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Abstract

We study a Phase-Field-Crystal model described by a free energy functional in-
volving second order derivatives of the order parameter in a periodic setting and under
a fixed mass constraint. We prove a I'-convergence result in an asymptotic thin-film
regime leading to a reduced 2-dimensional model. For the reduced model, we prove
necessary and sufficient conditions for the global minimality of the uniform state. We
also prove similar results for the Ohta-Kawasaki model.
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1 Introduction and main results

Recently Phase-Field-Crystal (PFC) models were introduced in order to study crystal-
lization phenomena and to describe the pattern formation at microscopic scales. These
models succeed to capture the competition of attractive and repulsive interactions between
some modulated phases inducing inhomogeneities and domain formation. (We refer to the
review paper of Emmerich et al. [I5] for more details.)

In this paper, we consider a 3-dimensional model inspired by the one derived by Elder
et al. [13| [14]. More precisely, this PFC model is described by a free energy functional
for the order parameter corresponding to the local mass density (or the number density
of particles) which is a variant of the Swift-Hohenberg energy [25] (introduced to study
Rayleigh-Bénard convection). This functional involves a double-well potential energy and
a regularization term with higher order derivatives: a gradient term favoring changes in
the number density and a second order term controlling such changes. As periodic states
are expected to nucleate in the regime of thin film domains (which allow for elastic and
plastic deformations), the order parameter is considered here as periodic in the in-plane
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variables together with a null-flux condition in the vertical direction. Several works and
numerical simulations illustrated the efficiency of this model to study crystallization and
other phenomena, such as crystal growth [13], homogeneous nucleation [4], heterogeneous
nucleation, grain growth and crack propagation for ductile material [12].

An important research direction concerns the study of (global) minimizers of this
energy functional according to several parameters of the system. It is expected that
the minimizers are trivially constant in some parameter regime, and they exhibit stripes
or hexagonal type structures in other regimes. Finding analytically the exact curves
separating such parameter regions is a big challenge and remains still open, despite some
rigorous attempts such as the paper [24] where some bounds on the order-disorder phase
transition were obtained by a numerical algorithm. An attempt was also conducted in
this direction for a similar type energy, that is the Ohta-Kawasaki problem [26] using
numerics that take into account the impact of domain size optimization. In [5], the authors
studied the existence of bifurcation branches from the trivial solution with a constraint
on the Hamiltonian in the one dimensional case. We mention the work [II] on the Swift-
Hohenberg equation where the authors studied stability of the hexagonal patterns and
transitions to different solutions like stable or unstable rolls. Also, we refer to [23] where
the authors studied an extended Fisher-Kolmogorov equation, finding conditions on a
fourth order term that permits existence of different type of one-dimensional periodic
solutions exhibiting a countable number of kinks. We discuss in Remark B.4] the question
of finding the parameter region where the minimizers exhibit stripes, in particular, when
they are one-dimensional symmetric.

The aim of this paper is to determine the exact parameter curve for the phase transition
between the uniform state and the non-trivial states for the PFC model, by providing a
necessary and sufficient condition for global minimality of the constant state. We also
discuss the case of the Ohta-Kawasaki model.

Model. The 3-dimensional domain considered here is periodic in the in-plane coordinates
v = (y1,y2) with the period L > 0 and of thickness T" > 0 in the vertical coordinate ys;
the prototype of the cell is denoted by

y=(y,ys) € D=1[0,L)* x (0,T),

where [0, L)? stands for the 2-dimensional torus of length L. For the scalar order-parameter
® € H?(D) that is L-periodic in the in-plane variables and corresponding to the local mass
density, the following free-energy functional is defined

F@) = /D <%(a<1> +AD) 4 W(cp)) dy (1.1)

where a € R is a fixed constant and W : R — R is a continuous potential. Note that
the above quantity F(®) is finite for ® € H?(D) since ® is bounded in Q by Sobolev
embedding (for more details about the well-posedness and coercivity of the functional F,
see Lemma [[L2] and Remark 2] below).

In the classical PFC model [4, 12} 13} 14, [I5], « is some positive constant (usually
considered in the numerical simulations equal to 1) and W (®) = 1(®? — a)? is a double-
well potential favoring the two phases +4/a for some constant a > 0. The difficulty in



treating this model in the case of positive « resides in the possibility of losing the coercivity
of the functional F (as we point out in Remark [2]] below). When « is nonpositive, we
recover the extended Fisher-Kolmogorov type model [9] introduced for the study of some
bistable physical systems, which is a higher order generalization of the well known Allen-
Cahn model for phase-transitions. Therefore, the case o < 0 is somehow easier to treat
due to this coercivity issue.

Boundary conditions. The number density of particles ® : D — R is supposed to be
L-periodic in the in-plane variable ¢/, i.e.,

O(y1 + L,y2,y3) = P(y1,y2 + L,ys) = (y) for every y € R?, y3 € (0,T).
On the top and bottom surfaces, a null-flux condition is imposed
93® =0in [0,L)* x {0,T},

where 0 is the partial derivative in the vertical direction y3. This condition physically
expresses a finite deposition rate (see [14]) and will make the limit number density of
particles to be 2-dimensional in our thin-film regime.

Mass constraint. The following constant mass constraint is imposed on every order-
parameter ® € H?(D):
]l D dy = m,
D

Aim. We want to analyze the behavior of the energy F and its minimizers in the asymp-
totic thin-film regime where the relative thickness % is very small. First, we will employ
the I'-convergence method in order to deduce a reduced 2-dimensional model that catches
the asymptotic behavior of F; second, we will analyze the minimizers of the I'-limit, more
precisely, we will give a necessary and sufficient condition that guarantees that the uniform

state m is the (unique) global minimizer of the limit functional.

where m € R is a fixed constant.

1.1 Dimension reduction: ['-convergence result.

The I'-convergence technique is the usual way to carry out the dimension reduction and
was already fruitful for energies involving higher order terms (see e.g. [8 16} 18, 21]). We
recall that a sequence of functionals (G},),, defined on a topologic space X with values into
R U {+o0} is I'-converging to the limit functional G with respect to the topology of X if
and only if the following two conditions are satisfied for every = € X:

V x, — x,liminf,, o Gp(z,) > Go(z),
Jz, = z,Gp(z,) — Go(x) as n — 0.

Thin-film regime. We consider the thin-film regime

T
h::z—>0, L—1. (1.2)



In order to carry out the asymptotic analysis, we rescale the problem as follows:
Scaling. We consider the new variables

Y1 Y2 Y3
=7, T2=—F, X3=

= L T

so that y € D if and only if
zeQ=1[0,1)%x(0,1),

where the reference domain has the 2-dimensional torus [0, 1)? as basis and unit thickness
in the vertical direction x3. The order parameter ® : D — R is rescaled as follows

o(z) := ®(Lxy, Lxg, Txs), == (x1,22,23) € €2

for the rescaled order-parameter ¢ : 2 — R. The nondimensionalized energy functional
rer}" (®) writes in terms of ¢ as follows:

1 1 1 )
Frae) = [ (3law+ 380+ 3zt + W) ) o

where we denoted the in-plane laplacian by A’p = 9119 + dagp.

The boundary conditions transfer to the rescaled configuration ¢ : 2 — R, i.e., ¢ is
1-periodic in the in-plane variable 2’ = (x1, z2) and satisfies the zero Neumann boundary
condition on the top and bottom surfaces

D3¢ =01in [0,1)% x {0,1}. (1.3)

Also, the mass constraint on ® transfers to ¢ as

/gpd:z::m.
Q

Therefore, we denote the set of admissible configurations by
V= {gp € H*(Q) : (3) holds and / pdr = m} .
Q

Note that V is a convex set in the space H?(2). In the following, we restrict our functionals
Fp 1, to the set V endowed with the weak topology in H?(€2).

I-convergence. The aim is to prove that in the asymptotic regime (L2 the I'-limit of
functionals (F7, ) on V is given by

i) = | Ja (alap + A0 + W(@))do i eV,
’ +0oo if p € V\ Vi,

where V, is the subset of functions in V' that are invariant in the vertical direction, i.e.,
V*Z{sDGHz(Q) : 93¢ =01in Q and /(pd;p:m},
Q
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Note that for a configuration ¢ € Vi, the functional F} corresponds to a 2-dimensional
functional on the torus T? = [0, 1)2:

r) = [ (3l + 802+ W) ) o

Theorem 1.1. Let m € R and (Ly,)n, (hy)n C (0,00) be two sequences such that L, — 1
and hy, -0 asn—o0. Ifa € R satisﬁe

o {|k:|2 D ke onZ?\ {0}} (1.4)
and W is a continuous potential on R bounded from below, i.e.,

lim inf W(s) > —o0, (1.5)

[s| =400

then the sequence of functionals (Fy,, p,)n I'-converges to F, in the weak H?(SY) topology.
More precisely,

A. Compactness: If (pn)n is a sequence in'V such that imsup,,_, . Fr, n, (pn) < 0o, then
up to a subsequence, (pn)n converges weakly in H*(Q) to a limit o, € V.

B. Lower bound: If (@), C V converges weakly in H?(Y) to a limit p, € V, then
liminf,, o0 Fr, b, (0n) > Fi(ps).

C. Upper bound: If ¢, € V, then there exists a sequence (@n)n C V' such that @, — ¢
strongly in H*(Q) and limy,—o0 Fp, 1, (on) = Fu(x).

The main ingredient in the proof of the I'-convergence is given by the coercivity of the
functional F7, 5, in V:

Lemma 1.2. Let m € R and W be a continuous potential on R with (LBl). Then for
every a € R with (L4), there exist C,e,hg > 0 (all depending on «) such that for every
Le(1—¢,1+¢) and every h € (0, hy) we have

1 .
FL,h(gp) > C(”‘P — mH%Ig(Q) + 7 /Q(agcp)2 dg;> +inf W, forall p € V.

Thanks to the I'-convergence result in Theorem [L.I}, the minimizers of F}, ; converge
to the minimizers of the limit functional F over V, in the regime (L2]). This justifies the
importance of the analysis of the minimizers of the limit problem that is done in the next
section.

'If k = (27s, 2wt), then its Euclidian norm is denoted by |k|* = 472 (s + t2).



1.2 Optimality of the uniform state in the PFC model.

The aim of this section is to analyze the minimizers of the I'-limit F over the set V,. In [24]
Theorem 3.1], the authors provide a lower bound for the order-disorder phase transition
which is illustrated by the fact of whether or not the constant state is a global minimizer.
They also provide numerical results for this phase transition. In our analysis, we provide
the exact phase transition in the case of the double-well potential W obtaining a necessary
and sufficient condition for global minimality of the uniform state.

Note that if W is a C! potential, then the Euler-Lagrange equation satisfied by a
critical point ¢, of Fy over V, is the following:

aw aw
(& Ppu + 208pu + oo+ () = aPm+ [ (oo (1.6)
dep o de
where the right-hand side is due to the constant mass constraint. The necessary and
sufficient condition for the uniform state ¢, = m to be a stable critical point of F} over
V, for C? potentials W is:
W (m) +
dp?
However, in order to ensure that ¢, = m is a global minimizer of F, over V, we need a
stronger assumption that is related to the following optimal constant in the 2-dimensional
torus T?:

Py—s := inf (au + Au)* + —(m)u” | dz | u dx :
T2 dp? T2

u:T2—>R,/ ugdle,/ udsz}.
T2 T2

(In Proposition B.1] below, we will relate the above constant P, with the condition (L.7]).)
Our main result provides a necessary and sufficient condition for the state ¢, = m to be a
(unique) global minimizer of Fy over Vi in the case of the double-well potential W which
is an improvement of the result [7, Theorem 3.1] and [I7, Proposition 3.1].

Theorem 1.3. Let m,a € R and W € C*(R).
1. The uniform state @, = m is a stable critical point of Fy over Vi if and only if
(T1) holds true.

2. Assume that W € C*(R) satisfies ‘fg > w? in R for some constant w > 0. If (L)
holds true and

i — k)2 > 0. 1.7
ke%ng}kﬂ(a k[7)° > (1.7)

1 (W 2
> _— (2L ,
P> oy <d¢3 (m)> : (1.8)

then m is a global minimizer of Fy over V... Moreover, if the inequality (L8]) is strict, then
m is the unique global minimizer of F, over V.

3. Let W € C*({R) such that ‘i;::}f = w? in R for some constant w > 0 and assume that
the inequality in (LX) is strict. Then m is not a global minimizer of Fy over Vi provided

2
that Py < ﬁ (%(m))




In Section [B] we prove the above result in any dimension N > 1. Moreover, in Re-
mark below, we interpret the necessary and sufficient condition in Theorem [[.3] in
the case of the potential W (p) = +(¢? — a)? with a > 0 typical for the PFC model and

compare it with the works [7, 13|, 17, 24].
1.3 Uniform state for the Ohta-Kawasaki energy.

We present now Theorem [[3]in the case of the Ohta-Kawasaki functional for self-assembly
of diblock copolymers (see e.g. [22,17]). Let TV = [0,1)" be the N-dimensional torus and
consider the set of periodic configurations ¢ of average m € R:

HL(TN) = {qs c HY(TV) - / pdr = m}
TN
The Ohta-Kawasaki energy is defined as
1 1
£0) = [ (gl Vol + 51920 6 = mP + W) do, 6 € HATY)

where W is a C? potential and v > 0 is a constant parameter. The second term in the
above functional can be rewritten as

IV(=A)" ¢ —m)Pdz = ||o — m||F,_, pny = Vo[ da,
TN ( ) TN
where v is the unique solution of the problem
—AYp=¢—min TV and 1 = 0. (1.9)
TN
The necessary and sufficient condition for the uniform state ¢, = m to be a stable critical
point of & over H} (TV) is

d>W k2 1
— i —+—= ] =>0. 1.10
dp? (m) +ke27{%}gk¢o ( v? * |k‘|2> - (110)

Furthermore, the necessary and sufficient condition for the uniform state ¢, = m to be a
global minimizer of £ over H} (T™) is related with the following optimal constant: for the

fixed constants 42 > 0 and djg (m) € R, let

2
Qn := inf {/TN <%‘VU’2 + V(=) + %(m)zﬂ) dx /]TN ut dx (1.11)

u:TN—HR,/ u?’dle,/ udm:O}.
™~ ™~

In the next Proposition, we prove how the optimal constant @ in (LII) is related with
(LI0). We also provide a sufficient condition in order that @ is achieved in (L.IT]).



Proposition 1.4. Let v2 > 0 and djg

1. If (LIQl) holds true, then

(m) € R be fized constants.

d>W k2 1
>4 i Lul R 1.12
On 2 d¢? (m) +ke271r%1,k¢0 ( ok " |k|2> (1.12)

2. If the inequality in (LIQ) is strict, then the infimum in (LII)) is achieved provided that
N < 6. Moreover, the inequality in (ILI2)) is strict, i.e.,

on >t min <W+i>
N d¢? ke2nzZN k#0 \ Y2 k]2 )~

We prove the following necessary and sufficient condition for the uniform state ¢, = m
to be the (unique) global minimizer of & over H. (TY) in the case of the double-well
potential W.

Theorem 1.5. Let m € R, v > 0 and W € C?(R).
1. The uniform state ¢. = m is a stable critical point of £ over H: (TN) if and only

if (LIQ) holds true.

2. Assume that W € C*(R) satisfies Cf;T‘Y > w? in R for some constant w > 0. Then
m is a global minimizer of & over H} (TN) if (LIQ) holds true and

BW N\
QN > # (T&(m)> : (1.13)

Moreover, if the inequality in (ILI3) is strict, then m is the unique global minimizer of £
over H} (TN).

3. Assume that W € C*(R) has constant 4-derivative, i.e., ‘247‘1/ = w? in R for some
constant w > 0. If N < 6 and the inequality in (LIQ) is strict, then m is not a global

minimizer of € over HL (TN) provided that [(LI3) fails to be true.
2 TI'-convergence result. Proof of Theorem [I.Iland Lemma 1.2l

Proof of Lemma[L2 We develop the first integrant in Ff, :

1
h?

1
d330)° = (L*ap + Ap)® + ﬁ(a?)?)@)z
2L% 2

+ =5 PO+ 13

(Ll + A +
A w0330, for ¢ € V.

Step 1. Integrating the crossing terms. Using ([L3]), integration by parts leads

/cpagggpda;: —/(83(;7)2 dx.
Q Q



Using the periodicity of ¢ in 2/ = (21, z2) and (L3, integration by parts applied first in
x3 direction and then in x;-direction for j = 1,2 yields

/5jj90533<pdx =/(0j3cp)2dx, j=12, (2.1)
Q Q

so that
/ A pdzzpdr > 0.
Q

Step 2. We prove that

Lo

Llap + N de > Lo®m? + i ——
/Q( “ #) dr 2 La”m ke27:1212,k;é0(‘k‘]2

— 1)2 / (Ap)? d.
Q
Indeed, as ¢ € H?(f2) is 1-periodic in a’-variables, the Fourier series expansion of ¢ writes

o(x) = ap(xs) + Z (ak(z3) cos(k-a") +bg(zs) sin(k-2')), z = (2/,23) € Q, (2.2)
ke2r72 k#0

where ag, ay,, by € H?((0,1)) for every k € 2nZ% k # 0 and - denotes the scalar product in
R2. One computes that

Llagp(x) + N p(z) = L?aap(z3)
+ Z (Lo — |k:|2)(ak(x3) cos(k - ') + by(w3)sin(k - ), for a.e. z € Q.
ke2r 72 k#0

Then Plancherel’s identity and Jensen’s inequality yield

1

/(L2a<p—|—A'<p)2 dx :L4oz2/ ag dxs
Q 0

1 1

D DI R SR

ke2rZ2 k40 0

1 2

L

> Lia? / das)’ i —

> Lio™( 0 ao dzs) +ke2£2,k¢o(|k‘|2

_1)? /Q (M) d,

which proves the desired inequality since fol agdry = fQ pdr = m. Note that if a < 0,
the above infimum equals 1 (and is not achieved by any k € 27Z?2); if a > 0, the above
infimum is achieved for some kj, € 27Z2\ {0}.

Step 3. Conclusion. We recall the Poincaré inequality for H& functions on the interval
(0,1):

1 1
/ (disu)2 ds > 7T2/ u*ds, for every u € H((0,1)). (2.3)
0 0

2This computation is carried out for ¢ smooth in V and the result follows for general ¢ € V by a
standard density argument.



Applying it for d3p(z1, x9,.) € HE((0,1)) for a.e. (x1,z2) € [0,1)2, we deduce that

1 2L% 1 72 — 4h? L2«
—(D3300)% — ) 2>dm2—/8 2dm—|—7/8 2 dz.
/Q<h4( 33¢0) 2 (O3¢) o7 Q( 33¢0) o7 Q( 30)

Combined with Steps 1 and 2, we conclude that there exist C, e, hy > 0 (all depending on «)
such that for every L € (1—¢, 1+¢) and every h € (0, hg) we have infcorz2 ;20 (% —1)2 >
C > 0 (thanks to (I4])) and

Fra(e) 2 € [ (8 + @ + (00 ) o+ nt W, (2.4)

Moreover, by ([Z2), we deduce that [|A"¢[|r2q) > V¢l 12(0) with V! = (01,02) and by
@3, |03l r2() = T3¢l 2 (); the conclusion then follows by (2.II) and the Poincaré-
Wirtinger inequality [[V||12) = Clle —ml12q)- O

Remark 2.1. 1. Note that H?(D) is not in general the whole space of finite energy
configurations of the functional F in (LI)). Indeed, if o = |ko|? for some ko € %’TZ2 \ {0},
then by setting ®x(y) = m+ Asin(ko - y') for y = (v, y3) € D, we have that a®y + APy =
am. If W =0, it implies that F(®y) fails to bound HA<I>,\||2L2(D) as A — 0o.

2. The coercivity result in Lemma [L.2 holds for more general continuous potentials W
for which there exist two positive constants Cy,c > 0 such that

W(t) > —Cut?> —c, forallteR

(in particular, (LI) could fail). The constant C, > 0 (depending on o) needs to satisfy
the following bound
k€2;£2,k7£0 k|2
and a € R is such that (L4) holds true. Indeed, this follows by the proof of Lemma [1.2
combined with

e the Poincaré inequality

C, < 2r?

1
/(A/go)2 dx > 4n? / (¢ —ag)*dx = 471'2/ ©? dr — 471'2/ ao(x3)* dxs, for allp €V,
Q Q Q 0

which follows by the Fourier expansion ([Z2)) with ag(x3) = f[o 12 o(a',x3) da’ for every
T3 € (07 1)7'
e and the following inequalities

1

1 1
/(834,0)2 dx > / (D3a0)* daz > 4772/ (ag —m)*dxs = 47r2</ a3 dxs — m2>,
Q 0 0 0

(where we used the Jensen and Poincaré- Wirtinger inequalities for fol agdxs =m).
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Now we prove the I'-convergence result in Theorem [L11

Proof of Theorem [11. We divide the proof in several steps:

Step 1. Proof of point A. (Compactness). By Lemmal[l.2] we know that (¢, ) is bounded in
H?(Q); therefore, up to a subsequence, ¢, — @, weakly in H?(2). As H%(Q) is compactly
embedded in H'(Q2) and in L'(Q), we deduce that the mass constraint passes to the limit
(i.e., [ psdz =m) as well as J3¢,, — 3¢, in L*(Q) (up to a subsequence). Moreover,
by Lemma [[.2] we know that ||03¢n | 12(q) — 0; therefore, we deduce that dz¢. = 0 in €.
We conclude that ¢, € V.

Step 2. Proof of point B. (Lower bound). Since ¢, — ¢, weakly in H?(Q)) which is
compactly embedded in L*(£2), we know that up to a subsequence, ¢, — ¢, uniformly
in Q. In particular, W(p,) — W (p.) uniformly in © (because W is continuous). As in
the proof of Lemma [[2] (see Step 1), we write

1
/(Lioupn + AN, + h—zagggpn)z dr = /(Lflozgpn + A/gpn)z dx
Q n Q
1 2
+ o7 <(83390n)2 - thLia(33¢Pn)2> dx + —2/ V' D300 |* duz,
hn Q hn Q

where V' = (91, 02). Using the Poincaré inequality (2.3]), we know that for n large the
last two integrals are nonnegative (because 2h2L2a — 0, so it is less than the constant
72 in [B3) as n — o). Since Liay, + A'p, — ap. + Alp, weakly in L?(Q), the lower
semicontinuity of || - [|2, @ yields the conclusion.

Step 3. Proof of point C. (Upper bound). Let ¢, € V. We set ¢, := ¢.. If o, ¢ Vi (i.e.,
030l 22(q) # 0), then F, p,(¢«) — oo (by Lemmal[L.2). Otherwise, ¢. € Vi and
Fuon )—/ L (Rag. + N, + =

n

Ds304)° + W(%)) dr — Fi(px)
——

by dominated convergence theorem (as ¢, € V. C H%(Q)). O

3 Optimality of the uniform state. Proof of Theorems
and [1.51

3.1 The case of the PFC model.

In this section, we give necessary and sufficient conditions on the parameter o and on the
potential W that guarantee the global minimality of the constant state m for the I'-limit
F, over the set V. In fact, we will work in the general context of the N-dimensional torus

™ = [0, )"

with N > 1 and the set of periodic configurations ¢ of average m € R :

H2 (TN = {¢p € H}(TV) : / pdr =m}.
TN
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The corresponding functional is
_ 1 2 2 (mN
Fo)= [ (5loe+ 807 +W())dr, o HAT)

where W is a C? potential, o is a constarélt parameter and A is the Laplacian operator in
RN, For the fixed constants a € R and %(m) € R, we denote

Py = inf {/TN <(au + Au)? + %(m)ﬁ) dx /JTN utdz (3.1)

u:']I'N—>R,/ u3d:17:1,/ ud:z:zO}.
TN TN

We start by proving the following result that relates the optimal constant Py in (3.1)
with the condition of stability of the uniform state ¢, = m (that is (3.2]) below). We also
give a sufficient condition in order that the infimum in Py is achieved in (B.1]).

Proposition 3.1. Let o € R and % (m) € R be fized.

1 If “
Tt _min (o~ K220, (32)
then 2T
Py > W(m) + ke;}%\?k#o(a — |k[%)2. (3.3)

2. If the inequality in [B2) is strict, then the infimum in [BI) is achieved provided that
N < 12. Moreover, the inequality in [B3)) is strict, i.e.,

2
W)+ min (a— [KR)2

Py > —
d¢? ke2nZN k20

Proof of Proposition[3.11 Assume that (3.2) holds true. We divide the proof in several
steps:

Step 1. Proof of [33). For u € H?(TY) of zero average on TV, we write the following
Fourier series expansion

u(z) = Z (akcos(k - z)) + bysin(k - z)), =€ TV,
ke2rZN k£0

where ay,, b, € R for k € 20ZY \ {0} and - is the scalar product in RY. By Plancherel’s
identity, we have

&PW 1 W
/ (au + Au)? + W(m)u2 dr = = Z <(a — |k»)? + —z(m)> (af + b7)
™ ¢ 2 ke2rZN\ {0} dé
d*W . 2,2 2
> (W - A
> (Gt i (@ kP2) [ d?dn, G
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which is a nonnegative quantity thanks to (8:2)). By the Holder inequality

2 2
/ u4dx/ u?dr > </ || d:z:) > </ u? dm) . (3.5)
TN TN TN TN

Therefore, one deduces the conclusion in point 1.
For the rest of the proof, we assume that the inequality in ([B.2]) is strict.

Step 2. Every minimizing sequence in (B.1)) is bounded in H?(TV). Indeed, let (uy), be a
minimizing sequence in ([B.1]) with

/uidmzl,/ Uy dx =0,
TN TN

d*w
/N <(aun + Auy,)? + W(m)ui) dx /N ub dz — Py, asn — oo.
T T

In particular, the above left-hand side is uniformly bounded (from above). Moreover, by
Holder’s inequality, we have that

4/3
/ ul da > </ ]un]?’da:> > 1.
TN TN

As by (B4) and the strict inequality in (3:2]) we already know that

2
/11‘1\’ <(aun + Auy)? + ddqg/ (m)ui) dx

is positive, we conclude that the above quantity is uniformly bounded from above in n.
Combined again with ([B4) and the strict inequality in (3.2, we deduce that (uy), is
bounded in L?(TV). Therefore, (au, + Auy,), is bounded in L*(TV), yielding (Auy,), is
bounded in L?(T") and we conclude that (u,,) is bounded in H?(T") since

i.e.,

[Aunlp2rvy = Cllunllgrz(r),

for a universal constant C' > 0, for every zero-average periodic function u,,.

Step 3. Existence of a minimizer in B1). As (u,) is bounded in H?(T"), we know that
up to a subsequence, (u,), converges to a function v € H 2(']I‘N ) weakly in H 2 ae. in
TV and strongly in LP for p € [1,3] (by the Sobolev compact embedding H*(TV) c
L3(TY) provided that N < 12). We conclude that u has zero average, |jul/;s = 1,
liminf, o0 [pn up dx > S utdx (by Fatou’s lemma) and

d2LL d2L[/
lim inf . . 2 2 > / 2 2
im in /11‘1\’ <(au + Aup)® + —— (m)un> dx . <(au + Au)® + —5(m)u” | dz

as u, — win L?, o, + Au, converges weakly in L? to au+ Au and the L?-norm is weakly
lower semicontinuous. Thus, u is a minimizer in (31]).
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Step 4. Proof of the strict inequality in ([B.3]). Assume by contradiction that the equality
holds in ([B3]). By Step 3, (B has a nonvanishing minimizer u (as ||u||zs = 1), so that
the above assumption would imply

d*W d*W
2 2 4 : 2\2
/11‘1\’ ((au—l—Au) +— (m)u >d:17/T u dr = 3 (m) +k627{n}\]fa,k 0(a — |k|*)~.

By Step 1, all the inequalities in (84) and ([B.5) become equalities. In particular,

/ |u|3dx:/ wddr =1,
TN TN

ie., u>0a.e. in TV. As u has vanishing average, it means that v = 0 a.e. in TV which
contradicts the hypothesis |lul/zs = 1. O

Remark that E

inf{/ uzda;/ u4dm:/ u3dm:1,/ udx:O}zl. (3.6)
TN TN TN TN

Therefore, without the hypothesis at point 2. (implying in particular, that Py is achieved
for N < 12), it is not clear how to conclude that the inequality ([B3]) is strict in general.
Moreover, it may happen that if the equality holds in [3.2]), then Py = 0. Indeed, already
in dimension N = 1, if we set a = 1072, ddzTVZ(m) = —(a —47%)? (so, the equality holds in
B2)) and v(x) = cos(2mx) + cos(4rz), by normalizing v as

2
dd(;;’ (m)u? have zero average and u> has average 1;

we obtain that v and (cu + %u)2 +
this yields that Py = 0.

We will prove now the main result which is a generalization of Theorem L3t

Theorem 3.2. Let m,a € R and W € C%(R).
1. The uniform state ¢, = m is a stable critical point of F over H2 (TN) if and only

if B2) holds true.
2. Assume that W € C*(R) satisfies Cf;T‘f > w? in R for some constant w > 0. Then
m is a global minimizer of F over H2,(TN) if B2) holds true and

3 2
Py > o <%<m>> | (3.7)

30ne inequality comes from ([E5). To prove that 1 is indeed the infimum in (@8]), it is enough to
consider the case of dimension N = 1: for every n > 1, let v, = n in (0,2) and v, = —=Z< in (2,1).

-1
Then the sequence
1
un = ( / vz) 3 Un
T

is a minimizing sequence in (B.6) yielding the value 1 for the infimum.
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Moreover, if the inequality in B1) is strict, then m is the unique global minimizer of F
over H2,(TV).
3. Assume that W € C*(R) satisfies %V— = w? in R for some constant w > 0. If

N < 12 and the inequality in B2)) is strict, then m is not a global minimizer of F over
H2 (TN) provided that [B1) fails to be true.

Proof of Theorem [3.2. We divide the proof in several steps:

Step 1. A Fourier expansion. For ¢ € HZ(TY), we write the following Fourier series
expansion

o(z) =m+ Z (akcos(k - z)) + bysin(k - z)), =z € TV,
ke2rZN k#0

where ag, by, € R for k € 27Z" \ {0}. By Plancherel’s identity, we have

/ (ap+Ap2dr=a?m?+2 S (a— k)2 +5). (3.8)
TN 2
ke2rZN\{0}

Step 2. Proof of 1. First, note that ¢, = m is indeed a critical point of F over H2,(T),
i.e., ¢, = m satisfies the Euler-Lagrange equation

aw

v o (@) d.

2 2 dw _ 2
A%, + 20A¢y + ¢*+d—¢(¢*)—a m—l—/T

Then we compute the second variation of F at ¢, over H2,(TV): for every test configura-
tion uw € H?(TV) with [y udz =0,

2

VEF(6) () = L

e F(s + tu)

t=0

2
= /TN(ozu + Au)? + %(qb*)uQ dzx.

By Step 1, we deduce that

V2F () (u, 1) > ( min (o — k%)% + d2—W(m)>/ u? da.

ke2rZN k£0 de?

Therefore, if ([3:2)) holds true, then ¢, = m is a stable point of F over HZ (T"). Conversely,
if [32) fails to be true, set ko € 27Z" \ {0} be a minimum of mingeo zn ol — |k[?)?
and choosing the test function u(z) = sin(kg - ), we obtain that

1 1d°W
V2F (o) (u,u) = 5(04 — |kol*)* + §W(m) <0,

which proves the instability of ¢,.
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Step 3. If W € C*HRR) satisfies d(;f > w? in R for some w > 0, then for every ¢ €
HE,(TV),

1d°W
[ W@ = Wm)+ 5 ) [ (6la) = m)P o (39)
3 2
) [ 0w —mP et 5 [ (@) -t

Indeed, since ¢ — m has vanishing average, the Taylor expansion of W in m leads to

2 3
L 7@ = wm)do = 355 0m) [ (00) = m o+ g m) [ (0te) = m)da

3 d4
_ —_m)4 .
+ [ / S o+ €(0() — ) (9(o) — )" dtd
then (B3] follows due to dd(;}( > w
Step 4. Proof of 2. If ¢ € an(']TN), we denote by u = ¢ — m of vanishing average. Then
Steps 1 and 3 yield

F(¢) = F(m)>A+B+C with (3.10)

Aza/er(au—FAu) +T¢2(m)u dx, BZET&)’(m)/TNU dz, C = 24/ u' d.

Note that by (34) and ([32]), we have that

1 /d*W
A> i — |k[?)? /‘ 2dx > 0.
> (G s min (o= p?) [ aszo

We distinguish two cases:

e Case 1: B =0. By BI0), F(¢) — F(m) > A+ C > 0. In particular, we deduce
that ¢, = m minimizes F over the set of functions ¢ € H2,(TV) with [x (¢ —m)? dz = 0.
Moreover, if ¢ is another minimizer in this class, then the above inequalities become
equalities; in particular, A = C' = 0 yielding u = 0, i.e., ¢ = m (because w > 0). This
yields the uniqueness of the minimizer ¢, = m over all functions ¢ € HZ2 (TV) with
(¢ —m)3 of zero average.

e Case 2: B # 0. Then [pn u®dz # 0 yielding by (1)) and B1):

> = > .
4AC > 15 </1INU dm) = 3w’PyB <d¢3(m)> > B

As C > 0, it follows that

A+B+02ﬁ$A+m+Cﬂ20
S

We conclude by [B.I0) that F(¢) > F(m) which implies that ¢, = m is a global minimizer
of F over H2,(T™). Moreover, if the inequality in (3.7) is strict, we deduce that 4AC > B2,
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in particular, A4+ B+ C > 0; therefore F(¢) > F(m) yielding the uniqueness of the global
minimizer.
Step 5. Proof of point 3. By the assumptions at point 3. combined with Proposition B.1]

we know that the infimum Py in (31)) is achieved by some function u of zero average with
Jp~ u? dz = 1. Within the notations at Step 4, we have for this minimizer u in @I):

WPy, 1 [(dBW,

As [B7) fails to be true, i.e., B2 > 4AC, there exists t € R\ {0} such that A+ Bt+Ct? < 0.
Set ¢ = m + tu. As %}VZ— = w? in R, we have the equality in (3I0) and thus

F(¢) — F(m) = t*(A+ Bt + Ct?) < 0,
which proves that ¢, = m is not a global minimizer of F over H2 (TV). O

Remark 3.3. Let W () = 1(¢* — a)? be the double-well potential used in the PFC model
with a > 0 and fir o = 1 (in particular, (L4) holds true). Then we can apply Theorems[I1]
and [L3 with the conditions (L)) and BX) writing as

3m? +(1—4n%)2 >a and Py—g > 2m?, (3.11)

where Py depends on ‘igg(m) = 3m? — a. The above system determines the so-called

order/disorder transition curve separating in the plane (m,a) the region where the uniform
state is optimal. Note that the curve found numerically in [13] has the same aspect as the
above parabola. In [2])], the sufficient condition a < m? was found analytically which is a
subregion in our result because by Proposition [31] we proved that

W : 212 2 212 2
P2ZW(m)+ke2meI£k¢o(a_|k|) =3m* —a+ (1 —47°)° > 2m?,

whenever a < m?. As our condition [B.I1)) is necessary and sufficient, we conclude that

this is the exact region separating the regime of trivial minimizers from non-trivial ones.

Remark 3.4. A challenging question is to determine the curve separating the parameter
region where every global minimizer of F over H2,(TN) is one-dimensional (that corre-
sponds in particular to the region where stripes structures nucleate in the system, see e.q.
[13, [24)]). (This question is related to the well-known conjecture of De Giorgi for min-
imal surfaces.) Very few analytical results are available: we mention in particular the
result in [6] for the one-dimensional symmetry in the extended Fisher-Kolmogorov model
in RN, Also, the results in [19] for the one-dimensional symmetry in the Awviles-Giga type
models in RN (recall that in 2-dimensions, the standard Aviles-Giga model can be seen
as a forth order problem in the stream function corresponding to the order parameter, see

11,12, 13, 120)).
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3.2 The case of the Ohta-Kawasaki model.

Proof of Proposition[1.7} In terms of the Fourier representation of a function u € H'(T")
of zero average, i.e.,

u(z) = Z (akcos(k - z)) + bysin(k - x)), =€ TV,
ke2rZN k£0

where ay, by, € R for k € 20ZY \ {0}, we write

1 _ 1 k|? 1
/ IVl + [V(-A) tufde =~ Y (% + —2> (a2 + b2). (3.12)
™ 7 2 keanzN\{o} \ | k]

Therefore,

1 2 1, PW
L3I0+ V8 +

=\ d¢? ke2rzN\{o} * v2  |k|? TN

which is nonnegative thanks to (LI0). The conclusion follows by the same argument as
in the proof of Proposition BIl The only difference consists in the fact that minimizing
sequences in (LTI are bounded in H' (instead of H? as in the case of PFC model);
therefore, we need the compact embedding H'(TV) c LP(T") for p € [1, 3] provided that
N < 6 and one also uses the compact embedding H*(TY) ¢ H~1(TV). O

(m)u? dx

Proof of Theorem [I.J. We start by noting that ¢, = m is a critical point of the Ohta-
Kawasaki functional £ over H! (TV), i.e., ¢, satisfies the Euler-Lagrange equation

1 dw aw
—¥A¢*+w*+—(¢*)=/jr W 6.) de,

do N d¢p
where 1, is the solution of (9] associated to the critical point ¢, (obviously, ¥, = 0
if ¢, = m). The second variation of £ at a critical point ¢, is given for every test

configuration u € H'(TV) with [y udz = 0:
d2
VEE(D)(u,u) = —5 | E(u + tu)
dt* |,

1
:/ LT + [V (-A) Tl +
™ 7Y

d*w

By ([BI2), the conclusion of point 1. follows. For points 2. and 3., if ¢ € HL (TV), we
write the Fourier representation

d(x) =m + Z (ak cos(k - x)) + by sin(k - x)), zeTV,
ke2nZN k40
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where a, by, € R for k € 27Z"™ \ {0}. Denoting u = ¢ — m of vanishing average, by (3.3,
we obtain that

E(p)—E(m)>A+B+C with

-1 1 d2W
A== — 2 —A) 1yl
2/@72'%' +|V(=A) " u|* + i

(m)u? dz,

B and C being the same as in ([BI0). The conclusion of points 2. and 3. follows by the
same argument as in the proof of Theorem O
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