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Abstract

Representation theory of the symmetric group &, has a very distinctive com-
binatorial flavor. The conjugacy classes as well as the irreducible characters are
indexed by integer partitions A - n. We introduce class functions on &,, that count
the number of certain tilings of Young diagrams. The counting interpretation gives
a uniform expression of these class functions in the ring of character polynomials,
as defined by [Mur37]. A modern treatment of character polynomials is given in
[OZ15]. We prove a relation between these combinatorial class functions in the (vir-
tual) character ring. From this relation, we were able to prove Goupil’s generating
function identity [Gou99], which can then be used to derive Rosas” formula [Ros00]
for Kronecker coefficients of hook shape partitions and two row partitions.
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1 Introduction

Representation theory of the symmetric group &, employs a good amount of combina-
torics of (integer) partitions of n. The irreducible representations of &,, are indexed by
partitions. One way to generate these irreducible representations is through construct-
ing a vector space M" generated by equivalence classes of tableaux, called tabloids of
shape A. And then show that each M" contains an irreducible representation of &, as
a subspace. The number of tabloids of shape A can also be viewed as certain tilings
of Young diagram of shape A. This motivates us to define class functions over &, that
count certain tilings we call brick tilings. In this section, we review representations the-
ory of &,, and define these class functions. We also recall Doubilet’s inversion formula,
and face numbers of permutohedron which will be of use in the later sections.

1.1 Partitions and compositions

A partition A of a positive integer 1, denoted as A I~ 1, is a weakly decreasing sequence
A = (A, Ag, -+, Ay) of positive integers adding up to n. The positive integers A; are
called parts of A, and the number of parts is called the length of A, denoted as ¢(A). If we
want to emphasize that /(1) = r, we write A -, n. In relation to A, the integer  is called
the weight of A, and it is denoted by |A|. It is also useful to write A = (11,22, ..., n"n"),
where m; denote the multiplicity of i in the partition A. Given a partition A  #n, the
reduced partition (A) is a partition of n — Ay defined as (A) = (A, ..., A;) F |A] — Aq.
Similarly, for a partition A I~ k, and a positive integer n > k + A1, the augmented partition
A[n] is a partition of n defined as A[n] = (n — k, Ay, - -+, A;). In other words, the reduced
partition (A) is a partition we get by removing the first part of A, while the augmented
partition is a partition we get by augmenting a suitable first part to A. We identify
partition A with its Young diagram, which is a finite collection of unit cells arranged in
left justified rows with A; cells in the ith row. A Young tableau of shape A, is a labeling of
the cells of the Young diagram of A with integers 1,2, ..., n, with each number occurring
exactly once.

A composition y of a positive integer 1, denoted as y F 1, is a sequence (y1, pa, - - - , Hr)
of positive integers adding to n. We extend the definitions and notation introduced
above for partitions to compositions. Given a composition y, we denote by fi the parti-
tion obtained by rearranging the parts of i in weakly decreasing order.

For any positive integer #, let Comp(n) denote the set of all compositions of n. We
define a partial order on Comp(n) in the following manner: Given two compositions
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(1,22 (1,1,3)

2,1,1,1) 1,2, 1,& /1, 1,2,1) (1,1,1,2)

(1L,1,1,1,1)

Figure 1: Poset of composition Comp(5)

v=(vy,...,vs) and u = (p1,...,ut) in Comp(n), we say that u covers v, and write v < u
if /(u) = ¢(v) + 1 and there exists a unique j such that

Vi fori <j
pi=qVvitvipn fori=j
Vit fori >j

i.e. the covering relations are given by adding adjacent entries. The partial order on
Comp(n) induced by this relation is denoted by <. For instance, in figure [Il we see the
Hasse diagram of this partial order on Comp(5).

We identify the abstract group &, with the group of permutations on the set [n] =
{1,2,...,n}. Let w be an element of S, then w can be written as a product of pairwise
disjoint cycles, called cyclic factors of w. Let r denote the number of these cyclic factors
including the fixed points (1-cycles). Let [; be their lengths fori =1, ...,r. By choosing
an element j; for the i-th cyclic factor, we can write

r
w = H(]l/ w]l/ T /wli_lji)
i=1



We can make this notation unique by choosing j; such that for all positive integer m,

ji > w"ji

and foralli =1,2,...,r — 1, take
Ji <Jit1

Such a unique decomposition is called canonical cycle decomposition of w. This plays an
important role in Foata’s first fundamental bijectiop [ES78]. Note that! = (I1,1,- -, 1)
is a composition of n. The underlying partition [ is called the cycle type of w and is
denoted as cyc(w). We know that two permutations u, w belong to the same conjugacy
class in 6, if and only if cyc(u) = cyc(w).
Example 1.1. If w = 947213865 € Gy, then we have the canonical cycle decomposition

w=(4,2)(8,6,3,7)(9,51)
with cyc(w) = (4,3,2) F 9.

1.2 Representation theory of symmetric group S,

A tabloid [t] of shape A is an equivalence class of Young tableaux of shape A, where we
consider two tableaux t and #’ equivalent if the entries in each row of t agrees with the
corresponding entries in row of . Given the set T(A) of all Young tableaux of shape
A, there is a natural action of &, on T(A) by just permuting the labels of tableaux. This
induces an action on tabloids. Given a Young tableau ¢, the polytabloid e; associated to
t is defined as the linear combination
er =Y sign(m)m[t]
neCy

where C; is the column group associated to ¢, i.e. the subgroup of &, consisting of per-
mutations that only permute elements within each column of . For each partition A - n,
C-linear combination of polytabloids of shape A gives an irreducible representation of
&y, over C. This is referred as Specht module S corresponding to A - 7 in the literature
[Ste12]. Let C1(S,) denote the vector space of class functions on the group &, over C.
The characters of Specht modules, (x*)ar,, gives a basis for Cl(&,). There is a scalar
product (-, -)s on Cl(&,) defined as

(x) == ¥ ox(o)
toeG,

and extended linearly. The decomposition of the permutation character in terms of the
irreducible character basis {x*} is given by Young's rule, which gives:

d=§@w¢ (1)
U

where Kj,), are the Kostka numbers, and the sum is over all partitions y which are less
than or equal to A in the dominance order.



1.3 Brick tilings

A brick of length j is a labelled horizontal array of j unit cells. We will view itasa 1 x j
rectangle. To each j-cycle a = (a1a; - - - a;) in the canonical cycle decomposition of w, we
can associate a brick of length j with ith square labelled 4;. Given w € &, where w has
cycle type A = (Aq,- -+, A;) = n, we denote by By, the set of associated bricks of length
A1, -+, A corresponding to each cyclic factor in the canonical cycle decomposition of
w. Note that the 1-cycles correspond to 1 x 1 square bricks. A tiling of a diagram A - n
by a set of bricks B is a covering of the diagram A with bricks from B such that no brick
is used twice and each cell of A is covered by some brick from B. An ordered brick tiling
of A -k (or A F k) by w € &, is a tiling of Young diagram of A by bricks from By,, where
no brick is in more than one row and the order of the bricks in a row is irrelevant. To
be more precise, the ordered brick tiling of shape A = (Aq,---,Af) withw € &, is an
ordered tuple (S1, Sy, - - -, Sy) of disjoint subsets of B;, such that

U uf=x

UGS]‘

forallj = 1,---,r. The set of brick tilings of A F n by w € &, is denoted by By (A).
So in each element (S1, Sy, ..., S;) of By(A) with £(A) = r, the set S; represent the set of
bricks used to tile the i-th row of Young diagram of A. Notice since the order of tiles in
a row does not matter, therefore there is no ambiguity in this notation. If need be, we
write T; explicitly using the canonical cycle decomposition.

We can define an equivalence relation among brick tilings of shape A as follows:
Two brick tilings S = (51,52,...,5:) and T = (Ty, Ty, ..., T;) of partition A -, n, are
equivalent if one is a permutation of other i.e.

(S1,--+,8,) = (Tn(l), ce ,Tn(r)) for some T € S,

We refer to these equivalence classes of tilings as unordered brick tilings of A by w, and
we denote the set of these equivalence classes by By, (A). We say a brick tiling is crackless
whenever we have exactly one tile in each row. Otherwise, we say it is cracked. A crack
in a brick tiling is the occurrence of two tiles in one row of a Young diagram. If a row
contains ¢ many tiles, we say it has ¢ — 1 cracks, and the number of cracks in a brick
tiling is sum of number of cracks in its rows. For a T in By, (A) (resp. By(A)), we call A
the shape of T and denote it by sh(T'). Furthermore, for any subset A = {by, b, ..., b, } of
By, the shape of A, denoted as sh(A) is the sequence of lengths of bricks b; in decreasing
order.

Example 1.2. Consider A = (2,2,1) - 5and let u = (3,1)(4)(5,2) and w = (2)(3,1)(4)(5)
in &s. We have B, = {|3|1 |.,|5|2|} and By, = {, ,,}. The diagram of A is




given by . The ordered and unordered tilings of A by u and w are given below

( )
(4] (4] )
r

Bo(A) = { [BIT][3TT] [371] [2]4] [2]5] [4]5
2141257145131 |3[1]|3|1
L 4] (2] 5] 4 2]

and

- _
(4] ]
g Z

BV = { |BI, | BT}, |37
(5] 1 4 2]

Note that all the elements of B,,(A) are crackless, but all the elements of By, (A) are cracked with
one crack each.

1.4 Tiling class functions

In this section, we define class functions on &, that count the number of different types
of brick tilings. Let k be a positive integer less than or equal to n and let A - k (or A F k).
We define functions %, &, 17A : 6, — N as follow

7" (w) := number of ordered brick tilings of A by w i.e. |By(A)]

& (w) := number of unordered brick tilings of A by w i.e. |By(A)]

7 (w) := number of unordered crackless brick tilings of A by w
These are class functions on &,,. What that means is that they are constant on each
conjugacy class of &,. The notion of tiling of A - k with w € &, when k # n still make

sense. For k > n, all of the above class functions are identically zero, so we keep the
condition k < n.

Example 1.3. Going back to example[L2) for the respective partition A and permutations u, w,
we have



Table 1: Combinatorial class functions for example

The interesting case is when k = n. This means that all of the bricks from B, are
utilized to cover diagram A ~ n. So the ordered brick tilings correspond precisely to
tabloids, and hence we have the following result.

Theorem 1.4. For A F n,

o 7 is the character corresponding to the permutation representation M of G,,. Further-
more,

1
@zﬂd

where Al := mylmy! - -+ for A = (1™, 2M2,...),

o ' is the indicator function of cycle structure i.e.

0 otherwise

UA(w) _ {1 if CYC(ZU) =A

Proof. Recall that for a partition A = (Aq,--- ,Ay) F nand w € &, with cyc(w) =y =
(1, - -, r), the character of &, corresponding to M is the coefficient of x?l xg Z... x?‘

in the product

r

[TGH+ -+
i=1

which precisely counts the ordered brick tilings of w by A. Furthermore, to each un-
ordered brick tiling of A we get A! = m!my!--- ordered brick tilings by permuting the
tilings in the parts of same size, and vice versa. For the second part, a crackless tiling of
A is only possible if each part of cyc(w) fits perfectly in a unique part of A. This is just
another way of saying that cyc(w) = A.

U

Lemma 1.5. Let k < n, then

* for any u E k the following holds as identities of class functions on S,,.

gr=or, =2t =gy



* forany A = n then the following holds as an identity of class functions on &,,.
=W
and if Ay > Ay, then & = &M and nt = M.

Proof. The first statement is just a consequence of the fact that the brick tilings of any
type does not depend in the relative order of parts of A. The second says that if the
weight of A and the weight of cyc(w) are equal, then to determine a tiling of A by w, we
just need to determine a tiling of (A) by w. Because whatever tiles are not being used
will have to fit in A1, and there is only one way of doing that, as the order of tiles in rows
of A does not matter. O

Example 1.6. Let A = (2,2,1) - 5and u = (3,1)(4)(5,2) and w = (2)(3,1)(4)(5), recall

¢*(u) = [Bu(A)| =2
M (w) = |Bw(A)] =6

In this case, (A) = (2,1) & 3 diagram of A is given by |, we have
B () = 52|31|}
() = {BAE
By ((A)) = 24|25|45|31|31|31|}
- - {EEER B G E

which is in accordance with table[l]

For T C By, be a set of bricks coming from w € &, and we denote by &} the number
of tilings of A = n with brick set given by T. Then counting brickwise, we have

=Y & )
TCBy
and
= Y 1 3)
TCByw
sh(T)=A

Furthermore, since for the row shape (k) - k, we can count the tilings of all shapes,
which gives

g =gl = Z”ﬂ 4)

ukk

These are some identities that will come handy in later to prove our main result.



1.5 Doubilet’s inversion formula

Recall the Young’s rule which states that

M = P K8
paA

where K, are the Kostka numbers. If we denote by x* the irreducible character of &,
corresponding to the Specht module S*, then this implies

=Y Kax"
pA

We also know that for partitions A, u = n, the coefficients Kya # 0 if and only if y < A.
Furthermore, K), = 1. This implies that the Kostka matrix K = (KH ) is invertible.

Therefore, we can write the irreducible character x as a linear combination of {*’s.
Such an inversion formula was given by Doubilet in [Dou73], which states

xt =Y sign(e)g™
oS,
oAFn

where oA is the sequence defined as

oA=M+c()—1LA+0(2)—2,--+ ,Ap+0(n) —n)

(A); = Aj+o(i) —iforalli =1,2,...,nand oA is the rearrangement of this sequence
in a weakly decreasing order. Since A; = 0 for /(A) < i < n, this implies that for oA to
be a partition, we should have

o(i)—i>0

equivalently o (i) > i for all /(A) < i < n. This implies ¢(n) = n and since o is
a bijection and hence injective o(n —1) = n — 1. Inductively, we have (i) = i for
f(n) < i < n. Let §/(A) be the subgroup of permutations that pointwise fix all the
elements from ¢(A) + 1 to n. Then, the above observation implies that the sum on the
right of the inversion formula can be taken over o € @g( A such that oA b n. Hence we
can restate the inversion formula as:

Lemma 1.7. (Doubilet’s inversion formula) Let A \= n, then keeping the notation of this section,
we have

= T sign(o)
0’664(/\)
oAbn



For our purposes later, we will be able to reduce this sum to a smaller indexing set
using the condition that A needs to be a composition of n. This enforces that none of
the parts of A should be less than 1. For the time being, we show a simple example.

Example 1.8. For a positive integer n > 1, take the partition A = (n —1,1) & n, then
X(n—l,i’l) — g(i’l—l,l) . g(n)

which reminiscent of the fact that the M(""=11) = §(1=11) @ M) where we know that §"~"
is the regular representation and M) is the trivial representation of &,.

1.6 Face numbers of permutohedron

The standard permutohedron is an example of a convex polytope associated to permu-
tations. To each permutation w € &,, we associate a point in IR"

po = (w(1),w(2),---,w(n)) € R"
The standard permutohedron 11, is defined to be the convex hull of these points, i.e.
I, = conv{py : w € G, }
Note that for each py, the sum of all the coordinates equals 1 +2 + - -- 41, i.e.

1 1
pr,i:1+2+"-+n:(n—2|— )
i=1

This means that IT, lies in a hyperplane in R" and consequently dim(I1,) < n — 1.

Furthermore, for each p,, sum of any k coordinates is atleast 1 +2 4 - - - + k, i.e. for any
I C [n]

I +1
Y pui > 1424+l = <| | )
. 2
i€l

It is known classically that these inequalities are enough to describe I1,. We need the
following known result (see for example [Zie95]]) from polytope theory.

Theorem 1.9. The standard permutohedron 11, is a simple (n — 1)-dimensional convex poly-
tope given by

L I +1
IT,=<{xeR": x; =n and x'2< ), orall I C |n
n { yx o (1), [1}

with face numbers given by

fan) = m-oe{, ")

n

fork =0,---,n—1, where X

} is the Stirling number of the second kind (that counts the
partitions of [n] into k blocks).

10



Since 11, is simple convex polytope, its dual IT}, is a simplicial convex polytope. We
can consider the simplicial complex A,_; := 9II}; (the boundary complex of II}). Its
face numbers are given by

fa®a) = e+ 0 {1 )

fork =0,1,---,n—1. This implies that the reduced Euler characteristic of A,,_; is given
by

1 n
Y (1 VI

SN
it

Since A, _1 is homeomorphic to the (n — 2)-dimensional sphere 5"=2 jts reduced Euler
characteristic equals to (—1)"2. This can be rewritten as

f "k'{} (—1)" (5)

We will use this identity in later section.

2 Combinatorics of tiling class functions

Characters of the symmetric group &, are examples of class functions. What that means
is that they are constant over conjugacy classes in &,. This implies that they only de-
pend on cycle structure of evaluating permutation. Simple examples of class functions
are c;’s which count the number of cycles of length i in a permutation. It is a result of
Frobenius [Fro04] that the every irreducible character of &, is a polynomial function of
¢;’s, called character polynomials. They were also studied later by Murnaghan [Mur51]
and Specht [Spe60]. Macdonald mentions them in [Mac79] and attribute them to Frobe-
nius. Garsia and Goupil [GG09] gave an umbral construction of these polynomials.
Kerber also studied them in his book [Ker99] on group actions. Recently, they have
reoccurred in the context of representation stability [CEF15]. We study our tiling class
functions as polynomials in ¢;’s. The main result in this section is identity 2.5, which
equates two alternating sums of class functions. We provide two proofs of it: one using
homology on poset of brick tilings, and the other using reduced Euler characteristic of
boundary complex of dual polytope to permutohedron.

11



2.1 Character polynomials

The class functions {c¢; };en are defined as

Cl . 6;1 — N
w —— number of cycles of w of length i

Let Q[cy, ¢, - - - | be the ring of polynomials in c;’s with rational coefficient. We call a
polynomial g(cq,cp,---) € Qcy, ¢, -+ -] a class polynomial. Frobenius [Fro04] showed
the following

Theorem 2.1. Let A = (Ay,---,Ay) = nand let w € S, be a permutation of cycle type
cyc(w) = u = (p1, -+, 4r) & n, then x*(w) equals the coefficient ofxi‘“%_lxé“_z e x?"
in the expansion of

T
H (x; — xj)H(x’fl + x5+ )

1<i<j<t i=1

The character polynomial g, (c1, ¢2, - - - ) is defined as the unique polynomial in Q|[cy, cp, - - - |
such that for all partitions A - kand n > A + k, we have

xM(w) = ga(er(w), e2(w), ---) (6)

for all w € &,,. Note that the character polynomial g, as a polynomial does not depend
on 7, and hence gives a uniform description of irreducible characters corresponding to
augmented partition A[n] for all symmetric groups at the same time (with n > A + k).
This is quite remarkable.

Example 2.2. The character polynomial for empty partition is the constant function 1, as it
corresponds to the trivial representation. The character polynomial forA = 1 is given by

gy =c1—1
as A[n] = (n —1,1) corresponds to the reqular representation.

For A | k, there is a special family of class polynomials called binomial class polyno-

mials (€) defined as
() =T (i)

where m;(A) is the multiplicity of i in A. As an example, for A = (4,2,2,1,1), we have
c L Cq Co (o]
A) T \N1)\2)\2
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Notice that for A - k and w € &, with n > k, having a unordered crackless tiling of
A by 7 is equivalent to choosing m;(A) bricks from all ¢;(w) bricks of w of length i, for

eachi =1, --,n. This implies
A C
_ 7
T (/\) @)

as class functions on &,. This implies the generating function equality
B (Zr)e=fineer ®
k=0 \putrk i=1

in the ring of formal power series Q[cy, ¢z - - - |[[t]]-

2.2 Characters corresponding to two row partitions

We consider the case of A = (k) to generalize example[[.8 In this case, we are looking
at the augmented partition A[n] = (n —k, k) - n for n > 2k. The[l.7 implies as class
functions on &,

X/\[n] _ 2 Sign(O')gm\[n]
ce6)
— g(i’l—k,k) _ g(n—k-Fl,k—l)
= k) _ z(k=1)
=Y g=Y 7
ukk k-1
Therefore from equation [8 we have the following identity in Q[c1, ¢z, - - - ][[#]]
Y qptt =1 —-tJa -t )
k=0 i=1

We should be careful about stating the above equality. Becuase what we really mean is
that the coefficients of t" are equal as polynomial functions of ¢;’s.

Example 2.3. We find first few character polynomials from the above equality. A table of them
can also be found[Ker99]



2.3 Characters corresponding to hook partitions

Let us consider A = (1¥) I k. The augmented partition in this case is the hook partition
Aln] = (n —k,1%) = n, for n > 2k. Recall that the Doubilet inversion formula [[.7]says

—~

XM=Y sign(e)g7M (10)

S

where &1 denote the subgroup consisting of permutations in &, that fixes all the
elements from k + 2 to n. The sum can further be restricted to those ¢ € & for which

oA[n] is a partition of #, i.e.

(cA[n])i=Ai+0o(i)—i>0

Fori=2,...k+1, A; = 1, therefore we are looking for ¢ € &, such that o(i) >i—1.
Note that there is no condition on ¢ (1) as n > 2k. So we can say that

o(i) >i—1

foralli =1,...,k+ 1. This implies such a permutation is uniquely determined by the
set

S(0) = (i, o)) : o) = i}

Fixing j = k+ 1 — o(1), we see that there are 2/~ such permutations and each such
permutation gives a composition u F j. On the other hand, given a composition y F j,
we can construct ¢ by taking

S(o) ={(L,k+1—j),(k+1—j+1k+1—j+u1),
(k+1—j+m+Lk+1—j+m+mu), -} (11)

And for such a o, we have

oA = (n—o (1), p1, 2, , e
(oA[n]) = (p1,- -+ 4e) Fj

Combining these we can prove the following theorem:

Theorem 2.4. For A = (1¥) - k and n > 2k, we have the following equality of class functions

M = i(—l)”l (Z(_l)f(u)gpI)

j=0 HFj

14



Proof. Due to the observations above, we can simplify equation[I0las follows: Fix o (1) =
k +1 — j, now each permutation gives a unique composition y of j, so we sum over all
compositions of j. And we do this over all possible images ¢ (1), which can be any
integer from 1 to k + 1. This translates to j varying from 0 to k.

=Y sign(e)g™

0€6k 11

= ;sign(a)§<m>
0€6k 11

Y (2(—1)2“1@*)
j=0 ]

— i(—l)k“‘f (2(_1)€(u)+jgu>
j=0 2]

_ k+1 Z (Z €y>

uEj

In above, we appropriately kept track of the sign as the cycle type of o with o(1) =
k+1 — j that give rise to composition y is given by the weakly decreasing rearrangement
of (k+1—j,u1+1,---,up+1). This gives

((p)
sign(c (Z (hi+ 1) +k+1-]
=Ll(p) +k+1
This explains the simplification in the sum above. O

Now we move to an interesting observation that simplifies further the calculation of

xM for A = (1%) - k where n > 2k. This result should be thought of as the main result
of this paper.

Theorem 2.5. For a positive integer j < n, we have the following equality of class functions
2(_1)6(;!)@! — 2(_1)€(ﬂ),7u
HEj putj

on 6,

The left-hand side is an alternating sum over compositions of j, while the right-hand
side is an alternating sum over partitions of j. It is worth noticing that not only the sum
on the right has fewer terms but even each term is smaller. In the sections to follow, we
provide two proofs of this result.

15
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3[1[5]2] 314
1 3[1[512] [3[1[4] 52
4] 4] 5[2] [3[1] [3[1 52
512 3[1 i 4 512 3[1
3[1 52 311 [5]2] [4 4]

Figure 2: Poset Til(w; j) forw = (3,1)(4)(5,2) and j = 4

2.4 The Tiling poset

Fix a positive integer j < n and w € &,, then we can consider the set Til(w; j) of all
ordered brick tilings of all compositions of k by w, that is

Til (w; ) == | {B’w(A) A E j}

We equip this set with a partial order that is induced by the following covering relations:
For two ordered brick tilings A" = (A],..., Al ;) and A = (Ay, ..., A) in Til(w; j), we
say A covers A’, and write A’ < A if both of the following conditions are satisfied:

e sh(A’) <sh(A) in Comp(k).

e There exists aunique f € {1,--- ,k} such thatforalli=1,...,k

A’ fori <t
A; = A’UA;Jrl fori =t
A:H fori >t

Example 2.6. For w = (31)(4)(5,2), and j = 5, we show the Hasse diagram of the poset
Til(w; ) in figure 2.6

Notice that in general Til(w; j) can be thought of as disjoint union of smaller posets,
that is,

Til(w; j) = | | Til(T;j) (12)
TCBw
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where Til(T;j) is the set of all ordered brick tilings of all compositions of j, whose brick
set is T. From the poset Til(w; j), we define following chain complex over field with 2
elements F,

00— C]'_l > j—2 S C Co > 0
where the chains are defined as
Ci =T {ea : A € Til(w; ) such that sh(A) F;_; j}

where et are just formal symbols. And the differentials is induced by the down map of
the poset,ie. fori=1,...,j -1

al' :C— Ciq

ep —> Z ea
A'<T

To show we indeed have a chain complex we still need to show that 9> = 0. Without
loss of generality, assume that there exist some A” < A such that [A”, A] is an interval
of length 2. Then let

di—109i(ea) =) wanrear

where the sum is over all A” for which there exists A’ such that A” < A’ < A and the
coefficients are given by

apan = |[{A" :suchthat A” < A’ < A}| (mod 2)

Let Baar = |{A’ : such that A” < A’ < A}|. We claim that for every pair (A”, A) such
that there exists A’ with A” < A’ < A, wehave Byan =2. Let A” = (A],A],..., A;(’Jrz)
and A = (Aj, Ay, ..., Ax), then we can have one of the following situations:

e We have two indices a, b, with a < b, such that

(A ifi <a
Al U AT ifi=a
A=Al ifa <i<b
Al UA], ifi=b
(Al ifb<i<k
In//this case, :c/here are two possible A’: (Af,..., A} UA;’H, .. .,A;(’Jrz) or (AY,..., A)U
Ab+1, . "Ak+2)' Then, ,BAA” =2.
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e We have an index a such that

Al ifi <a
A=< AU A;’H U AI’.’Jr2 ifi =a
A§/+2 ifa<i<k

Inthis case, A’ = (A{,..., AJUA] ..., A ,)or A" = (AY,

and we also have that B 44 = 2.

7 7 7
---,Aa+1UAa+2,---,Ak+2)’

Since we are dealing with coefficients mod 2, in both cases a 4 4» = 0. This proves that
0% = 0, and so we indeed have a chain complex. To illustrate the idea, we show an

example

Example 2.7. For w = (3,1)(5,2)(4), we get the following for k = 5

o[3]1]5]2[4] = [3]1] +[5]2]4]+[3]1]5]2]+[4] +|3]1]4]|+[5]2
5/2]4] [3]1 14 3/1]5]2] [5]2 3/1]4]
o[B[1] =[BT+ [3[1]
5/214] [5]2 4
4] [5]2]
2[51214] — [5]2] + [4]
3|1 4 52
3[1] [3]1
913[1]512]=[3]1]4+|5]2
14| 512 |3]1
4 4]
3[1[512] [3[1] [5]2
512 |3]1
2 [BI114] = [3]1] + [4]
5|2 4 3|1
5[2] [5]2
o512 —[5]2]+[5]2]
3/1]4] [3]1 4
4] [B[1]
olBI1] = o[3[1]=9[5]12]=9[5]2]=al4] =04 =0
5|2 4 3|1 4 3|1 5|2
1 5[2] [4] 3[1] [52] [3[1

An element | € C; for some positive integer i < j, can be written as

J=) er

TeL

The set L is called the support of |, and we denote it by supp(J). For a subspace V of the

chain complex, let V be the subspace of V generated by elements

18
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is crackless brick tilings, and let V be the subspace of V generated by elements in V
whose support is cracked brick tilings. An interesting consequence of equation[I2]is the
following decomposition:

kerod; = k/e_;gi @G kerd; and imd;;1 =imad; 1 B imd;q

One inclusion is obvious. The other inclusion is the consequence of the fact that a
cracked brick tiling and a crackless brick tiling with j — i parts cannot have the same
set of bricks for alli = 1,---,j — 1. Therefore the decomposition follows from the par-
tition 12l Hence, we can write the homology of the above chain complex as

kero;
imo; 41
I?éFa/i @ kero;

imo; ;1 @ imo; g

H;(C) =

Notice in proving 8> = 0, we concluded something more than that. We proved that each
subinterval of rank 2 in Til(w; j) is isomorphic to the boolean interval of length B(2) as

posets, which implies imo;;; = kerd;. This simplifies the above expression to

ima; 41

We know that im0, is generated by d;e4 for e4 € C;;1. The crackless part of imod;_; is
generated by image of ¢4 € C;;1 which have exactly one crack, and for each such A we
have

dij1ea = ep +ep
where B and B’ you get by “cracking” A in either way. This implies we can thought of
HZ(C) as

1O = g =ep)

Since this says eg = ep, whenever the Young diagram of B differs from B’ by a simple
transposition. Now notice that if e4 € C;, then for every permutation A’ of A, ey €
C;. But the relation ep = ep/ identify all of them since all permutations are generated
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by transpositions. This implies H;(C) is generated by e4, where A is an unordered
crackless brick tiling with j — i parts. Hence

dimH;(C)= Y y(w) (13)
pEj
((p)=j—i
Now using this, we provide a proof for theorem

Proof. Given positive integer j < n, for any permutation w € &,, we construct the
poset Til(w; j), and consider the chain complex associated to it as defined above. The
construction implies that the dim(C;) is given by

dim(G) = ) *(w)
uFEj
L(u)=j—i

Now we can compute Euler characteristic of this chain complex as an alternating sum
of these dimensions, which gives

j—1 j—1
Y (-1)'dim(G) =Y (-1)" ). *(w)
i=0 i=0 pEj
O(p)=j—i
— (_1)J—€(ugu(w)
HEj

while, computing the Euler characteristic via alternating sum of dimensions of homolo-
gies (employing equation[I3]) gives

j—1 _ -1 ,
) (=1)'dim(H;) = ) (-1)' }:
i=0 i=0 pkj
O(p)=j—i
= Y (—1 Wy (w)
puej

Since both of the them are Euler characteristic of the same complex, hence they are equal
for each w € &,,. This implies that the equality holds as equality of class functions on
Sy O

2.5 Counting proof

Though the proof using homology on brick tiling poset was quite interesting, we were
also tempted to provide a counting proof. This is given below:
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Proof. Since {* = ¥ for u I j and A F j such that A = u, we can write

Z(_l)f(ﬂ)gﬂ — Z(_l)f(ﬂ) 2 o
A=p

HEj ptj

The sum } ;_, M (w) counts the number of ordered tilings by w of all compositions A

whose underlying partition is y. This can also be regarded as counting all permutations
(of parts) of unordered brick tilings of u. Therefore, we can rewrite

Y (=DM Y tMw) = Y (—1) W e(w)1et (w)
puEj A=u puEj

where ¢*(w) is the number of unordered tilings of y by w. For a subset of bricks T C By,
let C# be the number of unordered brick tilings of u by T, then we can count the sum
over T’s

Y (=D eyt (w) = Yo (=) Weur Y &

ukj ukj TCBy
= Y Y (-1 Weu)e;

TCBy utj
]

= 2 2 X ()Wt

TCByk=1 utj

E(p)=k
i
=) YD Y &
TCBy k=1 =
t(p)=k

Since the tilings counted in }_ 1-; ¢l is in one to one correspondence with unordered

o tenm))

partitions of T into k sets. These are counted by Stirling numbers of second kind { I

J j
Y Y (D% Y = Y 2(_1)kk!{£(shk(T))}

We have encountered the inner alternating sum in before, and from equation Blit equals
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(—1)!6h(T)), Hence,
Z(_l)f(u)gu = Z
HEj TCB
T

TCBy

(T)

—)f Y1
F] TCBy
sh(T)=p

Now the interior sum just counts the number of unordered tilings of u by By, as indi-
cated by equation 3| Therefore

Z(—l)f(ﬂ)gﬂ — Z(—l)f(ﬂ);ﬂ‘(w)
HE] HEj
O
Let us illustrate the identity 2.5 using a small example:
Example 2.8. In the table 2| we take the case of j = 4. From the table 2} we can see that

7@ = @ 4+ 4B 4 g2 4 L)y (1,1,1,1)
gl = 731 2L gy (LA
713 — y 31 2210 4 gy
722 = 222 4 2yl 4 121111
gl = 2@ gy (L)
g2 — 2210 ey
(112) _ 2210 4 eyl
gLy — 247(1111)

Table 2: Example for j = 4

_17(4) + 17(3,1) + 17(2,2) _ ;7(2,1,1) + 17(1,1,1,1)

3 Applications

In order to continue our study for generating functions of character polynomals, and ap-
ply our results to get some previously known identities we define the notion of stability
in first subsection. The generating function relevant to our discussion is cycle-index
generating function. We go back to our main identity 2.5/ and use it to derive Goupil’s
generating function identity [Gou99] for hook partitions. Lastly, combining this identity
with stability of cycle-index generating function, we were able to provide an alternating
proof of Rosas’ formula [Ros00].
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3.1 Stability for sequence of polynomials and power series

We say a sequence (f,)en of polynomials f, € Q[x], stabilizes to f € Q[[x]] if for each
positive integer k, there exists a positive integer Nj such that for all m,n > Ni, we can
find f € Qlx] satisfying

U for = [ fu = [N

where [x*] f denote the coefficient of x in f. If f exists, then it is seen to be unique. This
definition can also be generalized to multivariable case. We say a sequence ( f),cN of
multivariable polynomials f, € Q[x1, x2,- -, X;|, stabilizes to f € Q[[xy,-- -, x,]] if for
each sequence of positive integers k = (kq,--- ,k;), there exists a positive integer Nj
such that for all m,n > Ni, we can find f € Q[x] satisfying

[ = [ f = ]S

Example 3.1. Let f,(x) = x" +x""1 + ... + x + 1 is a sequence which stabilizes to f(x) =
ﬁ. On the other hand the sequence f,(x) = x" does not stabilize. An example for multivari-
able case would be the sequence

gn(ry)= ) xy
i+j=n
this sequence stabilize to

1 1

1-x1-y

g(xy) =

For a commutative ring R and an element f € R[[t]], we say coefficients of f stabilize
if there exists a least integer k such that for all n > k, we have

[t"]f = ["1f

The limiting coefficient is called coefficient of stabilization, and such a k is called point of
stability.

Example 3.2. Given a polynomial p(t) € Q[t|, the coefficents of the power series

p(t)
1—¢ € Q[[t]]

stabilizes with coefficient of stabilization p(1) and point of stability is deg(p) + 1.

We require a generalization of the above notion for the ring Q[cy, ¢2, - - - |[[#]] of for-
mal power series. Consider an element f € Q[cy,¢p, - - - |[[#]], given by
f= Z fut"
n=0
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where f, € Qlcy,cp, - - -] are polynomials in c¢;’s. We say f stabilizes if the sequence of
polynomials ( f,),cN stabilizes to some g. In that case, there exists sequence (my, - - -, m;)
such that we have the equality

k k
Pl = e e
for k; > m; for all 1.
Example 3.3. Consider the element f € Q[x][[t]] given by

f=1+0+x)t+1+x+x2)t+--

then ¢ = 11, and therefore f stabilizes to

1—x’/

1—x1-—t¢

3.2 The cycle-index generating function
Recall the cycle index of the symmetric group &, which is defined as
7(68,) = 1 . ci(w)
(6n) = al )y H Xi
T weG, i=1

It is well known, for example from [Cam99], that the generating function I' of cycle
indices of &, is given by

can also be written as '
o 'tl
I' =exp (Z x%) (14)
i=1
This is a very useful result as indicated by the following example:

Example 3.4. Consider the formal equality
1+ iZ(Gn)t” = exp ixl—tl
n=1 i=1 i

Evaluating the formal partial derivative a_?ck of both sides at x; = 1 foralli =1,2,- - -, gives the
following

% G B o) = i

n=1

which is saying that the expected number of k cycles in a permutation of G, for n > k equals %
This is a classical result in combinatorial probability theory [B12].
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Some other identities we would like to highlight here are

. 1
Ilx; — ] =
[x; — '] T (15)
and , ;
Tlx; — 1—x] = 1__’; (16)

where the notation I'[x; — f(x;)] means substituting f(x;) for x; in the expression for
I.

3.3 Goupil’s generating function identity
Going back to our identity 2.5, we consider the class function
Z(—l)f(ﬂ)“;ﬂ‘
HEj
from the identity 8, we have the following generating function
j=0 \pukj i=1

Using this and theorem 2.4/ we have another proof of the following identity of Goupil
[Gou99] for generating function for hook characters

Theorem 3.5. For A = (1) - k, we have the following generating function

(ee]

1 3 N Ci
Y aunt = 5711 <1 - (—t)’) (17)

k=0 i=1

Proof. Since from theorem 2.4, we have

M = i(—l)”l (Z(_l)f(u)gpI)

j=0 ]

which corresponds to alternating sum of class function whose generating function is
given by equation[I7Zl Now recall that the generating function for alternating sum of a
sequence can be constructed by multiplying the generating function by %th This gives
the required result. O
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Example 3.6. From the above expression we derive expressions for first few character polyno-
mials. A table of these can also be found in [Ker99]

o= (5)- (D) () +(5)-(5) = () (5) -

3.4 Rosas’ formula for certain Kronecker coefficients

Let A, u and v be partitions of n. The Kronecker coefficients gﬁv(Gn) are defined as the
coefficient of x* in the expansion of x#x" into irreducible characters:

1
gﬁv(gn) = <XA1XVXV>G =

Y. o)X (0)x" (o)

e,

Using the equation[I7for generating function of irreducible hook character, here we will
derive the formula for Kronecker coefficients indexed by hooks given by Rosas [Ros00],
which says:

Theorem 3.7. Let gy | .. be the reduced Kronecker coefficients corresponding to the triple ((n —
ki,19), (n — ky, 1%2), (n — k3, 1%3)), then

1+ xyz

_ Ky ko ks
X z7° =
k1,1<§k3 Slakahs™ Y (1—xy)(1 —yz)(1 - xz)

Proof. We start with the substituion x; <— (1 — (—x)') in the cycle index function

Z(&)x — (1 (—0))] =~ ¥ T - (—x))@

o
e, i=1

2 i iy = L (1)[n] (4
s 2Eal 1= )] = 5 T 20w

This suggests that if we let Y;, = Z(&,)[x; + (1 — (=x)))(1 — (=y)))(1 — (—=2)")], we
have

1 1 k k k
[xklyk22k3] Yn [ X(l 1)[”4(@0)){(1 2)[”4(@0)){(1 3)[”](w)
(T+x)(1+y)(1+z) n! w[:‘é
= 8kikaoks
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Now notice that Y := Y ° o Y;,#" is given by substituting [x; < (1 — (=) (1—(—y))H(1—
(—2z)")] in T which using equation [14becomes

i=1

Y = exp (i th> i (1= (—0))(1 = (—=y))(1 = (=2)))]

Now using equation [16] we have

1 (T4 xyzt)(1 + xt) (1 +yt)(1 + zt)

Y= T Ay — yan (= v
Note that the identity
1 1 S . a c\ mn
Wim = (;J (}g R ) : )

implies that W as member of Q[x, y, z][[t]] stabilize to

1 1
1—t(1—xy)(1 —yz)(1—xz)

1

which in turn implies that ( )Y stabilizes to

1+x) (1+y) (1+z
1 (14 xy2)
1—t(1—xy)(1 —yz)(1 —xz)
but = (1_1“/) =) Y is the generating function of gy, x,x,. This implies that the generating

function for the reduced Kronecker coefficients gy .. is given by

(14 xyz)
(1—xy)(1 —yz)(1 - xz)
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