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SCATTERING FOR 3D CUBIC FOCUSING NLS ON THE
DOMAIN OUTSIDE A CONVEX OBSTACLE REVISITED

CHENGBIN XU, TENGFEI ZHAO, AND JIQIANG ZHENG

ABSTRACT. In this article, we consider the focusing cubic nonlinear Schrédinger
equation(NLS) in the exterior domain outside of a convex obstacle in R? with
Dirichlet boundary conditions. We revisit the scattering result below ground
state in Killip-Visan-Zhang by utilizing the method of Dodson and Mur-
phy and the dispersive estimate in Ivanovici and Lebeau @, which avoids
using the concentration compactness. We conquer the difficulty of the bound-
ary in the focusing case by establishing a local smoothing effect of the bound-
ary. Based on this effect and the interaction Morawetz estimates, we prove the
solution decays at a large time interval, which meets the scattering criterions.
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1. INTRODUCTION

Consider the Cauchy problem of the nonlinear Schrédinger equation with Dirich-
let boundary condition

i0u+ Au = —|ul?u=: F(u), (t,z2) ERxQ
U(O,’JI) = ¢(’JI), (11)
u(t,z) = 0, x € 09,
where € is the exterior of a smooth, compact, strictly convex obstacle Q¢ C R?
with smooth boundary 0f2, and A is the Dirichlet Laplacian operator. It is easy to

find that the solution u to equation (|1.1)) with sufficient smooth conditions posses
the energy conservation

Bo(u(t)) = /Q B|Vu(t,m)|2—i|u(t,x)|4 dv = Eo(ue)  (1.2)
and mass conservation
Mo(u(t)) = / lu(t, 2)[2dz = Ma(uo). (1.3)
Q

When Q = R3, the Cauchy problem

{i@tu +Au+ [ufu=0, (t,) eRxR? (1.4)

u(0, ) = uo(),
is scale invariant. More precisely, the class of solutions to (|1.4) is left invariant by
the scaling
u(t,z) = (N2t Ax), A > 0. (1.5)
1
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Moreover, one can also check that the only homogeneous L2-based Sobolev space

that is left invariant under is HT% (R3). Hence, we say that the Cauchy problem
is H%-critical. We will consider the well-posedness and long time behavior of
the Cauchy problem with initial data in the energy spaces. To do it, we first
recall the classical Sobolev spaces on the domain €.

Definition 1.1. For integer £ > 1 and 1 < p < oo, we denote H(]f’p(Q) as the
closure of C2°(£2) under the norm

||u||H(l)"vp(Q) = Z ||aau||Lp(Q)'

|| <K
If p = 2, we also write H¥(Q) = Hg’z(ﬂ) for simplicity.

In fact, —A is an unbounded and positive semi-define symmetric operator on
C°(9). We define the corresponding quadratic form by for u,v € C2°(Q)

Q(u,v) = /QVU(I)V’L_)(I’)CZZE.

The extension of form @ is unique and defined on H{(2). Then the Friedrichs
extension of —A gives the Dirichlet Laplacian on Q, —Agq, which is a self-adjoint
operator and with form domain Q(—Aq) = D(v—Aq). By the spectral theorem,
we are able to denote the spectral measure E(\) and the operators by

(v —Bg) = /[ OB
0,00
Thus, the linear operator e'*2¢ associated to the free Schrédinger equation on Q is
well defined and unitary on L?(£2). And we can define the Sobolev spaces based on
the operator Agq.

Definition 1.2. For s > 0 and 1 < p < oo, let H3P(Q) and Hy"(Q2) denote the
completions of C2°(€2) under the norms

sy = 1) Al and Il = (1 - A0) ] 1o,
When p = 2 we also write H$ (Q) and H3, () for Hj3*(Q) and H}3?(Q), respectively.

These two definitions are equivalent under certain conditions, see Proposition
2.1 below.

For the Euclidean space R, the linear operator e obeys the dispersive es-
timates and the Strichartz estimates. Owing to this, the local well-posedness
theory of the solutions to equation with the general power type nonlinear-
ities F(u) = |u|P~1u is standard. For the defocusing energy subcritical(F(u) =
—|uP~lu, 14+ 4 < p <1+ 7%5) cases, the solutions with initial datum in H'(R%)
are global well-posed and scatter, see [2] [15] and references therein.

In general domains, we do not have the dispersive estimate and the Strichartz
estimates for e*22. For the case of exterior domain of a convex obstacle, Ivanovici
[8] proved the Strichartz estimates except endpoint case by using the Melrose and
Taylor parametrix and she also proved the scattering theory energy subcritical NLS
for exterior domain of smooth convex obstacle in 3D. Ivanovici and Lebeau [9]
proved the dispersive estimates holds only in the 3D case. For more scattering

itA
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results of defocusing subcritical NLS in the general exterior domains, we refer to
Planchon-Vega [18], Ivanovici-Planchon [10], and Blair-Smith-Sogge [1].

In this paper, we consider scattering theory of the solutions to focusing equation
, which is mass supercritical and energy subcritical. In fact, the nonlinear
elliptic equation

—Ap+ ¢ =olp, (1.6)
has infinite number of solutions in H!(R?). Then for any solution ¢ € H*(R?)
to , ey is a global and non-scattering solution to the Cauchy problem .
Furthermore, there exists a minimal mass solution and we often denote it as Q
and call it the ground state, which is positive, radial, exponentially decaying, see
Cazenave [2] and Tao [21]. Holmer-Roudenko [7] proved the global well-posedness
and scattering theory for radial solutions to equation such the following con-
ditions in R3:

FEirs (ug) Mpgs (uo) < Ers(Q)Mgs(Q), (A)

Hvu0||L2(]R3) ||U0||L2(R3) < HVQHL2(R3) HQ||L2(R3) : (B)

Duyckaerts-Holmer-Roudenko [6] removed the radial assumption. Killip-Visan-
Zhang [16] proved the results for exterior domains of convex obstacles in R3:

Theorem 1.1. Let Q is exterior of a convex obstacle in R3. If the initial data
ug € H(Q) satisfies

Eq(ug)Ma(uo) <Ers(Q)Mgs(Q), (1.7)
IVuoll L2y luoll L2y < ||VQ||L2(R3) ||Q||L2(R3) ) (1.8)

then, the corresponding solution to the Cauchy problem (L.1)) with initial ug is
globally well-posed and scatters.

The proofs of [6] and [16] utilized the concentration-compactness arguments bas-
ing on the profile decomposition introduced by Kenig-Merle [12,|13], which have
become powerful and effective methods for many dispersive equations and many
other equations.

In this article, we revisit Theorem [I.1] by employing an idea of Dodson-Murphy
[4], 15], which provide new proofs in the Euclidean case avoiding uses of concentra-
tion and compactness.

Outline of proof: By the Strichartz estimates and the equivalence of various
Sobolev norm definitions, we have the local well-posedness of in H5(€2). From
the coercivity property(Lemma below) under the ground state, we know the
solution u is globally well-posed and of bounded H}(Q2) norm. Utilizing the dis-
persive estimates, we prove that the scattering criterion given by [5] also holds in
our case, that is: if for any large time window, there exists a large subinterval such
that a space-time norm of of w is small in it, then u must scatter.

To end the proof, the main difficulties are how to overcome the effect from
boundary 0f) and the lack of the Galilean invariance. Combining with the concavity
of 02 and the coercivity property, the Morawetz estimates yields a weaker local
smoothing effect on the boundary. On the other hand, as in [6], for the Euclidean
case, by the Galilean invariance, one can assume the critical solution u. has zero
conserved momentum, which yields the spatial translation parameter z(t) = o(t) (as
t — 00). This fact is essential to the preclusion of the critical solution by making
use of the Morawetz estimates centered at origin. For our case, the momentum
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is obvious bounded since u € L{°H?!. Based on this fact, one could just expect
|z(t)| < |t|. However, the interaction Morawetz identity is defined as an average of
the Morawetz action that is centered any point in R3. Fortunately, since u € L H},
we are able to prove the smallness L%m—norm in a large subinterval of any large time
interval without employing the Galilean transformation.

Finally, this and a standard continuity argument imply the solution such that
the conditions of the scattering criterion.

Remark 1.2. Our proof is based on the the dispersive estimates of [9], which
does not hold true in higher dimensions. Nevertheless, in these cases, it is hopeful
that one may prove the corresponding results via establishing weaker dispersive
estimates(see for example [23]).

Remark 1.3. We remark that the interaction Morawetz estimates also reflect that
the solution decays in big ball around any point. In fact, for any fixed R > 0, we
have

hﬂé?%(i?fw lult, - = 2(®)ll 2 @npa) = 0
where B, is the ball center at origin with radius r. This suffices the scattering
criterion for non-radial NLS (1.1)) in [19] when Q = R3.

Remark 1.4. In fact, as in [20] and [5], one can check that our proof would imply
lulls | rxqy S expiexp A(E(uo), M (uo))},

where A is a rational polynomial of E(ug), M(ug) and E(Q), M(Q). The double-
exponential growth derives from the local smoothing effect of boundary and the
interaction Morawetz estimates.

Remark 1.5. Our arguments can be used to prove the similar results for general

focusing energy subcritical cases(F(u) = —|u[P"'u, £ < p < 5), which has been
considered in [22].

This article is organized as follows: in Section 2, we recall some basics facts on
the domain. Section 3 is devoted to prove the scattering under the assumption
of smallness of L7, norm of the solution. In Section 4, we verify the scattering
criterion.

We conclude the introduction by giving some notations which will be used
throughout this paper. We always use X <Y to denote X < CY for some constant
C >0 X ~Y stands for X <Y and Y < X. Similarly, X <, Y indicates there
exists a constant C' := C(u) depending on u such that X < C(u)Y. The symbol V
refers to the spatial derivation. For M = R? or a domain in R3, we use L"(M) to
denote the Banach space of functions f : M — C whose norm

Iz = ( [ 15rar)’

is finite, with the usual modifications when r = oco. For a time slab I, we use
LIL"(I x M) to denote the space-time norm

1
lszazcosan = ( 156218, et

with the usual modifications when ¢ or r is infinite.
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2. BASIC TOOLS AND THE LOCAL THEORY

In this section we give some basic harmonic tools and the local well-posedness
theory for the Cauchy problem . In this section, we assume that € is the
complement of a compact convex body ¢ C R? with smooth boundary.

First, we recall the following proposition.

Proposition 2.1 (Equivalence of the Sobolev norms, [17]). Let 1 < p < co. If
0 <s<min{l + %, %}, then

||(_AR3)%fHLP(R3) ~p,s ||(_AQ)%f||LP(Q) (2.1)
for all f € C(Q).
Using this proposition, we have

Corollary 2.2 (Fractional product rule, |17]). For all f,g € C°(Q2), we have

H fg HLp Q) ~ S H —Ag) fHLPl(Q ||9||L1>2 + Hf“Lfn(Q) H(‘Aﬂ)ggHqu(Q)
with the exponents satisfying 1 < p,p1,q2 < 00, 1 < pa,q1 < 00,

1 1 1 1 1 ) 1 1 3 3

- =—4+—=—4+—, and 0<s<min<1l+—,14+—, —, — 5.

p P11 P2 a1 Q2 P a2 P1 G2
Corollary 2.3 (Fractional chain rule |17]) Suppose G € C1(C), s € (0,1], and
1 < p,p1,p2 < o0 are such that % = - + = andO <s < mln{l—i— ot p%} Then

H(—AQ) HLp(Q) ~8,P;P1 ||G/< )HLm(Q) H(_AQ)%fHLpz )

We need the chain rule for fractional derivatives on R?, which will be useful for
the local theory.

Proposition 2.4 (Chain rule for fractional derivatives, [14]). If F € C?, with
F(0) =0,F'(0) = 0, and |F"(a + b)| < C{|F"(a)| + |F"(D)|}, and |F'(a +b)|] <
C{|F'(a)| + |F'(b)|}, we have, for 0 < a < 1,

1 1
:——'——’

||AaF(U)||L§(Rd) < CHF/(u)”Lm(Rd) HAauHLpz(Rd), n o m

D=

and

AR () ~ F@)ll
< C[HF/(U’)”LM(]RUZ) + HF/(v)HLm(]Rd)] A% (u — U)HLm(JRd)

+ CNIF" @)+ 1F @)l s ety (IA 0l ra ety + 1A%l gty ) 102 = ) o gy
where A = (—Aps) 2.

Next, we recall the dispersive estimates.
Lemma 2.5 (Dispersive estimate, [9]).

€4 | oy S T2 1Ny - (2:2)

Combining this with the endpoint Strichartz estimate of Keel-Tao, we have the
following Strichartz estimates:
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Strichartz estimates [8] [11]). Let ¢,¢ > 2, and 2 < r,7 < 00

Proposition 2.
% = %Jr%. Then, the solution u to (i0;+A)u = F on an interval

satisfying % =
1 3 0 satisfies

6 (
43

||u||LgLZ(I><Q) S HUOHLZ(Q) + ||F||L‘3/L£/(I><Q) : (23)
We define the S(I) and W (I) norm for a interval I by

||U||S(I) = ”uHLfYI(IxQ) and Hu”W(I) = ”uHLiL%(IxQ). (2.4)

Note that 1 < min{1+ i}, 11}. Thus, by Strichartz, Corollary Proposition
we have:

Theorem 2.7 (Local well-posedness, [3] [12]). Assume that ug € Hp(Q),0 € I,
and HUOHHE(Q) < A. Then there exists 6 = §(A) such that if ||e“AQu0||S(I) < 4,

there exists a unique solution u to (L) in I x Q, with u € C(I; H5(Q)) such that

a0 s a0 < CA, sy < 26, (25)
I tel D( ) )

w(I)

Moreover, if ug, — uo in H}D(Q), we obtain the corresponding solutions ui — u
in C(I; H5(Q)).

Remark 2.8. From standard arguments, we have if u is a global solution and such
that
Jullsqey < oo
then wu scatters both directions.
We need the following refined Gagliardo-Nirenberg inequality, which follows from

the sharp Gagliardo-Nirenberg inequality and the Pohozaev identities of the ground
state.

Lemma 2.9 (Refined Gagliardo-Nirenberg inequality, [5]). For f € HY(R?) and
any £ € R3,

%( Hf”Lz(]RS)HfHH%(RB) )
3 \ Tl 20 Tal s o)

Before the end of this section, we recall the coercivity property for functions
under the ground state Q(i.e., satisfying the conditions and ) We denote
Mpgs and Fgs as the Mass and energy on R? respectively.

Lemma 2.10 (Coercivity). Let ug € HAL(Q) satisfy the conditions (L.7). If

luwoll 220 ||u0||H]1__’(Q) < ||QHL%(R3) HQ||H11,(R3)’ then there exists &' = §'(§) > 0 so
that

inf (e |71 oy - (2.6)

4
1Al sqes) < o,

)l 2 o) lu@®ll g1y < (1= 0) Q12 ms) 1QN 1 mo) (2.7)
holds for all t € I, where u : I x Q — C is the maximal lifespan solution to .
In particular, I = R and u is uniformly bounded in H'(Q).

Moreover, for any function f € H},(Q) such that ([2.9), there exists p = p(§') > 0
such that

2 34 2 4
||fHH;(Q) ) ”fHL;lc(Q) 2 P(||f||H;(Q) + ||f||Lg(Q))~ (2.8)
Proof. The proof follows from Proposition above, Lemma 2.3 and Lemma 2.4
in [4].
[



SCATTERING FOR FOCUSING NLS ON EXTERIOR DOMAIN 7

Remark 2.11. Suppose ug € H} (1) satisfies (1.7) and (1.8). Then by the above
lemma, the maximal-lifespan solution u to (1.1) with initial data wg obeys

lu@)ll 20 1wl @) < 1 =) QN2 e 1QN fr1re) (2.9)
for all ¢ in the lifespan of u. In particular,  remains bounded in H} () and hence
is global.

3. SCATTERING CRITERION

In this section, we prove a scattering criterion for solutions of the Cauchy problem
(L.1).
Proposition 3.1. Suppose that u is a global solution to (L.1|), satisfying
||“||Lt°°H})(]R><Q) <Lk (3.1)
There exist € = €(E,Q) > 0 and Ty = To(e, E,Q) > 0 satisfying that if for any
a € R there exists T € R such that [T — ¢°,T] C (a,a+ Tp) and
”uHLim([T—sff’,T)xQ) <6 (3:2)
then u scatters forward in time.

Proof. By the Strichartz estimates and continuity method, there exists e = e(E, Q)
such that if for any T" > 0,

HBZI(FT)AQ“(T)HLQI To0)x0) = & (3:3)

then the u scattering forward.
By the Duhamel formula, we have

T
et=TRay(T) = etAay + Z/ e t=9)89 (|y)2y) (s)ds. (3.4)
0
First, by the Strichartz estimates, there exists 77 > 0 such that, if T > T}
. 1
itA
He ﬂu0| L3 ([Too0) <) < 3¢ (3.5)

Take a = Ty, € = €2, T as in the assumption (3.2) and make a decomposition
[0, 7] =[0,T — e ®|U[T —€e5,T]:=1 U L.
Then by (3.2), the Strichartz estimates, and the continuity method, we have

<1
HUHLEHI?’S([Tfe*iT]XQ) ~

Thus, we have

| / 2% (uf2u) (5)ds|
I

< u 25 u < 62.
L7, ([To0)x) ™ ezt | ”L?H?‘”’(mm ~
(3.6)

Next, we consider the corresponding contribution of I;. By the Duhamel formula

and the Strichartz estimates, we have
H / (=% (o) ()|
Iy

1
e =(T=T) Ay _ To%) _ githay,

30
LILI ([T,00)x )

30 S
L3LIT ([T,00)x )

!
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On the other hand, employing the dispersive estimates and the Sobolev embedding,
we have

H / 130 ([uf2u) (s)ds|
Iy

=t
11 (15—5)j

Thus, by interpolation, we have

H /I 129 (uf2u) (5)ds|

which together with (3.5)) and (3.6)) implies (3.3)). Therefore, we complete the proof.
U

L3L3 (IT,00)x )

3 3
||u||L;>oH,5(RxQ) S ez

L3([T',00))

< 5
L3L3([T,00)x ) ™

)

4. PROOF OF THEOREM [I.1]

In this section, we prove Theorem First we prove a local smoothing effect
property on the Boundary 02 by utilizing a Morawetz-type estimate. Then we prove
the interaction Morawetz estimates for the solution in the Theorem Finally,
we prove Theorem [I.] by showing the solution such that the conditions of the
scattering criterion in previous section.

Let xr(z) be a smooth function on R?® and such that xg(z) = 1 when |z| < &
and xgr(z) = 0 when |z| > g We need the following coercivity property, which
follows similar proof of Lemma 3.2 in [4].

Lemma 4.1 (Coercivity on balls). There exists R = R(5, M (u), Q) > 0 sufficiently
large such that for any point z € R3,

sup (- = 2)u(t) oy IXR( = 28 iy < (1= 8) Nl ey 19y e

(4.1)
In particular, by Lemma[2.10} there exists §' = &'(6) > 0 so that

3
Ixr( = 2)u®) G20y = 7 IXRC = 2)u®l1s(0) 2 8" IXR( = 2)u®Fq) (“2)
uniformly for t € R.

Next, we make some preparation for the Morawetz estimates. Let n(z) be the
outer normal vector at x € 9 and define the outer derivative by 9, f = Vf - n.
Denote dS be the induced measure on 9f2.

Let n > 0 small, x(x) =1 for |z| <1 —nand x =0 for x > 1. Let R > 1 large,
and define

1
o) = o7 [ RN Gs

and

1 2/x—s 4/ s
(bl(x) = CU3R3 /]Ri‘x (T)X (ﬁ)d&
where ws is the volume of unit ball in R3. Then we have
o — 1] S
Let

1 |z
Vi) = 1 /0 o(r)dr,
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which satisfies
o) <min {10} and Oile) = T [G) - d(o)L

One can also deduce that

[y (@)xr] = 36(x) +2(¢ — ¢)(2), (4.3)

where the repeated indices are summed.

4.1. Local smoothing effect. We define the Morawetz action by
M(t) =2 Im / Y(z)z[uVulde. (4.4)
Q

Then, |M(t)] < R.
Proposition 4.2. For large Ty > 1 and any time interval I = [a,a + To] C R, we

have )
— Onul®(t, z)dS (x)dt < ——. 4.5
7 [ 1o aas@a s ey (45)
Proof. From the identity
20; Tm (auy,) = Oglu|* + OpAlul® — 40; Re (@ uy), (4.6)
(4.3), and integration by parts, we have
Or M (t)
3
- 4/9 (6@ Vul(t,2) — 261 (@)l (1,2)] o (4.7)
2 [ e n@)o,uPds(a) +4 [ (0= 0)@)] FuP(t.)ds (4.8)
[o9) Q

- /9[3(¢ — ¢1) +2(¢ — O)](@)[ul*(t, ) dz + /Q V[36 +2(¢ — ¢))(x) - V|ul?(t, x)dz,
(4.9)

where X is the angular derivation centered at the origin.
By the definition of x, (4.7)) equals

%/Rg/QIV(X(IJ?M)I2 - 2|X(IES)U|4dIX2(§)ds+O(ﬁ). (4.10)

By the Coercivity property Lemma there exists Ry > 0, such that the first
term of (4.10) is nonnegative for R > Ry. And the nonnegativity for second term
of (4.8]) follows from the fact ¥ — ¢ > 0. From the facts ¢ — ¢1 < n and

1 1 2 R L
[9=8HVO1190] S W—l(+ ) +V0l < Jpermin {5, o demin {5, 5

4.11)
we have
1 e’ Ro 1
= Vol + |V —< — 4.12
g R e R e s SR
Thus, we can deduce that
e’ Ro dR 1 Rye’ 1
Onul?(t, z)dx —dt .
)7, )0t e G S e

(4.13)
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Since the boundary 9 of Q is concave and compact, we have —(z)x - n(z) =
z-n(z) 2 1 for z € 09, which yields

1 1 1 Roe” 1
— Opul?(t, x)dadt < — ——. 4.14
J [ ettt ok b T e (00
Then the conclusion follows by taking n = Ry' = J73 = (log Tg)*%.
O

4.2. Interaction Morawetz estimates. We define the interaction Morawetz quan-
tity

Mp(t) =2 / / uP)v(e — )@ —y) In [ a)dedy, (415

which reflects the information of v on whole 2. One can easily find that for any
R>0andt€R,

|MR(t)| < RE.

Theorem 4.3 (Interaction Morawetz estimates). For arbitrary small € > 0, there
exists Ty, Ry > 0 large and n > 0 small enough satisfying that: for any interval
I = [a,a+ Tp), there exists £ = £(s,t, R) € R? such that

e / / // (t,y) ’V X (5 )ug)’2 (t m)dxdydsdt@ Se.
JTQ R3 Jgs ) Jaxa ’ R~
(4.16)
Proof. By the identities and
Otul* = —20) Im (quy), (4.17)
we have
9 Mg(t) // [ul* (8, y)(x — y)(x — y)V]u|*(t, 2)dzdy (4.18)
QxQ
[ [l e - VA ¢ o)dedy (419)
X

_ 4//Q><Q lul?(t, y)ib(z — y)(zr — yx) Re (9;(@jup)(t,z)dxdy (4.20)

— 4//QXQ<9j Im (ﬁUj)(t,y)7/1(:L' —y)(x — y)r Im (qug)(t, x)dzdy.

(4.21)
By integration by parts and the Dirichlet boundary condition of u, we have
=[Pt — )+ 200 = )@~ pllul(ta)dody
X
—=3 [[ Pt - vl e)dady (4.22)
QAxQ
2 [ P - 0w -l )dady (4.23)
X

- 3//M ul>(t, y) (¥ — ¢1)(x — y)|ul*(t, ) dady. (4.24)
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Here, we view (4.23) and (4.24) as error terms from the definitions the cutoff func-
tions.

= /ﬂ . ul*(t,y) Vs Bé(x — y) + 2 — ¢)(x — )] Vo [[uf*(t,2)] dzdy
(4.25)

w2 [ [ s oe - pdaleais@a. 029

As above, we also regard (4.25) as an error term. We will apply the local smoothing
effect to the estimation of (|4.26))

=4 [l pote = ) VuP,a)dady .
QxQ
+ 4//Q . lul?(t,y) Pij(z — y) (¥ — ¢) (& — y) Re [ujug]dady  (4.28)

_ 4/Q /aQ lul?(t,y)0(z — y)(x — y)x Re (Opauy)(t,z)dS(z)dy. (4.29)

= =4 [ [ 9y, T )t p)0te — )@~ ) T ) 1 )y
=— 4/ o ¢(z —y) Im (aVu)(t,y) Im (aVu)(t, z)dzdy (4.30)

4 / / Im (aVu,)(t,y) Py (2 — ) — ) — bz — 9)] Tm (@Vu) (¢, ) dady,
o (4.31)

where P;;(z) = 6;; — %
From the fact that v» — ¢ > 0 and Cauchy-Schwarz, we have

3 + @3
_ ul? e D0 — ) (2 — Vde
4 [[[ W) Rytt Pl - 0 — o)y

4[]t Rt T fo Ryl - 6)(e - pldady > 0, (432)
QxQ

where X7, is the angular derivation centered at z € R3. By the compactness and
convexity of J€2, we have

|([@-26) + @-29)|
- \2 [ [ Pt - pn@ione o] @)

< R// |u|2(t,y) |5nu|2(t,x)dxdy.
Q JoQ
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By a direct computation, one has

w3R3
(627 + [@30)]

[ e
[ L e

for ué(t,z) = e*¢u(t, ) and

) [Jul*(t, v)|Vul*(t,z) — Im (aVu)(t,y) Im (aVu)(t, z)] dedyds

)l (¢, )|Vt (¢, 2)dadyds,

’“’f’s’R):‘fQ)}(x(

or £ =0if [, x*(%52)|ul?(t,z)dz =0 .
Combining these estimates above, we have

—s 2 3 -—s 4
i / R [V () P ) = el 0) | dedys
S—— 2R2 + O Mg (t) // lul?(t, y) |z - n(z)| |Opul?(t, z)dzdy
+//Q )l = 6)(w — ) + (6= 62)(o — )ldady

+ //QXQ lu|?(t, y)|uVu|(t, z) |V (¢ + ¢)(x — y)| dedy.
By the Lemma and 7 for sufficiently large R > 0, we have
Roe”’
‘]TO U / /11&3 //QxQ u\ IV (F) §)|2(t,$)d$dydsdt%
< 1 +
~J ’72Ro (log To) 5y RonJ Tn
which implies the conclusion by taking 7 = J-% = Ry' = ¢ and log Ty =

672

e
O

4.3. Proof of Theorem By the interaction Morawetz estimates and the
Sobolev embedding, there exists Ty > 0 and R € [Rp,e’ Rg] such that for any
interval T = [a,a + Tp]

‘ 2

7 |3 [ o, [V ()]

Thus there exists 6 € [0, 1]® such that
] (2
73, 2 ] g [ G e

Therefore, there exists a subinterval Iy = [b— e~ ,b] C I such that

[ S e, o)

Io 2€73

2

dsdt < e.
L2(Q)

2

Sk
/i
+
=
S—
2y
—
N—
N———

L?(Q)

L2(Q) L2(Q)
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This together with the Gagliardo-Nirenberg inequality
I1£1Ze S W11V FII2

implies that

4 3
dt < e, (4.34)

L3(Q)

On the other hand, by Hélder’s inequality and Sobolev embedding, we have

(z+9) ‘ H =L (z+0) ’ <
t —A = u(t 1
> (=), o 0], 21
which yields
: (z+9) ‘2
t <1 4.35
Z HX Ju(t) @)~ (4.35)
z€Z3
Now, we have, by (4.34)) and(4.35]),
3
||U||L3(onsz)
3
_ R
Z(z+46
/ 1 (Z e ACR AW dt
fo ,ez3 L3(Q)
4 3 2 3
R = 8(z+0)
< [ X > at
To \ zez3 L3() 2€73 L3(Q)
4 2
— Ry 40 —4(z+9)
<[ X | ] X
Io 2€73 L3(Q) Io 2€73 L3(Q)
<et
(4.36)
By interpolation, we have
2 4 < ik o B
”uHL‘;’)m(IOxQ) S Hu”Lf,w(onQ) HUHL%%(IOXQ) S g AT S enoy (4'37)

where we have used the fact that
1
||U||L10 (IxQ) ~ SN,

which is a direct consequence of the Strichartz estimates, the Sobolev inequality and
a standard continuity argument. Then, by the scattering criterion in Proposition
the conclusion follows.
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