and L2 norms, denoted as Li /L2, to promote sparsity.
Due to the non-convexity and non-linearity, there has been little attention to this scale-invariant model. Compared
to popular models in the literature such as the L, model for p € (0,1) and the transformed L; (TL1), this ratio model
is parameter free. Theoretically, we present a strong null space property (sNSP) and prove that any sparse vector is a
local minimizer of the L1 /L2 model provided with this sSNSP condition. Computationally, we focus on a constrained
formulation that can be solved via the alternating direction method of multipliers (ADMM). Experiments show that
the proposed approach is comparable to the state-of-the-art methods in sparse recovery. In addition, a variant of the
L1 /L2 model to apply on the gradient is also discussed with a proof-of-concept example of the MRI reconstruction.

Key words. Sparsity, Lo, L1, null space property, alternating direction method of multipliers, MRI reconstruc-
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1. Introduction. Sparse signal recovery is to find the sparsest solution of Ax = b where
x € R b € R™, and A € R™*" for m < n. This problem is often referred to as compressed
sensing (CS) in the sense that the sparse signal x is compressible. Mathematically, this fundamental
problem in CS can be formulated as

1.1 i t. Ax=b
(1.1) min [|x[lo s x=b,

where ||x||o is the number of nonzero entries in x. Unfortunately, (1.1) is NP-hard [31] to solve. A
popular approach in CS is to replace Ly by the convex L; norm, i.e.,

(1.2) min ||x|; s.t. Ax=b.
xER™

Computationally, there are various L; minimization algorithms such as primal dual [8], forward-
backward splitting [34], and alternating direction method of multipliers (ADMM) [4].

A major breakthrough in CS was the restricted isometry property (RIP) [6], which provides a
sufficient condition of minimizing the L1 norm to recover the sparse signal. There is a necessary
and sufficient condition given in terms of null space of the matrix A, thus referred to as null space
property (NSP); see Definition 1.1.

DEFINITION 1.1 (null space property [10]). For any matriz A € R™*™ we say the matriz A
satisfies a null space property (NSP) of order s if

(1.3) Ivslly <llvslly, v €ker(A\{0}, VS C [n], |S] <,
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where [n] == {1,...,n}, S is the complement of S, i.e., [n]\S, and x5 is defined as
Xs )i =
s 0 otherwise.

The null space of A is denoted by ker(A) := {x | Ax = 0}.

Donoho and Huo [12] proved that every s-sparse signal x € R™ is the unique solution to the
L; minimization (1.2) if and only if A satisfies the NSP of order s. NSP quantifies the notion
that vectors in the null space of A should not be too concentrated on a small subset of indices.
Since it is a necessary and sufficient condition, NSP is widely used in proving other exact recovery
guarantees. Note that NSP is no longer necessary if “every s-sparse vector” is relaxed. A weaker!
sufficient condition for the exact L; recovery was proved by Zhang [49]. It is stated that if a vector
x* satisfies Ax* = b and

(1.4) %o < ;mvin{ ”V”; ve ker(A)\{O}},

then x* is the unique solution to both (1.1) and (1.2). Unfortunately, neither RIP nor NSP can be
numerically verified for a given matrix [1, 38].

Alternatively, a computable condition for L;’s exact recovery is based on coherence, which is
defined as
a7 aj|

(1.5) (A) = max ——=—,
i#i [|aillla]

for a matrix A = [aj,...,ay]. Donoho-Elad [11] and Gribonval [16] proved independently that if
x* satisfies Ax* = b and

. 1 2
(16 Il < 5 (14 -2 ).

then x* is the optimal solution to both (1.1) and (1.2). Clearly, the coherence u(A) is bounded by
[0,1]. The inequality (1.6) implies that L; may not perform well for highly coherent matrices, i.e.,
w(A) ~ 1, as ||x]|o is then at most one, which seldom occurs simultaneously with Ax* = b.

Other than the popular L; norm, there are a variety of regularization functionals to promote
sparsity, such as L, [9, 43, 23], L1-Lq [44, 26], capped L; (CL1) [48, 37], and transformed L; (TL1)
[29, 46, 47]. Most of these models are nonconvex, leading to difficulties in proving exact recovery
guarantees and algorithmic convergence, but they tend to give better empirical results compared
to the convex L; approach. For example, it was reported in [44, 26] that L, gives superior results
for incoherent matrices (i.e., u(A) is small), while L;-Lo is the best for the coherent scenario. In
addition, TL1 is always the second best no matter whether the matrix is coherent or not [46, 47].

In this paper, we study the ratio of L; and Ly as a scale-invariant model to approximate the
desired Ly, which is scale-invariant itself. In one dimensional (1D) case (i.e., n = 1), the Li/Lo
model is exactly the same as the Ly model if we use the convention % = 0. The ratio of L1 and L, was
first proposed by Hoyer [20] as a sparseness measure and later highlighted in [21] as a scale-invariant
model. However, there has been little attention on it due to its computational difficulties arisen

IThe sufficient condition of (1.4) is weaker than the one in (1.3).
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from being non-convex and non-linear. There are some theorems that establish the equivalence
between the L, /Lo and the Ly models, but only restricted to nonnegative signals [13, 44]. We aim
to apply this ratio model to arbitrary signals. On the other hand, the L; /Ly minimization has an
intrinsic drawback that it tends to produce one erroneously large coefficient while suppressing the
other non-zero elements, under which case the ratio is reduced. To compensate for this drawback,
it is helpful to incorporate a box constraint, which will also be addressed in this paper.

Now we turn to a sparsity-related assumption that signal is sparse after a given transform, as
opposed to signal itself being sparse. This assumption is widely used in image processing. For
example, a natural image, denoted by wu, is mostly sparse after taking gradient, and hence it is
reasonable to minimize the Ly norm of the gradient, i.e., ||Vullg. To bypass the NP-hard Ly norm,
the convex relaxation replaces Ly by Lj, where the L; norm of the gradient is the well-known
total variation (TV) [36] of an image. A weighted Li-aeLs model (for o > 0) on the gradient was
proposed in [27], which suggested that o = 0.5 yields better results than a = 1 for image denoising,
deblurring, and MRI reconstruction. The ratio of L; and Lo on the image gradient was used in
deconvolution and blind deconvolution [22, 35]. We further adapt the proposed ratio model from
sparse signal recovery to imaging applications, specifically focusing on MRI reconstruction.

The rest of the paper is organized as follows. Section 2 is devoted to theoretical analysis of
the L1/Ly model. In Section 3, we apply the ADMM to minimize the ratio of Ly and Ly with two
variants of incorporating a box constraint as well as applying on the image gradient. We conduct
extensive experiments in Section 4 to demonstrate the performance of the proposed approaches over
the state-of-the-art in sparse recovery and MRI reconstruction. Section 5 is a fun exercise, where
we use the Ly /Lo minimization to compute the right-hand-side of the NSP condition (1.4), leading
to an empirical upper bound of the exact L, recovery guarantee. Finally, conclusions and future
works are given in Section 6.

2. Rationales of the L;/L; model. We begin with a toy example to illustrate the advantages
of Li/Ly over other alternatives, followed by some theoretical properties of the proposed model.

2.1. Toy example. Define a matrix A as

1 -1 0 00 0
1 0 -1 00 0

(2.1) A=10 1 1 1 0 0|ecR>*S
2 2 0 01 0
1 1 0 00 —1

and b = (0,0,20,40,18)7 € R5. Tt is straightforward that any general solutions of Ax = b have
the form of x = (t,t,t,20 — 2t,40 — 4t,2(t — 9))T for a scalar t € R. The sparsest solution occurs
at t = 0, where the sparsity of x is 3 and some local solutions include ¢t = 10 for sparsity being 4
and t = 9 for sparsity being 5. In Figure 1, we plot various objective functions with respect to t,
including L1, L, (for p =1/2), L1-Lo, and TL1 (for a = 1 as suggested in [47]). Note that all these
functions are not differentiable at the values of t = 0,9, and 10, where the sparsity of x is strictly
smaller than 6. The sparsest vector x corresponding to ¢ = 0 can only be found by minimizing TL1
and L /Ly, while the other models find ¢t = 10 as a global minimum.

2.2. Theoretical properties. Recently, Tran and Webster [39] generalized the NSP to deal
with sparse promoting metrics that are symmetric, separable and concave, which unfortunately
does not apply to Li /Ly (not separable), but this work motivates us to consider a stronger form of
the NSP, as defined in Definition 2.1.
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Fi1G. 1. The objective functions of a toy example illustrate that only L1/La and TL1 can find t = 0 as the
global minimizer, but TL1 has a very narrow basin of attraction (thus sensitive to initial guess and difficult to find
the global solution.).

DEFINITION 2.1. For any matriz A € R™*™  we say the matriz A satisfies a strong null space
property (sNSP) of order s if

(2.2) (s + D llvslly < llvslly, v €ker(A\{0}, VS C [n], [S] <.

Note that Definition 2.1 is stronger than the original NSP in Definition 1.1 in the sense that if
a matrix satisfies SNSP then it also satisfies the original NSP. The following theorem says that any
s-sparse vector is a local minimizer of L;/Ls provided the matrix has the sNSP of order s. The
proof is given in Appendix.

THEOREM 2.2. Assume an m X n matrizc A satisfies the sNSP of order s, then any s-sparse
solution of Ax = b (b # 0) is a local minimum for Li/Lsy in the feasible space of Ax = b. i.e.,
there exists a positive number t* > 0 such that for every v € ker(A) with 0 < ||v||2 < t* we have

03 Il _ [x-+ vl
Iz = T+ V2

Finally, we show the optimal value of the L; /Ly subject to Ax = b is upper bounded by the
same ratio with b = 0; see Proposition 1.

PROPOSITION 1. For any A € R™*" x € R™, we have

(2.4) inf {|Z1 Az:Ax} < inf {|Z1

zer | 22 ek | 22

z € ker(A) \ {0}} .
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Proof. Denote

(2.5) a* = inf {'ZHl Az :Ax}.
zeR" | ||z]2
For every v € ker(A4) \ {0} and ¢ € R, we have that
t
(26) o < ”XA% V”1’
[x +tvll

since A(x + tv) = b. Then we obtain
o bty /v vl

t=oo [[x+tvlly oo fx/t+ vz (V]2
Therefore, for every v € ker(A) \ {0},
(2.8) ot < vl 7

vl

which directly leads to the desired inequality (2.4). d

Proposition 1 implies that the left-hand-side of the inequality involves both the underlying
signal x and the system matrix A, which can be upper bounded by the minimum ratio that only
involves A.

3. Numerical schemes. The proposed model is

%1
1%l

xeR”

(3.1) min { +Io(Ax—b)},

where Ig(t) is the function enforcing t into the feasible set S, i.e.,

0 tes
3.2 Is(t) = ’
(32) s(®) {+oo otherwise.

In Subsection 3.1, we detail the ADMM algorithm for minimizing (3.1), followed by a minor change
to incorporate additional box constraint in Subsection 3.2. We discuss in Subsection 3.3 another
variant of Ly /Lo on the gradient to deal with imaging applications.

3.1. The L;/L, minimization via ADMM. In order to apply the ADMM [4] to solve for
(3.1), we introduce two auxiliary variables and rewrite (3.1) into an equivalent form,
(3.3) min { ||Z||||1 + Iy(Ax — b)} st. x=y, x=2z.
Yil2

xX,Y.z

The augmented Lagrangian for (3.3) is

z P p
Ly a3, 25,) = (0 o= ) 4 (v 3) + G = 1B + (wx = 2) + 2
2 2
1 1
(3.4) :HZHI—I—IO(Ax—b)—i—ﬂ X—-y+—v T2l 2 —w
I3l 2 ol 2 ol
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The ADMM consists of the following five steps:

x*HD) = argmin L, ,,(x,y*¥),z(); v(E) wk))
y(k+1) = argminL (X(k+1)7y’z(k);v(k)7w(k))7
y
(3.5) z(F+t1) .= argmin L, ps (xFHD) y B+ gy () g (k)
VD) ) L (D) (k1)
WD) = k) | po (x (k1) k1)),

P1,P2

The update for x is a projection to the affine space of Ax = b,
x**+D) .= argmin Ly, ps (%, y ) 28y (F) (k)

=arg min {/71;,02 Hx — f(k)H

= (I - AT(AAT)1A) £ 4 AT (AAT) " b,

2

2

s.t. Ax = b}

where
(3.6) gty _ 1 (yw) _ 1v<k>> L P (Z(k) _ 1W<k>> _
p1+ p2 p1 p1+ p2 P2
As for the y-subproblem, let ¢®) = ||z(®)||; and d®) = x(++1) 4 % and the minimization

subproblem reduces to

k+1 ™ k)2
(3.7) y* Y = argmin + Sly —d®|3.

v ollyllz 2

If d®) = 0 then any vector y with ||yl = ¢/ C;—II) is a solution to the minimization problem. If

) = 0 then y = d® is the solution. Now we consider d*) % 0 and ¢(*) # 0. By taking derivative
of the objective function with respect to y, we obtain

)

C

(‘3 - m) y = prd™®.
lyll3

As a result, there exists a positive number 7*) > 0 such that y = 7(®d®). Given d®), we denote
n*) = ||d® 5. For n*) > 0, finding y becomes a one-dimensional search for the parameter 7).

In other words, if we take D®*) = )

orinreys s then %) is a root of

=72 _pk —.
—_———
F(r)

The cubic-root formula suggests that F/(7) = 0 has only one real root, which can be found by the
following closed-form solution.

) — 24 Z(ok) o~ : (k)
(3.8) T = 3 + 3(0 + C(k))’ with C\/ = \/ 9 .
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In summary, we have

(3.9) yF ) = e d® =0,
: Rk g £,

where e®) is a random vector with the Ly norm to be &/ C;—’I).
Finally, the ADMM update for z is

(k) 1
3.10 z* TV = shrink (x(kﬂ) + w , ) ,
(310 o2 pally T

where shrink is often referred to as soft shrinkage operator,
(3.11) shrink(v, u); = sign(v;) max (|v;| — p,0), ¢=1,2,...,n.
We summarize the ADMM algorithm for solving the L; /Lo minimization problem in Algorithm 3.1.

Algorithm 3.1 The L;/Ly minimization via ADMM.
Input: A € R™*" b € R™*! Max and € € R
while & < Max or [|x*) —x*=D|,/||x*®)|| > ¢ do
(1) = (I — AT(AAT)=1A) £0) 4 AT(AAT)1b

S o(h) da® — o
R d® gk £ 0
. w (k)
Z(k+1) — ShI’lnk (X(k"rl) + P2 ? PZ‘Iy(£+1)I|2)

vE+D) — (k) p1(X(k+1) _ y(k+1)
wlk+) — wk) o p2(x(k+1) — z(k+1)
k = k+1

end while

return x*)

REMARK 1. We can pre-compute the matriz I — AT(AAT)"A and the vector AT(AAT)"'b
in Algorithm 3.1. The complexity is O(m?2n) for the pre-computation including the matriz-matriz
multiplication and Cholesky decomposition for solving linear system. In each iteration, we need
to do matriz-vector multiplication for the x-subproblem, which is in the order of O(n?). In the
y-subproblem, the rooting finding is one-dimensional search, whose cost can be neglected. The z-
subproblem is pizel-wise shrinkage operation and only takes O(n). In summary, the computation
complexity for each iteration is O(n?). We can consider the parallel computing to further speed up,
thanks to the separation of the z-subproblem.

3.2. L,/L; with box constraint. The L;/Ls model has an intrinsic drawback that tends
to produce one erroneously large coefficient while suppressing the other non-zero elements, under
which case the ratio is reduced. To compensate for this drawback, it is helpful to incorporate a
box constraint, if we know lower/upper bounds of the underlying signal a priori. Specifically, we
propose

. HXHl
3.12 min + Iy(Ax—Db
(3.12) x€Rn {|x|2 of )

xe[c,d]},
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which is referred to as L1 /Ls-box. Similar to (3.3), we look at the following form that enforces the
box constraint on variable z,

(3.13) min {HZHl—I—IO(AX—b)} st. x=y, x=1z, z€]ld].
xyz [yl
The only change we need to make by adapting Algorithm 3.1 to the L;/Lo-box is the z update.

The z-subproblem in (3.5) with the box constraint is

: 1 P2\ (k+1 L2
3.14 min z||1 + xFD 74— Wk s.t. z € le,d.
( ) " Hy(kH)H2H ||1 2 || P2 H2 [ }

For a convex problem (3.14) involving the L; norm, it has a closed-form solution given by the soft
shrinkage, followed by projection to the interval [¢, d]. In particular, simple calculations show that

(3.15) zi(’Hl) = min {max(%;,¢),d}, i=1,2,...,n,

where z = shrink (r’y)7 r = X(kJFl) + % and v = m If the box constraint [C, d] is
symmetric, i.e., ¢ = —d and d > 0, it follows from [2] that the update for z can be expressed as
(3.16) zi(k+1) = sign(v;) min {max(|r;| — v,0),d}, i=1,2,...,n.

REMARK 2. The existing literature on the ADMM convergence [17, 19, 24, 33, 40, 41, 42]
requires the existence of one separable function in the objective function, whose gradient is Lipschitz
continuous. Obviously, L1/Ly does not satisfy this assumption, no matter with or without the box
constraint. Therefore, we have difficulties in analyzing the convergence theoretically. Instead, we
show the convergence empirically in Section 4 by plotting residual errors and objective functions,
which gives strong supports for theoretical analysis in the future.

3.3. L1/Ly on the gradient. We adapt the L;/Ls model to apply on the gradient, which
enables us to deal with imaging applications. Let v € R™"*™ be an underlying image of size n X m.
Denote A as a linear operator that models a certain degradation process to obtain the measured
data f. For example, A can be a subsampling operator in the frequency domain and recovering u
from f is called MRI reconstruction. In short, the proposed gradient model is given by

V|1

3.17
(3:.17) uerntm ||Vl

st. Au=f, uel0,1],

where V denotes discrete gradient operator Vu := {[ui; — uir1);]ies 7oy, {[wi — wiga))fer Hea
with periodic boundary condition; hence the model is referred to as Ly /Lo-grad. Note that the box
constraint 0 < u < 1 is a reasonable assumption in the MRI reconstruction problem.

To solve for (3.17), we introduce three auxiliary variables d, h, and v, leading to an equivalent
problem,

]y
uekrxm |[hlfy

(3.18) st. Au=f, d=Vu, h=Vu,u=0v,0<v<1.

Note that we denote d and h in bold to indicate that they have two components corresponding to
both = and y derivatives. The augmented Lagrangian is expressed as

d
‘C(uadahav;w;blab%e) = || ”1
(3.19) [l
+ b = Vu = b3 + 2o —u el + To.(v),

A
+ SlAu— f = w3+ 2Hld - Vu—by3
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where w, by, by, e are dual variables and )\, p1, p2, p3 are positive parameters. The updates for d, h

are the same as Algorithm 3.1. Specifically for h, we consider D*) = W

7(*) is the root of the same polynomial as in (3.8). By taking derivative of (3.19) with respect to
u, we can obtain the u-update, i.e.,

and hence

-1
320, kT = (NATA — (p1 + p2) s + p3) ()\AT(f +w®)
3.20
+p1 VT (d® — bgk)) + paVT (h®) — bék)) + ps(o® — e(k))) .

Note for certain operator A, the inverse in the u-update (3.20) can be computed efficiently via the
fast Fourier transform (FFT). The v-subproblem is a projection to an interval [0, 1], i.e.,

3 (VA

(3.21) o) :min{max(u(’?“) tel® 0),1}, i=1,2,. . .n=12. . m

In summary, we present the ADMM algorithm for the L;/Lo-grad model in Algorithm 3.2.

Algorithm 3.2 The L;/Ls-grad minimization via ADMM.
Input: f € R"™™™ A Max and € € R.
while k < Max or |[u® — u* =Dy /[|[u®)|| > ¢ do
Solve u*+1) via (3.20)
Solve v*+1) via (3.21)

h(k‘+1) _ {e(k) VU(k+1) _|_ g(k) = O7

(k) (vu(k+1) + g(k)) Vot 4 g(k) #£0.
d*+1) = shrink (VWH) +b®)
b+ = p(k) 1y (k+D) _ qk+1)
g(k+1) — g(k) 4 Vuk+1) — pk+1)
w1 = k) I Ay (F+D)
e(b+1) — (k) o (k+1) _ oy(k+1)
k=k+1

end while
return u®)

1
’ Pl\lh(’““)\lz)

4. Numerical experiments. In this section, we carry out a series of numerical tests to
demonstrate the performance of the proposed L;/Ls models together with its corresponding al-
gorithms. All the numerical experiments are conducted on a standard desktop with CPU (Intel
i7-6700, 3.4GHz) and MATLAB 9.2 (R2017a).

We consider two types of sensing matrices: one is called oversampled discrete cosine transform
(DCT) and the other is Gaussian matrix. Specifically for the oversampled DCT, we follow the
works of [14, 26, 45] to define A = [a1,aa,...,a,] € R™*" with

1 2 j
4.1 a; ;= —— cos W) , J=1,...,n,
( J Ia J

where w is a random vector uniformly distributed in [0,1]™ and F € R, controls the coherence
in a way that a larger value of F yields a more coherent matrix. In addition, we use A (0,X) (the
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multi-variable normal distribution) to generate Gaussian matrix, where the covariance matrix is
Y ={(1—-r)*I(i =j)+r},; with a positive parameter . This type of matrices is used in the
TL1 paper [47], which mentioned that a larger r value indicates a more difficult problem in sparse
recovery. Throughout the experiments, we consider sensing matrices of size 64 x 1024. The ground
truth x € R™ is simulated as s-sparse signal, where s is the total number of nonzero entries. The
support of x is a random index set and the values of non-zero elements follow Gaussian normal
distribution i.e., (xg); ~ N(0,1), 4 = 1,2,...,s. We then normalize the ground-truth signal to
have maximum magnitude as 1 so that we can examine the performance of additional [—1, 1] box
constraint.

Due to the non-convex nature of the proposed L;/Ls model, the initial guess x(© is very
important and should be well-chosen. A typical choice is the L; solution (1.2), which is used here.
We adopt a commercial optimization software called Gurobi [32] to minimize the L; norm via linear
programming for the sake of efficiency. The stopping criterion is when the relative error of x*) to
x(*=1) is smaller than 10~% or iterative number exceeds 10n.

4.1. Algorithmic behaviors. We empirically demonstrate the convergence of the proposed
ADMM algorithms in Figure 2. Specifically we examine the L;/Ls minimization problem (3.1),
where the sensing matrix is an oversampled DCT matrix with F' = 10 and ground-truth sparse
vector has 12 non-zero elements. We also study the MRI reconstruction from 7 radical lines as a
particular sparse gradient problem that involves the L;/Ls-grad minimization of (3.17) by Algo-
rithm 3.2.

There are two auxiliary variables y and z in L;/Ls such that x = y = z, while two auxiliary
variables d, h are in Ly /Ly-grad for Vu = d = h. We show in the top row of Figure 2 the values of
Hx(k) — y(k)H2 and Hx(k) — z(’“)H2 as well as HVu(k) — d(k)H2 and HVU(’“) — h(k)H27 all are plotted
with respect to the iteration counter k. The bottom row of Figure 2 is for objective functions, i.e.,
||x(’“)||1 / ||x(k)H2 and HVu(k)Hl / HVU(’“)H2 for L1 /Ly and Ly /Lo-grad, respectively. All the plots
in Figure 2 decrease rapidly with respect to iteration counters, which serves as heuristic evidence
of algorithmic convergence. On the other hand, the objective functions in Figure 2 look oscillatory.
This phenomenon implies difficulties in theoretically proving the convergence, as one key step in
the convergence proof requires to show that objective function decreases monotonically [3, 42].

4.2. Comparison on various models. We now compare the proposed L /L2 approach with
other sparse recovery models: Ly, L, [9], L1-Lo [45, 26], and TL1 [47]. We choose p = 0.5 for
L, and a = 1 for TL1. The initial guess for all the algorithms is the solution of the L; model.
Both L;-Ls and TL1 are solved via the DCA, with the same stopping criterion as Li/Ls, i.e.,

x(¥) 5 (k=1)
I [EGl| I <1078, As for L,, we follow the default setting in [9].
2

We evaluate the performance of sparse recovery in terms of success rate, defined as the number
of successful trials over the total number of trials. A success is declared if the relative error of the
reconstructed solution x* to the ground truth x is less than 1073, i.e., Hx”;_”’jlz < 1073, We further
categorize the failure of not recovering the ground-truth as model failure and algorithm failure. In
particular, we compare the objective function F(-) at the ground-truth x and at the reconstructed
solution x*. If F(x) > F(x*), it means that x is not a global minimizer of the model, in which
case we call model failure. On the other hand, F(x) < F(x*) implies that the algorithm does not
reach a global minimizer, which is referred to as algorithm failure. Although this type of analysis
is not deterministic, it sheds some lights on which direction to improve: model or algorithm. For
example, it was reported in [30] that L; has the highest model-failure rates, which justifies the need
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Fi1G. 2. Plots of residual errors and objective functions for empirically demonstrating the convergence of the
proposed algorithms - L1 /Lo in signal processing and L1 /La2-grad with a box constraint for MRI reconstruction.

for nonconvex models.

In Figure 3, we examine two coherence levels: F' = 5 corresponds to relatively low coherence
and F' = 20 for higher coherence. The success rates of various models reveal that L;/Ls-box
performs the best at F' = 5 and is comparable to Li-Lo for the highly coherent case of F' = 20. We
look at Gaussian matrix with » = 0.1 and r = 0.8 in Figure 4, both of which exhibit very similar
performance of various models. In particular, the L, model gives the best results for the Gaussian
case, which is consistent in the literature [44, 26]. The proposed model of L;/Ls-box is the second
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Fic. 3. Success rates, model failures, algorithm failures for 6 algorithms in the case of oversampled DCT
matrices.
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best for such incoherent matrices.

By comparing L1 /L2 with and without box among the plots for success rates and model failures,
we can draw the conclusion that the box constraint can mitigate the inherent drawback of the Ly /Ls
model, thus improving the recovery rates. In addition, Ly /Ly is the second lowest in terms of model
failure rates and simply adding a box constraint also increases the occurrence of algorithm failure
compared to the none box version. These two observations suggest a need to further improve upon
algorithms of minimizing L;/Ls.

Finally, we provide the computation time for all the competing algorithms in Table 1 with the
shortest time in each case highlighted in bold. The time for L; method is not included, as all the
other methods use the L; solution as initial guess. It is shown that TL1 is the fastest for relatively
lower sparsity levels and the proposed L;/Lo-box is the most efficient at higher sparsity levels. The
computational times for all these methods seem consistent with DCT and Gaussian matrices.

TABLE 1
Computation time (sec.) in 5 algorithms.

(a) DCT matrix

F=5
sparsity 2 6 10 14 18 22 mean
TL1 0.049 | 0.050 | 0.066 | 0.207 | 0.618 0.795 0.298
Ly 0.061 0.137 0.209 0.355 0.515 0.565 0.307
Li-Lo 0.049 | 0.050 | 0.071 0.260 | 0.550 0.625 0.267
Li/L2 0.276 0.279 0.311 0.353 0.358 0.366 0.324
Ly/La2-box | 0.102 0.183 0.247 0.313 | 0.325 | 0.332 | 0.250

F =10
sparsity 2 6 10 14 18 22 mean
TL1 0.048 | 0.069 | 0.092 | 0.330 0.654 0.755 0.325
Ly 0.094 0.254 0.423 0.472 0.530 0.534 0.385
Li-Lo 0.049 0.070 0.093 | 0.272 | 0.598 0.677 0.293
Li/L> 0.263 0.272 0.295 0.340 0.355 0.356 0.314
Ly /La-box | 0.090 0.179 0.239 0.301 0.324 | 0.322 | 0.243

(b) Gaussian matrix

r=20.1
sparsity 2 6 10 14 18 22 mean
TL1 0.070 | 0.069 | 0.117 | 0.295 1.101 1.633 0.548
Ly 0.079 0.128 0.229 | 0.261 | 0.742 1.218 0.443
Li-Lo 0.070 | 0.069 | 0.122 0.399 0.877 1.161 0.450
Li/L> 0.864 0.866 1.175 1.130 1.210 1.458 1.117
Ly /La-box | 0.324 0.625 1.039 1.060 1.146 1.385 0.930

r=20.8
sparsity 2 6 10 14 18 22 mean
TL1 0.050 | 0.053 | 0.071 0.239 0.613 0.750 0.296
Ly 0.061 0.094 0.140 | 0.207 | 0.426 0.613 0.257
L1i-Lo 0.051 0.054 0.077 0.306 0.497 0.576 0.260
Li/Lo 0.277 0.277 0.324 0.358 0.364 0.363 0.327

Lq/La-box | 0.102 0.192 0.265 0.321 0.332 | 0.327 | 0.256

4.3. MRI reconstruction. As a proof-of-concept example, we study an MRI reconstruction
problem [28] to compare the performance of Ly, Li-Lo, and Li/Ly on the gradient. The L; on
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F1c. 4. Success rates, model failures, algorithm failures for 6 algorithms in the Gaussian matriz case.
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the gradient is the celebrated TV model [36], while L;-Lo on the gradient was recently proposed in
[27]. We use a standard Shepp-Logan phantom as a testing image, as shown in Figure 5a. The MRI
measurements are obtained by several radical lines in the frequency domain (i.e., after taking the
Fourier transform); an example of such sampling scheme using 6 lines is shown in Figure 5b. As this
paper focuses on the constrained formulation, we do not consider noise, following the same setting
as in the previous works [45, 27]. Since all the competing methods (L;, L1-0.5Ls, and Li/Ls)
yield an exact recovery with 8 radical lines, with accuracy in the order of 1078, we present the
reconstructions results of 6 radical lines in Figure 5, which illustrates that the ratio model (L1 /L2)
gives much better results than the difference model (L1-0.5Ls). Figure 5 also includes quantitative
measures of the performance by relative error (RE) between the reconstructed and ground-truth
images, which shows significantly improvement of the proposed L;/La-grad over a classic method
in MRI reconstruction, called filter-back projection (FBP), and two recent works of using Ly [15]
and L1-0.5Ls [27] on the gradient. Note that the state-of-the-art methods in MRI reconstruction
are [18, 30] that have reported exact recovery from 7 radical lines.

5. Empirical validations. A review article [7] indicated that two principles in CS are spar-
sity and incoherence, leading an impression that a sensing matrix with smaller coherence is easier
for sparse recovery. However, we observe through numerical results [25] (also given in Figure 6b)
that a more coherent matrix gives higher recovery rates. This contradiction motivates us to collect
empirical evidence regarding to either prove or refuse whether coherence is relevant to sparse re-
covery. Here we examine one such evidence by minimizing the ratio of L; and Ly, which gives an
upper bound for a sufficient condition of L; exact recovery, see (1.4). To avoid the trivial solution

[ES[E!
lIxIl2

of x = 0 to the problem of min { Ax = 0}, we incorporate a sum-to-one constraint. In other
X

word, we define an expanded matrix A = [A;ones(n, 1)] (following Matlab’s notation) and an ex-
panded vector b = [0;1]. We then adapt the proposed method to solve for min{ Bells . Ay = B} .

[P
In Figure 6a, we plot the mean value of ratios from 50 random realizations of matrices A at each
coherence level (controlled by F'), which shows that the ratio actually decreases? with respect to F.
As the Ly norm is bounded by the ratio (1.4), smaller ratio indicates it is more difficult to recover
the signals. Therefore, Figure 6a is consistent with the common belief in CS.

We postulate that an underlying reason of more coherent matrices giving better results is
minimum separation (MS), as formally introduced in [5]. In Figure 6b, we enforce the minimum
separation of two neighboring spikes to be 40, following the suggestion of 2F in [14] (we consider F
up to 20). In comparison, we also give the success rates of the Lj recovery without any restrictions
on MS in Figure 6¢c. Note that we use the exactly same matrices in both cases (with and without
MS). Figure 6¢ does not have a clear pattern regarding how coherence affects the exact recovery,
which supports our hypothesis that minimum separation plays an important role in sparse recovery.
It will be our future work to analyze it throughly.

6. Conclusions and future works. In this paper, we have studied a novel L; /Ly minimiza-
tion to promote sparsity. Two main benefits of Ly /Lo are scale invariant and parameter free. Two
numerical algorithms based on the ADMM are formulated for the assumptions of sparse signals
and sparse gradients, together with a variant of incorporating additional box constraint. The ex-
perimental results demonstrate the performance of the proposed approaches in comparison to the
state-of-the-art methods in sparse recovery and MRI reconstruction. As a by-product, minimizing

2We also observe that the ratio stagnates for larger F', which is probably because of instability of the proposed
method when matrix becomes more coherent.
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(a) Original (b) Sampling mask

(d) L1 (RE = 39.42%) (e) L1-0.5Ly (RE = 38.43%) (f) L1/La (RE = 0.04%)

Fi1Gc. 5. MRI reconstruction results from 6 radical lines in the frequency domain (2.57% measurements). The
relative errors (RE) are provided for each method.

the ratio also gives an empirical upper bound towards L;’s exact recovery, which motivates further
investigations on exact recovery theories. Other future works include algorithmic improvement and
convergence analysis. In particular, it is shown in Table 1, Figures 3 and 4 that L1 /Lo is not as fast
as competing methods in CS and also has certain algorithmic failures, which calls for a more robust
and more efficient algorithm. In addition, we have provided heuristic evidence of the ADMM'’s
convergence in Figure 2 and it will be interesting to analyze it theoretically.

Acknowledgements. We would like to thank the editor and two reviewers for careful and
thoughtful comments, which helped us greatly improve our paper. We also acknowledge the help
of Dr. Min Tao from Nanjing University, who suggested the reference on the ADMM convergence.
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with and without minimum separation.

Appendix: proof of Theorem 2.2. In order to prove Theorem 2.2, we study the function

I + tv|?
6.1 ¢) == L
(01 MO v v
where x # 0% and
(6.2) v € ker(A)\{0} with ||v]2 = 1.

Notice that the denominator of the function g is non-zero for all ¢ € R. Otherwise, we have
x + tv = 0 and hence Ax + A(tv) = A(0). Since Ax = b and Av = 0, we get b = 0 which is a
contradiction. Therefore, the function g is continuous everywhere. Next, we introduce the following
lemma to discuss the L; term in the numerator of g.

3We assume that b # 0 so x = 0 is not a solution to Ax = b.
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LEMMA 6.1. For any x € R™ and v € R" satisfying (6.2), denote S as the support of x and
to 1= mi§1|xi\. We have
1€

(6.3) x + tv]l1 = [|x|l1 + toy(v) >0, V|t| < to,

where

(6.4) oi(v) =Y visign(x;) + sign(t)||vals-
€S

Proof. Since x + tv # 0 for all t € R, we have ||x + tv|j; > 0. It follows from (6.2) that
|v;] <1, Vi. Then we get sign(z; + tv;) = sign(x;), Vi € S, as |tv;| < |z;| for |t| < tg. Therefore,
we have

e+ tvlle = i+ tvi] + D [H]s]
i€S i¢s
= 3w + ton)sign(as) + vl
i€S
= Y asign(e,) +1 Y visign(a) + [tl]vsl:
1€S i€S

= ||x|[s + ¢ wisign(:) + [¢lllvslh
ies

=[xl +¢ (Z visign(z;) + Sign(t)HVsIll) :
icS
which implies (6.3) and hence Lemma 6.1 holds. d

Notice that o(v) only relies on the sign of ¢, i.e., it is constant for ¢ > 0 and ¢ < 0. Therefore,
g(t) is differentiable on 0 < t < ¢y and —ty < t < 0 (Note that when t # 0, g is not differentiable at
the points where x; + tv; = 0). Some simple calculations lead to the derivative of g for 0 < t < tg
and —tg<t< O,

(6.5)

J(t) = a (Ix]l1 +toe(v))?
dt \ [[x[13 + 2t (vs, x) + £2[|v|]3

204(v) (lxl1 + tor (v)) (Ix]3 + 2t (vs, %) + 2[|V[|3) — (2 (vs. %) +2t[|v[|3) (|x]ls + tor(v))”
(Ix]13 + 2t (ve,x) + 2] v]3)*
2 (x|l + toe(v)) [o2(v) (IxI3 + 2t (vs,x) + E2[|VII3) = ((vs.x) + tIv]3) (Ix]ls + tor(v))]
(Ix[13 + 2t (vs, x) + 2] v[3)”
2 (|[x/11 + tor (v)) [(o:(W)|x3 = (v, %) [Ix[l1) + (oe(v) (vs, %) — [|x[[1 [ v]3) ]
(I3 + 2t (vs, x) + 2] v]|3)? '

It follows from Lemma 6.1 that the first term in the numerator of (6.5) is strictly positive, i.e.,
lIx|l1 + tow(v) > 0. Therefore, the sign of ¢’ depends on the second term in the numerator. We
further introduce two lemmas (Lemma 6.2 and Lemma 6.3) to study this term.
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LEMMA 6.2. For any x,v € R™ and i € [n], we have
(6.6) nllx[3 = |zillxl = (0= 1) | Y -aF |
J#i
(6.7) nl[vIllxl3 = x| (v.x) .

Furthermore, if ||x||o = s, then the constant n in the inequalities can be reduced to s.

Proof. Simple calculations show that

nllx|3 = lzillxl =n (Y af | —lail | Y |yl
i i

==Y a2 | +> a3+ n—Daf = |oillz]

j#i j#i j 71
(6.8) ’ ’ j
== | 2oaf | + 2 (il = [ ])? + failles )
J# j#i

>(n—-1) Zx? > 0.

J#i

Therefore, we have Y, (n||x||3 — |z;|[|x][1) |vi| > 0, which implies that

(6.9) nl[vIllx]3 > flx]s <le¢|vi> > [x[x] (v, %) |

i
Similarly, we can reduce the constant n to s, if we know ||x||p = s. 0

LEMMA 6.3. Suppose that an s-sparse vector x satisfies Ax = b (b # 0) with its support on an
index set S and the matrixz A satisfies the sSNSP of order s. Define

oI — v, Il
o4 (v) (v, %) — [Ix[l1[[vI[3]
where o(v) is defined as (6.4). Then t; > 0.

Proof. For any v € ker(A) and ||v]]2 = 1, it is straightforward that

(6.10) ty = intf{

v € ker(A),||v]2 = 1,t # O} ,

|02 (v) (vs, %) = [[x[[ VI3 < loe(v)[I[v]zllx]l2 + [l [v]3
610 < vl vl il + [l vl
= Ivllulixllz + (1]l
< Vnllx|l2 + [,
and
(6.12) ot (v)| = [sign(t)[[vslla] = [ D wisign(:)| > [[vslh = Y [vsl = Vsl = [vs]h-

€S €S
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It follows from the sNSP that ||[vg||1 > (s+ 1)||[vs]1, thus leading to the following two inequalities,

o (V)] = [Ivsll = [lvslly = sllvs]h
o)l = [vslly = lIvsll = (1= —)lIvslh = Vsl
Next we will discuss two cases: s =1 and s > 1.
(i) For s = 1. Without loss of generality, we assume the only non-zero element is z,, # 0 and
hence we have

loe(W)Ix3 = (vs, x) Ix]l1] = |(vasign(zs) + sign(t) [vll1)2y = (vawn)lal| = [Ivsliay.-
We further discuss two cases: |v,| > ﬁ and |v,| < ﬁ If |v,| > ﬁ7 then ||vgll1 >
(s + 1)|v,| > £ and hence

Jn
s+1
(6.14) loe(W)Ix3 = (v, x) Ix]l1] = [[vsllilx]l3 > 5[5
Vvn
If |, | < ﬁ7 then we have ||vg|l1 > 1—|v,| =1- ﬁ = ‘/\E/%l and
vn—1
(6.15) o () Ix]I3 = (vs, x) [Ix]|1] = [[vsll1]x]l3 > I[]3-

B

Combining (6.14) and (6.15), we have

min { 22 |3, Y221 3}
(6.16) t 2
Vil + <

(ii) For s > 1. We split into two cases. The first case is Vj € S, v; < ¢ (we will determine
the value of ¢ shortly). As a result, we get ||[vg|1 < sc and |vgls > 1 — sc since ||v]|; >
[v]]2 = 1. Some simple calculations lead to

e (V)IIx13 = (v, x) Ix][1| = o (W)Ix[I5 — [ (vs, %) []|x]]x

s

> mHVsHﬂlel% = > lvillzilllz]  (based on (6.13))

i€S

s

> 1— — i

> (sl = el
s

-5 q_ 2 2
1 (L= so)lxllz —ellxly
s

> (1= suo) [ — selxI3
s

= (1—(25+ 1)) |x]3.

If we choose ¢ = ﬁ, then the above quantity is larger than % > 0.
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In the second case, we have there exist j € S such that v; > ¢, leading to

|oe (W) [xI3 = (vs, %) lIx[l1] > oz (I3 — [ {vs, %) [[x]1

> sl vsllllx[l3 — <Z|xilvil> %11

i€S
=D (slxl3 = Jilllx]l1) Jvsl
i€S
(6.17) > (s|x/I3 = |=;]|[x]1) |v;| (based on Lemma 6.2)

> ¢ (slxl3 — lz;l1xl1)
>c(s—1) Z z?  (based on Lemma 6.2)
i#]
> (s — i 2.
>ce(s—1) min ) ;
i#]

These two cases guarantee that t; > 0, i.e.,
: : 2 sllx|l3
min {c(s — l)grélgll%xi, (SJrl)(zserz)}
vlx|lz + [[x[x
By (6.16) and (6.18), we get Lemma 6.3. |

(6.18) t > > 0.

Now, we are ready to prove Theorem 2.2.

Proof. According to (6.3), the first term in the numerator is strictly positive, i.e., ||x|; +
toy(v) = |lx +tv]j1 > 0, V|t| < to. As for the second one, there exists a positive number ¢; defined
in Lemma 6.3 such that

|02 (v) {vs, %) = [Ix[l [ VI3[ [t} < loe(v)[xI3 = (vs, %) [Ix|1]

for all [t| < t; and v € ker(A) with ||v||2 = 1. Moreover, we have
sign | (o0(v) |13 = (vs, %) [x]11 + (02(v) (v, %) = x| v[13)
= sign(o0(v)[x[3 = (v, ) Il ).
Letting t* = min{to, t1}, we have for any ¢ € (0,t*) and v # 0 that o,(v) > 0 as

or(v) = _wvisign(x;) + sign(t)[|vsl
€S
= wsign(@;) + [|[vals
(6.19) icS
= [[vslli = lIvslh
S

> -
> max {s||vs||1, e}

||V5~||1} >0 (based on (6.13)).



22 Y. RAHIMI, C. WANG, H. DONG, Y. LOU

Also (6.13) implies that

(6.20) loe (1)1 = sllvslllix]l3 = [Ivsllx]lf > | (vs, ) [lIx]|,
thus leading to

(6.21) o (V)|x3 = (vs,x) [Ix]: > 0,

for o,(v) > 0. As a result, we have ¢’(¢t) > 0 if 0 < ¢t < t*. The function g(t) is not differentiable at
zero, but we can compute the sub-derivative as follows,
g(t) —g(0) _ 2|Ixll1 (o1 (v)IIxl3 = (vs,x) [|x]]1)

6.22 "(07) = 1i = > 0.
(6.22) g0 = I = I3 =

Similarly, we can get ¢/(t) < 0 if —t* < ¢ < 0 and ¢’(07) < 0. Therefore for any 0 < |t| < t* we
have ¢(0) < g(t), which implies that

Ix+ vl o [l

(6.23) > ;
[x+tvlla — [l

V)¢ < t*. 0

Notice that t* does not depend on the choice of v, therefore the inequality is true for any v satisfying
6.2, which will imply the result.
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