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(PLURI)POTENTIAL COMPACTIFICATIONS

EVGENY A. POLETSKY

ABSTRACT. Using pluricomplex Green functions we introduce a compactifi-
cation of a complex manifold M invariant with respect to biholomorphisms
similar to the Martin compactification in the potential theory.

For this we show the existence of a norming volume form V on M such that
all negative plurisubharmonic functions on M are in L* (M, V). Moreover, the
set of such functions with the norm not exceeding 1 is compact. Identifying a
point w € M with the normalized pluricomplex Green function with pole at
w we get an imbedding of M into a compact set and the closure of M in this
set is the pluripotential compactification.

1. INTRODUCTION

In this paper we construct biholomorphically invariant compactifications of com-
plex manifolds. For domains in the complex plane there is the Carathéodory com-
pactification that is invariant with respect to biholomorphisms. It is constructed
using prime ends. There are papers that used this notion for higher dimensions but
it, seemingly, did not lead to invariant compactifications.

Our construction is similar to the Martin compactification but instead of Green

functions that are not biholomorphically invariant we use their analog on complex
manifolds, namely, the pluricomplex Green functions.
_ The classical Martin’s approach is to consider the normalized Green functions
Gp(z,y) = Gp(z,y)/Gp(xo,y) on a domain D C R™, where x( is a fixed point
in D, and then define the Martin boundary as the set of all sequences Gp (x,y;)
that converge in Llloc. Due to Harnack’s inequalities the choice of the point xzq
is non-essential. The limit is a harmonic function on D that is called the Martin
kernel.

On a complex manifold M this normalization does not work because pluricom-
plex Green functions gps(z, w) are only maximal, i. e., (ddSgn(z,w))™ = 0 outside
of w. There are no Harnack’s inequalities and the existence of a subsequence con-
verging in Llloc is not guaranteed.

To circumvent this obstacle we show the existence of a norming volume form V'
on M or D such that all negative (pluri)subharmonic functions on M or D are in
LY(M,V) or L*(D, V) respectively. Moreover, the set of such functions with the
norm not exceeding 1 is compact. Identifying a point w € M with the normalized
pluricomplex Green function with pole at w we get an imbedding of M into a
compact set and the closure of M in this set is the pluripotential compactification.
The same approach in the real case produces the Martin compactification.
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Unfortunately, we were not able to prove that the limits of pluricomplex Green
functions are maximal. It is known due to Lelong [10] that almost any plurisubhar-
monic function is the limit in L}, of maximal functions. Thus the general theory
is not applicable. At the last section we compute pluripotential compactification
for a ball, smooth strongly convex domains and a bidisk. In all cases the limits
are maximal and are scalar multiples of pluriharmonic Poisson kernels computed
in [4] and [2]. In the two first cases the pluripotential boundary coincides with the
Euclidean boundary while in the case of a bidisk it is the product of a circle and a
2-sphere.

We are grateful to the referee whose corrections and comments significantly im-
proved the exposition.

2. GREEN FUNCTIONS

We denote by Gp(z,y) the negative Green function on a domain D in R™. It is
known that the Green function is symmetric and continuous in Gp X Gp and if 9D
is C2-smooth, then (see [16, 24.1]) Gp(z,y) is continuous on D x D and at every
point y € 0D there is the derivative

) Pole.y) = 22,

along the outward normal vector n(y) to dD at y. The function P(z,y) is harmonic
in x, positive on D and is called the Poisson kernel of D.

By [5, Theorem 6.18] every negative subharmonic function v on D can be rep-
resented as

u(e) = [ Gola.p)duty) + H(a),
D
where Aw is the Riesz mass of u and H(z) is the least harmonic majorant of u.
It was proved in [I4] that if H(z) is a negative harmonic function on a domain D
with C2-boundary, then

Hx) = [ Polay)duty)
aD
where p is a Borel measure on 0D.
Combining the two previous equations we get the Poisson—Jensen formula for a
negative subharmonic function v on D:

&) u(w) = [ Golep)duty) [ Polay)dutw)
D oD
Let §(x) be the distance from x to dD. The following theorem was proved in [9]
and [15, Eqns. (5) and (7)] (see also [17] and [18]).

Theorem 2.1. If D C R" is a domain with C?-boundary, then there is a constant
A > 0 depending only on D such that the Green function satisfies the inequality

(3) Gp(z,y) > —% In (1 + Aﬁfixjé&yﬁ) , n=2,
and
(4) Gp(z,y) > —AM n> 2.

|z —y[™’
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It follows from this inequalities (see [I4] and [15]) that there is a constant B > 0
depending only on D such that

(5) Pp(ry) < 220

Tz -yl

for all n > 2.

3. NORMING FUNCTIONS AND MARTIN COMPACTIFICATION

If ¢ > 0 is a continuous function on a domain D C R™, then we denote by
L'(D, ¢) the space of all Lebesgue measurable functions v on D such that

lullg = / ful das < o
D

Let us call a positive continuous function ¢(z) on D norming if for each compact
set ' CC D there is a positive constant C(F') and for every increasing sequence
of subdomains D; CC D with UD; = D there is a sequence of numbers £; > 0
converging to zero such that for every negative subharmonic function v on D:

(1) flully < oo;

(2) u(z) < —C(F)|ull¢ for every point x € F';

(3) llullip\py,¢) < ejllulle-

The first important feature of norming functions ¢ on D is the integrability of
all negative subharmonic functions. Hence, the cone SH~ (D) of all non-positive
subharmonic functions on D lies in the Banach space L'(D, ¢).

As the following lemma shows this embedding of SH~(D) into L!(D, ¢) practi-
cally does not depend on the choice of ¢.

Lemma 3.1. Norming functions determine equivalent norms on the cone of nega-
tive subharmonic functions.

Proof. Let ¢1 and ¢2 be norming functions on D. We take a compact set F C D
of positive Lebesgue measure and find a constant ¢ > 0 such that u(z) < —cllu||g,
for all x € F' and all negative subharmonic functions w on D. Then

Nl < [ wdzde < ~cluly, [ oade
F F

This shows that there is a constant a > 0 such that ||ul/g, > allul|e, on SH (D).

O

Another important feature of norming functions ¢ is given by the following the-
orem.

Theorem 3.2. The set SH; (D,¢) = {u € SH™ (D) : |ju|l¢ < 1} is compact in
XD, 6).

Proof. Let v; be a sequence of subharmonic functions in SH; (D). By [6l Theorem
4.1.9] there is a subsequence vj, converging in L} (D) to a subharmonic function
v on D. Moreover,
limsup v, (2) < v(2)
k— o0
and the left and the right side of this inequality are equal a.e.
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By the third property of norming functions this subsequence converges to v in
LY(D, ¢) and by Fatou’s lemma ||v||s < 1. O

The following lemma provides estimates of integrals of subharmonic functions
on compact sets.

Lemma 3.3. Let ¢ be a norming function on a domain D C R™ and let F be
a compact set in D with a = ||xF|l¢ > 0. Then there is a positive constant c,
depending only on F, such that for every negative subharmonic function u on D
we have

callully < —/uqﬁdm.
F

Proof. By the second property of norming functions

/ wpde < —C(F)|lulls / pdz = —C(F)|xrllslulls
F

F
(]

Let D C R™ be a Greenian domain (see [I]), i. e. a domain such that for
each y € D there is the Green function Gp(z,y). Since the Green functions are
continuous in both variables, the mapping ® : D — SH; (D, ¢) defined as ®(y) =
Gp(z,y) = 1" (y)Gp(z,y), where I(y) = ||Gp(z,y)||s, is a homeomorphism on its
image. The closure l~)¢ of ®(D) in SH; (D, ¢) is compact and consists of ®(D)
and the set 9y D of the limits in L'(D, $) of sequences of functions {Gp(x,y;)}
such that the sequence {y;} has no accumulation points in D. Since these limits
are harmonic on D, the sets 9y D and ®(D) do not meet. By Lemma BI]if ¢ and
1) are norming functions on D, then the sets l~)¢ are homeomorphic to each other.

In [I2] R. S. Martin defines the Martin compactification of D by choosing a
point zg € D and then adding to D all equivalence classes of converging uniformly
on compacta sequences of function m=1(y;)Gp(z,y;), where m(y;) = Gp(zo,y;)
and the sequence {y;} has no accumulation points. By Harnack’s inequality, the
third property of a norming function ¢ and Lemma the uniform convergence on
compacta of harmonic functions is equivalent to convergence in L*(D, ¢). Therefore,
l~)¢ is homeomorphic to the Martin compactification of D and 0j; D is the Martin
boundary of D.

4. THE EXISTENCE OF NORMING FUNCTIONS

Now we will show that every domain D C R™ has a norming function. We start
with a lemma. Let B(a,r) be the ball of radius r centered at a in R™

Lemma 4.1. If D C R" is a domain with C%-boundary, then the function ¢(z) = 1
on D is norming.

Proof. First we prove that both Green and Poisson kernels are uniformly integrable
on D. We may assume that B(0,s) C D C B(0,1) for some s > 0. For € > 0 we
let Do ={z € D: 6(z) <e},

v-(y) = | Gp(x,y)dx and h.(y) = /PD(:v,y) dx.

D DE
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Since D C B(0,1),

|z -y

Gp(z,y) > 5

n >3 and Gp(z,y) > In

S — 2.
|z —y|" "
Thus the function v.(y) is defined and continuous on D.
Let n > 3. For a point y € D, take a ball B = B(y,r) of the radius r = §(y).
Since §(z) < é6(y) + |« — y|, by Theorem 211

Gmez—A( ” r )

o=y p— g

Therefore

1 r? r
v yz—/fdx—A/ ——dx — / ——dx.
:(v) Ty FED P
B DE\B \B

€

The first integral is equal to ¢,72. The second integral does not exceed

2
2
A / rid,r:cnﬁln—.
v —yP" ;
B(y,2)\B

The function |z|'~" is integrable on B(0,2). Since the measure of D, converges to
0 as € — 0, by the absolute continuity of the integral there is Ci(¢) - 0 ase — 0

such that )

D\B
Thus ve(y) > —C(e)d(y) when y € D., where C(e) — 0 as € — 0. Since v, is
harmonic on DL = D\ D, we see that

ve(y) =2 —Cle)e = =Cle)d(y)

on D. In particular, when € =1

(6) vmnz/GD@wmxz—an&m
D

If y € 9D, then 6(z) < |z — y| and by (@)

B
) = [ Potey)de < [ s do < M),
D, D

where M (e) depends only on D and € and converges to 0 as € — 0.

The function Gp(z,y), considered as a mapping into the extended real line
[—00, 0], is continuous on D x D. Hence there is a constant dy(g) > 0 such
that Gp(x,y) < —di(e) on B(0,s) when z,y € D.. Let h(y) be a continuous
subharmonic function on D equal to —d;(g) on B(0, s), zero on 9D and harmonic
on D\ B(0,s). By the maximum principle, the Keldysch-Lavrentiev—Hopf lemma
and (@) we have

Gp(z,y) < hly) < —K()é(y) < d(e)u(y),
where K () > 0, d(e) = C(1)K(¢), z € DL and y € D. Also

PD (,T, y) = a%i((z;y)

5
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when x € D..
Let u be a negative subharmonic function on D. By Fubini’s theorem and (2]

(7) /udy:/leu—/hldlu.
D D oD

The second integral in the right side is finite because 0 < hy(y) < M(1). Now
for z € D. we have

/UlAu> /Gpgcy)Au()ZL
D

d(e)

Therefore, if the first integral in the right side of (@) is infinite, then u will be equal
to —oo everywhere. Thus |lu|l; < co and this proves the first property of norming
functions.

If x € D, then the estimate for Gp above yields

/GD(x,y)Au(y) < d(s)/leu.
D

D

().

The estimate for P tells us that

/PD (z,y) duly) > K(e) / du > ]I\;((El)) / ha(y) dp.
oD oD oD
Let a(e) = min{d(e), K (¢)/M(1)}. For € D. by @) and () we get

u(w) <a@) | [owdut) - [ | =a) [ut)dy
D oD D
and this proves the second property of norming functions.
The function v1(y) is negative and subharmonic on D. Hence by Keldysch—
Lavrentiev—Hopf lemma v1(y) < —ad(y), @ > 0. Also hi(y) > S > 0 on 9D.

Thus
/udy—/vaAu—/h du > —Cl(e /5Au— /du>

iy = b(e) [ u(y)dy.
D
where b(g) = max{C(a)a ,M(s) B~1} converges to 0 as € — 0. This shows the
third property of norming functions.
The case n = 2 has a completely analogous proof. O

This lemma fails for general bounded domains as the following example shows.

Ezample 4.2. Let D={z=2+iy € C: |2| < 1,0 < Argz < m/2} and let
12w
22 (a:2+y2)2'

Then u is a negative harmonic function on D and it is not integrable.

u(z) =Im

Theorem 4.3. Every domain D C R™ has a norming function.
6



Proof. Let D; CC Dj11 CC D be a sequence of subdomains with smooth bound-
aries such that UD; = D and let G; = D41 \ D;.
By Lemma [£.1] there are positive constants ¢; such that

(8) u(z) < ¢ / udz

Djt1
for each negative subharmonic function  on D and every point x € D;. Conse-
quently, there are constants b;, 0 < b; < 1, such that

/udxgbj / udr

D; Djt1
and
/udx <d; /ud:z:,
D D;

where 0 < dj = b1by.. .bjfl < 1.
Let G; = Dj41 \ D; and let ¢(x) be a positive continuous function on D such
that ¢ <1 on D; and ¢(z) <277d; on Gj.

Now
(9) / u¢dw=2/u¢dw2 Z dk2_k/ud:1022_j/udx.
D\D;, k=ic,, k=j+1 Dy Ds
So
/u¢dm22/udx>—oo.
D Dy

By @
(10) / up dx > 27:% /ugbda:,

D\D; D

where ¢ = inf ¢(z) on D;.
By (8) and (I0) for all points € D; we have

Cj
(11) u(z) < ¢ / udxgcj/udxgi/imdx.
Djt1 D1 D

Formulas (I0) and () show that the function ¢ is norming. O

5. NORMING VOLUME FORMS ON COMPLEX MANIFOLDS

If V is a positive continuous volume form on a complex manifold M, then
LY(M,V) is the space of all Lebesgue functions u on M such that

lullv = / lu] dV < oo.
M

A positive continuous volume form V on M is norming if for each compact
set ' CC M there is a positive constant C'(F') and for every increasing sequence
of open sets M; CC M with UM; = M there is a sequence of numbers €; > 0
converging to zero such that for every negative plurisubharmonic function » on M:

7



(1) flully < oo
(2) u(z) < —=C(F)||u||y for every point z € F}
(3) Nlullzranag vy < gjllullv
Theorem 5.1. Every connected complex manifold M has a norming volume form.

Proof. First, we prove this theorem when M is a relatively compact connected open
set with smooth boundary in a complex manifold. Let us take a finite open cover
of M by biholomorphic images F, 5(D}) of domains D C C", where n = dim M and
1 < j < m. We may assume that the sets D; = Fj_l(M N F;(D;)) are domains.
Then the open sets U; = F;(D;) C M form a finite open cover of M. Let ¢; be
a norming function on D;, G; = Fj_1 and V; = G7(¢; dz) be the pull-back of the
volume form ¢; dz on D; to Uj.

Let 1; be a partition of unity subordinated to the cover {U;}. We let V =
Z;C:l 1;V;. We assume that for all j the sets {¢); > 0} are non-empty. If u is a
negative plurisubharmonic function on M, then

/udV = Z/U(FJ($))¢] (x)dx > —o0.
M i=1p,
Suppose that the intersection of U; and U}, is non-empty. Let us take a compact
set A C Uj N Uy, such that

Vi(4) = /dV} > 0.
A
There is a constant ¢, > 0 such that

u(z) < ck /ude =y /u(Fk(x)Mk(x) dx
Uk Dy
for any point z € A. Hence

/ude < /udVJ <cij(A)/ude.
Uj A Up

This means that there are constants c;; > 0 such that

/ude §cjk/ude

U]‘ Uk

whenever U; N Uy, # 0.

Since M is connected for any 1 < j,k < m there is a finite chain of sets
Ui, ...,U;, such that U; = U;,, Uy = U;, and U;, NU;,,, # (). Hence for any
any 1 < j,k < m there are constants c;; > 0 such that

/ude Scjk/ude.

Uj Uk

1+1

This, in its turn, implies that for any 1 < j < m there is a constant d; > 0 such

that
/udV; < chk/wkude §dj/udV.
Uy

U; k=1 M
8



Let F' be a compact set in M. For every point z € F'NU; we take relatively
compact open sets F, C U; containing z and then choose a finite cover of F' by
such sets. Let A; CC Uy(;) be the elements of this cover. If z € A; N F, then there
is a constant a; > 0 such that

u(z) < a; / udVijy < ajdy) /udV.
Uk M
Taking as C'(F') the minimal constant ajcy;) we see that V' satisfies the second
property of norming volume forms.
Let Mj, be an increasing sequence of open sets My CC M with UMy = M. Then
for each j there is a sequence of numbers ¢, converging to zero such that

/ udvzajk/udvj.

Uj\Mj, Uj
Hence
[uav=> [ wuav=Y" [ wavizYen [uav,
MA\Mj, I=y\ =\ My =g

For each j there is a compact set B; C U; and a constant a; > 0 such that
V;(Bj) > 0 and ¥; > a;j on B;. By Lemma [3.3] there are constants b; > 0 such that

b.
/udv; zbj/udv; > a—ﬂ/wjudv;.
J
U.

Uj B; j

m
/ udvzzgjc’;—bﬂ/%udvj zak/udV,
M\ M, =t 7y, M
where ¢ is some positive sequence converging to 0. This shows the existence of
norming forms on relatively compact connected open sets with smooth boundary
in a complex manifold.

In the general case we exhaust M by relatively compact connected open sets M;
with smooth boundary and repeat the proof of Theorem (I

Hence

The first important feature of norming volume forms V' on a connected complex
manifold M is the fact that every non-positive plurisubharmonic function v #Z —oo
is integrable with respect to the measure dV. Hence, the cone PSH~ (M) of all
negative plurisubharmonic functions on M belongs to the Banach space L*(M, V).

Repeating the proof of Lemma B.1] we get

Lemma 5.2. Norming volume forms determine equivalent norms on the cone of
negative plurisubharmonic functions.

Analogously the following plurisubharmonic version of Lemma is valid.

Lemma 5.3. Let V be a norming volume on a complex manifold M and let F' be
a compact set in M with V(F) > 0. Then there is a positive constant ¢, depending
only on F, such that for every negative plurisubharmonic function u on M we have

cllully < —/udV.

F
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Let us denote by By the closed unit ball in L'(M, V).
Theorem 5.4. The set PSH; (M,V) = PSH~(M)NBy is compact in L*(M, V).

Proof. Let v; be a sequence of plurisubharmonic functions in PSH; (M,V) and
let U € M be the biholomorphic image of a domain D C C™ by a mapping F'.
Then the functions u; = v; o F' are subharmonic on D. By [0, Theorem 4.1.9]
there is a subsequence uj, converging in L} (D) to a subharmonic function u on
D. Moreover,

w(z) = limsup u;, (2) < u(z)
k—o0

on D and the left and the right side are equal a.e. Thus w is the upper semicontin-
uous regularization of w and by [8, Prop. 2.9.17] u is plurisubharmonic.

It follows that if M; CC M is an increasing sequence of connected open sets such
that UM; = M, then there is a subsequence {v;, } converging in L*(M;, V) for any
i to a plurisubharmonic function v on M. By the third property of norming volume
forms there is a sequence of numbers €; > 0 converging to zero such that

/ udVZai/udV

M\M; M

for all w € PSH—(M). Hence

J1os=elav < [los, —vlav = [ @, +v)av
M M;

M\M;

< /|’Ujk —v|dV—5i/(vjk +0)dV < /|vj,c — v dV + 2¢;.
M; M M,

Thus this subsequence converges to v in L'(M, V). O

Proposition 5.5. If F': M — N is a proper holomorphic mapping between com-
plex manifolds M and N and V is a norming volume form on N, then V* = F*V
is a norming volume form on M.

Proof. Let A be a singular set of F and A’ = F(A). Any point in N \ A’ has
the same finite number m of preimages under the mapping F. If u is a negative
plurisubharmonic function on M, then w*(w) = 3 p(,)_, u(z) is a plurisubhar-
monic function on N \ A’ that is locally bounded above near any point of A’. Since
the set A’ is analytic, u* extends uniquely to N as a plurisubharmonic function.

Thus
/udV* :m/u*dV> —00,
N

M

when v is a negative plurisubharmonic function on M.
If G is a compact set in M, then G’ = F(G) is a compact set in N and

u(z) < u(F(z)) < c/u* dVv = %/udV*.
%o "



If M; CC M is an exhaustion of M and M} = M \ M, then taking into account
that F' is proper we get

/udV*Zm u*dVZmaj/u*dV:sj/udV*,

M F(M)) N M

where €; > 0 is some sequence converging to 0. O

6. PLURIPOTENTIAL COMPACTIFICATION

Let M be a complex manifold. For w € M we consider the pluricomplex Green

function, introduced in [7],

gum(z,w) = supu(z),
where the supremum is taken over all negative plurisubharmonic functions u such
that the function u(z) — log ||z — w|| is bounded above near w. It is known that
gm(z,w) is plurisubharmonic in z. (Here we assume that « = —oo is a plurisub-
harmonic function.)

The function gps(z,w) is also maximal in z outside w, ie., if G C M is a
domain whose closure does not contain w and v is a plurisubharmonic function on
a neighborhood U of G such that v(z) < gas(z,w) on dG, then v(z) < gas(z,w) on
G. Indeed, if v is a negative plurisubharmonic function on M which is less than gas
on a neighborhood of the boundary of a domain G C M, w € G, then we take the
function vy equal to gpr on M \ G and to max{gas,v} on G. This function will be
negative and plurisubharmonic on M and vy = gas near wg. Thus gy > v on G.

We introduce locally uniformly pluri-Greenian complex manifolds M, where ev-
ery point wg € M has a coordinate neighborhood U with the following prop-
erty: there is an open set W C U containing wp and a constant ¢ such that
gu(z,w) > logl||z — w|| + ¢ on U whenever w € W;

If M is a ball B(wo, r) of radius r centered at wy € C™, then gas(z, wo) = log(||z—
wpl| /7). Since gps is monotonic in M, it follows that if M is a bounded domain
in C", then gp(z,w) > log(||z — w||/r), where r is the radius of circumscribed
ball of M centered at w. Hence bounded domains in C" are locally uniformly
pluri-Greenian.

We will need a version of [8, Lemma 6.2.4].

Lemma 6.1. If M is a locally uniformly pluri-Greenian complex manifold and
wg € M, then for any € > 0 and any neighborhood X of wq there is a neighborhood
Y of wg such that

g (2, wo)

1—-e<
gm (2, w)

<l+e¢
whenever w €Y and z € M \ X.

Proof. Let U be a coordinate neighborhood of wg from the definition of locally uni-
formly pluri-Greenian manifolds. We may assume that U C X. By this definition
gm(z,w) > logl|lz — w|| + ¢ on U when w € B(wg,r) C U for some r > 0. On
the other hand, if w € B(wo,r/4), then B(wg,r/2) C B(w,3r/4) C B(wg,r) and
by monotonicity of pluricomplex Green functions there is a constant ¢; depending
only on r such that gy (z, w) <log |z — w|| + ¢1 on B(wg,r/2).

If0<t<r/4, and ||w—wol|| < t/2, then logt+c—2 < grp(z,w) <logt+cy+2
on dB(wy,t). Hence there is 0 < to < r/4 such that (1+¢)gn(z, w) < gy (z,wp) <

11



(1 —&)gm(z,wp) on OB (wo,tp) when w € B(wp,tp/2). Our lemma follows with
Y = B(wp,to/2) by the maximality of gps. O

Let V be a norming volume form on M. Let ¢y (w) = ||gm(z, w)||v. We define
the mapping ®y : M — PSH; (M) as @y (w) = gar(z,w) = ey (w)gn (2, w).
Lemma 6.2. If M is a locally uniformly pluri-Greenian complex manifold, then
the mapping ®v has the following properties:

(1) @y is a continuous bijection onto Oy (M);

(2) for every compact set N C M the mapping ®v is a homeomorphism between
N and &y (N).

Proof. From properties of locally uniformly pluri-Greenian complex manifolds it
follows immediately that ®y is a bijection. It follows from Lemma and the
inequality gas(z, w) > log ||z — w|| 4+ ¢ near w that the function cy (w) is continuous
and, consequently, @y is continuous.

If a set N CC M, then @y is continuous and bijective on N. If a sequence
gm(z,wj), w; € N, converges to ga(z,wo) in L'(M,V), then we take any sub-
sequence wj, of {w;} converging to xy € N. By continuity of ®y the sequence
gu(z,wj, ) converges to gar(z, o) and this implies that g = wp. Thus the se-
quence {w;} converges to wg in M. O

The norm of @y (w) in L' (M, V) is equal to 1. Hence, by Theorem [5.4lthe closure
My of &y (M) in L*(M,V) is compact and we call the set My the pluripotential
compactification of M. The set My consists of Oy (M) and the set dp D of the
limits in L!(M, V) of sequences of functions {G p(z,y;)} such that the sequence
{y;} has no accumulation points in D. The closure Op of the set My \ &y (M) is
called the pluripotential boundary of M.

Lemma 6.3. Let M and N be locally uniformly pluri-Greenian complex manifolds
and F': M — N be a biholomorphism. Let V and U be norming volume forms on
M and N respectively. Then there is a canonical homeomorphism H of Ny onto

My such that H(®y(N)) = &y (M).

Proof. We define H : PSH; (N,U) — PSH; (M,V) as H(u) = I='(v)v, where
v = uoF and I(v) = |v|ly. If we prove that H is a homeomorphism and
H(®y(N)) = @y (M), then the restriction H of H to Ny will be the required
mapping.

First of all, we note that His bijective. Secondly, if U* = F*U and the mapping
P : PSH;(N,U) — PSHy (M,U*) is defined as P(u) = uo F, then P is a
bijective isometry. Finally, by Lemma B3] the function /(v) is continuous on the
compact set PSH; (M,U*). Hence the mapping v — [~ (v)v is a homeomorphism
of PSH; (M,V*) onto PSH; (M,V). The composition of two latter mappings is
H and our lemma is proved. O

In particular, all pluripotential compactifications are homeomorphic to each
other and we will denote them by M. Another immediate consequence of this
lemma is

Theorem 6.4. Let M and N be locally uniformly pluri-Greenian complex mani-
folds. Then any biholomorphic mapping F : M — N extends to a homeomorphism

of M onto N.
12



7. EXAMPLES

When working with examples it is useful to choose a better normalizing factor for
pluricomplex Green function. The factor [|gas(z,w)||;," was optimal for the proofs
but hard to calculate in concrete cases. However, if a sequence a(w;)ga (2, w;)
converges in L'(M, V) to some non-zero function u, then the sequence gar(z,w;)
also converges to a scalar multiple of w.

Ezample 7.1. Let M = B? be the unit ball in C2. Evidently, gas(z,0) = log||z||
and gar(z,a) = gm(f(2), f(a)) = log]|f(2)||, where f is an automorphism of the
ball transforming a = (a1, as) into 0. If w = (w1, ws) = f(2) = f(21, 22) then

T—Zi' V1i-12,

= 1—2zir’ w2:wz2’
where r = ||a||, 2] = r7(z,a) and 2z, = r71(z,a). Therefore,
(-l —r?)
=log |1 —
gM(Zaa‘) 0og |1—Zi7‘|2
As a normalizing factor we take |g(0,a)] = —2logr. Then
~ (L —ll=?) A —r?)
=— log |1 — .
=0 = " logr Og’ 1=

If a sequence gas(z,a;) converges and |laj|| — 1, then a; — a = (a1,az) € 9B? and
the limit is N
gM(Z7a) = |1||—||(z,a)|2

The function gps(z,a) is maximal because for mappings f(¢) = ((,C(1—-¢)) : D —
B? the functions gas(f(¢),a) are harmonic.

So in this case M = EQ, OpM = OB? and the mapping ®y is a homeomorphism
of B onto M. This means that the Euclidean boundary and the pluripotential
boundary coincide.

Ezample 7.2. Let M =D? C C?, 2 = (21, 22) and w = (wy,ws). Then

21— w1 R2 — W2
gm(z,w) = log max — 1, - .
1— Z1UW1 1— Z9W2
As a normalizing factor we take a(w) = |gy; (0,w)| = —log™" max{|w; |, [wal}.

If a sequence w; = (wq;,ws;) in M converges to wy = (w10, wao) and |wig| =1
while |wag| < 1, then the sequence gas(z,w;) converges to

~ |2’1|2 -1
12 , = —.
(12) g (2, wo) 11— z11010) 2

Similarly, if |wei| < 1 while |wgs| = 1, then the sequence gas(z,w;) converges to

~ |2’2|2 -1

13 wp) = 2t
(13) g (2, wo) 11— 221202

If |wo1| = |wozl, then the sequence gas(z, w;) converges if and only if the sequence
(log |wi;])/ log|wa;| has the finite or infinite limit ¢. If ¢ = oo, then ga(z,w;)
converges to the function from (I3]), while if ¢ = 0, then the limit of gas(z, w;) is
the function from (I2I).

13



If 0 < ¢ <1, then ga(z,w;) converges to the function

P =1 [zl -1 }
|1 —2’1’117}10)|27 |1 _22w20)|2 ’

gum(z,wp) = log max {

If 1 < ¢ < oo, then gar(z, w;) converges to the function

|21|2—1 |2’2|2—1 }
1—2’1’@10”2, |1—221I)20)|2 '

gm(z,wp) = log max {c|

All limit functions are maximal. The non-distinguished part of M is squeezed
into two circles while every point in the distinguished boundary, that is a 2-torus
T2, blows up to an interval (0,00) connecting these circles. If we add to every
point of T? the interval (0,1] and the circle from ([[2)) we will get a filled torus in
R3. Adding interval (1, 00) and the circle from (3] we will get another filled torus
in R3. Thus OpM is the double of a filled torus or the product of a circle and a
2-sphere.

Ezxample 7.3. Let M be a smooth strongly convex domain in C™. A complex geodesic
is a holomorphic map ¢ : D — M which is an isometry between the Poincaré metric
on D and the Kobayashi distance kps on M. According to Lempert (see [II]) on
smooth strongly convex domains complex geodesics are injective maps smooth up
to the boundary and the Kobayashi and Carathéodory distances coincide. The
latter implies (see [13] or [2]) that gas(z, w) = log(tanh kps(z, w)).

In [3, Theorem 3] the authors constructed a continuous mapping ® : M x M —
B” that is smooth on OM x M outside of the diagonal in M x OM and has the
following properties:

(1) for every p € OM there is ¢ € OB™ such that ®(p,$({)), where ¢ is any
complex geodesic in M and p € ¢(T), is a complex geodesic in B™ passing
through g¢;

(2) for a fixed p € 9M the mapping ®(p, 2) is a homeomorphism of M onto B"
smooth outside of {p}.

For a complex geodesic ¢ such that ¢(0) = w and ¢(¢) = z we choose a
point p € ¢(T). Due to the isometry properties of ® the value of the function
log(tanh kg» (®(p, w), ®(p, z)) does not depend on the choice of p and is equal to
log(tanh kps(z, w)) = ga(z, w).

Let {w;} C B be a sequence converging to p € M. For a complex geodesic
passing through w; and z we choose as p;(z) the nearest point to p in ¢(T). By
the continuity of ® the mappings ®(p;(z),z) converge to ®(p,z) uniformly on
compacta in M. Let z; € M be the points such that ®(p;(z;),z;) = 0 and let
N = —2log™ ' ||®(p;(x;),w;)||. Then the functions

Ajgm (z,wj) = Ajlog(tanh kg (®(p;(2), 2), @(p;(2), w;))

converge uniformly on compacta to ga(z,p) = g~ (®(p, z),p). This function is
maximal because it is harmonic on geodesics passing through p, equal to 0 on
OM \ {p} and smooth. So by [2, Theorem 7.3] gar(z,p) is a scalar multiple of the
function Qaz,,(2). In [2] the latter function is called pluricomplex Poisson kernel of
M and it is equal to the derivative of gps(z,p) along the outside normal at p like
in the classical formula ().

In [4] Demailly introduced the notion of pluriharmonic Poisson kernels that de-
pend on the choice of a measure on the boundary and are scalar multiples of each
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other. It was proved in [2] that Qs , is a pluriharmonic Poisson kernel in the sense
of Demailly. He also computed these kernels for the ball and the polydisk and they
are scalar multiples of the functions computed in Examples 1 and 2.

(1]
(2]

18]
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