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ISOTONIC REGRESSION IN MULTI-DIMENSIONAL SPACES AND GRAPHS

By HANG DENG, AND CUN-HUI ZHANG*
Department of Statistics, Rutger University

In this paper we study minimax and adaptation rates in general isotonic
regression. For uniform deterministic and random designs in [0, 1)¢ with d >
2 and N (0, 1) noise, the minimax rate for the ¢ risk is known to be bounded
from below by n~'/¢ when the unknown mean function f is non-decreasing
and its range is bounded by a constant, while the least squares estimator (LSE)
is known to nearly achieve the minimax rate up to a factor (logn)” where n
is the sample size, ¥ = 4 in the lattice design and v = max{9/2, (d* +
d + 1)/2} in the random design. Moreover, the LSE is known to achieve the
adaptation rate (K /n)~%/ {1V log(n/K)}?" when f is piecewise constant
on K hyper-rectangles in a partition of [0, 1]%.

Due to the minimax theorem, the LSE is identical on every design point
to both the max-min and min-max estimators over all upper and lower sets
containing the design point. This motivates our consideration of estimators
which lie in-between the max-min and min-max estimators over possibly
smaller classes of upper and lower sets, including a subclass of block
estimators. Under a ¢g-th moment condition on the noise, we develop ¢, risk
bounds for such general estimators for isotonic regression on graphs. For
uniform deterministic and random designs in [0,1]% with d > 3, our £
risk bound for the block estimator matches the minimax rate n~ /¢ when
the range of f is bounded and achieves the near parametric adaptation rate
(K/n){1V log(n/K)}* when f is K -piecewise constant. Furthermore, the
block estimator possesses the following oracle property in variable selection:
When f depends on only a subset S of variables, the /5 risk of the block
estimator automatically achieves up to a poly-logarithmic factor the minimax
rate based on the oracular knowledge of S.

Keywords: Isotonic regression, multiple isotonic regression, isotonic regression on graphs, max-
min estimator, min-max estimator, block estimator, lattice design, random design, minimax rate,
adaptive estimation, variable selection, oracle property.

1. Introduction. Let G = (V, E) be a directed graph with vertex set V and edge set E. For a
and b in V', we say that a is a descendant of b if E contains a chain of edges from v; to v;11 such
that b = vg and a = v,,, for some finite m > 0. We write a < bif @ = b or a is a descendant of
b. A function f : V' — R is non-decreasing on the graph G if f(a) < f(b) whenever a < b. Let
JF be the class of all non-decreasing functions on G. In isotonic regression, we observe x; € V and
y; € R satisfying

(1) yi = f(x;) + e, i=1,...,n, forsome f € F,
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where €1,...,¢, are independent noise variables with E¢; = 0 and Var(g;) < o? given the
(deterministic or random) design points {x; }. Note that we allow |V| > n.

An interesting special case of (1) is the multiple isotonic regression where V. C R? is a
subset of a certain Euclidean space of dimension d, and for @ = (ai,...,aq)T € R and
b= (by,.. .,bd)T e R a < biff aj < bjforall 1 < j < d.In this case, J is the class of
all non-decreasing functions on V. R R R R

Let £, = (f(z1),..., f(x,)" and f,, = (fu(x1),..., fo(x,))T for any estimator f,, of f.
We are interested in the estimation of f under the (normalized) ¢ risk

q_lzn:E
q_nizl

@ RoFor £) = |7~ £ Futas) = 1)

In this case, a specification of }n is sufficient for the definition of fn For multiple isotonic
regression with random design in V' C R?, we are also interested in the L risk

q

® Riy(Fo ) = BlFs = 110, = E [ |Fula) - 1(@)|"da.

The literature of univariate isotonic regression (d = 1) encompasses at least the past six decades;
See for example Brunk (1955), Ayer et al. (1955), Grenander (1956), Rao (1969), Groeneboom
(1984), van de Geer (1990, 1993), Donoho (1990), Birgé and Massart (1993), Woodroofe and Sun
(1993), Wang and Chen (1996), Durot (2007), Durot (2008), and Yang and Barber (2017) among
many others for some key developments. The least squares estimator (LSE), say ﬁ(j“), has been the
focus of this literature. We describe in some detail here existing results on minimax and adaptation
rates as they are directly related to our study. For any a < b, the ¢, risk of the LSE in the interval

[a, b] is bounded by

@ E >

a<z;<b

FRse) (23) — f(a)

A q/3  Tab
! < anq{na,b< a,b(fn/o-) A 1) + qu/Z},
j=1

Nab

where A, 4 (f,,/0) = maxg<y, <z, <p{f(7;) — f(xi)}/0 is the range-to-noise ratio for the mean
vector f, in [a,b], ngp = #{j : @ < z; < b} is the number of design points in the interval, and
C, is a constant depending on ¢ only. This result can be found in Meyer and Woodroofe (2000) for
Ngp =N, q =2andeg; ~ N(0, 02), and in Zhang (2002) for general a < band 1 < ¢ < 3 under
a (¢ V 2)-th moment condition on ;. For A_ (f,/0) < A} <1, (4) yields the cube-root rate
gl(AY/ n)q/ 3 for the LSE in terms of the £, risk in (2). By summing over the risk bound (4) over
K intervals [ay, b] with A, 4, (F,,/0) = 0, the LSE can be seen to achieve the near parametric
adaptation rate (K /n){1V log(n/K)} in the mean squared risk when the unknown f is piecewise
constant on the K intervals and z; € Uszl [ak, by] for all i < n. This adaptation rate was explicitly
given in Chatterjee et al. (2015). However, Gao et al. (2017) proved that the sharp adaptation rate
in the mean squared risk, achieved by a penalized LSE, is (K /n) loglog(16n/K) in the piecewise
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constant case. Moreover, by summing over the risk bound (4) over a growing number of disjoint
intervals, the LSE has been shown to converge faster than the cube root rate when the measure
f(dz) is singular to the Lebesgue measure (Zhang, 2002).

Compared with the rich literature on univariate isotonic regression, our understanding of the
multiple isotonic regression, i.e. V' C R¢ with d > 1, is quite limited. A major difficulty is that the
design points are typically only partially ordered. Univariate risk bounds can be directly applied
to linearly ordered paths in V/, but this typically does not yield a nearly minimax rate. However,
significant advances have been made recently on the minimax and adaptation rates for the LSE. For

ni X --- X ng lattice designs with n = H?Zl n;, the LSE provides

) RoF £,) < cﬁ{wn/a)n”daog n)Y +n~(log n)w}

in certain settings, where A(f, /o) = maxi<i<j<n | f(x;) — f(x;)|/0 is the range-to-noise ratio
of the mean over the design points. For Gaussian €; and n; = --- = ng, the minimax rate is
bounded from below by

©) inf sup Ro(F,. £,) > o min {1, Con 1Az}

Moreover, when f is piecewise constant on K hyper-rectangles in a partition of the lattice,

™ Ro(F)
For d = 2 and Gaussian noise, Chatterjee et al. (2018) proved the above mean squared risk bounds
with v = 4. Thus, up to a logarithmic factor, the LSE is nearly rate minimax for a wide range
of A* and also nearly adaptive to the parametric rate 02K /n when f is piecewise constant on K
rectangles. Han et al. (2017) extended the results of Chatterjee et al. (2018) fromd = 2to d > 2
under the conditions n; = --- = ng and A(f,,/o) < A = 1in (5) and (6), and also proved
parallel results for random designs with a larger v = max{9/2, (d? +d +1)/2}. However, there is
still a gap of a poly-logarithmic factor between such upper and lower minimax bounds for d > 2,
and it is still unclear from (7) the feasibility of near adaptation to the parametric rate 02K /n for
d > 3 when f is piecewise constant on K hyper-rectangles.

We have also seen some progresses in adaptive estimation to variable selection in isotonic
regression on lattices with max;<4n; < Cyn'/?. When the unknown mean function depends on
only a known subset of s variables, say f(z) = fs(zs) where s = (x;,j € S)T with |S| = s,
]’E(lse)

1. » based on the average of y; given x to attain

) < Cac(KJn) 1V log(n/ K) Y.

one may use the LSE, say

Cda?g A(fn/ag)nfl/d(log n)Y + nfz/d(log n)?7|, s§>2,

Caog [({(A(Fr/os)n V) ALY 40~ logn |, s=1,

~(lse

3) RQ(fn,S)vfn) <

with 0% = o2/ ngs n; < Cyo?/ n'=#/4, which would match the minimax rate for Gaussian ¢;
for a proper range of A(f,,/os) as we discussed in the previous paragraph. For unknown S with
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d > 2 and A(f, /o) < 1 = o, Han et al. (2017) proved that the LSE ﬁ(fse) for the general f
automatically achieves the rate n~%/ (3% (log n)1%/3 for s = d — 1 and n=%/%(log n)® for s < d — 2.
As A(f,/og) = nl4=9)/() in their setting, (8) would yield the rates n~(4=%)/2d)—1/d for g > 9
and n~(@=1)/d=(3=d)+/(3d) for ¢ = 1 up to a logarithmic factor. These oracle minimax rates nearly
match the adaptation rates in Han et al. (2017) ford — s = 2 or (d, s) = (2, 1), but not for other
configurations of (d, s).

We consider isotonic regression on directed graphs, i.e. with general domain V' in (1), including
V C R? as a special case. In this general setting, Robertson et al. (1988) proved the following
minimax formula for the LSE on the design points:

9 FUse) () = max ming = minmax7y
© [ () MAX TN Yy, = N AX Yy
forx = x;, 1 = 1,...,n, where the maximum is taken over all upper sets U containing x, the

minimum over all lower sets L containing x, and 7 4 is the average of the observed y; over x; € A
for any A C V. As the high complexity of the upper and lower sets for d > 2 could be the culprit
behind the possible suboptimal performance of the LSE in convergence and adaptation rates, we
consider a class of block estimators involving rectangular upper and lower sets. As the minimax
theorem no longer holds in this setting in general, the block estimator, say Aflblocm (x), is defined
as any estimator in-between the following max-min and min-max estimators,
J?T(Lmax—mzn)(a;) = ujgﬁiw acjvr,?ziul,lvw@[“’”]’ Vax eV,

(10) f/;(lmm—mam)(w) = wj£i£u>0 ujﬁi}fpo@[“’”]’ Veel,
where [u,v] ={x :u 2 v} Ny =F#{i <n:x; € [U,V]}, Ny = F#{i <n:u <z}
and n, , = #{i < n:x; < v}. The idea of replacing the general level sets U N L by rectangular
blocks [u, v] is not new as a preliminary version of the block estimator in the case of V' = [0, 1]¢
was considered in Fokianos et al. (2017). Some more delicate details of different versions of the
block estimator are discussed in Section 2.

We derive in Section 3 a general ¢, risk bound for the above block estimator on graphs. For
ny X --- X ng lattice designs with d > 2, our general risk bound yields

-~ (block

(D Bo(F,", £,) < Cao? min {1 A(f, fo)n /4 (logn) 92 1 5~ 1og )}

when maxj<gn; < C’dnl/ d compared with (5) and (6), and the adaptation rate

(12) (3,7, £,) < Cao® (K /m){1 V log(n/ K}

when the true f is non-decreasing and piecewise constant on K hyper-rectangles, compared with
().

We also explore the phase transition of the risk bounds, both the minimax lower bound and the
upper risk bound for the block estimator, by presenting them using its effective dimension s in
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the sense that the risk bound only depends on the largest s n;’s. For example, when ny > no >

.-+ > ng and n3/ 2 nl/ 2 < A o), we show that the risk bound for the block estimator in d-
2 1 n

dimensional isotonic regression with n design points is almost no different from that in univariate
isotonic regression with n; design points. This phase transition, captured by effective dimension,
proved for d = 2 in Chatterjee et al. (2018), is new for d > 2.

Moreover, perhaps more interestingly, we prove that when the unknown f depends on an
unknown set of s variables, the block estimator achieves near adaptation to the oracle selection
in the sense that for A(f, /o) < A¥,

~(block)

13 Ro(fn ' Fy)
Cyo% min |(logn)?=, Axnld=s=2)/2d) (1og n)1s=2} 4 n=5/d(1og n)d], s>2,
Cqo% min |(logn)d—1, (A,";n(d_‘(”_z)/(m))2/3 +n~Y4(log n)d} , s=1,

with 0% = 02/ [;45nj < Cao? /n'~*/%, while the oracle minimax rate with the knowledge of S
is bounded from below by

(14) infoup {Ra(F o ) £ € T f(2) = fs(s). AL o/0) < A1
Cyo2n=1s/dmin |1, A;‘Ln(d_S_Q)/(Zd)], 5> 2,

Cyo?n= 11/ d min |1, (A,*;n(d_3)/(2d))2/3}, s=1,

where &, = {f,, : f € F}.

Let f:; be the noiseless version of the block estimator. When the isotonic regression model is
misspecified in the sense of having a non-monotone regression function, we prove that the error
bounds discussed above still hold if ?Z is treated as the estimation target; (11), (12) and (13)
are valid with f, replaced by T: when f ¢ JF in (1). However, such results are of a less ideal
form compared with the existing oracle inequalities for the LSE under misspecified monotonicity
assumption (Chatterjee et al., 2015; Bellec, 2018; Chatterjee et al., 2018; Han et al., 2017).

We summarize our main results as follows. In terms of the mean squared risk, the block estimator
is rate minimax for A(f, /o) < A’ with a wide range of A} (with no extra logarithmic factor for
d # 2), achieves near parametric adaptation in the piecewise constant case, and also achieves near
adaptation to the oracle minimax rate in variable selection. Furthermore, we prove parallel results
for the integrated risk for i.i.d. random designs in [0, 1] when the joint density of the design point
is uniformly bounded away from zero and infinity. In addition to Sections 2 and 3, we present in
Section 4 some simulation results to demonstrate the advantage of the block estimator over the
LSE in multiple isotonic regression. The full proofs of all theorems, propositions and lemmas in
this paper are relegated to the supplement (Deng and Zhang, 2019).

Here and in the sequel, the following notation is used. For {a,b} C V, we say b is larger than
a when a = b,and we set [a,b] = {x € V : a < & < b} asablockin G = (V, E). We denote
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by n4 the number of sampled points in A, i.e. ng = #{i < n:x; € A}, and set ngp = n[qp)s
Nax = #{i <n:a < x;},andn,p = #{i < n:x; <X b}.Fora = (a,...,aq)T € R?
and b = (by,. .. 7bd)T e RY a < biff a; < bjforall 1 < j < d, and this is also expressed as
a < b. We denote by C' a positive numerical constant, and Cj,qex @ positive constant depending on
the “index” only. For example, C, 4 is a positive constant depending on (g, d) only. For the sake of
convenience, the value of such a constant with the same subscript may change from one appearance
to the next. We may write & Sindex ¥ When 2 < Cindex - Finally, we set log_ (z) =1V log .

2. The least squares and block estimators. Given design points x; € V' and responses y; €
R, the isotonic LSE is formally defined as

Flse) _ : = ; — : 2
fa af;gefé}m;{y fmi)},

where F = {f : f(u) < f(v) V u = v} is the set of all non-decreasing functions on the directed
graph G = (V, E). As the squared loss only involves the value of f at the design points, this LSE

is any non-decreasing extension of the LSE of the mean vector f,, = (f(x1),..., f(x,))T in (1),
~(lse) : 2
(15) fn :argmlnHy_anQa
Fn€n

where y = (y1,...,yn)T and F,, = {f,, : f € F} C R"™ As F, is defined with no more

~(
than (g) linear constraints, f ise) can be computed with quadratic programming. Potentially more
efficient algorithms for the LSE have been developed in Dykstra (1983), Kyng et al. (2015) and
Stout (2015), among others.

As mentioned in the introduction, the LSE }S *) has an explicit representation in the minimax
formula (9) for isotonic regression on graphs in general (Robertson et al., 1988), although this fact
is better known in the univariate case. As the high complexity of the general upper and lower sets
in the minimax formula seems to be the cause of the analytical or possibly real gap between the
risk of the LSE and the optimal minimax and adaptation rates, we consider in this paper block

estimators ﬁ(@blocm of the form
min { /;(lma:c—min) ($)’ jﬂ;(lmin—maa:) (m) }
(16) S ‘]/c;(LblOCk) (w)

< max {ﬁ(lmaxfmin) (m)’ ﬁ(lminfmaz) (m)}’ VzeV,

where f,(lmmfmm) and f,(tmmfmm) are the block max-min and min-max estimators given in (10).

It is clear from (10) that both the max-min and min-max estimators are non-decreasing on the graph
G = (V, E) as the maximum is taken over increasing classes indexed by € V' and the minimum



over decreasing classes. However, the monotonicity of the block estimator, jA}(LblOCk)

~(block) . . . . . . .
fn € F,, is optional in our analysis. A practical monotone solution is

€ JF or even

1 X )
A7) ‘}-;(Lblock) (w) _ 5{J/c;(lma:z:fmln) (ZB) + J?;(lmznfmaz) (m)}, Ve e V.

We note that the estimator (16) is defined on the entire V. This is needed as we shall consider
the L, risk (3) as well as the £, risk (2). It would be tempting to define the block estimator by

max ming, ) < f () < min maxy, )
(Fokianos et al., 2017). However, unfortunately, when « is not a design point, ¥, ,, is undefined
< J/g(minfmam)(
—= n

when [u, v] contains no data point, and f; " mm)(m) x) is not guaranteed to

hold even for properly defined max-min and min-max estimators in (10), even in the univariate
case. For example, for V' = [0, 1] with two data points (z1,y1) = (0,1) and (x2,y2) = (1, 2), (10)
gives AT (0.5) = 2 > 1 = F™T™97)(0.5). We do have

(18) J/c\(max min (:Bz> f(mzn max)( ) i=1,...,n,

but the minimax formula J/”\(m‘“” min) J’r(mm maw)

example in Figure 1 demonstrates.

may fail even on the design points as the

° ° ° °
2 1 2 —0.2
° ° ° °
0.5 0 —0.5 1

FIG 1. Responses y; on a 4 X 2 lattice design: At design point x = (4,1), /;(,,mazimm)(m) = 0.4 is attained by the

F(min—max) (w)

mean inside the magenta box and fy, = 0.725 attained by the mean inside the green box.

In the rest of this section, we prove that the max-min and min-max estimators defined with upper
and lower sets in a graph G, including the LSE, can always be expressed as the block estimators
defined as in (16) but over a larger graph than G, so that our analysis of general block estimators is
also relevant to the LSE. We present our argument in a more general setting as follows.

Formally, a subset of vertices U C V is called an upper set if U = {x : f(x) > t} for some
f € J and real ¢, or equivalently the indicator function 1;; is non-decreasing on G, i.e. 1y € J;
a subset L C V is called a lower set if L = {x : f(x) < t} forsome f € Fand t € R, i.e. the
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FIG 2. Amendment of G to include U N L = Uje (1,2} xe{1,2,3} (W5, V] where w™™) has two inbound edges from w1
and us and v\ has three outbound edges to v1, v2 and v3

complement of an upper set. Let U be the collection of all upper sets, £ the collection of all lower
sets, and

Uy C{UeU:xzcU} and L, C{LeL:xec L}

be certain subsets of the collections of upper and lower sets containing . The max-min and min-
max estimator can be defined in general as

flmaz—min) () — max min 7 xeV,
In (@) Uellymy>0 LeLamuny >0 UL ’
19 flmin—maz) gy — min max Y x eV,
(19 Jn () LE€Lg,np>0 UeUs,nynr, >0 yunL ’
where ng = {i < n : x; € A}. These max-min and min-max estimators are non-decreasing in
x on the entire graph if U, is non-decreasing in « and £, non-increasing in : U, C U, and
Lo D Ly for all ordered pairs ¢ < .
By (9), the LSE is a special case of (19) when U, and £, are taken to be the largest possible. The
block max-min and min-max estimators (10) are special cases of (19) with Uy = {[u, *] : ©u < x}

and L, = {[*,v] : < v}. Conversely, the LSE, and more generally (19), can be written as

Flmaz—min) _ . _
Fn () = el gueniin o Vel T €V
(20) ]?T(me*max)(a:) = min max  Yyos LEV,

VEBg Nx, 0 >0 UEAL Ny >0

based on the average response in blocks [u, v| for suitable A, and By, in a larger graph G* in which
(7 is a subgraph. We define G* by amending GG with new nodes and edges as follows. For each upper
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set U, we amend G with node w("*®) = 4("¢®.U) and edges {u — u("*®) : 4 € U}, whereas for
each lower set L, we amend G with node v("*%) = v("°®.L) and edges {v(™**) — v : v € L}.
Define in the new graph G* the estimators (20) with A, = {u(”e“”U) : U € Up} and By =
{vrewsl) . I, € £,}. Then, the restriction of (20) on G is identical to (19) as [u("ewU) y(new,L)]
contains the same set of design points as U N L. This can be seen as follows. For any pair of
upper and lower sets U and L, [u(™%:U) y(ew.L)] 5 7 N L by the definition of w(™**:V) and
v("ew:.L) and the associated collections of new edges. On the other hand, for any design point
T; € [u(”e“”U), 'v("e““L)}, u(mewV) < g could happen only if u < @; for some u € U as there is
no other way to connect to umewU) in G*, while z; < v(™ew:.L) could happen only if x; < v for
some v € L. Thus, Yz, = Yy new,v) ynew,n)]- Figure 2 demonstrate a [urew) y(ew)] when G is
a 2-dimensional lattice.

Our theoretical results on general graph in Subsection 3.1 below are applicable to the LSE by
writing the LSE as a block estimator on a much larger amended graph. However, the more specific
results in multiple isotonic regression in Subsections 3.2-3.7 are not application to the LSE as they
are based the calculation of the variability bounds in (21) and (22) below for the lattice and random
designs, not on the enlarged graph.

3. Theoretical results. In this section, we first analyze the block estimator ﬁ(lbl(mk) (x) in (16)
for graphs under the most general setting. Specific risk bounds are then given for multiple isotonic
regression with fixed lattice designs and random designs.

3.1. General isotonic regression on graph. We shall extend the risk bounds of Zhang (2002)
from the real line to general graphs. To this end, we first derive an upper bound for the total risk in
subsets Vp C V,

T,(Vo) = 3 E|FMeR @) - )]

x;€Vp

based on the value of the true f on V4. Such bounds automatically produce adaptive risk bounds
when the true f is “piecewise constant” in a partition of V. Given Vj, let r, 1 (m) be a non-
increasing function of m € NV satisfying

q
e
21)  rg4+(m) > max {E(max Z ! > ‘Ngy=m, ¢ 2vandv € Vg}.
u=xx Nu,v

z;€[u,v) ’ +
This function bounds the error of the block estimator from the positive side when the positive part
of its bias is no greater than the positive part of the maximum average of at least m noise variables.
Similarly, to control the estimation error from the negative side, let r, _(m) be a non-increasing
function satisfying

N
(22) Tq,_(m)ZmaX{E<m>in Z 51) :nu,m:m,ujwanduevo}.
v

Nuw /) _

T, €[u,v]
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With the above functions 7, 4 (m), we define for x € Vj

Mg, = max {nu’m cfluw) > f(x) — r;,/_q(nu’x),u <xandu € VO},
(23) wp = argmax {nyg: f(w) > f(@) 1/ () |,
ueVy: u=se
Mg = Mg+ = mMax {nsc,v cfv) < f(x) + Té{f(ngcm),w <wvandwv € Vo},
vy = argmax {nmyv cfv) < f(x) + ri{f(nw,v)}.
veVp:x=v

Roughly speaking, the above quantities provide configurations in which the bias of J?n(xl) is of no
greater order than its variability from the negative and positive sides, so that the error of the block
estimator is of no greater order than an average of mg; _ noise variables on the negative side and
the average of my = my, + noise variables on the positive side. Thus, it makes sense to count the
frequencies of my, — and my, as follows,

24) (_(m)= #{i cx; € Vo, Mg, — < m}, ly(m) = #{i cxy € Vo, my, < m}.

We note that the functions r, + in (21) and (22) do not depend on f, and all the quantities in (23)
and (24) depend on the true f only through {f(z) : € V,}.

THEOREM 1. Assume f is non-decreasing on a graph G = (V, E). Let rq +(m) be given by

an , and £ (m) by . Then it holds for any block estimator fy, x) in that
(21) and (22), and ¢ by (24). Then it hold block esti FAVLOck) (e in (16) th

(25) E{ MR @) = f(@0) | < 2 (ma), Voi € o,
{00 (@:) — flai) ) < 207y, (e, ), Vs € Vo,

Consequently, for any upper bounds 0 (m) > {1 (m) with £ (0) = 0,

(26) T,) < Y 2rga(m){£(m) — £(m—1)}
m=1

+ i 201y, (m){ €% (m) — €.(m = 1)}.
m=1

Theorem 1 provides risk bound for the block estimator (16) over a subset V{ of design points in
terms of upper bound functions 7, +(m) and £} (m). Ideally, we would like to have

27 re+(m) = C’q,dorqm_Q/2

in (21) and (22). When the design points in V{ are linear and the (¢ V 2)-th moment of the noise
variable is uniformly bounded, (21) and (22) hold for the above choice of r, +(m). This choice of
74.+(m) is also valid when V is a lattice in R? and ¢; are independent variables with uniformly
bounded (g V 2)-th moment, as we will prove in Subsection 3.3.
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3.2. Minimax lower bound in multiple isotonic regression with lattice designs. We study in
the rest of this section multiple isotonic regression in V' C R? where a < b iff a < b, i.e.
a; <b;V1<j<dforalla = (a,... ,ag)T and b = (by,...,by)T, and F is the class of all
non-decreasing functions f(t1,...,tq) Tt;,Vji=1,...,d.

The lattice design we are considering is given by
d
(28) V={z;:1<i<n}=[1n]=]]{L....,n},
j=1

where n = (ny,...,n4)7 with positive integers n; and n = H?Zl
of integer-valued vectors in N, forming a lattice. Occasionally, we may also use [u, v] to denote
a hyper-rectangle of real numbers in continuum. This slight abuse of notation typically would not
lead to confusion, for example in x; € [u, v], but we would be specific if necessary. Without loss
of generality, we assume in this subsection ny > ng > --- > ngy. In the above lattice design, we

provide a minimax lower bound in multiple isotonic regression as follows.

nj. Here [1,n] is treated as a set

PROPOSITION 1. Suppose ¢; ~ N(0,0?). Let A(f,,/0) = {f(n) — f(1)}/o, ngs1 = 1,
ny = 121 ng ts = ni/n3 tage = 00 and sy = [2/(q — 1)] A (d + 1). Let ho(t) = AX+\/t and
define piecewise H (t) = min {1, hg(t)/(n:/t)l/(”\d)}, t € [ts,tst1],s=1,...,d+ 1. Then,

(29) inf sup {Ro(F.£0) fu € T AlLa)0) < A7)
>4 07 max {(t An)"YEH(®E) s A ho(t) > 1}
5 m < AL (s =0)
(A5/ M) < AL <ot (1< s < sy)
= o0%x AZ/(nstgq_l)/Q), 712 < AF < ngJtl/2?, (s =354 < d)
(Ao ) P <AL <1, (59 <5< d)
n~?, 0<Ax <n~l/2 (s=d+1)
In particulay, whenn, = --- =ng = n'/4 and AY > n=12 the right-hand side of (29) is
min {1, (A% /n1/d) 220 g <1+2/d,
30) o? x
min {1, A nl/d, (A;)Q’Q/d/nl/d}, qg>1+2/d

On the right-hand side of (29), the breaking points on [0, co) for A7 are

—-1/2
d+1 >

1/2

—1/2 - —1/2 1/2 1/2
0,n Y2 =t 12t g 12 =,
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Note that 1 lies in between t;ql/ % and N,/ t;g ?. The above minimax lower bound also depends on
the loss function through ¢ and the dimension of the lattice. For ¢ > 3, we have s, = 1, so that

inf sup { Ry(F, £) : £ € Tus AF0/0) < AL} Zga o min (1,47 /m1 )
f

for Ay > 1. However for ¢ = 2, we have s, = 2, so that (29) yields

G31) inf sup {Ra(F, £,) : £ € T, Af /) < 47
1, ny < A;‘;, (8 = 0)
Za 02 x (Anmy)* P il < A <oy, (s=1)
A% ()2, \fnang < A% <nd? i (s =2)

For A} < 1, this matches the lower bound for the /o minimax rate in Chatterjee et al. (2018) for
d = 2 and Han et al. (2017) for d > 3. For 5/3 < ¢ < 2 < d, we have 54 = 3.
If (29) is achievable, the integer parameter s can be viewed as the effective dimension of

the isotonic regression problem as the rate depends on n only through nq,...,ns when ngyq is
sufficiently small; the rate would also be achievable by separate s-dimensional isotonic regression
in the H?:s 411y = n/n} individual s-dimensional sheets with fixed 2511, . . . , x4. For example, in

(31), the minimax rate can be achieved by }n = y for s = 0, by the row-by-row univariate isotonic
regression for s = 1, and by individual bivariate isotonic least squares up to a factor of (logn)* for
s = 2 (Chatterjee et al., 2018). We will prove in the next subsection that the block estimator (16)
achieves the rate in (29) for a wide range of A, so that Proposition 1 indeed provides the minimax
rate.

In the proof of Proposition 1, we divide [1,n/] C V = [1,n] into a Ky x --- x K, lattice
of hyper-rectangles of size mj x -+ X myg, indexed by k = (ki,..., k)T, k; = 1,..., K],
j =1,...,d, and consider the class of piecewise constant functions f(x) = g(k) satisfying

g(k) = o min { A, (m*) 72 [00k) + (k1 + - + ko — K7)4] |, 0k) € 0,1},

and f(x) = oA forx € [1,n]\ [1,n/], where m* = H?Zl m; is the size of the hyper-rectangle.
As g(k) is non-decreasing in k; for each j for all §(k) € {0, 1}, this construction provides a lower
bound for the £, risk proportional to the product of (m*)~%/2 and the number of free 6(k). This
is summarized in the following lemma.

LEMMA 1. Under the conditions of Proposition 1,

(32) nf sup (EIF = 2.2 fu € T AlLa/0) < A7)

> q 1 . Vm*AX .
> cycq0?n max mmm —_—n ,

meM m*) max; Lnj/ij
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where cq = inf; EMNBemouui(l/z)‘é(N(u, 1)) — M‘Z is the Bayes risk for estimating | with the
Bernoulli(1/2) prior based on a single N (u, 1) observation, cq is a constant depending on d only,

M= {m:(ml,--- ymgq) :my; € Np,my <n; Vi <d, vm*A} > 1},

and m* = Hj<d m;. Moreover, the optimal configuration of m in (32) must satisfy either m; = 1
or [nj/mj] = maxi<j<q|nj/m;] for each j.

3.3. The block estimator in multiple isotonic regression with lattice designs. We further divide
this subsection into three separate sub-subsections to study the performance of the block estimator
at a single design point x;, in an arbitrary sub-block [a, b] C [1,n], and on the entire lattice [1, n2].
It is of great interest to show that the block estimator in (16) matches the minimax lower bound
given in Proposition 1, which will be done in the third sub-subsection for general ¢ and d.

3.3.1. Risk of the block estimator at a single design point. For any given point in the design
lattice, the following proposition asserts that the block estimator matches certain one-sided oracle
estimators in the rate of one-sided L, risks.

PROPOSITION 2. Let ﬂbloc}c) () be the block estimator in (16) with the lattice design V =
[1,n] in (28). Let ¢ > 1 and rq +(m) be as in (21) and (22). Assume ¢; are independent N (0, c?)
random variables. Then, for any design point x; € [1,n],

33) E(F (@) — (@) <2y (ma) < Cpa min E(Tig, 0 — (@)

x; <v<

where Yy o] = D y<a, <v Yi/Tu,w, and
q _ _ q
(34) E(ﬁ&bl“’“)(mi) —f (:vi)) < 2%y _(mg,;) < Cyq min E(y[u,mi] —f (mi)) :
— 1<u<z; —
Consequently, with E, being the expectation under which y; = g(x;) + €;,

ﬁbloek)(mi) — f(=s)

(35) E !

q

< Cpa s {8, — o) 0 € Toat0) = o) Vo > 0

u<x; <v

+Cy,q min {Eg’y[um] — g(x) ‘. g€ F,g(u) = f(u) Vu < az,}
u<x;<v
Suppose we are confined to consider only block mean estimators ¥y, ,, With no negative bias
in the estimation of f(a;) but we also want to control the positive side of the error. As f is non-
decreasing but otherwise unknown, we are thus forced to choose u > x;. As Yluw] withx; < u <
v would have larger bias and variance than y(,, ., the optimal [u, v] is given by

q

i (T~ (@)
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The above minimum can be viewed as an oracle benchmark under the no-negative-bias constraint
as the solution of the optimal v still depends on f. Although the block estimator (16) is unlikely to
be unbiased, (33) and (34) assert that its one-sided risks match the rates of such oracle benchmarks
from both the positive and negative sides. Another interpretation of the performance of the block
estimator is (35) in which the oracle expert has to guard against the worst case scenarios in the
uncertainty of f on either sides, but not simultaneously on both.

We prove Proposition 2 with an application of Theorem 1. This requires more explicit variability
bounds 74 +(m) in (21) and (22) as in (27). This validity of (27) is a consequence of the following
lemma, which extends Doob’s inequality to certain multiple indexed sub-martingales. It plays a
key role in removing the normality assumption on the noise €1, . . . , €, in our analysis.

LEMMA 2. Let T = T3 x --- x Ty C R? be an index set with T; C R. Let {ft,t € T}
be a collection of random variables. Suppose for each j and each (s, ..., Sj— 1,tj+1, ooy tq),

{fstrsj_rittisr,tar t € Tj} is a sub-martingale with respect to certain filtration {F, 0) ,te T}
Then, forallqg > 1andt € 7,

E max |f" < (a/(a— ))"E|f|"

In particular when €;’s are independent random variables with Ec; = 0,

>

x;<s

q (Q/<q - 1))qu‘ Zmlgt Ei|q7 q Z 27

E max < q/2
(4| Capeil) 1<q<2.

s<t

3.3.2. Risk of the block estimator in a sub-block. To automatically deal with adaptation which
gives better risk bound when f(-) is piecewise constant, we first consider the risk in one of such
“piece”, a hyper-rectangle [a,b] C V = [1,n].

THEOREM 2. Let ﬁ(LblOCk) (@) be the block estimator in (16) with the lattice design V = [1, 1|
in (28). Assume €; are independent random variables with Ee; = 0 and E|5i|q\/2 < 01V2, Let
a < b be integer vectors in V = [1,n] and nj = b; — a; + 1. Suppose ny > --- > ng. Define
N = Ngp N1 = 1, Ny = H;Zl njandts =ng/ng (withl =t < --- <tg <tqy1 =n). Then,
forg > 1 and any f € F with Mg p(f,/0) = {f(b) - f(a)}/o < AL

36)  T,ab) = > E[fN (@)~ fa;)|”

:l:iG[a,b]

— nabH
< * q
< CFgnapo (H(l)+/1 tq/Q nabﬂ/ t\/1‘1/2>

where H (t) is a non-decreasing and continuous function of t, defined piecewise by H(t (t) =
min {1,A;§t1/2(t/ nk) 1/5}f0r ts <t <tsp1,s=1,...,d and C} ; is continuous in q € [1,00)
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and non-decreasing in d. Moreover,

~ Ma,b ~
(37) H(1) + / t~ 2 H (dt)
1
1, < A7, (s =0)
Saa § (A5/@)V) G <AL < /thR (1<s < sy)
(AL (Rt V2)) Ay, AL <7y /t2, (s =84 < d)

where sq = [2/(q¢ — 1)] A (d + 1) is as in Proposition 1 and

(38) A= [1og+(mm{ Ao 7/ ()t SH)})

ns+1 (A:)Q/(s—l—Q)

} 1{2/(¢g—1)=s}

REMARK 1. The last component on the right-hand side of (36) is bounded by

& “H/ FMWSWMPW2(HM+ %+®M%}

When Ag p(f,/0) =0, H(t) = 0 for all t, so that (39) is an upper bound for the rate of the total
risk Ty ([a, b]) in the block [a,b] by Theorem 2, for any a < b. This yields the adaptation rate
stated in Subsection 3.4.

bj—a;+1

REMARK 2. The function H (t) is defined in the same way as H(t) is in Proposition 1 but
for the dimensions {n; = b; —aj + 1,7 < d} of [a,b] and range-to-noise ratio within [a,b).
When [a,b] = [1,n], we have H(t) = H(t) for all t € [1,n). Thus, as discussed below (31), the
integer parameter s in (37), completely determined by {n;}, A}, and q, has the interpretation as
the effective dimension for the estimation of f in [a, b] subjectto { f(b) — f(a)}/o < A}, We note
that as H( ) is a smooth fit of pieces proportional to t1/21Ys o 1, the upper limit of the integration
is actually t, = min{t > 1: H(t) = L ort = Na,b}, Which depends on A}, and the effective
dimension s is then determined by the comparison between t, and ts and the critical g

In addition to the validity of (27) as variability bounds in (21) and (22), which follows from
Lemme 2, the proof of Theorem 2 requires the complexity bounds for the ¢4 (m) in (24). We
outline here an analysis of the count £ (m) in (24) in the case where 7;/7nq are integers and
m >ty = n/nd. We note that t; = 1 when 7i; = 714 for all j. Upper bounds for both ¢4 (m) in the
general setting are given in the proof of Theorem 2 in subsection A3.3 of the supplement.

To find upper bounds for ¢, (m), we partition Vj = [a,b] into an g X --- X ng lattice of
small “unit blocks™ of size (121 /7i4) X - -+ X (7iq/Tq), each composed of ;4 = 71/n% design points.
Consider a line of such unit blocks Ly, in the “anti-diagonal” direction and a region D; between
two contours of the unknown f(x) at the levels ¢ and ¢ + Tl/ 2(3%m). In Figure 3, we color in
red the unit blocks in Lj with nonempty intersection with D Due to the monotonicity of the
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f(@) > e+ ry/i(3%m)

flz)<e L _‘;::____________________:__:__Z__;_____ —

FIG 3. Upper bound for the number of design points with mg, < m, an example: d = 2, t4 = ﬁ/ﬁg, m = kq with
k = 3, a line segment of unit blocks in the anti-diagonal direction is colored in red, depicting its intersection with the
region D; between two contours of f; @ is a design point k blocks away from the upper boundary of Dj, v € Dj;
m, N, and the upper bound (k + 2)dm are respectively the number of points inside the rectangles colored in dashed
green, gray and blue; as mg > Nz » > m in this example, design points inside the intersection of D; and these red unit
blocks with mg, < m must belong to one of the k + 1 = 4 upper-right unit blocks colored in red, and there are at most
(k 4 1)tq = 4tq such points in this example with k = 3. For general k and m = k%q, (k4 1)tq < 2m1/dt(1i_1/d.

(4 (m), it suffices to consider m = k%, for some integer k > 1. If * < v in L N D; are
separated by k unit blocks as depicted in Figure 3, then m = k%, < New < (k+ 2)ty < 3%m
and f(v) — f(x) < ri{f(Sdm) < r;/f(nmv) so that mgy > ng, > m. Thus, the intersection
contains no more than (k + 1)ty < 2m!/ dtil 1/d design points x; with mg, < m, all within k&

unit blocks from the upper contour. Let J = [{f(b) — f(a)}/ rl/ 1(3%m)]. We divide [a, b] into
J such regions D; between consecutive contours with a € D1 and b € Dj. The last region D is
special. For # € D; with ngp > m, there must exist v € [x, b] such that m < Ngy < 2m, SO

that mg > ng. > mdueto f(v) < f(x) + ( m) < f(x) + q+(nwv) Thus, as there are

no more than dﬁg_l such L and J — 1 < {f( ) f(a )}/rl/q( m) < A*a/rl/q( m) regions
D; not containing b, for m = k%, with integer k > 1

ty(m)
min {ﬁ,dﬁ (A* /rl/q( m)) <2m1/dt;71/d)} + #{w; € [a,b] : ngp,p <m}

= min {1,m!/H2 (A /at0) (24372 /Cy ) |+ # (i € [0, ] ngp < m)

IN

with the variability bound r, 4 (m) = C, ’daqm_‘I/ 2 in (27). It follows that
(40) li(m) < li(m) —nH —I—#{alcZ [a,b] : ng, b<m} Vm >ty

when C;/dq > (21/4+1/2)42434/2 In subsection A3.3 of the supplement, we extend the above
inequality to all m > 1 and prove (36) by applying (26) of Theorem 1 with the above ¢ (m) and
the 7, 4 (m) in (27).
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Theorem 2 is a comprehensive statement which gives rise to many conclusions. In the next sub-
subsection, we prove that the block estimator is rate minimax in the ¢, risk for the entire lattice
[1,n] in a wide range of configurations of n, ¢ and A’ . In the next two subsections, we study the
adaptation rate when f(-) is a piecewise constant function, and the variable selection rate when
f(-) only depends on a subset of variables.

3.3.3. Risk of the block estimator on the entire lattice and rate minimaxity. We assume without
loss of generality in this sub-subsection n; > - - - > ng. A direct comparison between Proposition 1
and Theorem 2 yields the following Theorem 3.

THEOREM 3. Let ﬂblock) (x) be the block estimator in (16) with the lattice design V = [1,n)
as in (28). Assume ¢; are independent random variables with Ee; = 0 and E]Ei]qw < g9v2. Let
s = [2/(q = DIA(d+ 1), ny = [y nj for s < d+ 1withngyy = 1, and A(f, /o) =
{f(n)— F(1)} /o Then, for q > 1,

=~ (block)
@n s {R(F " ) € T Af o) < AL
(match) ; 7 * o - Hg=2}
Sua A Pint sup {Ry(F. 5.0 : AFu/0) < 81} + T (THow ()
n n jil
holds when A}, 24 4 tsq = (nf;q /nig)fl/% where AMatch) < logn is defined by

ns, s, /(ngq)l/(sﬁz) }>] I{ 2 = <d, Al <ny /647}

42) Afmatel) [long (min{n ) (A%)2/Gat2)
Sq n

Moreover, when maxj<qn; Sqn'/%and A(f, /o) < A%,

(block)

(43) R (f I

. A* N min{1, 75} n!/d 2d/(d+2) o (log n)d(SQ
< a v “nla/2A1
Sqd 07 min {1, (nl/d> [log+ (n A ( A ) ) + nla/2n1 (7

n
holds for all A¥ > 0, where 6, = I{d+2 =1} and 65 = I{q = 2}.

REMARK 3. It can be seen in our analysis that the logarithmic term presents for ¢ = 2, as
the last component on the right-hand side of (36), (41) and (43), due to the lack of data near the
extreme points {a,b} or {1,n} of the domain.

Compared with Proposition 1, Theorem 3 shows that the risk of the block estimator matches the

minimax rate when Ay >t 12 = (Hj‘;l(nj/nsq))71/2 (A% > n~Y2if s, = d + 1) possibly

up to a logarithmic factor A(metch) < log(n), provided that the minimax rate is no faster than
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oin~( H’;Zl log (nj))52 due to the edge effect. The match is always exact when 2/(q — 1) #
sq < d,ie., 2/(¢— 1) is not an integer or an integer greater than d. When2/(¢ — 1) = s, < d—1
and ng, <X ng, 41, A(match) — (1) and the match is also exact. However, in the interesting setting
where ¢ = d = 2 and n; < ngy, we have s, = 2 so that A(™%") < log(n) when A% < no.

The one-dimensional risk bound for all ¢ > 1 can be obtained from (43) as

7,((1.m) o
' A* \ min{g/3,1} n He=3}  (log(n)) "~
- 5 2/3 +

¢ onmin {1, ( o ) |:10g+(n A (A;) )} + n(a/2)A1 !

which reproduces (4) for 1 < ¢ < 3. We note that if we view one-dimensional isotonic regression

as multi-dimensional on an n; x 1 x --- x 1 lattice, the general bound yields this one-dimensional
_1 /3

-rate. Interestingly, for general n, we still have the one-dimensional rate as long as the
effectlve dimension s is 0 or 1, i.e. A} > no /tl/2 = 3/Q/nl/2 For ¢ = 2 and d > 2, it follows

from Theorem 2 that when A} > n /tl/ 2 3/ 2 / nl/ ? we have s < 54 = 2 and only the first two
cases of (37) are effective. This implies

d
To([1,m]) Sa o*nmin {1, (A5/n)%? + ] (log..(ny)/ny) }.
j=1

exactly the same as the bound of T5([1,7]) in univariate case when (A% /n1)%/3 is dominant
in both rates. In this case, our theory does not guarantee an advantage of the multiple isotonic
regression on the entire lattice in terms of the /5 risk, compared with the row-by-row univariate
isotonic regression of length n;. This observation agrees with Chatterjee et al. (2018) where the /o

minimax rate of two-dimensional isotonic regression, 02A*n~1/2, requires nQ/ 22 nl/ 2> Az
To conclude this subsection, we compare the ¢, risk bound for the block estimator in Theorem 3
with those for the LSE in the existing literature. For d = 2, Chatterjee et al. (2018) gives an upper

bound for the LSE as
Ry(fy,

~(lse)

Fa) 0 (Sh(ogn)* +(logn)®),

i loe n)*

for any ny x ng lattice and f satisfying A(f,, /o) < n;’/ 2 / n}/ ?_in contrast to

R 1) 5 0% (2 log(m) + ogn)?)

in (43) of Theorem 3 or in the third case of (37) of Theorem 2 with [a, b] = [1, n]. However, for
ni=---=ng=n%and AY = 1asin Han et al. (2017) for d > 3, (43) is reduced to

~(block)
R2(.fn ) fn) Sd n_l/d7

which should be compared with the the rate

~(lse)
Ro(F0™ ) San™*1og(n)
for the LSE (Han et al., 2017).

-~ (block)
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3.4. Adaptation rate of the block estimator with lattice designs in the piecewise constant case.
We consider here the adaptation behavior of the block estimator in the setting where f(-) is
piecewise constant on a union of rectangles, as a direct consequence of Theorem 2.

THEOREM 4. Let ﬁ(LblOCk)(w) be the block estimator in (16). Assume €; are independent
variables with Ee; = 0 and E|¢;|7V? < 092 and f is non-decreasing and piecewise constant
on V in the sense of V.= UE_ [ay, by] with K < n and f(ax) = f(by) for all k < K. Then,

~ (block) s {q=2}
RQ(.f 7fn) ~q,d ol mln{l n lznalk li]lc/z)+<logf (nakvbk)> }

with si, = #{j : by j > ay ;}. Moreover; if in addition {|ay, b],k = 1,..., K} are disjoint, then

@) R F) Sgaotmin{1, (f)mm{l’qm (

log (/)"

where di = max<p<x Sk is the largest dimension of [ay, by in the partition.

The rate in (44) is consistent with existing results for d = 1 under which the block estimator is
the LSE and the mean squared risk bound is

~(block) K
(fn 7.fn)§0'2;log+(n/K)

In general, the risk bound in (44) under ¢ = 2 is reduced to at most
K
0-27 Inglf— (’I”L/K),
n
which should be compared with
K\2/d
o (7) log® (n/K)
n
for the LSE as in Chatterjee et al. (2018) for d = 2 and in Han et al. (2017) for d > 3.
REMARK 4. Han et al. (2017) proved that even when f() is a constant function, i.e., K =1,

Ro(F0) f,) 2a 0202/

so the adaptation rate of the LSE, (K/ n)z/ ¢ cannot be further improved, which means the LSE is
unable to adapt to parametric rate for d > 3.
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The adaptation rate in (44) also implies that when [ay, by are two-dimensional sheets (i.e. [{J :
by ; # ak,;}| < 2), the upper bound turns out to be

K

which again should be compared with

K
— log (n/K)
n

in Han et al. (2017).

3.5. Adaptive estimation to variable selection with lattice designs. In this subsection, we
consider the case where the true function of interest, f(-), depends only on a subset S of s variables,
ie, f(x) = fs(xs). We study the adaptive estimation when max ;<4 n; Sq n/4 ie., n; =< nt/d
forall1 <j <d.

THEOREM 5. Assume f(-) is non-decreasing and dependent only on an unknown set S of s <

d variables. Let ﬂLbZOCk) (x) be the block estimator in (16) on the lattice design V = [1, . Assume
maxi<;j<dnj Sd ne and €;’s are independent and satisfies Ee; = 0 and E\ei\qw < g1V2, Let

~

A(fn/o) ={f(n) — f(1)}/0. Then,
(45) sup {R (,f ~(block) 7fn) fn S gjnv f(m) == fs(ms), A(fn/o's) S AZ,S}
’Sd US min {A(SEleCt) Agsgled) (A;S/ 1/01)1“0111{17 +2}

4 Agsfkd) ( s/d) —min{l,q/2} (log n)s[{q:Q} }7

forall1 < s <d, where 0g = a/(ngs nj)l/2 < Odg/n(l—s/d)/2 and
pl/d

Agffled) _ (ZJ q/2/ 1/d 1- q/2> 7

1/d

Ags2elect) _ (Z]mm{—7 SJr2}/ 1/d min{15¢ 52, é+2}+1>d*s(10gn)]{s‘fzzl}.

In particular,

(block’)

nS/dfl min { (logn)4=*, A;Sn*l/d(log n)s=2}t 4 n=s/d(log n)d}, s> 2,
2n3/4=1 min § (logn)*1, (A;S/nl/d)Q/?’ +n 4 (log n)d}, s=1



21

In the proof of Theorem 35, the key observation is that in the sheet of x with fixed g, the risk
bound is identical to that of model S with o reduced by a factor of gp/ ?n sc- The above rate would
then become clear after the summation of risk bounds over & ge.

Let n; = nl/d for all j. Consider an oracle expert with the extra knowledge of the subset
S. Suppose the oracle expert first computes the average of the n!~*/¢ values of y; holding xg
fixed and then solves the s-dimensional isotonic regression problem at the noise level og =
on(3/4=1)/2 For this oracle expert, the sample size becomes n*/¢ and the condition on the range-
to-noise ratio becomes (f(n) — f(1))/os < A} g, equivalent to (f(n) — f(1))/o < A}

with A} ¢ = Axn(=5/4/2 1t follows from (30) in Proposition 1 that for &; ~ N(0,02) and
Ay s> (n=(/D/2) v (I{q > 1 +2/s}), the £, minimax lower bound for the oracle expert is

H}f Sup {Rq(}hfn) : fn € Hjﬂ?f(m) = fS(SL‘S),A(fn/US) S A?’;S}

f
> 0% min {1, (A% /nl/d)min{l,qs/(sw)}}

Hence the variable-selection adaptation rate in (45) matches the oracle minimax lower bound up to

some constant or logarithmic factors A" Al5elect) gnq Als€leet) (160 1y )sIH{a=2} provided that

A = max (0”@, 1{g > 1+ 2/s})

or equivalently A(f,, /o) < A} with A}, > max (n=/2,n=(1=/9/2[{g > 1+2/s}). The match
to the oracle minimax rate is always exact for ¢ = 1 and any s as both Agsf ec) and Agf;lecﬂ are
bounded by a constant. When ¢ = 2, the match is also exact but up to some logarithmic factors as

ALY ) (o) and AL <1 (log ) =2

3.6. Multiple isotonic regression with random designs. In this subsection we consider V =
[0,1] in continuum and, same as before, @ < b iff @ < b. Different from fixed designs, here
Z1,...,&, are i.i.d. random vectors from a distribution P supported on [0, 1]. For simplicity we
assume the distribution of the design points has a Lebesgue density bounded both from above and
below; for /iy, = P{u < x; < v} and the Lebesgue /‘{1,1) = 1 ([u,v]) = f[u,v] dz,

47) Pl w < P < P2pig -

with certain fixed constants 0 < p; < pa < co. We consider the integrated L, risk in (3), i.e.,

Ry(A00, ) = [ B @) - fl)|'de,
x€[0,1]
and partial integrated L, risk on block [a, b] as

Rylat) = [ E[FM @) - flo)|'de,

[a,b]
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THEOREM 6. Let fi"°%) (x) be the block estimator in (16) with V. = 10, 1]. Assume

Z1,...,Z, € [0,1] are i.i.d. random vectors drawn from a distribution satisfying (47). Assume
[ is non-decreasing and ¢; are independent random variables with Ee; = 0 and E|e;|9V? < o9V2,
Let {a,b} C V witha < b. Then, for ¢ > 1,

48)  Ri(ab) = /[ | LR @) — fia e

IN

Nha,b
C;:dvplvaO-q |:/0 ((t \/ 1)_(]/2 + A?l,be_t)H* (dt)

* /e[ ({(”Mw,b) v 1}7%2 + A%,le_nm’b>dw]7
re|la

)

where Ay = (f(v) — f(u)) /o and pun = P{x; € [u,v]} for all w < v and H*(t) =
min {1, Aa7b(nua7b)_l/dt1/2+1/d}. Specifically, (48) is no greater than

Aa.,b )min{1’¢i(f2}A(random)
(nﬂa,b)l/d !
AdHL A(mndom) }

a,b q 2
(nptap)'/? (A6 + Dty (ntq,p)(@/2N

up to a constant depending on q, d, p1, pa only, where

Agrandom) _ [long (nua,b A ((nua,b)di?/AZ%(dH)))}I{d%:l}

and A;m”dom) = (10g+(nuab))dl{q=2}+(d71)1{q>2}'

(49) oqmin{(A%,1+1>ua,b, (

+

The H*(t) here is identical to the H(¢) in Theorem 2 in ¢ € [tg,n], effectively taking
tq = 1. This reveals an intrinsic difference between lattice design and random design: the effective
dimension of the random design over [a, b] C [0, 1] is always d — any hyper-rectangle [a, b] with
positive measure behaves similarly to a hyper-cube. The above rate in (49) is therefore comparable
to the rate in (43) for the lattice design with n; = nt/4 for all 7. In fact, the rate in (49) can be
derived from a scale change of the upper bound for 27 ([0, 1]).

The study of the integrated L, risk in isotonic regression is relatively new. Fokianos et al. (2017)
gives an asymptotic bound, O(n~/(4+2)), for the L, risk with [a, b] = [0, 1]. The L; error bound
in Theorem 6 is consistent with their result.

To fit in with random design, we now define r,  (m) as a non-increasing function of m € [0, n
in continuum satisfying

&
> :
(50)  7¢+(m) > max {E(I&léi;( E Y 1>

z; €[u,v] ’

q
:Elngy) =m,z <vandv € Vo},
+
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and modify the definition of mg = my 4 in (23) to

1
5D Mg = Nflg v, Where v, = arg suII)) {n,uw,v f(v) < f(x) + rq{f(nuw,v)}.

r<v<
Note 14 4, the number of design points in [z, v], becomes a Binomial(n, fi5 ) random variable.
Here we omit m, _ as it can be analyzed by symmetry. Nevertheless, Theorem 6 is still proved in
a similar way to Theorem 2. However, different from (25) in Theorem 1, the point risk bound is
given by the following proposition.

PROPOSITION 3. Assume the conditions of Theorem 6. Then, (50) holds for

(52) g+ (Nbzw) = Codoprp 0 (N2 V 1)_q/2

with Cq q.p, .p, continuous in q € [1,00) and for all x € [a, b]

(53) E ([N (@) — f(a))
< 2%y 4 (mg) + 2971 09C 4 py o ((Aqa’b +1)e ™= + (Af 1 + 1)6_”"’”15).

As we discussed below (23), the positive part of the bias of f,(LblOCk)(

than the variability of the noise as measured by r;ff(nm,vm) = r;/f (mg) provided the presence of
at least one design point in [z, v,]. The first term on the right-hand side of (53) thus comes from
the case of ng 4, > 0. However, [z, v;] might be an empty cell with no design points. We then
have to consider points in [x, b] when ny ., = 0 and in [x, 1] when ngp, = 0, leading to terms

with Ag p and Ag 1 respectively.

x) is of no greater order

Corresponding to Theorem 3 and 4, the following two theorems give the risk bounds for random
designs under the general case and the piecewise constant case for the entire [0, 1]. Due to space
limitations, the minimax rate and the adaptation rate to variable selection in random design are not
discussed.

THEOREM 7. Let ﬁ(LblOCk)(:c), [ and {z;,e;,i < n} be as in Theorem 6. Suppose Mg 1 =
(f(1) = f(0)) /o is bounded by a constant. Then

% oc A min{1,-2% } 7{ad _q
Rq(]?r(zbl k),f) Sq,d,pl,pz Gq<n10/,cll> a+3 (logn) {J25=1}

( log n) dI{q=2}+(d—1)I{g>2}
_|_

n(a/2)n1

In particular when ¢ = 2 and d > 2,

d
= 1
9 BN, f) Sapp o min{l Box 1, ya=2) , (o8n)” }

~ 7n1/d n
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REMARK 5. For simplicity, we here consider the case of bounded Ag 1. Theorem 6 also
directly yields error bounds for general Ag 1 by setting [a,b] = [0,1] in (48) and (49).

THEOREM 8. Let f}lblo‘:k) (x), fand{x;,e;,i < n} be asin Theorem 6. Suppose V' has disjoint
partition V.= UE_ [ay, by] with K < n and f(ay) = f(by) for all k < K. Then

(55) R (fiblock) | py

K \ min{1,q/2}
Sadyp1,00 Uq(Aqo,l +1) (g) (logJr

where No1 = (f(1) — f(0)) /0. In particular, when q = 2,

* oc K
R3(J30, ) Sapn.pn (D51 + 1)~ logd (n/K).

(n/K))dI{q:2}+(d—l)I{q>2}’

We can also derive risk bounds for the empirical ¢, risk. As [x;, vy, always has the design
point x;, there is no “empty cell” problem as in Proposition 3 when bounding the empirical risk. It
follows that

E[(ﬁ(zblmk) (mz) - f(mz))i}xz = QZ] ,Sq,d,p1,p2 rq,+(mw)v

so that
-~ (block)
Ry(fn . f)
q\J n Aa . min{l,%} random) Agrandom)
a4 mi __—ab —_—
Sadpipee 0 Min {“avb’ ((nMa b)l/d) Aj + Hab (Nptqp)(@/DN }

by an almost identical proof. It follows that under the conditions of Theorem 6 and Ag 1 = 1, the
worst case upper bound of the mean squared risk is

~(block) B _
RQ(fn a.f) 5d7p1,p2 0‘27’L l/d(logn)f{d 2}’

and under the conditions of Theorem 8, the mean squared risk bound in piecewise constant case is

~(block) K
RQ(fn 3 .f) Sd,m,pz 02; logd(n/K)

We shall compare the above two rates with the results for the LSE in Han et al. (2017)
respectively, i.e.,
o?n " og¥e(n)
and

K\ 2/d
2 2'7d
o (—n) log¥4(en/K),

where 12 = 9/2 and gy = (d?>+d+1)/2 when d > 3. It is worth mentioning that Han et al. (2017)
also proved the piecewise constant rate for the LSE, (K / n)2/ 4, is not improvable as when K = 1,

~(lse) B
Ro(fy, (2), F) Zdpropo o?n=2/1,
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3.7. Model misspecification. We consider in this subsection properties of the block estimator
in the nonparametric regression model

(56) yi = f(xs) +ei,i=1,...,n,

for general f. When the true regression function f fails to be non-decreasing, the isotonic
regression model (1) is misspecified, so that the block estimators actually estimate their noiseless
versions, say [, (x), instead of the true f. For the block max-min and min-max estimator in (10),

% _ Z(mazr—min) o . —
(57) fn(m) —Jn (:D) - ujaI:I,}laj,(*>0 wjvr?’bg,lv>0f[u’v]7 Ve eV,
Fr(x) = ?Slmm_max)(m) = min max  fru., VeV,

T2V, N4, >0 UST, Ny, >0

are their noiseless versions, where f 4 denotes the average of {f(x;) : 1 < i < n,z; € A}. For
the average (17) of the two estimators, the noiseless version is

(58) ?Z( ) {fnmaac mzn( )_'_f(mm ’rnax)(m)}7 VeeV

The functions in (57) and (58) can be viewed as estimation targets.
Our results can be summarized as follows. If we treat £, (x) — . () as the estimation error
and use fn /o to measure the range-to-noise ratio, all the theoretical results we have presented so

far hold in the nonparametric regression model (56) for general f with the following adjustments
of the error bounds 7, +(m) in (21) and (22),

q
.
(59) rg+(m) > max{E[max(max E - > ] :nm,v:m,mjvand’veVo},
v'=v \ ulx N v’
z;€[u,v’] ’ +
. gi \?
rq—(m) > max<E|max | min E ‘Nye =m,u 2xandu € Vj ¢,
u'=u \ vz o ] Nu'w/) _
z; E[u v

without changing the notation. Both r, +(m) are still required to be non-increasing functions of
m € N*t. Accordingly, this leads to the following adjustment of the functions in (23),

Mg = max{nugc ?( ) > T( ) — 1/q(nu¢c)ujwanduevo},
(60) Up = argmax {nu@ : ( y> f ( ) — /q(nu w)}
ueVp:ux
Mg = Mg = max {nwﬂ, S (v) < (@) + r;/f(nmv) x=vandv € VO},
v, = argmax {nw’v ?Z(’U) < f (x )—l—r;/f(nmv)}
veVp:z=v

with the error bounds 7, 1 (m) in (59) and the estimation target f;(a:) in (57) or (58).
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THEOREM 9. Let f;(Lblock) be as in (17), 72 as in (58), rq+(m) as in (59), and {+(m) as

in (24) with the mgy, + in (60). Then, the error bounds (25) and (26) of Theorem 1 hold with f
replaced by ?Z Consequently, for the lattice design and under the q V 2 moment assumption on
the noise {¢;}, the error bounds in Theorems 2, 3, 4 and 5 hold with the same substitution. In
particular, with f replaced by f.. and f, by .. = (fr(21),..., fn(x:))T, (36) holds with the
same function H(t) when {f,,(b) — f.(a)}/o < A%, (41) and (43) hold when A(F,, /n) < A%,
(44) holds when f,(ay) = f,(by) with V = UK [ay, by, and (45) and (46) hold when f,(z)
depends on only s of the d variables and n; =< nY? for all j. The above results also hold when
{ /;(Lblock)’ 7:;} _ {f?gmaxfmzn) , *Slmax—mzn)} or { /;(Lblock)’ 7:;} _ {f;(mefma:r) ’ *ilmln—maw) }

Theorem 9 asserts that }n is close to T:L in many ways when the isotonic condition on the
unknown f is misspecified. However, the interpretation of this result is not as clear as the existing
oracle inequality for the LSE as T:; is not based on an optimality criterion.

4. Simulation results. In this section, we report the results of several experiments in d = 2
and d = 3 to demonstrate the feasibility of the block estimators and to compare its estimation
performance with the LSE. Among potentially many choices of the block estimator, we simply use
the block max-min estimator as in (10). In six simulation settings, the block max-min estimator
yields smaller average /> losses than the LSE, with very small p-values in piecewise constant and
variable selection settings. In a seventh setting, the LSE slightly outperforms the block max-min
estimator but the difference is insignificant.

To compare the LSE and the block estimator, we carry out our experiments as follows. In each
experiment, we generate one unknown f, 5000 replications of y with standard Gaussian noise,
find the LSE and the block max-min estimator for each y, and compute the mean squared losses
| £, — Fnll3/n for both estimators. We therefore obtain 5000 simulated losses for each estimator
and take the averages to approximate their mean squared risks.

We use quadratic programming to compute the LSE in our experiments. We’d like to mention
that fast algorithms for the LSE have been developed in the literature: Dykstra (1983), Kyng et al.
(2015), Stout (2015), to name a few. We stick to quadratic programming as it provides somewhat
more accurate results, although the difference seems small. The purpose of our experiment is to
compare the risk of estimators, not the computational complexity of different algorithms. For the
block max-min estimator, we use brute force which exhaustively calculates means over all blocks
and finds the max-min value for each lattice point . We note again that the computation cost via
brute force is of order n>.

In d = 2, we consider isotonic regression with the n; X ng lattice design [1, n] with ny = 50
and no = 20, so that the number of design points in total is n = 1000. In Experiment I, we
consider the function f(x) = c(z; + 22)?/3 (here and in the sequel, ¢ is a constant such that
f(n) = 10 so that the range of f is about 10 on the lattice). As the region between two contours
of this f cannot be efficiently represented by rectangular bocks, this example is not expected to
favor the block estimator. In Experiment II, we split the lattice into 5 X 5 small blocks of size
10 x 4, randomly assign 1, ..., 10 to each small block, conditionally on the realizations satisfying
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(a) true f (unknown) (b) y (observed)

. |

(c) the LSE (d) the block max-min estimator

o 2 4 6 8 10 12

FIG 4. Heatmaps for the true f, an observed y, and its LSE and max-min estimate in Experiment 1.

the isotonic constraint. The adaptation of the LSE and the block max-min estimator to piecewise
constant f is compared in this experiment. Lastly, we compare the adaptation of the two estimators
to variable selection in Experiment III by setting f(x) = fi(x1) = clog(z1). See Figure 4, 5
and 6 for heat maps in Experiment I, II and III respectively; each figure contains heat maps for
the unknown f, one example of observed y, the LSE and the block max-min estimator for this y.
Figure 7 provides boxplots of mean squared losses of both estimators in Experiment I, IT and II1.

In d = 3, we consider isotonic regression with n; X ny X ng lattice designs where ny = ny =
n3 = 10, so that the number of design points in total is also n = 1000. We choose the true
mean functions in a similar manner to d = 2. In Experiment IV, we consider f(x) = c(z1 +
x3 + x3)%/3. In Experiment V, we randomly assign 1,...,10 to 2 x 2 x 5 small blocks of size
5% 5 x 2 conditionally on the isotonic constraint. Lastly, the true mean function is f(x) = fi(z1) =
clog(z1) in Experiment VI. See Figure 8 for boxplots of mean squared losses of both estimators
in Experiment IV, V and VL

Two basic statistics, mean and standard deviation of the losses of the LSE and the block max-
min estimator and the loss difference of the two estimators are listed in Table 1, along with the
two-sided p-value for the difference. In Experiment I and IV which are less favorable to the
block estimator, the block estimator still yields slightly smaller risk, although the risk difference is
insignificant (with p-values 0.6190 and 0.1600 respectively) In all other four experiments the block
max-min estimator significantly outperforms the LSE with p-values 0.0062 or smaller, supporting
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(a) true f (unknown) (b) y (observed)
(c) the LSE (d) the block max-min estimator
1] é Jl l6 8 10 12

FIG 5. Heatmaps for the true piecewise-constant f, an observed vy, and its LSE and max-min estimate in Experiment I1.

(a) true f (unknown) (b) y (observed)
(c) the LSE (d) the block max-min estimator
] é ‘!L lS 8 10 12

FI1G 6. Heatmaps for the true f, an observed y, and its LSE and max-min estimate in Experiment II1.
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(d=2) Experiment I Experiment II Experiment IIT
LSE block diff LSE block diff LSE block diff
mean 0.0822 0.0807 0.0016 0.1029 0.0918 0.0111 0.0713 0.0603 0.0110
s.d. 0.0096 0.0095 0.0031 0.0156 0.0149 0.0041 0.0115 0.0109 0.0033
p-value 0.6190 0.0062 0.0007
(d=3) Experiment IV Experiment V Experiment VI
LSE block diff LSE block diff LSE block diff
mean 0.1412 0.1353 0.0059 0.1316 0.1096 0.0220 0.0917 0.0746  0.0170
s.d. 0.0119 0.0117 0.0042 0.0178 0.0169 0.0059 0.0160 0.0147 0.0045
p-value 0.1600 0.0002 0.0002
TABLE 1

The mean and standard deviation (s.d.) of the mean squared losses for the LSE and the block max-min estimator
(block), and the mean, s.d. and two-sided p-value for the loss differences (diff = loss of LSE - loss of block estimator).

our theoretical analysis. It is worthwhile to mention that, although the risk values are incomparable
due to different dimension d, we observe more significant difference in the mean squared losses
between the LSE and the block max-min estimator in d = 3 than in d = 2, in view of the p-values
and box plots. This observation coincide with Theorem 4 and its comparison to the existing risk
bounds for the LSE.

We end this section with an example in which the LSE actually yields slightly smaller mean
squared risk than the block max-min estimator. In Experiment VII, we consider the two-piece
function f(z1,22) = I{x1/n1 + x2/ny > 1} on an ny X ng lattice. Same as in Experiment I, II
and III, we take (n1,n2) = (50,20) and add standard gaussian noises to f(x1,z2). See the heat
maps in Figure 9.

We shall recall ﬁ(llse) (x) = Yyn for some upper set U and lower set L. Suppose z1/n1 +
x9/n2 > 1 so that f(x) = 1, then the best level set U N L for this design point is the upper red

triangle in Figure 9(a). In contrast, as ﬁ(LblOCk)(a:) = Y[u,v for some u and v, the best possible
block contains at most half design points of the upper triangle (when © = (n1/2,n2/2) and v =
(n1,n2)). Therefore, the variability of the block estimator at each design point may be larger than
the LSE, resulting in a greater risk. Indeed, when we compare them on 5000 replications of y as
in Experiments I-VI, the mean squared losses for the LSE has mean 0.0420 and standard deviation
0.0090, while for the block max-min estimator the mean is 0.0440 and the standard deviation is
0.0087. However, the difference is not significant as the mean and standard deviation for the loss
difference are —0.0020 and 0.0040, and the two-sided p-value is 0.6163.

It would be difficult to characterize settings or general examples in which the LSE outperforms
the block estimator. When we set f(x) = 0.5I{x1/n1 + x2/no > 1}, the average normalized ¢,
loss for the LSE is 0.0298, slightly greater than 0.0280 for the block max-min estimator, but the
difference is insignificant as the two-sided p-value is 0.5568.
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(a) true f (unknown) (b) y (observed)

.

(c) the LSE (d) the block max-min estimator

-3 -2 -1 0 1 2 3 4 5

FIG 9. Heatmaps for the true two-piece function f, an observed y, and its LSE and max-min estimate.

SUPPLEMENTARY MATERIAL

Supplement to “Isotonic Regression in Multi-Dimensional Spaces and Graphs”
This supplement contains proofs of all the theoretical results stated in the main body of the paper.
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SUPPLEMENTARY MATERIAL

Supplement to “Isotonic Regression in Multi-Dimensional Spaces and Graphs”
The supplement contains proofs of all the theoretical results stated in the main body of the paper.

Al. Proofs of the results in Subsection 3.1

A1.1. Proof of Theorem 1.
By the definition of v, in (23),

(block) < Yi < 1/q €i
fieR (@) < max 3 o < @)+ (me) + max > P
T €[u,vg) e T €[u,vz) e
where = 1, ..., x,. Thus, by the definition of r,  (m) in (21),
]E{f(bl“k)(a:) —f(a:)}q < E rl/q(m ) + max Z si )’
" + LT u=x Nu,v
T, €[u,vz) e+
N
< q—1 q—1 &
< 207 Mg (me) +2 E<gl§;< > )
T, €[u,vg) e/ +

< 2% 4 (ma).

Similarly, we can have the second inequality in (25). It follows that with the ¢4 (m) in (24),

Tyt (Vo) < Zzw {erm) =t m-1)} + Z%q_ {e-tm)—e-m-1}.

Hence (26) follows as r, 1 (m) is non-increasing. O

A2. Proofs of the results in Subsection 3.2
A2.1. Proof of Lemma 1. For m = (my,...,my)" € N%, define m* = H;l:l m; and
Ko = {k € NG5 by <y /m; V5 < d,1 < by oo ha = k' +1 < Vi AL,
For a certain integer £* > d to be determined later and V,,, = |K,,,|, we shall first prove that

(61) mfsup{EHf Fallls £ € Fui AFo/0) < AL = o max ((m")! =72 Ny ).

Let Kj = |nj/m;| andn/ = (Kymy, ..., Kgmga)T. The lattice [1,n/], contained in V' = [1,n], is
alattice of K1 x - - - x K4 blocks of size my x - - -xmyg, indexed by k = (k1,...,kq)T,1 < ki < Kj.
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Suppose f(x) is known to be piecewise constant and non-decreasing in this partition of blocks. Let
g(k) be the value of f on block k and G, be the class of g(-) satisfying

g(k) = o min { A, (m) "2 [00k) + (k1 + - + ko — K7)4] |, 0(k) € 0,1},

As ki + --- + kq — k* is strictly increasing in k; for each j with increment 1, g(k) is non-
decreasing in k; for each j and 0 < g(k) < oAf. Set f(x) = oA} forx € [1,n]\ [1,n/].
As f(1) = 0, f(x) is non-decreasing in the entire V and {f(n) — f(1)}/o = A}. Note that
g(k) = o(m*)"V2[0(k) + (k1 + -+ + kg — k*)+] on Ky, forall g € Gy,. Let 7y, be the sample
mean in the block indexed by k. As 7, ~ N(g(k),o?/m*) are sufficient for the estimation of g,

inf sup IEH}—anZ > inf sup m*EHZI\—QH(qI
rr 9

2 ETn gesn R
> inf  sup  m(o/Vm)E[6 - 6|’
0 0c{0,1}Nm !
> m*(o/Vm?)E|6 - 6

m*(a/\/ﬁ)quEﬂ}ﬁ - M‘Z,
where the infimum is taken over 0 (k) based on 7y, E is the joint expectation under which 6 has
iid Bernoulli(1/2) (prior) distribution, and / is the Bayes rule based on a single observation X
with X|u ~ N(u, 1) and p ~Bernoulli(1/2). This gives (61).

Consider fixed my, ..., mg with \/WA;“L > 1. Assume without loss of generality K7 > --- >
K,. For Ky < 2d, we take k* = d so that N,,, > 1. For K1 > 2d, we take k* = | K1/2] > d, so
that for all £* < k < min(k* — 1 + \/W?A;‘;,Kl +d—1)and ky + - - - + kg < k¥, a solution k
exists satisfying k1 + -+ kg =k, 0< k—k* <ky <k—(d—1) < K; and

ky 4+t hkg—k +1=k—Ek+1<Vm*AL

Such k belongs to A iff k; < Kj forall 2 < j < d. As 2(k* + 1) > K; and k* > d,
#{(ka,...,kq) : 1 < k; <K;Vj>2ky+ - +kg <k} > cdH;-lzsz. As the number
of allowed k£ is min(|vm*A} |, K1 +d — k*) > min([vm*A} |, K1/2 + d), we find that

d
. Ak 1 cqn . [ Vm*AL
Ny, > min(Vm*Aj, K1 /2 + d)cq K jl:[lKj > 3a+1,,,v min <K1"7 1).
This gives (32). As (32) is decreasing in m* given K; = maxi<j<q|n;/m;], its optimal
configuration is attained when either K; = Ky or m; = 1 for each j. (|

A2.2. Proof of Proposition 1. For the optimal configuration of m in (32), there exist integers
s € [1,d] and K7 = |ns/ms| € [ns41,ns] such that the lower bound in (32) is maximized with
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|nj/mj] = K forj < sandmj; =1fors < j <d. Thus, 27°n}/m* < K{ < n}/m* and
AR
@ (e ()
cq max max {(1 min (1, m) : \/WA; > 1}

1<s<d nyy <(n/m*)1/s<ng m*)q/Z n:/m*)l/s

v

= Cq max {t_q/QH(t) : ho(t) > 1}

1<t<

= ¢4 max {min (R1(t), ha(t)) : ho(t) > 1},

1<t<n
where ho(t) = A%tY/2 and H(t) = min {1, ho(t)/(n}/t)Y/5},t € [ts, tsr1] With t5 = n’/n are
as stated, hy (t) = t~%/2, and
hi(t)ho(t)  Aptt/s—la-1)/2
(ng/Os ()"
We note that t, 1 s, ¢, = 1 and tg.; = n. As (n¥/ts)'/* = ng and (n*/ts1)Y* = nep1, H(t)
and hy(t) are continuos in . As s, = [2/(¢ —1)] A(d+1),1/s — (¢ —1)/2 < 0iff s > s, for

1 < s < d. It follows that ha(t) is increasing in ¢ for ¢ < ¢, , and non-increasing in ¢ for ¢ > ¢,
Thus, the optimal solution is given by

max mln{hl( ), ha(t)}

ho(t)>
hi(1),  n1 < ho(1),
hi(t),  ho(ts) = (ni/t)Vs withty <t, <tep1 <t
(tsy); 1< holts,) < (ng, /tsq)l/sq = N,
ho(t*),  ho(t*) =1, t;, <t* < n.

hg(t): , T € [ts,ts+1], s=1,...,d.

(63) =

We note that ho(t) > hi(t) for all 1 < t < n in the first case above, hi(t.) = ha(ts) and
ho(t«) > 1 in the second case, ha(ts,) < hi(ts,) in the third case, and the maximizer ¢ = t* is
determined by the constraint ho(t) > 1 in the fourth case. Moreover, for 1 < t, < t; , e have

te={(n)Y /AR € [ty ] and nopr /1) <AL <ngftl? s < s,
and for 5, < t* < n we have
= (A5)7% and £ <AL <712 s, <s<d
Thus, the right-hand side of (63) is

L, ny <Ay, (s =0),

( n/(n )1/S)qs/ #te) ns+1/tifl < AN < ns/ti/z, (1<s<sg),
A%/ (ngt@D/2), 12 < A < g /i1, (s = 8, < d),
(AR)2 (i)', tsj{Z < AL <tV (54 < 5 < d).
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This gives (29) for A} > n=1/2 through (32), (62) and (63). As n}; = n and ng1 = 1, the rate
is n=/2 for A¥ = n~1/2. As the minimax rate for A* = 0 is the same n~%/? due to the unknown

average of f,, (29) also holds for 0 < Ay < n=1/2, Finally, for (30), we note that s, > d iff
qg<1+2/d. ]

A3. Proofs of the results in Subsection 3.3

A3.1. Proof of Lemma 2. As "ft(j) does not depend on (s1,...,8j—1,tj41,---,td),

(4) } |
F > max fsl7--~75j—1:3:tj+17~--atd

E[ max ‘fs sj—1,tt; t }
1yeeyS5—10bj+15-05ld 81§t1,...78j71ﬁtj71

§1<t1,..,85—1<tj-1

for all ¢ > s. Thus, repeated application of the Doob inequality gives

q
q q q
E max ‘fsl,...,Sj,tj+1,...,td| S <q_1> E max }fS],...,S]‘_l,tj,t]'+1,...,td

51<t1,...,8; <t; 81<t1,..y85—1<tj-1

The conclusion for the general f; follows.
For independent ¢;, define f; = >, _;¢; and fﬂgﬂ) = o{e; : z;; < t} where z; ; is the j-th
component of x;. As Ee; = 0, {fsl,...,sj,l,t,tjﬂ,...,td, t € R} is a sub-martingale with respect to the

filtration {fﬂgj ) ,t € R}. We apply Holder’s inequality to avoid the singularity at ¢ = 1+. g

A3.2. Proof of Proposition 2. As (35) is a consequence of (33) and (34), we only need to prove
(33) by symmetry. Moreover, by Theorem 1 it suffices to prove that for any vg € [z;, n]

q
Tq1+(mmi) qu,d E(@[xi,vo} - f(wz))+

Let v1 be a design point in [x;, vo] satisfying min(ng, v, , My v)/Mas v > 1/24. Such vy always
exists as the minimum is attained when vo = @; + 1. AS Y5, ) — f (x;) is Gaussian,

,00]
_ IE(N(0,1)?
E(y[wuvol - f(%))j_ = ;{ <f[wi’”°] B f(ml))q * J(nq/gm}
> 27127 min {1, E(N(0, 1)1)}{(f(v1) — fl®i)"+ oqnmfﬁ}-

If (21) holds with ry 4 (m) = C'q,’daqm_‘i’/2 > g9m /2, by the definition of M,

Tq+(Mg,) < min {quaqan/z.c(;/q o’ > f(v) — f(z )}

x<v<v;
—q/2 1 —1/2
{Cq,dgqnsc% ’ ( ) f(.fC@ /dqg N, ’{)17

) <
flo1) = f(z:), flor) = f(z) > o;/; nail
(QCq d2qd/ min {1 E 0, 1)3_)}) (Z/[;c“vo] f( )>j_

IN
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Thus, the proof is complete if we verify (21) with the 4 (m) in (27). The rest of the proof is
devoted to this task. In fact, we prove

€ \4
¢ < Uy —1/2 —
(64) E(%lgi( EE[ ] nu7v)+ < Cgaotm Tq+(m)

under the moment condition Ee; = 0 and Ele; |‘1V2 < 072 without assuming the normality of ¢;.
To control the maximization over u € [1,«] in (21), we cover the set by a collection Uy ,, of
blocks {[u;, u;] } indexed by vector i € N% as follows. Define

v = ()i e (@) — (W) a1 . o
Upw = {[ué,uﬁ:M:Q”,W:Z“ ,z:(zl,...,zd),zj€N+},

which covers {u : u < x}. The covering collection for [1, x| is defined as
(65) Uzw = {[ui,ﬂi] # 0 (g, W] = [ug, w;) N [1, 2], [ug, ;) € U:;},v}'

Here the edge of the blocks are allowed to overlap to simplify the discussion. Observe

E(max > =)

z;€[u,v] My
e qVv2y q/(qVv2)

< E
< ( max| ), o )

z,€[u,v) ’

e qVv2y q/(qVv2)

< E max
B ( Z u€ ;1) Z ;v >

n
[u;, ;)€U z;€|u,v)

due to Ny > N, 0 for u € [u;, w;). It follows from the definition of Uy, ,, that ng, » = lil=dp,
and Ny, » < 2lély, where m = Ng.v and |2 = Z?Zl ij. Therefore, by Lemma 2,

1 qVv2
> & (] T )

ue|u,;,u;
[Hiyﬁi]eUm,'v [7“ il z,€[u,v]

1 V2 (qv2)d qVv2
(qv2)d q )
<2 Y grmamlve1) B X o
[ﬂqﬁﬁi]eUI,’U mle[y—uv}
1 1 €;19V2
d_qVv2, —(qV2)/2 &i
S L Z Q(qu)\i\/zE’ ’

MNay. g
[;,1;)€U o VIROY gieluy )

where C; = {2(¢ V 2)/(q V 2 — 1)}9V2. The Rosenthal inequality gives

1 €i €; qv2

E‘ e max{ E‘i‘ 1}< /
= 2 5| <Cw > El—— | <Gl
07 xi€fu,;,v) x; €[u,,v] -

qV2
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where constant Cy, , is continuous in ¢ > 1. It follows that

Eq q
£ )
max ) .

Nu,v
z;€[u,v)

d~r \a/(qv2) —q/2 1
(CaCqv2) otm= Uy Salil/2
[u ﬁz}eUmv

/(qv2)
< (qu/zw)q T otm™ q/QZ Z 9q(i1+- +zd)/2

i1=1 ig=1

IN

< Cq,do—qm a/2 )
where Cy 4 = (C’CZC’(’J\/Q)Q/(QW)(2(1/2 — 1) remains continuous in ¢ > 1. This gives (64). O

REMARK 6. Ife;’s are i.i.d., Lemma 2 gives specifically Cqq = {(qV 2)/((qV 2) — 1)} in
(64) as the process below is a multi-indexed reverse martingale,

W= Y - u<a

Nu,v

z; €[u,v]

A3.3. Proof of Theorem 2. Let 1, = [a, b]. It follows from Theorem 1 that
66) T,(Vo) = Z E’fn x;) — f(fci)‘q <2 Z rg+(Mma,) + 29 Z rg,—(Ma;,—).-
x;€[a,b] xz;€[a,b] z;€[a,b]

As the analysis of ry _(mg, —) is symmetric to that of 74 1 (my,), it suffices to consider the first
term on the right-hand side above. To this end, we divide V} into two parts: Vj y and Vp \ Vo 4,
where V) | is composed of design points x; in Vg for which the positive-side L, risk measure
¢+ (Mg, ) can be controlled by the variation of f within Vj. More precisely,

Vo = {ai € la.b]: £(8) > F(@i) + 3/ L ne0) |-

According to the definition of my, in (23), mg, > ng, p for design points x; in Vp \ Vg 4, so that by
the monotonicity of the variability measure ry 4 (mg,) < r¢+(na, ), representing the edge effect
when f is flat within 14, but the data for the design points beyond V4 are not used. In our analysis,

(67) Tyt (Vo) =27 Y rgq(ma,)

CBZ‘EVOH,.

is controlled by the range-to-noise ratio A}, and the dimensions 72; of the block Vj = [a, b], and

(68) Tor (Vo \ Vo) =27 D rgi(ma) <27 D 744 (Nayp)
x; ¢Vo,+ z;€|a,b]
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is relatively easy to bound as 7, 4 (m) is explicitly given in (64).
Let £, (m) be any upper bound for £o  (m) = #{x € Vo + : my < m}. We have

Na,b
Tt (Vor) = 3 29Coa0m™ b (m) = Lo, (m — 1)}
m=1
&
< 200,007y m_Q/2{€67+(m) — 5 (m— 1)}.

m=1

In the following four steps, we respectively bound ¢y 1 (m) when d is the effective dimension,
bound T 4 (Vo ), bound T; (Vo \ Vo,+), and draw the final conclusion on the sum 7}, ; (Vp) =
Tyt (Vo,4) + Tt (Vo \ Vo,4)-

Step 1: Bound £y 4 (m) for m > t4 = n/n%. We first partition V = [a, b] into a lattice of 74
hyper-rectangular blocks, which we call unit blocks and write as

By = {iBZ taj+ (k}j - 1)ﬁj/ﬁd < x5 <aj +kjﬁj/ﬁd,1 <3< d},

indexed by k = (k1,...,ka)T € {1,...,74}%, where z; ; is the j-th element of ;. We note that
while a and b are integer-valued vectors, a; + k;jn;/n, are not necessarily integers unless 7; are
all multipliers of ng4, and in this special case the dimensions of By, are exactly proportional to that
of [a,b]. In general ¢, is the average number of data points in Bg. In the simplest case where
ny =--- =ng, tg = 1 and By, contains just a single design point @ + k — 1.

We then partition [a, b] into diagonal sequences of unit blocks and denote by Ly the sequence
starting from the unit block By, on the lower half boundary of [a, b]. Formally, we define Ly, as

min; (g—kj)
Ly = U Biti1, where k € {k:3j <ds.t. kj =1},
i=0
Note that #{k : 3j < ds.t. kj =1} < dﬁg_l, so that there are at most dﬁg_l such Lg’s. In the

case of d = 2 and 77 = Mg, each Ly, is the intersection of V = [a, b] and a 45 degree line in R2.
Finally we partition Vj 4 according to the value of the function f into

Dj = {CB € VE),-&- : f(a) + (] — 1)T;7/_E((3k)dtd) < f(a:) < f(a) +j7’;7/_€((3k)dtd)},

j=1,...,J, whererq(m)isasin (64), J = [{f(b)— f(a)}/r;,/f ((3k)%4) | and k is a positive
integer satisfying (k — 1)%, < m < k%,. Figure 3 depicts a segment of Ly, passing through D;
with a diagonal line of unit blocks in red color, in the case of d = 2.

On D; N Ly, consider design points @ € D; N Bgic1 and v € Dj N By (cy144)1 for some
integers ¢ > 0 and k£ > 1. The lower and upper bounds for the individual coordinates of the design
points in the two unit blocks provide

Kty < ngw < (k+2)"ta < (3k)%,.
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Asx and v arebothin D, f(v)—f(x) < r;/f: ((3k)dtd) < r;{f (nwﬂ,), sothat mg > ng o > k4
by the definition of mg in (23). Thus, for x € D; N Ly, mg < kit implies that « is within &
blocks away from the upper contour of D,

#{x € Vor NLpNDj:mg < K%y} < (k+ L)ty

The above bound holds for all D;, but actually we can replace the upper bound by 0 for j = J.
Letx € Vp+ N Dy. We have f(b) < f(x) + 1/q((3k)dtd) by the definition of Dy and f(b) >

flx)+ rq/f (na,p) by the definition of Vg 4, so that (3k)%t4 < ng p. Consequently, there must exist
two adjacent design points v1 and vo = v1 +€; in [, b] for some canonic unit vector e; such that

Nev, < (3k)%y < gy < 2nga,. It follows that f(vy) < f(b) < f(x) + 1/q((3k)dt ) <
F(@) + 1o/ (Ny)s 50 that Mg > Mg g, > Ny /2 > k. Thus,

#{x € Vo NDy: my <k} =0.
Asrg i (m) = Cuaotm=9% and k = [(m/tg)"/], we have
lor(m) < #{xc Vo :me < ky)
-1

= ZZ#{$€%7+ﬂLkﬂDj megkdtd}

k j=1

< dﬁg‘l(k + Ditg(J —1)

ral4((3k)dtq)
< dﬁ§‘14m1/dt; Vel [(3k)da{ f(B) - fla)} /o
< dnd~tamV Ve 13 e mAy,

_ /~d111/d 1/d+1/2 A *
= O gty A
/ * 1d+12~171d
Cl Am a2

due to ﬁgtd = n. As the above inequality holds for all integers k& > 1,
ly+(m) < C(’LdAfLml/deﬁl_l/d Vm > tg.

Step 2: Bound 7}, 4 (V. +). If [a, b] is a hyper-cube, i.e., n; = - - - = nq, then t5 = 1; otherwise,
we still need to bound £y 4 (m) for 1 < m < tq = n/n. Recall that n* = [[=17j and t5 =
ni/ns. As1 <t; <. <ty we justconsider ts < m <ty for some 1 < s < d. We partition
Vo = [a, b] into ng41 - - - g = n/nk lattice slices of dimension 721 X - - - X 74 as follows,

Vokssroka = {®i €[a,b] iy =aj+ (kj —1),s <j<d}, kj=1,...,n5,s <j <d.



We apply Step 1 to each Vp . so that forall t; < m <54

o1k
#{wz’ € Vo MNVokyir,oky : May < m} < C;,SAZml/SH/Q\‘/(),ks+1,...,kd|1_1/s
AS Vo kys1,....ky 18 Of s-dimensional and contains 7§ data points, Step 1 yields
fo+(m) < min {71, (3/i5) x Cp Aym!/125) =1,
As H(t) = min {1, ALt1/2(t/72) 15} for ts < t < tyyq, it follows that
lo(m) < 65 (m) = ClyRH(m), ts <m < topq, 1 <s < d.

Hence, as . = ngqp,

Na,b
(69) Ty (Vo) < Cpa2io? Y. m_Q/2{€a+(m) — 0 (m - 1)}
m=1
~ d ts41 .
< Cq,d2q0§,d0qna,b<H )+ / t_q/zH(dt))
ts

Step 3: We bound 7}, (Vo \ Vo.+) by

To+(Vo\ Vo+) < 27 Z Tg,+ (N, )

i€[a,b]
< 99 q
< 2o ¥ g
z;€[a,b] j= 1
d bj—a;+1
<

2quvdH Z m_q/Q‘
j=1 m=1

41

Step 4: In view of (66), (67) and (68), the main conclusion (36) directly follows from Steps

2 and 3 by summing (69) and the above inequality. Note that we may take in (36) C;; d
max{QC’q,dTlC’(’Ld, 21+4C, 4}, which remains continuous in ¢ € [1,00) and decreasing in d. Note

thatty = 1, s = 7% /7S Tin s, tar = i, and H(t) = min {1, ALt/2(t/72)/} for t € [ts, tsi1]

is defined in the same way as in Proposition 1.
To obtain more explicit bounds, we write

nayb - ~ t* ~
(70) II=H(1) + / t2H(dt) = H(1) + / t 2 H (dt),
1 1
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where t, = min{t > 1: H(t) = lort = Na,b}- Note that ng p = 1 and ¢, € [1,7] exists as H(t)
is strictly increasing and continuous in ¢t € [1,7].

For A} > n; = nj, we have t, = II = 1, which gives the first case of (37).

For A* < iy, t, = (7)Y ) A%)25/(2+5) A7 for some s satisfying t, € [ts, tsq1]. Fort, < tsgs
this matches the ¢, in (63) where the lattice is of size ny X - -+ X ng. Inside the interval [t, t511],
t=92H(dt) = (1/2 + 1/s) (AL (7E)Yo)t/s=1/2=a2qt 1§ 1/s — 1/2 — q/2 # —1 forall s =
1....d, [/ t 92 H (dt) = maxj<i<is {t*q/QfI(t)} as we analyzed in the proof of Proposition 1;
otherwise, the integration may have an extra logarithmic factor when the maximum is attained with
s =354 =1[2/(¢ —1)] A (d+ 1). In the simplest case where 7; are all equal, 1 =¢; = --- = tg,
s = d is the effective dimension of the lattice [a, b] and

t*
1= (A0 (14 (2 1/0) [/l
1

with t, = (RY/?/A%)%4/(2+d) A 7 Here are the details for the general case.
For 1 <t, <tg,, orequivalently t* € [ts,ts41] for some 1 < s < s,

< TT (4% *\q/2 _ —q/2 17
g F) /()92 = s -2 ()

as in the second case of (63), or the second case of (37), or the second case of (29).
Similarly, for t,, <t. <nand2/(q¢—1) ¢ {1,...,d},

tsg - t _ -
I < / t~ U2 H(dt) + / 92 H(dt) Sqats 2 H(ts,) = Apt 2 )5,

0 tsg

as in the third case of (63), or the third case of (37) with A, , = 1, or the third case of (29).
Finally, for t,, <t. <nand2/(qg—1) = sq € {1,...,d}, the integration of ¢! in the critical
interval [t ,ts,+1 A ti] may result in an extra logarithmic term. With s = s,

bt (1/2 + 1/5)A* t At \ P\ (s 2)A%A
—a/2 [y < M2 0N e ot} — 22 Pns
f e < QTR e, (4 27

S
in view of (38), as (ts41/ts)"/® = T /Tig1 and (t, /ts)Y/* = (W2)V5 ) AX)2/ @), /(7%)/5. For
be > topns [ CVRH(A) Sq Hto)/t05, = H(t,) /157 as Ht)/10? = A/ (05, ) !
is a constant in [t,,,ts,41] for ¢/2 = 1/s + 1/2. Therefore,

e _ANA ARA,

S G @D T a2y 0 0T 2/(q—1) <d,

S

which gives the third case of (37) when the integration of ¢! is involved.
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A3.4. Proof of Theorem 3. It follows from (29) of Proposition 1 that
o9 max {(t An)"URH(E) s A ho(t) > 1}
Sea inf sup {Ro(F. 1) Fu € Tus A(f0)0) < A}

Thus, the main claim (41) holds when

~(block)

sup { Ry(F," " £, £ € T AF /o) < A*}
H dt q
Sq,d ol (H(l) + tq/2 > Z H/ t\/ 1 q/2

1

) I{q=2} .

d

q

Sqd  As,0f max{(t An)"U2H(t) . tAho(t) > 1} + (% Hlog+(nj)
j=1

The first inequality above is (36) in Theorem 2 with [a, b] = [0, 1]. The second follows from a

comparison between the upper bound (37) in Theorem 2 with [a, b] = [1, ] and the lower bound
(29) in the respective scenarios, covering A¥ > t_l/ 2= (quzl(nj /ns,)

The rate in (43) follows directly from (37) with [a,b] = [1,n]. Note when 2/(q — 1) = s,
d—1,ng,41/ns, < 1butng/ngy1 < nt/d,

O IA

Ad. Proofs of the results in Subsection 3.4

A4.1. Proof of Theorem 4. As A, p, = 0 for all k, it follows from Theorem 3 and (39) that

_ d 1{g=2}
Ty([ak, b)) Sqa 0f [niki/j + (H log (bkj — ak,; + 1)) ] ;
j=1

where ay ; and by ; are the jy, element of ay and by respectively. The first conclusion follows.
When 1 < ¢ < 2, we have

K
1-q/2 _
V) Sqa 073 ng 8 Sqa oK (n/K)' 792
and when g = 2,

To(V) <q4 o? Zlog max (bg,; — ak,j) + 1)

K

Sd o’ Z logiK (nak,bk)
k=1
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1 K
2 d
Sd g K10g+K(K;nak,bk)a

where the last inequality follows as logiK (z) is a concave function when x is greater than a certain
constant Cy. The second conclusion follows as ¢ > 2 simply gives rate K /n. g

AS5. Proofs of the results in Subsection 3.5

AS5.1. Proof of Theorem 5. As f(x) = fs(xg), we can always take v with the largest vge, so
that

—q/2
Part (M) = 1. (M5 ) (Coa/ Cous o g

where 4 4 (Mg 2 ) is the risk bound at g in model S, ng ¢ ng. is the size of [xgc, 1gc] in model
5S¢, and Cy 4 is from the definition of r4 4 (m) as in (27). We note Cy s < C, 4 for all s < d. Thus,
in the sheet of x with fixed & g¢, the risk bound is identical to that of model S with ¢? reduced by
a factor n;gf?nsc. Letog.. = (Cq,d/qus)aq/n%/Sansc.

To(V)
Sq.d Z ns/dggsc min {1, (A(fn/ffmsc)

rge

min{1,qs/(s+2
n—l/d) {Las/( )}(logn)l{qs:s-i-Q}

+ (ns/d) —min{1,q/2} (10g n)sl{q:Q} }

Sa.d > ne(y e ag) Y2

je[l,nl/d]d_s
X min {1, (A(fn/ff)(jl o Jd—s)

+ (ns/d) —min{l,q/2} (log n)s[{q:Q} }’

I{gs=s+2}

min{1,qs/(s+2)

where the first inequality follows from (43) in Theorem 3. Hence we obtain (45) and (46). ]

A6. Proofs of the results in Subsection 3.6

A6.1. Proof of Proposition 3. We first prove that (50) holds with the variability bound in (52).
As the V = [0, 1]? for the random design, we modify the proof of (64) in the proof of Proposition 2
as follows.

Consider fixed 0 < a < b < 1 and € [a, b]. The modification involves vectors v and w
inRewithe < w < v < b, and a probability measure P* which endows the same conditional
distribution of {¢;,i < n} given {x;,i < n} as P does and iid «; € [0, 1]¢ distributed according to
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the conditional distribution under PP given n4 o, = 0. This covers three cases, v = vy and w = @
for P* = P, v = b and w = v, for the conditional probability given ng ., = 0, and v = 1 and
w = b for the conditional probability given ngp = 0.

Consider the case of P{x; € [z, v] \ [, w]} > 0. Let y* be the measure in R¢ given by

w ([, v]) = p ((u, 0] \ [z, w]) /" ([0,2] \ [, w]).
For ¢ > 0, let h(t) be the function satisfying
B (2, v]) — ([, w]) = ek (2, 0] \ [, w)).

AsP{x; € [z,v]\ [z, w]} > 0, u*([@, v] \ [z, w] > 0 by (47). We have ~(0) = 1 and

pt ([, v] \ [=, w])

(d/dt)log h(t) = pk ([, 0] \ [z, w]) + e~ pb([z,w)

Thus, log h(t) is convex in ¢. To modify the construction of Uy, ,, in (65), we define u; by

() ) = vi) = hin (D) (V) — (7))

where (j) is determined by i(1y < ... <'i(g) and h(;(¢) are given by

Wiy +- +ig + (d ')i(j))>1/(d+1j)

(71) hj) (@) = < hy(8) X -+ X hej_q)(2)

with hg)(2) = 1. More explicitly, with g¢;)(2) = log h(i(y) + - + i) + (d — 7)i(;))s

. 9@ % 9(0) (%)
(72) log hj) (1) = ——=—— —
I =1 ;(d+1£)(d€)

Furthermore, we define w; = u;_;, and
U = { [ ] : @; € [0,2],1; > 0V }.
Next, we verify the following properties of Uy 4,

:U'*([Qi?v])

7 o ([, v))

= elil, U{[gi,ﬂi] TP TANS Umﬂ,} 2 [0, x].

As H;l:l h;y () = h(]3|), the first part above follows from

Pl o)) (g, v]) — e (@, w])  R(liDu" (2, ) — p* (2, w)
([, v]) pk ([, v] \ [, w)) pk ([, v] \ [, w])

il

=€
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For the second part of (73), it suffices to consider 1 < 41 < - < 451 < 45 = -+ = id by
symmetry and prove that the block [u;, w;] overlaps with blocks [u,,w; ] with 2 ;é ¢ < don
sides j,...,d. This holds iff uy < w; ; = w; with ¢’ = (i1,...,i-1,4; — 1,.. 1) iff

h(j) (i — 1) < h;)(4'), and by (72) iff
’L — ]_ J—1 g(f i_ 1) B g(])('l/) j—1

_Z g(g)(’l)
d—l—l—j (d+1—-0)(d—-¢) —d+1—j 3:1(d+1_€)(d_€)7

6:1
which can be written as

/i1+...+ij1+(d+1j)i]’1 i1+...+ij,1+(d7j+l)(ij71) d log h(t)

go(t)dlog h(t) < /

d(i—1) i1 (d—g)i —d d+1—j

with go(t) = S0_ 1 I{iy+. .. Hig+ (d—€)ig—d <t <iy+...+ig+(d—0)ig}/(d+1—£)(d—0).
This inequality holds as go(?) is decreasing in ¢ in the domain of the integration, log h(t) is convex
in ¢ and the two sides are equal when dlog h(t) is replaced by the Lebesgue measure dt. For
example, for j = d =2 and i1 < 2, u 1 <, 1 follows from

11 12— =i1—1 Z2
i1+ia—1 211
2 / dlog h(t) > / dlog h(t)
i1+1i0—2 2i1—2

by direct computation from (71). This completes the proof of (73).
Similar to the calculation below (65), it holds that, when P{x; € [z,v] \ [z, w]} > 0, or
equivalently fiz v > Lz w,

q
€
]E* max E S
u<z Ny V 1 n

x; €[u,v]
q
< Z E* ( max [(——mM— & )
[, %] Un 0 uE[u,; u;) <nu w V1 ’ 21 ] )
i qVv2 q/(qv2)
< \d (- )
- 72 (Cq) E (nu v\/l‘ 51) ]
[u;,w;)€Ug v L 2 x;E[u;,v]
i 2(qv2)] (4/2)/(qv2)
< > (COHE (na e v TEOINE| Y g ]
[ﬂivﬁi]er,v L mie[ﬂiﬂl]

< N (OB [(naye V1) 2B [0 D)

[ﬂi 7ﬂi]€Uw,v

)

] (9/2)/(qv2)

where the first inequality follows from the second part of (73), the second from Lemma 2, the third
from Cauchy-Schwarz inequality, and the fourth from Rosenthal’s inequality. As 7, , is a binomial
random variable,

E*[(1V nuw)™) g 1V (B [nue)) ™, Vg >0,
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E*[ng.] S

~q

E*[n4,0], when g > 0and E*[n, ] < 1.
Moreover, by (47) and the first part of (73),

M< i (ug,v) g

E* [nm,v] PP ([, v)) - E[nﬁiﬂ’] p1,o0 1 ([W3,0]) = elil_d“*([w’v])'
Thus, when pig » > iz w,
(74) E*(max Z Ei)q < Cydp pzaq(l\/E*[”w v])_q/Q‘
u<lw i Nuw V1) e 7

By arguments similar to what we have in the proof of Theorem 2, we can maintain Cy g, p,
continuous in q. This gives (52) with P* = [P and w = @ when piz » > fiz.w = 0. It also holds for
Ha» = 0 as the bound 74 1 (nfiz ) can be right-continuous due to

E; q < E; >q
< E*| max — ) +E* max —_
<u§(le)m Z;v Nyp V 1>+ u€[0,z]\[0,(1—¢€)x] Z Ny V 1 N

z;€[u,v)

where the second term goes to zero when € — 0+.

We then prove (53) by considering three cases that can happen when estimating f(x): (1) the
block [x, v5] is non-empty; (2) the block [z, v..| is empty but not [x, b]; and (3) the block [z, b] is
empty.

Consider the first case where 14 4, > 0. By the definition of m,, there exists v, < b such that
in the event ng 4, > 0,

€;

F(block) Yi L/
fn (w) S r;lg;:( Z nu,’Uw S f(x) + Tq,—i—(mﬂ?) + %lﬁa;:( Z nu,'U:z:

T @i €lu,vg) T E[U, V]

with the r4 4 (m) in (50). Thus, by (74) with P* = P, v = v,, w =  and piz 4, > 0 (otherwise
P{ng v, >0} =0),

(75) E(ﬁbl”k) (x) — f(a:))j’rl{nw,vm > 0} < 297y 4 (mg).
Consider the second case where ng 4, = 0 but ngp > 0. It follows that

]/c;(lblock)(m) < f(b) + max &i

)
u<x nu,b
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so that by (74) with P* being the conditional probability under 14 ., = 0, w = vz, v = b and
Hab > Haw, (Otherwise P{ng ., =0, ngp > 0} = 0),

(76)  E(f"M (2) — f(2))! I{naw, =0, ngp > 0}
_ €
2 (50— fe)" +E| (xS

xz;€[u,b)

q

IN

N vy = O] >]P>{nw,vm =0}

+
-1 A q —Mg
S 2q Cq7d7p1’p20q( a,b + l)e " .

Finally, we consider the third case where ngp = 0. By the definition of Fblock) ﬁ(lbl“k) (z) <

f(1) + maxy<g Zmie[u 1 €i/Ma,1. Similar to the first two cases,

77 E(ﬁ(zblwk) () - f(ac))if{nm,b =0} < Qq_lcq,dml,pszq (A%,l + 1) MHap

for pigp1 > pigp- It remains true for jiz 1 = fiz b by a similar right-continuity argument to the one
below (74); we omit the details. Therefore (53) follows from (75), (76) and (77). ]

A6.2. Proof of Theorem 6. In this proof, we may re-define some notation to fit in with the
random design scenario. Such new notation supersedes definitions elsewhere, but is applicable
only in this proof. Throughout the proof r, 1 (m) is defined as in (52).

As the risk over block [a, b] is

R:(la,b]) = / E|FoN) (z) — f(z)|'da,

[a,b]

it suffices by symmetry to only bound R;  ([a, b]), where

R: L (A) = AE(ﬂbl00k> () - f(x))idz, AC]0,1].
This will be done through Proposition 3. A direct consequence of Proposition 3 is

RZ([O’7 b]) Sq,d,PhPQ ot (A((J),l + l)lu'a,ba

which serves as the trivial upper bound in (49).
Parallel to the proof of Theorem 2, we partition Vp = [a, b] into Vj 4 and Vj \ Vp 4, where

Vo+ = {x € [a,b] : f(b) > f(x)+ r;,/fr’(nuw,b)}. By (51), mg < npigp for & € Vo 4 (equality
may hold only if f(x) is not continuous at = b), and m4 = npg p for © ¢ V4. In what follows,
we first bound R , (Vo +) and then R . (Vo \ Vo +). The conclusions follow from summing the
two bounds up.

To derive bound for Rj . (Vo +), which is an integral over Vj 1, we first integrate over lines
parallel to b — a and starting from points in the lower-half boundary of [a, b], and integrate them

over the lower-half boundary. Formally, let Orower = {x € [a,b] : 2; = a; for some j} denote
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the lower-half boundary of [a, b]. We define for each ¢ € OLoyer, the anti-diagonal line segment
starting from cas Lo = {c+ k(b—a) : k € [0, kc]}, where ke = sup {k : c+ k(b—a) € Vp 4}
is the length of the segment. It follows from the above definitions that k. < 1, L. C V, and

VO,-{- = U Le.

ceaLower

For simplicity, let m ;. = Meipp—q) and g(k) = f(c+ k(b — a)). Observe

Ryt (Le)
< C;,d,m,ngq/j: ((mw v1)~Y? 4 Aqa,be_m‘”>d;c + CroAG 4 /L e "Hebdy

c c

ke
< tlz,d,p1,p2gq/0 ((mck Vv 1)_q/2 + Aibe_mc”“)dk + C:;UquJ / e by

Le

Nla,b
< g0 /0 ((m v 1)/ 4 AL o) dte o (m) + Clo"2h /L e s

c

where (¢ 4 ( fo I{mcj < m}dk.
It then sufﬁces to bound /., 1 (m). To this end, we shall divide divide V; ; into

D; = {@ € Vo : fla)+ (= Drgllm) < f(@) < f(a) + jrglL(m) },

j=1,...,J, where J = [{f(b) — f(a )}/rl/q( )] Consider D; N L and let v be the right end
point of this segment, i.e., x < v for all x € D; N L. If we can find x,, € D; N L such that
Nz, » = M, then any point < @, in D; N L, has mg > m. Letv = @, + t(b — a). It follows
that

/ I{mep <m}dk <t < [(/)2//)1) ] :
+k1€D;NLe

a,b
The above bound is trivial if there is no such :r;v Forx € DyNL., wehave f(b) < f(x )+r;/fi(m)

by the definition of D; and f(b) > f(z) + 1/ +(nuw p) by the definition of V; ., which implies
m < npgp. However, mgy > npg p due to x € Vg 1 so that my > m and

/ I{mey < m}dk = 0.
c+kleDsNLe

Overall, we have

J
Z/ I{mey < m}dk
j=1 c+kleD;NLe
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[(p2/p1) m ]1/df(b)—f(a)
b rgld(m)
(pa/ ) C, % A (b

(p2/p1)V2C 30 H* (m),

IN

)—l/dm1/2+1/d

IA A

where H*(m) = min {1’ Amb(nua’b)—l/dml/%—l/d}.

Consequently,
(78) Ry (Vot) = / Ry (Le)de
ceaLower
" et —q/2 q —m *
< Cldpr,?’ /O ((mVl) V24 AL e )H (dm)
+C(/]UqA31/ e*"““’v”daz}.
) VO,+

We then bound R} | ([a,b] \ Vo+). As f(b) — f(x) < r;ﬁ(mx) and mg = npigp for © €
[a, b] \ Vp 4, it follows from Proposition 3 that

~

E(fn(w) - f(w))j_ < 2qrq,-f— (nﬂw,b) + 2q0.q(A%71 + 1)677”%'17‘

Therefore
(79) R, ([a,b]\ Vo,4+)
= CCIIHd p1 pzaq/ <((nﬂw,b) V 1) —a/2 + Ag le—num,b>dw
Y z€la,b]\Vo,+ J
<

—a/2 _
C</1/7,617/117p20-q/ (((nﬂsc,b) \ 1) 4 + A%’le ””wyb)dm.
z€la,b)

The main conclusion (48) directly follows from (78) and (79), with appropriately chosen C; d,p1,p2
so that it remains continuous in ¢ > 1 and non-decreasing in d.

We then specifically derive its rate in (49). As H*(m) = 1 implies m = (nua’b/Aib)y(dH)

2

we calculate the first integral in (48) from m = 0 tom = min{nua’b, (n,ua,b/Ai b)z/(d+2)}. The
first term in (49) hence follows. The last term follows from a straightforward calculation of (79)
using

d—TI
1) Paz < (logy (np1ap)) ™ fn g2,
nH xjV T Jq,d,p1,02 —q/2+1
x€[0,b—al] j (”Nmb) /n l<g<2

This completes the proof. U]

A6.3. Proof of Theorem 7. We omit the proof as it’s a direct result of Theorem 6.
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A6.4. Proof of Theorem 8. We omit the proof as it’s similar to the proof of Theorem 4.

A7. Proofs of the results in Subsection 3.7

A7.1. Proof of Theorem 9. We provide the proof only for the { ﬁ(@blmk),?fl} pair given by (17)
and (58) as the proofs for the { flmaz—min) ﬂlmax_mm)} and {ﬁ&mm‘m“) , ?flmm_max)} pairs are
nearly identical and slightly simpler. By the definitions of m,, and v, in (60),

ﬂblock)(w) < 1{max min Y[u v] T min maxY[u 'v]}

= 2 lu=a vzp=v, Ve=v usx
—* &;
< fulx )+rq/f(mw) + max (max E > ,
VrUe \ U3T Nu.v
z; €[u,v] v+

for data points & = x;. Thus, by the definition of 74 1 (m) in (59),

E{fMN) (@) - Fo@) ), <20 (me)

as in the proof of Theorem 1. Similarly, we can have the inequality on the negative side. This gives
the . version of (25) and (26).

It remains to prove (59) holds with r¢ +(m) = q7daqm_q/ 2 as the counterparts to the rest
of the proof in the proofs of Theorems 2, 3, 4 and 5 are all based on (25) and (26) with r, +(m)
of this form. To this end, we notice that for fixed  and v, in the lattice design, the partial sum
Y u<w;<vy<v €i indexed by u and v is a martingale in each index u; or vx while holding other
2d — 1 indices fixed. Thus, similar to the proof of (64) in the proof of Proposition 2 we can group
g and v in blocks of sizes 2/#m and 2/9/m and bound E MAX v, (maxujw Zwie[u’v] 5i/nu,v)i

y

S S S 3 s S
e (2 v 2lilym)ar2 Sad (2ldlm)a/? Sad a7
1’_ h7

with m = ng 4, . This completes the proof. g
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