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Abstract

We show that given any six numbers r, s,t,u,v,w € (0,1] satisfying » < s < min(¢,u) <
max(t,u) < v < w, it is possible to construct a compact subset of [0, 1] with Hausdorff dimension
equal to r, lower modified box dimension equal to s, packing dimension equal to ¢, lower box
dimension equal to w, upper box dimension equal to v and Assouad dimension equal to w.

Moreover, the set constructed is an r-Hausdorff set and a ¢-packing set.

1 Introduction

In this paper we consider the relations between six fundamental notions of fractal dimension, and
provide a general construction of a class of compact subsets of [0, 1] in which each of these dimensions
can take any permissible value. The dimensions we consider are: the Hausdorff dimension, denoted
by dimpg; the packing dimension, denoted by dimp; the lower and upper box dimensions, denoted
by dimp and dimg, respectively; the lower modified box dimension, denoted by dimys (Wwe note
that there is also an upper modified box dimension, but this coincides with the packing dimension);
and the Assouad dimension, denoted by dima. We give the exact definitions in Section 2. For a

bounded subset X of R?, these dimensions satisfy the following chain of inequalities.

dimp X
N
dimpg X < dimypX dimpX < dimp X.
Ny Z
dimp X

There are many examples in the literature of sets in which one or more of the above inequalities
are strict, see, for example, [1], [5], [12], [13], [14], [15], [I6]. We particularly draw the reader’s
attention to the result of Spear [15]. In [15], it is shown that for any four numbers s, t,u,v € (0,1)

with s < min(¢,u) < max(¢,u) < v it is possible to construct a Cantor set Y with dimgY = s,
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dimpY = t, dimgY = u and dimgY = v. In Spear’s construction, countably many disjoint
subintervals of [0,1] are chosen from left to right, each of which contains a subset Y, for n € Z¥,
with dimpg Y,, = s and dimp Y;, = t. The countable stability of the Hausdorff and packing dimensions
gives that the union Y = U2 jY), has dimp Y = s and dimp Y = ¢. However, the lack of countable
stability of the box dimensions allows the Y, sets to be arranged in such a way that the box

dimensions do not coincide with the Hausdorff and packing dimensions.

Our result could, in some ways, be thought of as a generalisation of Spear’s; however, there are
several differences between Spear’s result and ours. Firstly, the set we construct is not necessarily a
Cantor set. Furthermore, in contrast to the result in [15], we also consider the lower modified box
dimension and the Assouad dimension. In addition, we show that the set we construct has positive
and finite Hausdorff and packing measures at its Hausdorff and packing dimensions, respectively.

We now give the statement of our main result.

Theorem 1.1. Let r,s,t,u,v,w € (0,1] with

Then there exists a compact set X C [0, 1] with
dimg X =r,

dlmMBX =S,

dimp X =1,
dimpg X = u,
dimpX = v,
dimpa X = w.

Moreover, X is an r-Hausdorff set and a t-packing set.
Remark 1.1. An analogous result holds in higher dimensions too. This is the content of Theorem
6.1. We detail how the proof of Theorem 1.1 can be modified to give this result in Section 6.1.

Remark 1.2. It is possible to adapt the construction to include the case r = 0; however, in this case
H"(X) = co. Moreover, if t = 0 then P'(X) = oo also.

Remark 1.3. In our construction, the lower dimension (the natural dual to the Assouad dimension)

will always take value zero since the set we construct contains isolated points.

The set X = CUDU E U F that is constructed in the proof of Theorem 1.1 is the union of four

sets, C, D, E and F, which have dimensions as follows.
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The finite stability of the Hausdorff, lower modified box, packing, upper box and Assouad dimensions
gives that the union of these four sets has the desired dimension. The lower box dimension is not
finitely stable in general, but the sets C', D, E and F' are constructed in such a way that the lower
box dimension is stable under their union. The proof that X is an r-Hausdorff set and a t-packing

set follows easily from the Hausdorff and packing measures of C, D, ¥ and F.

The paper is structured as follows. In Section 2 we give the exact definitions of each of the
dimensions we study. Then, in Section 3 we present the construction of several classes of sets, to
which the sets C', D, E and F' constructed in the proof of Theorem 1.1 belong, and state their
various dimension and measure properties. The proof of Theorem 1.1 is then presented in Section
4. In Section 5 we give the proofs of the dimension and measure properties of the classes of sets
constructed in Section 3. Finally, in Section 6 we detail some further properties of the set X,
and explain how the proof of Theorem 1.1 can be adapted to give an analogous result in higher

dimensions.

2 Fractal dimensions and measures

In this section we give the definitions of each of the dimensions that we study. While the definitions of
the Hausdorff, packing and box dimensions are well known, we have nonetheless decided to include
them. There are several reasons for this: firstly, several different definitions and notations exist
in the literature, so stating the definitions precisely leaves no ambiguity for the reader; secondly,
the definitions of the Assouad and lower modified box dimensions are perhaps less well known,
and providing the definitions of all of the dimensions we study allows easier comparison of their
properties; finally, the box dimensions provide a motivation for the study of the lower modified box

dimension. We first give the definitions of the Hausdorff and packing dimensions.

2.1 Hausdorff and packing dimensions

The Hausdorff and packing dimensions are two of the most widely used notions of dimension and
are defined in terms of measures: the Hausdorff and packing measures. This measure theoretic

structure yields a number of natural properties one might expect a dimension to satisfy.



Let X CR%. For a >0 and § > 0 write

Hs (X) = inf {Z(diam(Ei))a ‘ X C UE“ diam(E;) < 4 for all z} .

i

The a-dimensional Hausdorff measure of X is defined by

HYX) =sup Hg (X).
6>0

The Hausdorff dimension of X is then defined by
dimyg X = inf{a > 0: H(X) =0} = sup{a > 0: HY(X) = }.

If @ = dimg X, then H*(X) could be zero, infinity, or positive and finite. A set for which 0 <
HY(X) < oo is called an a-Hausdorff set.

The packing dimension is the natural dual to the Hausdorff dimension. While Hausdorff measure
is defined in terms of coverings of sets less than a given diameter, packing measure considers packings
of disjoint balls. For @ > 0 and § > 0, write

P (X) = sup {2(2”)0‘

%

{B(zi,r;)}: is a family of disjoint closed balls
with x; € X and r; < for all ¢ ‘

The a-dimensional packing premeasure is defined by

P(X)= gI;BPé(X).

At this stage we notice a difference to the Hausdorff measure: P (X) is not o-additive, and therefore
not a measure. The packing measure is constructed from the packing premeasure by Munroe’s
Method I (see [11] for more details). Namely, the a-dimensional packing measure of X is defined
by

P*(X) = inf {Zfa(Ei) ( X C UE} .
The packing dimension of X is then defined by
dimp X = inf {a: P*(X) = 0} = sup {a: P*(X) = oo}

In an analogous manner to the Hausdorff dimension, if & = dimp X then P*(X) could be zero,
infinity, or positive and finite, and a set for which the latter is true is called an a-packing set.

The reader is referred to Falconer’s textbook [1] for a thorough discussion of the Hausdorff and

packing measures and dimensions.



2.2 Box dimensions and modified box dimensions

Another two widely used notions of dimension are those of the lower and upper box dimensions.
Contrary to the definitions of the Hausdorff and packing dimensions, they are defined by considering
coverings by sets of equal diameter. For a bounded subset X of RY, we denote by Ns(X) the least
number of sets of diameter d required to cover X. The lower and upper box dimensions of X are
then defined by

dimp X = lim inf 710’?; Ns(X) ,
5—»0 —logd

_ log Ns(X

dimgX = limsup Lé() .
§—0 —logd

Box dimensions are not countably stable in general. In fact, the lower box dimension is not even
finitely stable in general. However, it is possible to obtain countably stable notions of dimension
through a slight modification of their definitions. This gives rise to the modified box dimensions.

The lower and upper modified box dimensions of a subset X of R? are defined by

XQUEZ}7

dimy;p X = inf {sup dimp F;

dimpyg X = inf {sup dimpF;
i

XQUE}

It is well known that the upper modified box dimension coincides with the packing dimension (a

proof can be found in [1]).

2.3 Assouad dimension

The final notion of dimension that we study is the Assouad dimension. It was introduced by Assouad
in the 1970s [1] and has received an increasing amount of attention in the literature in recent years,

for example in [5], [0].

The Assouad dimension of a subset X of R? is defined by
dima X = inf {a: there exist constants ¢, p > 0 such that,

for all 0 < r < R < p, we have suer(B(x,R)ﬂX) §C<E> };
zeX r

recall that if A C R? then N,(A) denotes the least number of sets of diameter r required to cover
the set A.

The Assouad dimension is not countably stable in general. In our construction we exploit

this lack of countable stability to control the Assouad and box dimensions independently of the



Hausdorff, packing and lower modified box dimensions.

3 The construction of the sets C, D, £ and F

The set X = CUD U FE U F that is constructed in the proof of Theorem 1.1 is the union of four
sets, C', D, E and F. In this section we present the constructions of several general classes of sets,
to which the sets C', D, E and F belong, and state their various dimension and measure properties;
this is the contents of Lemmas 3.1-3.5. In Section 4 we apply Lemmas 3.1-3.5 to prove Theorem

1.1, and then in Section 5 we give the proofs of Lemmas 3.1-3.5.

3.1 Theset C=C(5,7v,n)

The first of our constructions is a central Cantor set. While the dimension and measure properties
of central Cantor sets are well known (see, for example, [2], [7]), we have decided to include the full
construction and proof since in this particular construction we introduce notation that we regularly
refer back to in the other constructions. Furthermore, we utilise properties of this construction to

simplify later proofs.

Let 0 < 8 <+ <1 and let n = (ng); be a strictly increasing sequence of positive integers. We
construct the set C(3,7,n) as follows. Let (¢, (3,7,n)), be the sequence defined by

2~ 1V/B if nop < n < nopy for some k € ZT
Cn(ﬁy/%n) = . (1)

2717 if ngpyq < < No(k+1) for some k € /A
Now, let X = {0,1}, and for each v € 3y and n € ZT define Sh™: [0,1] — [0,1] by

SEA™ (@) = ca(B.yom) z + v (1 = cu(B,7,m) @

Next, for each finite binary word w = wy ... w, write

Ly(B,v,m) = S{0™ .. SEe((0,1]) (3)

and for each n € ZT write 35 = {w = wy ... w,: w; € 3a}. Let

Co(B,7,m) = |J Tu(B,7.n (4)
wedy
and finally, define
C(B,7,m) = [ Cu(B,7,m). (5)
n=0

It is clear that the set C(f3,v,n) is compact. The following lemma states the key dimension and
measure properties of the set C' = C(f5,v,n).



Lemma 3.1. Let 0 < 8 < v < 1 and let n = (ng)x be a strictly increasing sequence of positive

ZL — 0 as k — co. Then the set C(B3,7,n) constructed in (5) satisfies

integers with —

dlInH 0(57 ’77 Il) = dl_mMBO(Bv ’77 Il) = dl_mBC(ﬁv ’77 Il) = ﬁ;

dimp C(ﬁa 7> Il) = dl—mBC(ﬁv Y, Il) = dimp C(ﬁv Y, Il) =7

and

0 < HA(C(B,v,n)) < o0,

0 <PY(C(B,7,m)) < o0.

ng
Nk+1
have different dimensions. For example, if n = (ng)x is the sequence defined by nj = 2% then

one can show that the set C'(8,7,n) has dimyg C(8,v,n) = dimypC(8,7v,n) = dimgC(S3,v,n) =

g/ A g7y And dimp C(8,7,m) = dimpC (5,7, 1) = dima C(8.7,1) = /a7

Remark 3.1. If the sequence n = (ng), does not satisfy — 0, then the set constructed could

3.2 The set D= D(f,v,n,k)

Our next construction could be thought of as a countable analogue of the set C'(5,~,n) constructed
in (5). For each n € Z*, we construct a set D,(3,7,n,k) by taking the union of a subset of the
endpoints of the component intervals of C'(3,7,n), and then take D(53,v,n,k) to be the union of
all the D,, sets. The points that are included in each D, (8,7, n,k) are determined by a sequence
k = (kp)n of positive integers.

Let 5 = {0,1,%}. For each n € ZT, let S27™ be as defined in (2) if v € {0,1}, and let
Sﬁz M. [0,1] — [0,1] denote the identity map. For each finite word w = wj ... w, with letters in
>3, write

Py(B.7,m) = Sy SEN{0,1). (6)

n,Wn,

Next, for each n € Z™, define

w; € Xgforalll <i<n
Qk)=qw=w...w, .
if w; =1 and k; < n then w; = * for all j > k;
Set
Dn(ﬁ/}/)n)k) = U Pw(57/77n) (7)
wey (k)
and finally, define
D(,B,’Y, n, k) = U Dn(ﬂvfy?n?k)‘ (8)
n=0

There are only finitely many points in D(3,7,n,k) outwith any ball centred at the origin, so it
follows that the set D(3,v,n,k) is compact.



Lemma 3.2. Let 0 < 8 <~ <1, let n = (ng)g be a strictly increasing sequence of positive integers

with anl — 0 as k — oo and let k = (ky)n be a strictly increasing sequence of positive integers

with = — 0 as n — oo. Then the set D(B,7,n,k) constructed in (8) satisfies
dimpy D(5,7,n, k) = @MBD(ﬁ777n7 k) = dimp D(ﬁ/}/)n) k) =0,

@BD(ﬁuvunak) - 57
ﬁBD(ﬂ,’Y,H,k) = dlmAD(/Baf}/a n, k) =7-

Remark 3.2. If we removed the dependence on the sequence k = (k,,), and simply took the union
of all the endpoints of intervals in C,(8,7,n), then the constructed set would have the same di-

mensions, but would not be compact.

Lemma 3.2 says that the construction of D(,~,n, k) can be used to control the lower and upper box
dimensions independently of the countably stable notions of dimension. In our next construction

we show that by changing the sequence k it is possible to construct sets with different dimensions.

3.3 The set £ = E(v,])

By changing the conditions on the sequence k in D(8,,n,k) it is possible to construct a set for
which the Assouad dimension takes value v, but all other dimensions are zero. Note that if g = ~,
then the set Dy(7,7v,n,k) does not depend on the sequence n, therefore the set £ = F(v,k) that
we construct does not have a dependence on n. For this reason we can suppress the dependence on

n in the definition below. For each n € Z*, write

En(lyvk) = Dn(7777n7 k) (9)

and set -
E(y,k) = | En(1, k). (10)

n=0

Lemma 3.3. Let 0 <y <1 and let j = (jn)n be a nondecreasing sequence of positive integers with

(i jni—>1 asn — oo,
(i) jn —n — 00 as n — 0.

(For example, j = (jn)n could be the sequence defined by j, = LnH%J for alln.)

Then the set E(~,]j) defined in (10) satisfies
dimy E(v,j) = dimyp E(v,§) = dimp E(7,]) = dimp E(v,j) = dimpE(7,j) =0,

dimp E(v,j) =7



3.4 The set F'= F(v,a,b)

Finally, we present the construction of the set from which we control the lower modified box di-
mension. One could think of this as a modification of a construction of Tricot [16]. In Tricot’s
construction a subset of real numbers is constructed with Hausdorff dimension equal to zero and
lower modified box dimension equal to one. We adapt this construction so that the lower modified

box dimension takes the value ~.

We define an enumeration of closed intervals {V,,(7,a,b)}yes; indexed by finite binary words,
which depend on two sequences a = (ag)r and b = (by)r. We give the exact definitions later, but
one should note that V.(v,a,b) = [0, 1], any interval Vi, ., (7,a,b) is contained in Vi, . 4, (7, a, b)
for all m < n, and any two intervals indexed by words of the same length intersect on at most one

point. For each n, let

Fn(77a7 b) = U Vw(/%av b) (11)
wely
and finally, define
F(y,a,b) = ﬂ E,.(v,a,b). (12)
n=0

We now turn towards the exact definitions of the component intervals V,,(v,a,b). We require
a = (ax)r and b = (bg)r to be strictly increasing sequences of positive integers that satisfy the
following conditions.
(i) apg = b() = 1,
(ii) a; —a; <b; —b; for all 4,j € Z* with i < 7,
(i) 3= — 0 as k — oo,

(iv) a:ﬁ—)Oask—)oo.

(For example, a = (ay)r and b = (bg)x could be the sequences defined by aj = 2k and b, =
(k+1)2% for all k.)

Observe that we can define a bijection f: X5 — Z* by

fle)=1
fw) = 2_n+zwi2n_i for w = w; ... wy,
i=1

where X3 denotes the set of all finite binary words. Hence, for each w € X3 there is a unique

positive integer & such that f~!(k) = w. We are now in a position to give the exact definition of

{Vw(v,a,b) }u.
Let V.(v,a,b) = [0,1] and a(y) = 2/7. For each w = wy ... w, (n > 1) we define V,,(7,a,b)
inductively as follows. If there is an m < n such that n = ap-1(y,. w,,) then Vi (7,a,b) has length

9



(a(’y))_bffl(wlwwm). Otherwise V,,(7,a,b) has length equal to (a(y))~! times the length of its
parent interval, Vi, w, ,(7,a,b). In both cases, the intervals are positioned to the extreme left (if
wy, = 0) or extreme right (if w, = 1) of their parent interval.

Since every point in F(v,a,b) is the intersection of a sequence of nested closed intervals, it

follows that F(vy,a,b) is compact.

Lemma 3.4. Let 0 < v < 1, and let a = (a)r and b = (by)x be strictly increasing sequences of
positive integers satisfying conditions (i)-(iv). Then the set F(v,a,b) constructed in (12) satisfies

dimy F'(v,a,b) =0,

dimy; F(7,a,b) = dimp F(v,a,b) = dimg F(v,a,b) = dimgF(v,a,b) = dima F(y,a,b) = ~.

3.5 On the lower box dimension of CUDUFEUF

Our next result states that the lower box dimension of the union C' U D U E U F' is equal to the

maximum of the lower box dimensions of the sets C, D, F and F.

Lemma 3.5. Let r,s,t,u,v,w € [0,1] be as in the statement of Theorem 1.1, n = (ng)x as in the
statement of Lemma 3.1, k = (ky),, as in the statement of Lemma 5.2, j = (jn)n as in the statement
of Lemma 3.3 and a = (ay)r and b = (bg)r as in the statement of Lemma 3.4. Let C = C(r,t,n),
D = D(u,v,n, k), E = E(w,j) and F = F(s,a,b), as defined in (5), (8), (10) and (12), and set
X=CUDUEUF. Then dimpX = u.

We are now in a position to give the proof of Theorem 1.1. This is the content of the next

section. We return to the proofs of Lemmas 3.1-3.5 in Section 5.

4 Proof of Theorem 1.1

In this section we give the proof of our main theorem:.

Proof of Theorem 1.1. Let r,s,t,u,v,w € [0,1] be as in the statement of Theorem 1.1, n = (ng)x
as in the statement of Lemma 3.1, k = (k,),, as in the statement of Lemma 3.2, j = (j,), as in
the statement of Lemma 3.3 and a = (a); and b = (bg)x as in the statement of Lemma 3.4. Let
C =C(r,t,n), D= D(u,v,n,k), E = E(w,j) and F = F(s,a,b), as defined in (5), (8), (10) and
(12), and set X = CU DU FEUF. Tt follows by Lemmas 3.1, 3.2, 3.3, and 3.4 that the dimensions
of C, D, E and F are as follows.

10
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The finite stability of the Hausdorff, lower modified box, packing, upper box and Assouad dimensions
gives dimpg X = r, dimypX = s, dimp X = ¢, dimpX = v and dima X = w, and it follows by
Lemma 3.5 that dimg X = u.
It remains to show 0 < H"(X) < PY(X) < oco. Lemma 3.1 gives that 0 < H"(C) < oo and
0 < PYC) < oo, so since C C X, it follows that H"(X) > 0 and P*(X) > 0 also. On the other
hand, since dimg D = dimp D = 0 and dimyg E = dimp E = 0 we have H"(D) = P!(D) = 0 and
H"(E) = PY(E) = 0. In addition, since dimg F' = 0 we have H"(F) = 0, so H"(X) = H"(C) < oo.
Finally, observe that if m = (my)x is any strictly increasing sequence of positive integers with
Mk — (0 as k — oo, then FF C C(s,s,m), and so P!(F) < P'(C(s,s,m)) < P5(C(s,s,m)) < 0o

ME+1

by Lemma 3.1. Hence P!(X) < PY(C)+ P!(F) < co. This completes the proof of Theorem 1.1. [

5 Proofs of Lemmas 3.1-3.5

We now give the proofs of Lemmas 3.1-3.5.

5.1 Proof of Lemma 3.1

Let 0 < 8 < <1, and let n = (ng)x be as in the statement of Lemma 3.1. To ease notation, we
write ¢, = Cn(5777 Il), I, = Iw(ﬁa’% Il), Cn = Cn(5777 Il) and C' = 0(5777 Il) throughout.

Claim 1. dimgC < .

Proof of Claim 1. Observe that one interval of diameter §;, = HZZ’;L; s ||

cover any component interval of C), Hence N, (C) < 2™2k+1 50

2k+1°

log N5, (C) < B ok log 2

—log oy, (nok41 — nok) log 2

— f;

therefore dimgC' < 5. O
Claim 2. dimpy C' < 7.
Proof of Claim 2. Let x € C and 0 < r < R < % Furthermore, let m(R) and n(r) be the
unique integers such that l,;) <7 <l,;)-1 and %lm(R)H <R< %lm(R), where I, = [, ¢;. Then

B(z, R) will intersect at most two intervals of Cy,(r). Each contains precisely 2n(r)=m(R) intervals

11



of Cy(ry, 80 2n(r)=m(B)+1 intervals of diameter r will cover B(z,R) N C; hence

N, (B(z,R)n C) < 2nr)=—m(B)+1 _ g (2—(n(r)—1)/v>_” (2—(m(R)+1)/,Y)’Y s <§>77

so we conclude that dimy C' < 7. O
Claim 3. 0 < HP(C) < oo and 0 < P7(C) < oo.

Proof of Claim 3. Define a mass distribution on C as follows. For each n € ZT and w € X",
let A\, denote the Lebesgue measure restricted to the interval I, normalised such that A\, (ly,) = 1.
Next, define the probability measure p, by u, = 2% > wesn Aw- Then there exists a probability

measure p such that u, converges weakly to u.

For each = € C, there is a decreasing sequence of intervals (le.,,wn)n such that z = Ny Ly, . w,-
By definition, each such interval carries mass 27" and has length 1, = [, ¢;. Let r > 0, and n(r)
be the integer such that [,,,) <7 <l,y_1. Then the ball with centre at = and radius 7 can intersect
at most three component intervals of Cy,(y_1, so pu(B(z,7)) < 3- 2-("+1 Since ¢; > 2718 for all

i € ZT, we have
,U(B(:E, ’r’)) < 3. 9—n(r)+1 - 3. 9—n(r)+1 6
r? T (lh)?® T (2n/BYE

so it follows by the Mass Distribution Principle that #”(C) > £.

On the other hand, if ry = ln,, .,
so u(B(x, 1)) > 27"2k+1. Since —- — 0 as k — oo we have [

then B(x,ry) will cover the interval of C that includes z,

N2k+1

~ 2 "26+1/8 for all sufficiently

Nk41 N2k+1
large k, so
p(Blan)) | 27mn
rf T (ng)? T @ Tmn/B)P

for large enough k. Hence we conclude by the Mass Distribution Principle that #?(C) < 27 < 2.
One can show that 0 < P7(C') < oo by similar arguments. O

Proof of Lemma 3.1. 1t follows immediately from Claim 3 that dimpg C = 8 and dimp C' = ~.
Combining this with Claim 1 gives that dimy C' = dimy;gC = dimgC = [, and combining with
Claim 2 gives that dimyg C' = dimgC = dima C = ~. This completes the proof of Lemma 3.1. O

5.2 Proof of Lemma 3.2

Let 0 < 8 <~ <1, and let n = (ng)r and k = (ky),, be as in the statement of Lemma 3.2. To ease
notation we write ¢, = ¢, (8,v,n), D, = Dy, (8,7,n,k) and D = D(8,~,n, k) throughout.

Claim 1. dimgD < 8 and dima D < 7.
Proof of Claim 1. We have that D,, C C,,(8,7,n) for all m > n, therefore D C C(8,v,n) and

the result follows by monotonicity and Lemma 3.1. O
Claim 2. dimgD > f.
Proof of Claim 2. Let 0 < 6 < 1 and k(J) be the integer such that ly5)41 < 6 < lj(5), where

12



I, = Hle c;. Furthermore, let n(J) be the largest integer such that k) < k(0). Any interval of
diameter ¢ can intersect at most one point in Dy s), and there are at least 2k(9)=n(9) phoints in Dy
so N5(D) > 2k0)=n0) " Since ¢; < 2'/8 for all i € Z7F, it follows that

log Ns(D) _ B((8) ~n()) | BKG) _n@)
—logd — k(o) +1 T k) +T kg
since ]:L(—g)) — 0 as § — 0. Therefore dimgD > f. O

Claim 3. dimpD > .
Proof of Claim 3. If, for each k € ZT, 6 = lpn,,—1 and m(k) is the largest integer such that

(k) < nog, then any interval of diameter d; can intersect at most one point in D
least 272+ ~"k) such points, so Nj, (D) > 2"2~™k) and it follows that

nyp- Lhere are at

log N5, (D) S nax, — m(k) Nok m(k)

> —
— log 6, (nar —nak—1)/v +nar—1/B ~ nox/v +nox-1/B  Ekmw)

-7

since "%2;1 — 0 and ]Z”((k) — 0. Hence dimgD > . O
Proof of Lemma 3.2. Combining Claims 1, 2 and 3 completes the proof of Lemma 3.2. O

5.3 Proof of Lemma 3.3

Let 0 < v <1, and let j = (j)n be as in the statement of Lemma 3.3. To ease notation we write
cn = cn(B,7v,m), B, = E,(v,j) and E = E(v,]j) throughout.

Claim 1. dimpE = 0.

Proof of Claim 1. Let 0 < § < 1 and n(d) be the integer such that I, < § < ly)—1,

where I, = [[}_; ¢;. Since U2

e Bi € [0,1,(5)], one interval of diameter § will cover UF°

Z:jn(a)E’"
For each nonnegative integer m, Uf;”]tiEZ contains 2/m~™ points, so an additional Z?:(?_l it <
(n(8) — 1) 2770 intervals of diameter § will cover the remaining points in E. Thus Nj(E) <
n(8) 277~ and it follows that

log Ns(E) < logn(8)  Jn(s) — n(0)
—logd T n(0) -1 n(d) — 1

since 732 — 1. Hence dimpF = 0, O

Claim 2. dimp F = 7.

mg
M1

C(v,7v,m), so it follows by monotonicity and Lemma 3.1 that dima F < ~. It remains to show the

Proof of Claim 2. For any sequence m = (my); with — 0 as k — oo we have F C

reverse inequality. To this end, let A > 0 and 0 < a < 7. For each n € Z*, B(0,l,) will contain

Ej,. There are 2/»~" points in Ej,, and any interval of length [;, can intersect at most two of them,

13



SO
. L\ (LN 1\
N, (B(0,l,)NE) > 2"l = () = [ )

Since j, —n — oo as n — o0, it follows that llj—” — oo also. Thus there is an N such that

’\/—Cll
(é—”) > 2A for all n > N. Hence we conclude that dima F > ~. O

Proof of Lemma 3.3. Combining Claim 1 and Claim 2 completes the proof of Lemma 3.3. [

5.4 Proof of Lemma 3.4

Let 0 < v <1, and let a = (ag)r and b = (bg)x be as in the statement of Lemma 3.4. To ease
notation, we write V,, = Viu(v,a,b), a = a(v), Fx = Fx(v,a,b) and F = F(v,a,b) throughout. In
addition, we denote by p(k) the integer such that if f(w;...w,) = k then f(wy...w,—1) = p(k)
(i.e. if k is the integer that indexes a given interval, then p(k) is the integer that indexes its parent
interval).

Claim 1. dimpy F < 7.

my
ME+1
component interval V,, is included in the interval I, (v, v, m) defined in (3), so F,, C Cy (7,7, m) for

Proof of Claim 1. Observe that for any sequence m = (my); with — 0 as k — oo, each

all n. Therefore F' C C(v,~,m), so it follows by monotonicity and Lemma 3.1 that dimy F <~. O
Claim 2. dimpF > 7.
Proof of Claim 2. For each k € Z™, define

Iy = {Vw: Vi is a component interval of F,, _; and V,, C Vf71(k)} . (13)

Let W € Zi. Then W C Vi—1y, so W C Vi—1(,4)). Hence the interval of F, , that contains W

has length a’»®) | and it follows that W has length a %, where I = aj — 1 — apk) + bp(r)-

Observe that l )
a
i L e JCONIE RN (14)
bpky  boky  Opk) (e
since the first term tends to infinity and the second and third terms tend to zero. Thus there is an

integer K such that b,y < lx— for all k > K.

Let 0 < § < o~ and let I(5) be the unique integer such that o=/~ < § < a9, Further-
more, let k(0) be the unique integer such that lj,5_1 < 1(d) < ). Now, let V be a component in-
terval of F, that is included in Vy-1). Then V has diameter a~t@k0) and since k(5) > K we

Ap(k(8))

have bp(k(5)) <19 < lk(5). Thus V contains 219 ~bsk)) component intervals of Fap(k(d))+l(5)_bp(k(6))7

each of which has length a9 and contains points in F. Any interval of diameter & can intersect

at most two such intervals, so Ny(F) > 2@ =bx@)~1 and it follows that

log Ns(F) _ (1(0) = bp(i(s)) — 1) log 2 - <1 bp(k(s)) 1 > log 2 s

—logd — (I(6) + 1) log « B lks)-1 B lks)—1/ loga
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since I;:E?% — 0 by (14) and llggi = ~. Hence dimgF > ~. O
Claim 3. dimypF = 1.
Proof of Claim 3. It suffices to show that dimp(F NU) = ~ for all nonempty open subsets U of
F' (see [1, Proposition 3.9] for more details). Moreover, it follows by a version of Baire’s Category
Theorem that it is sufficient to show that dimp(F N V,,) = v for all finite binary words w. To this
end, let w = w; ... w, € ¥* and define g,,: £5 — X3 by g, (v) = wv. Now, for each word u € X3,
define

’

Vi = Vgu(u)
Ay = Agy, (u)
by = byo (-

Then applying the same arguments as in Claim 2, with V,, replaced by V;, a, replaced by a;, and
by replaced by b, gives that dimg(F N V,,) = 5. Therefore we conclude that dimypF = 7. 0

Claim 4. dimpg F = 0.

Proof of Claim 4. We define a mass distribution on F' in an analogous manner to in the proof
of Proposition 3.1. Namely, for each n € ZT and w € X%, let A, denote the Lebesgue measure
restricted to the interval V,,,, normalised such that A, (V,,) = 1. Next, define the probability measure
i DY oy, = 2% Zwezg Aw- Then there exists a probability measure u such that u,, converges weakly
to p.

Let x € F. Then there is an infinite binary word wiws ... such that x = N, Vi, w,. Let (mg)g
be the sequence of integers defined by my = f~'(w; ... wy) and for each k € Z* let vi(z) denote
the interval le,,,wamk. Each vi(x) has diameter a‘bmk, therefore any ball with centre at x and

radius r, = a®™ can intersect at most three component intervals of F, . Each has mass 27 %",

77Lk
SO
log u(B(z, 7)) < Ay log 2 + log 3 o
log ry, - b, log a
Hence it follows by the Mass Distribution Principle that dimyg F' = 0. O
Proof of Lemma 3./. Combining Claims 1, 3 and 4 completes the proof of Lemma 3.4. O

5.5 Proof of Lemma 3.5

Finally, we present the proof of Lemma 3.5. To ease notation, we write C,, = Cy(r,t,n), D, =
D(u,v,n,k), E, = E,(w,j) and F,, = F,(s,a,b), for each integer n.

Proof of Lemma 3.5. Let C, D, E and F be as in the statement of Lemma 3.5. In particular,
" — 0 as k — oco. It

Nk+1

recall that n = (ng)x is an increasing sequence of positive integers with
follows by monotonicity that dimg X > dimgD = u, so it remains to show the reverse inequality.
To this end, for each integer k, let §; = 2~ ("2r+1772k)/v  Then, for all 8 < w and v < v, one
interval of diameter 3 will cover any component interval of C,, ., (3,7,n). Hence Ns, (C') < 2"2k+1,
and since D u,v,n, k) C C, (s,a,b) C C(s,s,n) for all k, we have

u,v,n) and F,

N2k+1 ( 2k+1 ( N2k+1
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N, (D) < 2"2k+1 and N, (F) < 2m2k+1. For the bound on Ny, (E), observe that since dimpE = 0 < u
there is an integer K such that Nj, (E) < (5,;“ < 2™k+1 for all kK > K. Hence, for £k > K we have
Ngk (X) < Ngk (C) + Ngk (D) + Ngk (E) + N5k (F) < 4. 2Mk+1 g0

log N5, (X 2
og N5, (X) <u ( Nok+1 + >—>u,
—log oy, Nok+1 — N2k

and we conclude that dimp X < w. This completes the proof of Lemma 3.5. [l

6 Outlook

6.1 Higher dimensional analogues

One may ask whether an analogous result to Theorem 1.1 holds in higher dimensions. By modifying

our construction, it is in fact possible to obtain the following result.

Theorem 6.1. Let r,s,t,u,v,w € (0,d] with

Then there exists a compact set X C [0,1]? with
dimg X =r,

dlmMBX =S,

dimp X =t,
dimpX = u,
dimpX = v,
dima X = w.

Moreover, X is an r-Hausdorff set and a t-packing set.

As in the proof of Theorem 1.1, the set X is constructed by taking the union of four sets C, D,
FE and F, which could be thought of as higher dimensional analogues of the sets constructed in the
proof of Theorem 1.1. Instead of beginning the constructions of C and F' with the unit interval we
start with the unit d-cube, and for D and F we start with the corners of the cube, as opposed to
the endpoints of the unit interval. We then construct the sets in an analogous manner, adapting
the definitions of the contraction maps accordingly to take into account the extra dimensions. The

proof follows similarly to that of Theorem 1.1, but is somewhat more notationally awkward.
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6.2 Hewitt-Stromberg measures

The so-called Hewitt-Stromberg measures provide a bridge between the Hausdorff and packing
measures of a set. They were first introduced by Hewitt and Stromberg in their classical textbook
[9, (10.51)] and have received attention in the fractal geometry community in recent years, for
example in [3], [10], [I7]. For a > 0 and A C R? we denote the a-dimensional lower and upper
Hewitt-Stromberg measures of A by U*(A) and V*(A) respectively. These measures satisfy H*(A4) <
UY(A) < V*A) < P*(A). The reader is referred to Edgar’s book [3] for a systematic introduction

to the Hewitt-Stromberg measures.

The lower Hewitt-Stromberg measure can be used to give an alternative characteristaion of the
lower modified box dimension, namely: dimy;gA = inf{a: U*(A) = 0} = sup{a: U*(4A) = x}.
Therefore, it is natural to ask whether the set X = C' U D U E U F constructed in the proof of
Theorem 1.1 satisfies 0 < U*(X) < oo. It turns out that this is not the case in general. It can be
shown that U*(X) < oo through an identical argument to that used to show P!(X) < co; however,
it can also be shown that U*(F) = 0. Since U*(D) = U*(E) = 0, it follows that &*(X) > 0 if and
only if #*(C') > 0, and this is only true when s = r.

It is also known that the critical value of the upper Hewitt-Stromberg measure coincides with
the packing dimension; however, the packing measure and the upper Hewitt-Stromberg measure do
not coincide in general. Therefore one might ask whether 0 < V!(X) < oo. This is indeed the case.
It follows immediately from our results that V!(X) < oo, and it can be shown that V!(C) > 0.
Hence X is a t-upper Hewitt-Stromberg set, where, in an analogous manner to the Hausdorff and
packing measures, a t-upper Hewitt-Stromberg set is one with positive and finite t-dimensional

upper Hewitt-Stromberg measure.

6.3 Homogeneity properties

Finally, one could ask whether our set exhibits homogeneity properties similar to those satisfied
by the set constructed by Nilsson and Wingren in [12]. In their paper, Nilsson and Wingren show
that given any three numbers r,s,t € (0,d] with r < s < t, it is possible to construct a compact
subset K of R? with dimy(K NU) = r, dimg(K NU) = s and dimp(K N U) = t for every open
set U with K NU # @. One can observe that such a result does not hold for our set. In fact, it is
not even possible to obtain such a result, in general, for all the dimensions that we consider. It is
known that if dimp(X NU) = « for all open sets U with X NU # &, then dimyp X = dimpX = «
(there is an analogous result for the packing dimension and upper box dimension). Therefore, if
dimy;p X < dimgX then it is impossible to have dimy;z(X NU) = dimp (X NU) for all open sets U

that intersect X (and similarly for the packing dimension and upper box dimension).
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