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Generalized fractional integral operators and their
commutators with functions in generalized
Campanato spaces on Orlicz spaces

Minglei Shi, Ryutaro Arai and Eiichi Nakai*
Department of Mathematics, Ibaraki University, Mito, Ibaraki 310-8512, Japan

Abstract

We investigate the commutators [b, I,] of generalized fractional integral
operators I, with functions b in generalized Campanato spaces and give a
necessary and sufficient condition for the boundedness of the commutators
on Orlicz spaces. To do this we define Orlicz spaces with generalized Young
functions and prove the boundedness of generalized fractional maximal oper-
ators on the Orlicz spaces.

1 Introduction

Let R™ be the n-dimensional Euclidean space, and let I, be the fractional integral
operator of order a € (0,n), that is,

I.f(x) = / &dg/, r € R"
rr |7 —y[nm

Then it is known as the Hardy-Littlewood-Sobolev theorem that I, is bounded

from LP(R") to LY(R"), if a € (0,n), p,q € (1,00) and —n/p +a = —n/q. This

boundedness was extended to Orlicz spaces by several authors, see [3, 5], 15, 27, 32

33|, 34], etc. Chanillo [2] considerd the commutator

[b> Ia]f - b[a.f - [a(b.f)a
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with b € BMO and proved that [b, [,] has the same boundedness as I,. The result
was also extended to Orlicz spaces by Fu, Yang and Yuan [6] and Guliyev, Deringoz
and Hasanov [g].

In this paper we consider generalized fractional integral operators I, on Orlicz
spaces. For a function p : (0,00) — (0, 00), the operator I, is defined by

(1.1) 1,f(x) = / PUe=v) ey gy v emrr,

no o=yl

where we always assume that
1
t
(1.2) / Q dt < oo.
0

If p(r) =7%, 0 < a < n, then I, is the usual fractional integral operator I,. The
condition (LL.2)) is needed for the integral in (ILI]) to converge for bounded functions
f with compact support. In this paper we also assume that there exist positive
constants C', K; and Ky with K7 < K5 such that, for all » > 0,

(1.3) sp oy <c [P0 g

r<t<2r Kir
The operator I, was introduced in [20] to extend the Hardy-Littlewood-Sobolev
theorem to Orlicz spaces whose partial results were announced in [19]. For example,
the generalized fractional integral I, is bounded from exp LP(R™) to exp L4(R"),
where

(1.4) p(r) = {1/(108;(1/7“))0‘+ for small r,

a >0,
(logr)o—1 for large r,

p,q € (0,00), —=1/p+ a = —1/q and exp LP(R") is the Orlicz space L®(R") with

O(r) = {1/9Xp(1/7“p) for small r,

1.5
(1:5) exp(rP) for large r.

See also [21], 22, 23], 24] 26]. Recently, in [4] some necessary and sufficient conditions
for the boundedness of I, on Orlicz spaces have been given.

In this paper we consider the commutator [b, I,] with a function b in generalized
Campanato spaces. To prove the boundedness of [b, [,] on Orlicz spaces we need
the sharp maximal operator M* and generalized fractional maximal operators M, o
see (LO) and (L7) below for their definitions. Moreover, we need a generalization
of the Young function.

First we recall the definition of the generalized Campanato space and the sharp
maximal and generalized fractional maximal operators. We denote by B(x,r) the
open ball centered at x € R™ and of radius r, that is,

B(z,r)={y e R": |y — x| < r}.
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For a measurable set G C R™, we denote by |G| and x¢ the Lebesgue measure of G
and the characteristic functlon of G, respectively. For a function f € L} (R") and

a ball B, let X
fs =]{Bf=]£f<y>dy= E/Bf(y)dy

Definition 1.1. For p € [1,00) and ¢ : (0,00) — (0,00), let £, ,(R™) be the set of
all functions f such that the following functional is finite:

1 1/p
1fllz,. @) = sup ( |y fB|pdy) :

B=DB(z,r) w
where the supremum is taken over all balls B(z,r) in R".

Then [[f||z, ,®n) is a norm modulo constant functions and thereby L, ,(R") is
a Banach space If p = 1and ¢ = 1, then £, ,(R") = BMO(R"). If p = 1 and
P(r) =r* (0 < a <1), then £, ,(R") coincides with Lip, (R™).

The sharp maximal operator M?* is defined by

(16) = Sup][ |f fB| dya T Rn?

B>z

where the supremum is taken over all balls B containing x. For a function p :
(0,00) = (0,00), let

(L.7) M,f(x)= sup p(r) ][ Iy, 2R

B(z,r)3x

where the supremum is taken over all balls B(z,r) containing . We don’t assume
the condition (I2)) or (L3]) on the definition of M,. The operator M, was studied in
[31] on generalized Morrey spaces. If p(r) = |B(0,7)|%/", then M, is the usual frac-
tional maximal operator M,. If p = 1, then M, is the Hardy-Littlewood maximal
operator M, that is,

M f(x —Sup][If Ndy, xeR"

B>z

It is known that the usual fractional maximal operator M, is dominated point-
wise by the fractional integral operator I,, that is, M, f(z) < CI,|f|(x) for all
x € R™. Then the boundedness of M, follows from one of I,. However, we need a
better estimate on M, than I, to prove the boundedness of the commutator [b, 1,].
In this paper we give a necessary and sufficient condition of the boundedness of M,
which sharpens the result in [4].

The organization of this paper is as follows. In Section 2] we recall the definition
of the Young function and give its generalization. Then we define Orlicz spaces
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with generalized Young functions. We state main results in Section Bl We give
some lemmas in Section El to prove the main results. The boundedness of I, has
been proved in [4]. We prove the boundedness of M, in Section Bl Moreover, we
investigate pointwise estimate by using the sharp maximal operator and the norm
estimate by the sharp maximal operator in Section [l Finally, using the generalized
Young function and the results in Sections @HGL we prove the boundedness of [b, 1]
in Section [

At the end of this section, we make some conventions. Throughout this paper,
we always use C' to denote a positive constant that is independent of the main
parameters involved but whose value may differ from line to line. Constants with
subscripts, such as C), is dependent on the subscripts. If f < Cg, we then write
f<Sgorg2 fiand if f < g < f, we then write f ~ g.

2 Generalization of the Young function and Or-
licz spaces

First we define a set @ of increasing functions @ : [0,00] — [0, 0] and give some
properties of functions in @.
For an increasing function @ : [0, co] — [0, 00}, let

a(®) =sup{t >0:®(t) =0}, b(P)=inf{t >0:P(t) = o0},

with convention sup @) = 0 and inf ) = co. Then 0 < a(®) < b(®) < co. Let @ be
the set of all increasing functions @ : [0, co] — [0, 0o such that

(2.1) 0<a(®) <oo, 0<b?P)<oo,

(2.2) tl_i)rﬂoq)(t) =®(0) =0,

(2.3) ® is left continuous on [0, b(P)),

(2.4) if b(®) = oo, then tliglo O(t) = P(00) = o0,

(2.5) if b(®) < oo, then lim  P¢(t) = ¢(b(P)) (< 0).

t—+b(®)—0
In what follows, if an increasing and left continuous function @ : [0, c0) — [0, c0)
satisfies (2.2) and tlim O (t) = oo, then we always regard that ®(oo0) = oo and that
—00
e P i
For ® € &, we recall the generalized inverse of ® in the sense of O’Neil [27]
Definition 1.2].

Definition 2.1. For ® € ¢ and u € [0, 00|, let

0, U = 0.
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Let ® € &. Then ®~! is finite, increasing and right continuous on [0, c0) and
positive on (0,00). If ® is bijective from [0, 00] to itself, then ®~! is the usual
inverse function of ®. Moreover, we have the following proposition, which is a
generalization of Property 1.3 in [27].

Proposition 2.1. Let ® € ¢. Then

(2.7) PO (u) <u< dHP(u)) for allu € [0,

Proof. First we show that, for all ¢,u € [0, o0],

(2.8) ) <u = t <P (u).

If &(t) < u, then ®(s) > u= P(s) > ®(t) = s >t and
{s>0:D(s) >u} C{s>0:5>t}.

Hence,
O (u) =inf{s >0:P(s) >u} >inf{s >0:5 >t} =t

This shows ([Z8). Now, letting ®(¢) = v and using ([28)), we have that t < ®~!(u) =
O~1(P(t)), which is the second inequality in (Z7)).
Next we show that, for all ¢t € (0, 00] and u € [0, 0o,

(2.9) O(t) >u = t>d (u),
(2.10) t<du) = o) <

We only show (2.9)), since (2.I0)) is equivalent to (2.9]). If ®(¢) > u, then ®(s) > u
for some s < t by the properties (23)—(2.3]). By the definition of =1 we have that
s> ®1(u). That is, t > & 1(u), which shows [23). Now, if ®~1(u) = 0, then the
first inequality in (7)) is true by @2). If ¢ = ®*(u) > 0, then, using [ZI0), we
have that ®(®~!(u)) = ®(t) < u, which is the first inequality in (27). O

For ®, ¥ € &, we write ® ~ U if there exists a positive constant C' such that
O(C™M) < U(t) < ®(Ct) forall t € [0,00].

For functions P,Q : [0,00] — [0,00], we write P ~ @ if there exists a positive
constant C' such that

C7'P(t) < Q(t) < CP(t) forallte [0,
Then, for &, ¥ € @,
(2.11) PV & A UTh

Actually we have the following lemma.
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Lemma 2.2. Let ®, U € &, and let C be a positive constant. Then
P(t) < W(Ct) forallt € [0, 0]

if and only iof
U u) < OCPHu) for all u € [0, 00].

Proof. Let ®(t) < W(Ct) for all ¢ € [0,00]. If t = U'(u), then by Proposition 2]
we have that U(t) = ¥(¥U~1(u)) < u and that

U (w)/C =t/C < N (t/C)) < @ (U(1) < & (u).

Conversely, let U~ (u) < CP7!(u) for all u € [0,00]. If u = W¥(¢), then by
Proposition 21l we have t < U~1(¥(t)) = ¥~1(u) and

O(t/C) < DU (u)/C) < D(PH(u)) <u= V(). O
Next we recall the definition of the Young function and give its generalization.

Definition 2.2. A function ® € @ is called a Young function (or sometimes also
called an Orlicz function) if ® is convex on [0, b(P)).

By the convexity, any Young function & is continuous on [0,b(®P)) and strictly
increasing on [a(®),b(P)]. Hence ® is bijective from [a(P),b(P)] to [0, P(b(P))].
Moreover, ® is absolutely continuous on any closed subinterval in [0,b(®)). That
is, its derivative @’ exists a.e. and

t
(2.12) (1) = / B(s)ds, e [0,b(®)).
0
Definition 2.3. (i) Let @y be the set of all Young functions.
(i) Let @y be the set of all ® € @ such that ® ~ ¥ for some ¥ € Py

(iii) Let ) be the set of all Young functions such that a(®) = 0 and b(P) = oc.

For ® € &y, we define the Orlicz space L®(R") and the weak Orlicz space
wL?(R"™). Let L°(R™) be the set of all complex valued measurable functions on R™.

Definition 2.4. For a function ® € @y, let

rrw) = {7 e @) [

1fllpe = inf{A >0: /ﬁ(@) dx < 1},

wL?(Q) = {f € L°(R™): sup ®(t)m(ef,t) < oo for some € > 0} :

O (e|f(x)]) dx < oo for some € > 0} ,

te(0,00)
| fllwre =inf <A >0: sup @(t)m(i,t) <13,
te(0,00) A

where m(f,t) = |{z € R" : |f(x)] > t}|.
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Then || - || e and || - [|yze are quasi-norms and L*(R") C Ly, (R"). If & € Py,

loc

then || - ||z« is a norm and thereby L*(R") is a Banach space. For ®, U € ¢y, if
® ~ ¥, then L*(R") = LY(R") and wL®(R") = wLY(R") with equivalent quasi-
norms, respectively. Orlicz spaces are introduced by [28, 29]. For the theory of
Orlicz spaces, see [14} [15] [16] [I7, [30] for example.

We note that, for any Young function ®, we have that

sup ®(t)m(f,t) = sup tm(®(|f]),1),

t€(0,00) t€(0,00)
and then

Hf||qu>:inf{>\>0: sup @(t)m({,t) §1}

te(0,00)

:inf{A>0: sup tm(@(m),t>§1}.
te(0,00) A

For the above equality, see [I1], Proposition 4.2] for example.

Definition 2.5. (i) A function ® € @ is said to satisfy the Ay-condition, denote
® € A,, if there exists a constant C' > 0 such that

(2.13) O(2t) < CP(t) forallt>D0.

(ii) A function ® € @ is said to satisfy the V,-condition, denote ® € Vs, if there
exists a constant k& > 1 such that

1
(2.14) D(t) < 5-(kt) for all ¢ > 0.

(111) Let Ag = @y N Ag and VQ = @y N ?2.
Remark 2.1. (1) Ay C Y and Vo C @y ([I5, Lemma 1.2.3]).

(i) Let ® € &y. Then ® € A, if and only if ® ~ U for some ¥ € A,, and,
® € V, if and only if ® ~ ¥ for some ¥ € V,.
(iii) Let ® € dy. Then ® € A, if and only if C° (R") is dense in L*(R"), and,

comp

® € V, if and only if the Hardy-Littlewood maximal operator M is bounded
on L?(R™).

(iv) Let ® € ¢y. Then &~ satisfies the doubling condition by its concavity, that
is,

(2.15) O (u) < ¢ (2u) <20 Hu) for all u € [0, ).
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The following theorem is known, see [I5] Theorem 1.2.1] for example.

Theorem 2.3. Let ® € ®&y. Then M is bounded from L*(R™) to wL®(R"), that
is, there exists a positive constant Cy such that, for all f € L®(R"),

(2.16) M fllwze < Collfl e

Moreover, if ® € Vs, then M is bounded on L®(R™), that is, there exists a positive
constant Cy such that, for all f € L*(R"™),

(2.17) [M fllze < Collflz=-

See also [3] 12| T3] for the Hardy-Littlewood maximal operator on Orlicz spaces.

3 Main results

The following theorem is an extension of the result in [20] and has been proved in
[4] essentially, by using Hedberg’s method in [9)].

Theorem 3.1 ([4]). Let p: (0,00) — (0, 00) satisfy (L2) and ([L3), and let &, ¥ €
@y . Assume that there exists a positive constant A such that, for all r € (0,00),

(3.1) /0 @ dt &7 (1 /1) + /OO plt) q)_:“/tn) dt < AUY(1/r™).

Then, for any positive constant Cy, there exists a positive constant Cy such that,
for all f € L*(R") with f #0,

\Ipf($)|) ( Mf(x) )

3.2 V| —7—)<P| —+—].

. (i) < (aiis

Consequently, 1, is bounded from L*(R™) to wL¥(R™). Moreover, if ® € Vs, then
I, is bounded from L®(R") to LY (R").

Remark 3.1. In [4] the condition that &, ¥ € &y was assumed. We can extend it
to ®, ¥ € &y as Theorem B.Il Actually, if (3.I) holds for some ®, ¥ € &y, then
take ®1,V; € ¢y with ® ~ ¢; and ¥ ~ ¥;. Then, instead of ® and ¥, ®; and ¥,
satisfy (B1) for some positive constant A" by (2.I1I).

Here, we give some examples of the pair of (p, ®, ¥) which satisfies the assump-
tion in Theorem Bl For other examples, see [21]. See also [18] for the boundedness
of I, on Orlicz space L®(2) with bounded domain 2 C R™.

Example 3.1. If p(r) = r®, ®(t) = ¥ and V(t) = t? with p,q € [1,00) and
0 < a <n/p, then

/OT @ dt 71 (1/r™) ~ /TOO —p(t) (I)_t (1/t") dt ~ 7P and WY1 /p") =
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In this case,
‘B o P < re(0,00) & a—n/p=-n/q

Therefore, the Hardy-Littlewood-Sobolev theorem is a corollary of Theorem B.1l

Example 3.2. Let p and ® be as in ([L4)) and in (L), respectively, and let ¥ be
as in ([LO) with ¢ instead of p. Assume that «,p,q € (0,00) and —1/p+a = —1/q.

Then
/’" p(t) gt (log(1/r))~* for small r > 0,
o t (logr)* for large r > 0,
and
(3.3)

O (1/r") ~ {(lOg(l/T))l/p> UL/ ~ {(log(l/r))l/q for small 7 > 0,

(logr)~ /P, (logr)~Y/4 for large r > 0.

In this case we have

"p) L s—1q m > p(t) @~H(1/t")
/OpTdt(ID (1/r)~/T PO V) g

t

(log(1/r))=**/P for small » > 0,
(log r)o—1/p for large r» > 0.

Then the pair (p, ®, V) satisfies ([BI]), that is, I, is bounded from exp LP(R") to

exp L1(R™).
Example 3.3. Let a € (0,n), p,q € [1,00) and —n/p + o« = —n/q. Let

T

for large r > 0.

r*  for small r > 0,
Py =1,

Then

/T @ ot r® for small r > 0,
o ¢ 1 for large r > 0.

(i) If ®(r) = 7P and ¥(r) = max(r?,r?), then (3.1 holds. In this case L®(R")
LP(R™) and LY (R") = LP(R™) N LY(R"™).

(i) If ®(r) = max(0,7? — 1) and ¥(r) = max(0,r? — 1), then ([BI]) holds, since

&1 (u) ~ {1 for small u > 0, S1(1/) {r—n/p for small 7 > 0,

u'/P for large u > 0, 1 for large r > 0.

In this case L?(R") = LP(R") + L>®(R") and LY(R") = LY(R") + L*>°(R").
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A function ® € Y is called an N-function if

P P
limﬂ:(), hmﬂ:oo
t—=+0 t—soo

We say that a function 6 : (0,00) — (0,00) is almost increasing (resp. almost
decreasing) if there exists a positive constant C' such that, for all r; s € (0, c0),

(3.4) O(r) < CO(s) (resp. O0(s) < CO(r)), ifr <s.
Then we have the following corollary.
Corollary 3.2. Let 1 < s < oo and p : (0,00) — (0,00). Assume that p satisfies

(@2) and that r — p(r)/r™*=¢ is almost decreasing for some positive constant €.
Then there exist an N-function W and a positive constant C' such that, for all r > 0,

(3.5) ctyt (i)g 1/ / @dtgcqu (i>
rh s Jy 1 rn

Moreover, 1, is bounded from L*(R™) to LY (R").

In the above, (B) can be shown by the same way as the proof of [I, Theo-
rem 3.5]. The boundedness of I, from L*(R") to LY (R™) is proven by the following
way. First note that p satisfies (L3]) by Remark B.2 below. Let ®(t) = t*. Then we
have

[T O ) L
T T t ~ T

t prn/s—e tlte

rnls ~opnfs [t ) Jo t

where we used (B3.6) below for the last inequality. Combining this and (B.3]), we
have ([B1]). Then we have the conclusion by Theorem B.]

Remark 3.2. If r = p(r)/r* is almost decreasing for some positive constant k, then
p satisfies (L3]). Actually,

(3.6) sup p(t) ~rF sup olt) <7’k/T @dtwfr @dt.

r<t<2r r<t<or tF /o T /2

Next we state the result on the operator M, defined by (7)) in which we don’t

assume ([L.2)) or (L3).

Theorem 3.3. Let p: (0,00) — (0,00), and let ®, ¥ € Py
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(i) Assume that there exists a positive constant A such that, for all r € (0, 00),

(3.7) <sup p(t)) OH(1/rm) < AU /rm).

0<t<r

Then, for any positive constant Cy, there exists a positive constant Cy such
that, for all f € L*(R™) with f # 0,

53 v (aii) =* (@iis)

Consequently, M, is bounded from L*(R™) to wL¥ (R™). Moreover, if ® € Vs,
then M, is bounded from L®(R™) to LY(R").

(ii) Conversely, if M, is bounded from L*(R") to wL¥(R™), then [B1) holds for
some A and all r € (0,00).

Remark 3.3. Let p: (0,00) — (0,00), and let ®, ¥ € &y .

(i) Let pi(r) = supg.i<, p(t). Then we conclude from the theorem above that
I, and I, have the same boundedness, that is, we may assume that p is
increasing.

(i) Since ®~! is pseudo-concave, u — ®~!(u)/u is almost decreasing, and then

r— ®71(1/r™)r" is almost increasing. Therefore, from (B7) it follows that
i1/

r +— p(r)/r™ is dominated by the almost decreasing function r T

(iii) In [4], under the conditions that ®, ¥ € @y, that p is increasing and that r —
p(r)/r™is decreasing, a necessary and sufficient condition for the boundedness
of M, has been given.

Example 3.4. If p(r) = r®, ®(t) = t? and V(t) = t? with p,q € [1,00) and
0 < a <n/p, then

p(r)® L1 /") ~ P and WTH(1 /) = e
In this case,
“‘BO) o P < e (0,00) & a—n/p=-n/q

In this example, if o = 0, then M, is the Hardy-Littlewood maximal operator M
and “B1)” & p=gq. If @ —n/p =0, then M, is the fractional maximal operator
M, and it is bounded from LP(R™) to L*>°(R™), since we can take

{0 for r € [0, 1], 1 forre]0,00),

oo forr = o0.

(3:9) vr) = oo forr e (1,00]

and Ul(r) = {
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Example 3.5. Let ® be as in (LH), and let ¥ be as in (LH) with ¢ instead of p.
Assume that a € [0,00) and p,q € (0,00). Let

(r) = {(log(l/r))_o‘ for small r > 0,

3.10
(3.10) (logr)* for large r > 0,

instead of (L4]). Here, we note that, if 0 < a < 1, then fol @dt = oo, that is,
I, is not well defined, while M, is well defined. Actually, M, is bounded from
exp LP(R™) to exp LY(R"), if —1/p+ a = —1/q for any a € [0, 00), see (B.3)) for the
inverse functions of ® and W. Moreover, if —1/p+ « = 0, then M, is bounded from
exp LP(R™) to L>*(R™), since we can take ¥ as in (B9).

Example 3.6. Assume that «, ¢ € [0,00) and p € (1,00). Let p be as in (BI10).
Then M, is bounded from LP(R") to L*(log L)?* (R"), if p1 /p = «, where L?(log L)P* (R")
is the Orlicz space L*(R") with

o(r) rP(log(1/r))~P* for small r > 0,
T pr—
r?(log r)P for large r > 0.

In this case we have

r="/P(log(1/r))"/7 for small r > 0,
r="/P(log )P /P for large r > 0.

(3.11) O (1/r) ~ {

In this example, if we take p = 1, then M, is bounded from L*(R") to wL'(log L)*(R™)
which is weak type of L!(log L)*(R™).

Finally, we state the result on the commutator [b, /,]. Let

" p(t
(3.12) ,0*(7’):/ &dt.
o ¢
Theorem 3.4. Let p,¢ : (0,00) — (0,00), and let ®, ¥ € ®y. Assume that p

satisfies (L2). Let b € Li (R™).

loc

(i) Let ®, ¥ € Ay N Vy. Assume that 1) be almost increasing and that r
p(r)/r"=< is almost decreasing for some € € (0,n). Assume also that there
exists a positive constant A and © € Vy such that, for all r € (0, c0),

(3.13) /0 @ dt @11 /r™) + /OO w dt < A~ (1/r"),

T

(3.14) (r)O~H(1/r") < AU/,
and that there exist a positive constant C, such that, for all r,s € (0, 00),

rm sm

(3.15)

<-<2

[V
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If b € Ly4(R"), then [b,1,] is bounded from L*(R™) to L¥(R™) and there
exists a positive constant C' such that, for all f € L*(R"),

(3.16) 16, Lol fllLe < Cllbllz, L1l ze-

(ii) Conversely, assume that there exists a positive constant A such that, for all
r € (0,00),
U1/ < Arvp(r)®@ (1 /rm).

If [b, I,] is well defined and bounded from L®(R™) to LY (R"), then b is in
L1.4(R™) and there exists a positive constant C', independent of b, such that

(3.17) 1bllz,,, < CllIb, Lol pv,
where ||[b, I]||pe_ v is the operator norm of [b, I,] from L*(R™) to LY(R"™).
Example 3.7. Let a € (0,n), f € [0,1] and p,q € (1,00), and, let
p(r) =712 (r) =1 @) =1rF, U(r)=r?

Assume that —n/p+a+ 38 = —n/q. Take O(r) = r? with —n/¢ = —n/p+ «. Then
BI3), B3I4) and BIH) hold, that is, [b, I,] is bounded from LP(R™) to LI(R™),
where b € Lipg(R") if 8 € (0,1], and b € BMO(R") if 3 = 0 which is Chanillo’s
result in [2].

Example 3.8. Let a« € (0,n) and oy € (—o00,00). Let f € (0,n) and f; €
(—00,00), or, let =0 and 5 € [0,00). Let

r*(log(1/r))~, r?(log(1/r))=Pr for r € (0,1/e),
p(r) =< re, P(r) =< for r € [1/e, €],
r*(logr)™, r?(log ) for r € (e, 0).

Then p* ~ p and p/(t) ~ p(t)/t. In this case p satisfies ([B.I0), since p is Lipschitz
continuous on [1/(2¢),2e¢], and, for r,s € (0,1/e] U [e,00), there exists 6 € (0,1)

such that
p(r) P g |2 () <o P gl ooy
" " dt \ 1" Jli—-oyr+0s| et 27 s

Let p,q € (1,00) and py, ¢ € (—00,0), and let

o(r) = {Tp(log(l/r))_pl, U(r) = {rq(log(l/r))‘q1 for small r» > 0,

r?(log r)P1, ri(logr)a for large r > 0.
For the inverse functions of ® and V¥, see (B.I1). If

—n/p+a+pB=-n/p+p=-n/q, p/p+oi+bi=p/D+ b =aq/q
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and
o) rP(log(1/r))~P*  for small r > 0,
r)y=1< . ~
rP(log r)P for large r > 0,
then i . B-1(1/gn
/ @dt (I)_l(l/’f‘n) N/ p(t) ( /t )dt ~ @_1(7”_”),
o ¢ ., t
and
—n/p+at+B (10 (1 —(p1/ptar+pr) il 0
Qﬂ(r)@_l(’f‘_n) ~ \11_1(7”_”) ~ ’l“_ ( Og( /T)) or small r > U,
pn/pratB(log r)pi/praith for large r > 0.

In this case [b, I,] is bounded from LP(log L)' (R™) to L9(log L)? (R™).

4 Lemmas

In this section we prepare some lemmas to prove our main results.
For a Young function @, its complementary function is defined by

(1) = {sup{tu —®(u) :u€[0,00)}, t€]0,00),

00, t = 00.
Then ® is also a Young function and Young’s inequality

tu < () + (), t,uel0,o00)
holds. It is also known that

(4.1) t<d D H(t) <2, t>0.

From Young’s inequality we have a generalized Holder’s inequality:

(4.2) . [f(@)g()| de < 2[[fl[Lellgll

(see [35 Theorem 6] and [27, Theorem 2.3]).

Lemma 4.1. Let ® € @y. For a measurable set G C R™ with finite measure,

1
Ixallze = lIxcllwee = =770
o=1(1/]G))

From (4.1 it follows that, for the characteristic function xp of the ball B,

1 -1
(4.3) Ixzll.s = m <|B[®~(1/]B]).
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Lemma 4.2 ([1]). Letk > 0 and p : (0,00) — (0,00). Assume that p satisfies (L2).
Let p* be as in BIA). If r v p(r)/r* is almost decreasing, then r — p*(r)/r¥ is
also almost decreasing.

Remark 4.1. Since p* is increasing with respect to 7, if r + p(r)/r* is almost
decreasing for some k£ > 0, then we see that p* satisfies the doubling condition, that
is, there exists a positive constant C' such that, for all r € (0, c0),

pr(r) < p"(2r) < Cp*(r).
Lemma 4.3. If ® € Ay, then its derivative @ satisfies
Q'(2t) < Cp®'(t), a.e.t €]0,00),
where the constant Cg is independent of t.

Proof. From the convexity of ® and ®(0) = 0 it follows that its right derivative
P’ (t) exists for all t € [0,00) and it is increasing. By (212) we have

vt) = [ Wids= [ @)

since @ = @' a.e. Then, for all t € (0, 00),

3t
@' (21) < %/ &' (s)ds < %@(315) < %@(t) < Cod, (1),
2t

This shows the conclusion. O
Lemma 4.4. If ® € V,, then ®((-)?) € V for some 6 € (0,1).

Proof. If ® € V,, then there exists a constant k& > 1 such that
1
D(t) < —P(kt).
(1) < 5 0(k)

Take 6§ € (0,1) such that £20/9=1) < 2. Then k? < (2k%)? and

6 1 6 1 2,40
2(t) < L) < G O(RY) < g

That is, ®((-)?) € Va. O

Remark 4.2. There exists ® € V, such that ®((-)?) ¢ &y for any 6 € (0,1).
Actually, let

d((2K%)7).

r?, 0<r<1,
O(r) =max(r’,3r —2)=43r—2, 1<r<2,
r, 2<r.

Then ® is convex and satisfies ([214) with & = 8. However, 37’ — 2 is not convex
for any 6 € (0,1).
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5 Proof of Theorem

In this section we prove Theorem

Proof of Theorem[3.3 (i). We may assume that ®, ¥ € &y by [2II). Let f €
L*(R™). We may also assume that || f|| e = 1 and M f(z) > 0 for all z € R". For
any € R" and any ball B = B(z,7) 3 z, if

o (Mé(x)) > L

then, by (E2), ||f||ze = 1, @3)), the doubling condition of ®~! and ([B.7), we have

ptr) 11 < 2 el < 20 10 (1)

oo () s () 0 (o(242).

o (Mf(x)) <L

Conversely, if

then, choosing ty > r such that

o1 (o (M=) vl (@ (M=)
p(r)éoigop(t)éflq)_l Eq) EME});; <A <M§éx)co >>

which implies

r) ]i /] < ACO\II_I (o (7)) ]i | < AC,U! (cp (M)) |

Mf(x) Co

< (o(14).

which shows ([B.8) by ([2.7). O

To prove Theorem (ii) we need the following lemma.

Hence, we have
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Lemma 5.1. Let p: (0,00) — (0,00). Then, for all z € R™ and r € (0, c0),

(5.1) (sup p<t>) Y0y (@) < (M) X0 (2).

0<t<r

Proof. Let « € B(0,r). If t < r, then we can choose a ball B(z,t) such that
x € B(z,t) C B(0,r). Hence,

p(t) = p(t) ]{9 - xBo.n) (1Y) dy < (MyXxBom)(T).

Therefore, we have (G5.1]). O

Proof of Theorem (ii). By Lemmal5.Iland the boundedness of M, from L*(R™)
to wL¥ (R"™) we have

<osg£) p(t)) HXB(O,T’)HWL‘I’ < HMpXB(O,r)HwL‘I’ S HXB(OJ’)HUP-
<t<r

Then, by Lemma Bl and the doubling condition of ®~! and ¥~! we have the
conclusion. 0J

6 Sharp maximal operators

In this section, to prove Theorem B.4] we prove two propositions involving the sharp
maximal operator M* defined by (LG).

First we state the John-Nirenberg type theorem for the Campanato space, which
is known by [25, Theorem 3.1] for spaces of homogeneous type. See also [I] for its
proof in the case of R".

Theorem 6.1. Let p € (1,00) and ¢ : (0,00) — (0,00). Assume that ¢ is almost
increasing. Then L, ,(R") = Ly ,(R"™) with equivalent norms.

Proposition 6.2. Assume that p : (0,00) — (0,00) satisfies (L2). Let p*(r) be
as in [BI2). Assume that 1 is almost increasing, that r — p(r)/r"~¢ is almost
decreasing for some € > 0 and that the condition [BIHl) holds. Then, for any
n € (1,00), there exists a positive constant C' such that, for all b € Lq4(R"),
f€CF(R") and x € R™,

(6.1)  MH(b, I,)f)(x) < C|Ibe,, ((Mw(ﬂpfl")(:v))”” + (M<p*¢>n<|f|"><x>)”").

To prove the proposition we need the following known lemma, for its proof, see
Lemma 4.7 and Remark 4.1 in [I] for example.
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Lemma 6.3. Let p € [1,00). Assume that ¢ is almost increasing. Then there
ezists a positive constant C' such that, for all f € L4, x € R" and r,s € (0,00),

1/p
(£ 100 = faanl ) <0 (14108 2) 6 Iflley. f r<s
B(z,s) r

Proof of Proposition[6.2. For any ball B = B(x,t), let f = fi1+ fo with fi = fxas,
and let

Fi(y) = (b(y) — sz)Ipf(?/),
Fy(y) = 1,((b — bap) f1)(y),
F(y) =1 ((b bag) f2)(y) — OB,

for y € B, where Cz = 1,((b — bap) f2)(z) and

I,((b = bs) fo)(y) = / plly ==

noly—z[”

(b(2) — bap) f2(2)dz, y € B.
Then we have
0, L]f +Cp=[b—baop, L,|f + Cp = F1 — F, — F3.

We show that

(6.2) ][ Fi(y)] dy

< Clbe,. ((Mm

LI @) + (M(p*w(\fl")(x))w) =123

Then we have the conclusion.
Now, by Hélder’s inequality with 1/n+ 1/17" = 1 and Theorem we have

]£|F1(y)\ dy < < g b(y) — ba | dy) 1 < B \]pf(y)‘ndy) »
= gty (f o s an) ™ (st f o) ”

S 11l ey (M (|1, F17) () 7.

Choose v € (1,n) such that n/v—€/2 > n—e. Then by the almost decreasingness of
7+ p(r)/r"~¢ we have the almost decreasingness of r +— p(r)/r™/*=</2. Hence, from
Corollary it follows that there exists an N-function ¥ such that I, is bounded



Generalized fractional integral operators 19

from L*(R™) to LY(R"). Let ¥ be the complementary function of ¥. Then by the
generalized Holder’s inequality (d2), (£3), (85) and the boundedness of I, we have

2
F IRy < el o | Pl
p 5]

ST /IBDI® = o) full o ey

p(t
S L0 ban) v

Let 1/v = 1/u+ 1/n. Then by Holder’s inequality and Theorem [6.1] we have

£ 1) dy
<o) (10— busl ) " (f 17000 a) "

1 . 1/u § . . 1/n
i (F b = balan)  (weovenr £ s a)
S 8lleso (M (1117 )"

AN

Finally, using the relation

S|\y—z\| <2 forye€ Bandz¢2B
T —z

N | —

and (BI3), we have

[F3(y)| = [1,((b = bap) f2)(y) — L,((b — b2) f2)(2)]

ly—=2" e —z"

lz —y|p*(|z — 2|)
< —_—

= 2/2 2 WP 2 ) — 12

= Jurepainp |zt

By the doubling condition of p* (see Remark[A.T]), Holder’s inequality and Lemmal[G.3]
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we have
/ 2= Y002 = 2) ) — (21 2
2i+2 B\2i+1 B |z — 2|+t
* (97+2
S iy ) sl ()
. reyi 1/n 1
P et as)  (f pora:)”
<22, (<p*<2j+2t>w<2j+2t>>" / \f(Z)\”dZ) v
2]+2 P 9i+2p
Then
j+2 | o
A0S e S5 ( @ruey f (i)
S anﬁmp( (£ (@),
which shows
£ IRy S Wbl o (M (1))
Therefore, we have ([6.2)) and the conclusion. 0

Next we define the dyadic maximal operator M%. We denote by Q% the set of
all dyadic cubes, that is,

n

oY — {Qj,k — H[2_jk?i,2_j(ki +1):j€Z, k= (ky,...,kn) € Z"}.

i=1

Then we define

MY f(z) = sup ][|f<y>|dy, rER",
R

ReQIY, Rox

where the supremum is taken over all R € Q% containing .
Next we prove the following proposition.

Proposition 6.4. Let ® € Ay. If MY f € L*(R"), then
(6.3) IMY fl| e < C|[MPf]| .
where C' is a positive constant which is dependent only on n and ®.

The following lemma is well known as the good lambda inequality, see [7, The-
orem 3.4.4.] for example.
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Lemma 6.5. For allv >0, all A > 0, and all locally integrable functions f on R™,
the following estimate holds.

{z € R : MY f(x) > 2\, M*f(x) < AN} < 2"y[{x € R™ : MY f(x) > \}|.

Proof of Proposition[6.4 For a positive real number N we set
N
Iy = / Nz € R": MY f(2) > \}| d.
0
We note that Iy < [, ®(MY f(z)) dx < co. By Lemma 3 we have
N/2
Iy = 2/ ' 2N)|{xr € R" : MY f(x) > 2\}| d\
0
N/2
< 2%/ BN [{z € R : MY f(z) > 20} dA.
0

Then, using the good lambda inequality, we obtain the following sequence of in-
equalities:

N/2
Iy < 2%/ BN {z € R™ : MY f(z) > 20, MEf(z) < 7\ }] dA
" N/2
+ 20¢/ (N {z € R" : M*f(z) > yA} dA
N/2 "
< 2"+1C¢7/ Nz € R™: MY f(2) > \}| dA
’ N/2
+ 2C¢/ (N {x € R™ : M f(z) > yA} dA
0
1 N~/2
< 2" Cyyly + ch);/ ' (A/Y){z € R : MPf(x) > \}| dA.
0

At this point we let 2"71Cgy = 1/2. Since Iy is finite, we can substract from both
sides of the inequality the quantity I /2 to obtain

N/(2"+3Co)
Iy <2"C3 /O (220N {2z € R™ : MP f(2) > A\}| dX
< Cha / TB ) {r € BT MEf(z) > A} d,
where (), ¢ is a constant dependent only on n and ®, from which we obtain
/ B(MY f(2)) dz < Ci g / B(M f() da.

This shows (G.3]). O
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7 Proof of Theorem 3.4
We first note that, for 6 € (0, c0),

(7.0) gl llze = (lgll o)

Lemma 7.1. Under the assumption in Theorem [3.4] (i), if f € L3,,(R"), then
If € LY(R").

Proof. If f € L, (R™), then f € L*(R™), since L, (R™) C L*(R"). By B.I3)

comp comp

and Theorem B.1] 1, is bounded from L®(R") to L°(R"). Then [,f is in LO(R").
On the other hand, since r +— p(r)/r"~¢ is almost decreasing, if the support of f is
in B(0, R), then

R
plr —y p(t
s <l [ EEZ Wy < [ e < o
B(0,R) |$ - y\ o t
Then I,f is in L®(R™) N L>(R™).
Next, by ([BI4) and the almost increasingness of ¢ we have
w1
i) (1)

o H1/r") < for r>1,

and then
O 'u) SV u) for u<l.

Hence, we conclude that

t), t<1
00, t>1,
which shows that L®(R") N L>*(R") C LY(R"). O

Proof of Theorem[3.]) (i). We may assume that &, ¥ € Ay NV, and © € V,. We
may also assume that b is real valued, since the commutator [b, I, f is linear with
respect to b and H?R(b)”gl’w, H%(b)”gw < Hb||gw. Let

k,  ifb(z) >k,
bp(x) = ¢ b(x), if —k <b(x) <k,
—k, if b(z) < —k.

Then b, € L®(R") and [|be|lz,, < (9/4)|bllz,,. For f € C,,(R™), bif lies in

C

Lo (R™), thus I,(bgf) lies in LY(R™) by Lemma [Tl Likewise, bil,f also lies

comp

in LY(R"). Since U € Va, M¥[b, I,]f is also in LY(R"). From this fact and
Propositions [6.2 and [6.4] it follows that
LY ) ’

l[bw, L)1l < 1M ([br, L1 ew S IMF([br, L)) v

S0k (0280, + Ot
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here, we can choose i € (1,00) such that ®((-)*/7), ¥((-)/") and O((-)!/7) are in
V3 by Lemma L4l We show that

| (3t 12,717) "]

)|

I [T Sl

where we note that 1" and (p*))" are almost increasing.
By Theorems Bl and we see that [, is bounded from L*(R") to L®(R")

and My, is bounded from LoV (R™) to LY (R™), respectively. Then, using

(1), we have

H (M (

J,,f|”))1/"‘

1/
= (I (L F )l i)
1
< (L o)™ = 1o flle S 1o
From [BI3) and BI4) it follows that
(o (M) ()" (@1(1/r™)" < A2 (W1 (1/rm))"

By using Theorem .3, we have the boundedness of M,y from L2OY tq
LYOY") That is,

| @i 1), = (UM (D )

1/
S (LA aceorm) ™ = If Nl e

LY

Therefore, we obtain

1Tbx: LI f [l e S 10lly yll fllze for all fe O, (R™).

By the standard argument (see [7, p. 240] for example) we deduce that, for some
subsequence of integers kj, [bx,,1,|f — [b,1,]f a.e. Letting j — oo and using
Fatou’s lemma, we have

116, L) fll e S Nblly, [ fllze  for all f e G, (R).
Since C%__(R") is dense in L*(R") (see Remark 2.1] (ii)), it follows that the com-

comp

mutator admits a bounded extension on L®(R") that satisfies (3.16)). O

Proof of Theorem[3.7] (ii). We use the method by Janson [I0]. Since |z|"~ is in-
finitely differentiable in an open set, we may choose zg # 0 and ¢ > 0 such that
|z|"~* can be expressed in the neighborhood |z — 25| < 20 as an absolutely con-

vergent Fourier series, |z|"~* = Y a;e"*. (The exact form of the vectors v; is
irrelevant.)

Set 21 = z/0. If |z — 21| < 2, we have the expansion

|Z‘n—a _ 5—n+a|5z|n—a _ 5—n+a Zajeivj-cgz.
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Choose now any ball B = B(zg, ). Set yo = xg — rz; and B’ = B(yo,r). Then, if
r€ Bandye B,

T —y T — To

r

Denote sgn(f(x) — fp/) by s(x). Then

[ b =tz = [ ) =bmstayde = o [ [ 06w) = b)sta) g

z—y |P—

A b(y»ﬁs@mwm () dy s
o L aZay (e () dy

Here, we set C' = 6" B(0,1)|"! a

Y —Yo
T

< 2.

—z1| <
.

"

9;(y) = e xpm(y),  hi(x) =0 s(x)xp(2).
Then

/|b ) = by|dx = Cr~ Zaj/n/n g;()h;(x) dy dz:
Zaj/ (b, In)g;) (x) Ry () da
<o Sl [ 10 Llg) @ity (o)l da
e Yl [ 1 Llg) @) ds

<200 Jay a0 b Lolgs oo
< 20 b, Lol o[BI (IBIT) Y Jaylllgs1) o

w—yl” a

Since [|gjllze = lIxpllze = 1/@7(|B|7") ~ 1/@7(r™"), we have

1 U=
s 100) = bl S ULl S e

That is, [|b]| 2.0 S [0, La]|lLe— v and we have the conclusion. O
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