arXiv:1812.09979v2 [math.AG] 3 Mar 2020

COBORDISM-FRAMED CORRESPONDENCES AND THE
MILNOR K-THEORY

ALEKSEI TSYBYSHEV

ABSTRACT. In this paper, we compute the Oth cohomology group of a com-
plex of groups of cobordism-framed correspondences. In the case of ordinary
framed correspondences, an analogous computation has been completed by
A. Neshitov in his paper "Framed correspondences and the Milnor—Witt K-
theory".

Neshitov’s result is, at the same time, a computation of the homotopy
groups 7; ;(S°)(Spec(k)), and the present work could be used in the future as
basis for computing homotopy groups m; ;(MGLe)(Spec(k)) of the spectrum
MGL,.

1. INTRODUCTION

The theory of framed correspondences and framed transfers was conceived by
V. Voevodsky in [Voev]. In the course of developing that theory, G. Garkusha
and I. Panin in [GP] defined and studied framed motives of algebraic varieties.
One application of that theory is an explicit fibrant replacement of the suspension
bispectrum X3 X3 X of a smooth variety X € Smy.

as a corollary, one can reduce the computation of motivic homotopy groups
7" (S5 B S%) (k) to the computation of the Oth cohomology group H(ZF (A}, G))))
of an explicit simplicial abelian group ZF (A}, G,") (see [GP, caexcrsue 10.7]).
That computation was completed by Neshitov in his paper [Nes]|.

It appears that, using [GarNesh|, one can computa an analogous motivic homo-
topy group 7" (MGLa)(k) as the 0th cohomology group of the complex ZF P (A, GA™).
The groups ZF" are defined in Section @l The goal of the present paper is to cal-
culate these 0th cohomology groups, or, more precisely, to prove Theorem 2.9 in
which we present an explicit isomorphism of graded rings.

@om: @ Ky (k) = € H (C.ZF" (pt, G)™)).

The author thanks professor Panin for presenting the problem to him, and for
advice on the properties of Milnor K-groups on curves.

2. DEFINITION OF COBORDISM-FRAMED CORRESPONDENCES AND STATEMENT OF
THE MAIN RESULT

We begin with repeating the definitions of some basic objects.

Definition 2.1. Let Z C X be a closed subscheme. An étale neighbourhood of Z
in X is an étale morphism e: W — X, such that W X x Z — Z is an isomorphism.

In that context, sometimes the scheme W itself, in that case the morphism e is
implicit.
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Definition 2.2. Let e, e’ be two étale neighbourhoods of Z in X. The neighbourhood
¢’ is called a refinement of e, if € factors through e, i.e. there exists a morphism
f (which is by necessity étale), such that e’ = eo f.

The following is a basic definition of the theory of framed correspondences, and
was originally given by Voevodsky in [Voevl paznen 2] as a “globally framed corre-
spondence”.

Definition 2.3. Let X,Y be schemes. An explicit framed correspondence of level
n 1s comprised of the following data:

o a closed subset Z C A%, finite over X, called the support of the correspon-
dence;
o an étale neighbourhood W O Z of Z in A% ;
e a morphism of schemes ¢: W — A", such that the subset Z C W is the
preimage of 0 under ¢;
e a morphism g: W — Y.
Such an explicit framed correspondence is denoted by a tuple (Z, W, ¢, g).
Two explicit framed correspondences of the same level n are called equivalent:

(Z’ W ¢7 g) ~ (Z’ W/’ ¢/’g/)7

if they have the same support Z and there exists a refinement W' of both W and
W' (implying morphisms i: W" — W and i': W" — W' over A% ), such that

goi=g of,

goi=g oi.

The set Fr,(X,Y) of level n framed correspondences from X to Y is the set
of equivalence classes with respect to that equivalence relation. By abuse of no-
tation, the class of the explicit framed correspondence (Z, W, ¢, q) is also denoted
by (Z,W,¢,q). Single letters, such as ¢, are also used to denote framed correspon-
dences.

Note 2.4. The set Fr,(X,Y) is naturally pointed with the correspondence &, the
only equivalence class of correspondences with empty support.

Note 2.5. Based on that definition Voevodsky in [Voev| defined pointed sets Fr(X,Y)
of stable framed correspondences. On the same basis, in |GP| Definitions 2.8,
8.3, 8.5] the groups of linear and stable linear framed correspondences ZF,(X,Y),
ZF(X,Y) coomsemcmeenno. All of these definitions are repeated in [Nesl, Section
1]. These objects are used in the present paper.

We now give an analogous definition, central for the present paper.

Definition 2.6. Let X be a smooth variety over the field k of characteristic 0, and
let Y be a presheaf on the category of smooth varieties over k.

An explicit cobordism-framed correspondence of level (n, N) is comprised
of the following data:

o A closed subset Z C A% finite over X
o An étale neighbourgood W O Z in A%
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o A regular map ¢ : W — 7, n, where 7, n is the total space of the tautolog-
tcal bundle TS’}V over the Grassmann variety Gryp n; such that the subset
Z C W is the preimage of the zero-section under ¢
o A morphism g: W =Y, i.e. g€ T(W)Y)
Such an explicit cobordism-framed correspondence is denoted by a tuple (Z, W, ¢, g).
Two explicit cobordism-framed correspondences of the same level (n, N) are called
equivalent:
(ZW,¢,9) ~ (ZW'.¢.9),
if they have the same support Z and there exists a refinement W' of both W and
W' (implying morphisms i: W — W and i': W" — W' over A% ), such that

poi=¢ oi,

goi=g oi.

The set FT;??V (X,Y) of level (n framed correspondences from X toY is the set
of equivalence classes with respect to that equivalence relation. By abuse of no-
tation, the class of the explicit framed correspondence (Z, W, ¢, q) is also denoted
by (Z,W, @, g). Single letters, such as c, are also used to denote framed correspon-
dences.

The set Frfl‘fﬁ’v(X, Y) of cobordism-framed correspondences of level (n, N) from
X to'Y is the set of equivalence classes with respect to that equivalence relation.
By abuse of notation, the class of the explicit cobordism-framed correspondence
(Z,W,,q) is also denoted by (Z, W, @, g). Single letters, such as ¢, are also used to
denote cobordism-framed correspondences.

Note 2.7. While regular maps X — Gry N correspond to epimorphisms (’)% — E,
where E is a locally free sheaf of rank n, regular maps X — 1, v correspond to the
same data (since there is a canonical morphism T, N — Gry N ), plus a choice of a

section s € I'(X, F).

Note 2.8. The notation (Z, W, ¢, g) is brief but implicit, because "W D Z being
an étale neighbourhood in A% " implies an étale morphism W — A%, and a closed
embedding Z — W making the triangle commute:

Definition 2.9. The set Fr®®(X,Y) of stable cobordism-framed correspondences
from X toY is the limit of Froh  n(X,Y) when N — oo and n — oo along the
following maps:

along N: Ty nt N — TnntN+1 @S given on the represented functors by the natural
transformation (O™ — E, s) — (O"*NF1 — E_s), where the resulting epimor-
phism is zero on the last coordinate.

Along n: (Z,W,¢,9) — (Z' W' &', ¢"), where:

e The subset Z' is taken to be the image of Z — A™ AL X AP ~ At
where 19 is the embedding as the second factor, equaling zero on the first
coordinate.
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o The neighbourhood W' is At x W.

e The map ¢, supposing ¢ corresponds to O"*N — E and s € T'(X, E), is
given by O N ~ O O"N - O @ E and the section (x_,_1,s), where
ZT_n_1 is the coordinate function pri : A' x W — Al

o The morphism ¢’ is AL xW = W =Y

Note 2.10. One has to check that the stabilization maps in this definition are well-
defined: Z is set-theoretically the preimage of the zero-section because one of the
coordinate functions cuts out W in A" x W, and the rest of them cut out Z in W.
Also, to simultaneously pass to the limit along n and N, one has to check that the
stabilization maps commute with each other. This is achieved by noticing that they
add coordinates on different sides — one on the left, the other on the right.

Definition 2.11. The group ZF®(X,Y) of linear stable cobordism-framed cor-
respondences from X to Y is the abelian group with generators Fre°®(X,Y) and
relations

(ZW, 6, 9)] + (2 W', ¢, g =[(Z10Z  WLW ¢11¢, g1l g')].

The representatives here are taken on some finite level, in one particular Frff?v (X,Y),
and the relation only makes sense if Z N Z' = ().

Note 2.12. ZF,‘{?,Z_N(X, Y') is also a free abelian group with basis comprised of the
correspondences with connected support.

Definition 2.13. The group ZF"(X,Y) of stable linear cobordism-framed cor-
respondences from X toY is the inductive limit of the groups ZFS?T?JFN(X, Y) as
N — o0 and n — oo.

Taking X in the definition above to be the members of a cosimplicial object
A% x X, we get a complex C,ZFP(X,Y), which we denote by C.ZF*?(X,Y).

Lemma 2.14. Inside the complex C,ZF(X, Gj,%"'m}) the sum of the subcom-
plexes

CLZFP (X, GLL+m)
can be split out as a direct summand.

Proof. Denote the idempotent correspondence (which is actually a map)

Gy — pt = Gy

as e. On G™ there are m idempotent correspondences, one for each factor. Denote
them as eq,...,e,. Note that the e; commute pairwise, since the product of any
collection {e;,i € I} is a result of adding factors with the identity morphism to the
morphism
ol (1.1
m = pt —= G,

In particular, the products of the e; are also idempotents. The same is true for
(1—e;). The composition with these idempotents gives us corresponding idempotent
maps on

C.ZF*P (X, Gl ).
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The idempotent

m
1-JJ(1-e)
i=1
splits out as a direct summand the sum of subcomplexes C,ZF P (X, G;{nl"'l"'m}),
and, respectively, the idempotent
m
H(l - ei)
i=1
splits out its complement. (I

Definition 2.15. Following |[SV] and [Nes|, the direct complement in
CLZF*" (X, (Gw{ﬂ}...m})
of the sum of the subcomplezes
C*ZFCOb(X, Gg.i..m})

(split out by the idempotent []",(1 — e;) from the proof above) is denoted by
CL ZFP(X,GAm).

We consider the case when X = pt is one rational point in more detail: the main
result of the paper is the identification in this case of the Oth group of the complex
above with the mth K-group of the field k. (Recall that Neshitov in [Nes| identified
the Oth cohomology group of the complex ZF(A}; G™) with the Milnor-Witt K-
group K" (k).)

To state the claim more preciselym we introduce an external product structure
on the groups H°(C.ZF®(X,Y)). The construction is analogous to [Nes|, Section
3], but it uses the direct summation map.

Definition 2.16. Let
c=(Z,W,$,9) € Fri?%(X,Y),
= (2 W' ¢.g) e Fren (X, Y.

Then their external product is the class of the explicit cobordism-framed correspon-
dence

C ><C/= ((ZXZ/, WXWI, i((n,N),(n’,N’))) [¢) (¢X¢1),QXQ/EFT$§2/)N+N/ (XXX/, YXYI)),

where the morphism i((n_’N)’(n/)N/))): Tn,N X Tn/ N’ = Tnan/ . N+N' 18 defined on the
represented functors by taking the direct sum as follows:

TaN X Tn/ N/ ((p: On+N s E,S), (p/: OnurN’ . El, 8/))

| |

/ . "+ N+N’ ’ /
Tn+n/,N+N’ (p@p OTn,N,n’,N" ortn AN+ » Eo B ) (S’S ))
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Here
Tn,N,n/,N/:

On+N+n’+N’

~

oraoN a0 ¢ oN

~

o a0 aoNgoN

~

On+n’+N+N’

swaps the places of the two direct summands.

Note 2.17. This multiplication operation does mot respect the stabilisation maps,
so it does not give rise to an external multiplication on stable cobordism-framed
correspondences. However, it does respect the stabilisation maps up to homotopy,
so the following lemma is true.

Lemma 2.18. The external multiplication of cobordism-framed correspondences
gives rise to a well-defined external multiplication operation

HY(C.ZF*"(X,Y)) ® HY(CLZFP(X",Y")) — H°(CLZFP(X x X', Y x Y")).
Theorem 2.19. Sending a symbol {g1,...,gm} to a level 0 correspondence, specif-
ically, a map
&m(glu o 7gm): pt — sz

given by the coordinates (g1,...,gm), and then taking the class of that correspon-
dence in HO(C.ZF®(pt,GA™)) (first according to the stabilisation, then when
going to the quotient GN™ of G™, and, finally, according to homotopy), gives rise
to a well-defined group homomorphism

Om: KM (k) — H°(CLZF°"(pt, G)™)).
Together these homomorphisms form a graded ring homomorphism

®om: P KN (k) = @D HO(C.ZF“" (pt, G)™)).

This homomorphism is an isomorphism.

3. COMPARISON WITH THE FRAMED CORRESPONDENCE CASE

In this section, we use some notation and definitions from the paper [Nes].
Let us define maps, for all N > n,

cobn,n : Fro(X,Y) = Frif(X,Y),
that are natural in X and Y (from the categories of varieties and presheaves
respectively), and that, as a whole, commute with the stabilisation maps.
Take the image of the correspondence (Z, W, ¢, g) to be (Z, W, i, no ¢, g), where
in,N is defined as follows: The point * € Gr, n is given by the projection to the
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first n coordinates k¥ — k™. So the fiber Tﬁhnh of the tautological bundle on
Gry ., is canonically isomorphic to k™. Accordingly, the fiber of the total space is
A" ~ 7, N X@r, v * canonically. Taking the composition of this isonorphism with
the embedding of the fiber, we get

in,N A" ~ Tn,N XGTn,N * < Tp,N-
A simple check shows that the maps cob,, y commute with stabilisation maps,
and that they preserve the extra additivity relations for ZF and ZF?, which lets
us define the natural maps

cob: Fr(X,Y) — Freot(X,Y)
and natural homomorphisms

Zcob : ZF(X,Y) — ZF°*(X,Y).
Thus, there is a homomorphism

HO-coby,y : HY(C.ZF(X,Y)) — H°(C.ZF*"(X,Y)),

—_~

and, for each m, the principal direct summand in HO—cobpt gxm:

HO-cob : HY(C.ZF(pt, GA™)) — H°(C.ZF*(pt,GA™)).
We will soon show that this homomorphism is onto.
We begin by naturally parameterising the data F' Tf;??v (X,Y), that have the bun-
dle E be trivial, by some data including a choice of the trivialisation ; we explore
the properties of this parameterisation.

Definition 3.1. The set Frfl‘??\}m” (X,Y) of trivialised cobordism-framed cor-
respondences consists of classes of tuples (Z, W, A,v,q), where Z,W and g are
the same as in Definition [2.0, and the equivalence relation is defined similarly (by
refining W), but instead of ¢ the following "numerical” datum is used: A matriz
A N xn and rank n (at all points) and a vector v — a column of height n. The
entries of A and v are in the ring k[W]. It is required that {v =0} = Z.

That datum gives rize to a regular map ¢4, : W — 7, n, taking for the bundle
E the trivial bundle ©", and for the epimorphism, the linear operator OV — O™
given by the matrix A, which is an epimorphism, by the rank requirement; the
section s is given by the vector v. In fact, choosing a preimage of ¢ = (ON — E, s)
under the map (4, v) — ¢4, is equivalent to choosing a trivialisation of E. Applied
to F rff?\’,m” (pt,Y), W is an arbitrarily small neighbourhood of a finite number of
points. Any bundle E is trivial on a small enough W, so

Lemma 3.2. If X = pt, then the map

Forgetn,n : Fri%™ (X, Y) = Friod (X,Y)
s onto.

For N > n Gaussian elimination for columns reduces A to the matrix of pro-
jection onto the first n coordinates, using elementary operations of type 1. To
each elementary operation t; ;(A) corresponds an elementary operation ¢; ;(Ax) over
kE[W][z]. Consider the element
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(Z x AW x AY At ;(\x),v,9) € Frioy ™ (AN Y).

It gives a homotopy between (Z, W, A, v, g)
and (Z,W, A -t ;(\),v,9).
From this and the previous note, it follows that

(1) [(ZW,Av9]=[(ZW,Pug) €m(Frin™(X x ALY)),

where P is the matrix of projection onto the first n coordinates.
Note that, denoting the map W — A™ corresponding to v by universal property
by a,

¢P,v = Z'n,N O Qy.
Thus

(2) Forget, n (Z, W, A,v, g) = cob, N(Z, W, ay, g)

Corollary 3.3. The homomorphism HO-cobx y is onto if X = pt. Hence the
homomorphism HC-cob is onto, as it is a direct summand.

Proof. The maps Forget,, y are onto by Lemma 32l Suppose the element in ques-

tion can be written as

Forget, n(Z,W,A,v,g).

Equality [Il shows that it is homotopic to a "trivial" correspondence
Forget, n(Z,W, P,v,g).
Equality 2 shows that this is in the image of cob,, v. O

Any change of basis in E provides another parameter with the same image under
Forget,, n. Hence the equality:

(3) VM € GL,(k[W]), Forget,, n(Z, W, A,v,g) = Forget,, y(Z,W, MA, Mv,g).

The following lemma can be interpreted as the statement that for X = pt, the
class of a correspondence in H®(ZF?(pt,Y)) is independent on the differential
map of the framing map ¢.

Lemma 3.4. For X = pt,
VM € GLy(k), coby n(Z, W, ay, g) ~ cobn N(Z, W, arro, g),
i.e. their classes in HO(ZF(X,Y) are equal.
Proof.
cobp N (Z, W, ay, 9) “" 2% @ Forget,, x(Z,W, P,v, )
B porget,, (2, W, MP, Mv, g)
el Forget,, (2, W, P, Mv, g)

equality 2]
=" " cob,,N(Z,W, ary, g)- O
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This allows us to reduce various correspondences to maps:

Proposition 3.5. If X = pt, and Y is an open subvariety in an affine space,
then any cobordism-framed correspondence Z,W,¢,g with Z ~ Spec(k) a single
rational point, cut out transversally by the zero-section, has the same class in
HO(CL.ZF<®(pt,Y)) as the map (correspondence of level 0) g|z

Proof. By Corollary[B.3] the class of the correspondence in question is the image of

some framed correspondence with the same Z and g|z under the map HO-cobx y
By [Nes|[4.10] (Where, in fact, the correspondence is proven to be equivalent to
a single correspondence of level 1, and not their sum, and the map g|z stays the
same), we reduce to the case of a level 1 correspondence. By [Nes|[Lemma 5.2], this
correspondence is equivalent, as a cobordism-framed correspondence, to

A, {pt = X) = 0},i11 0 au—x), g({ult — A) = 0}).
By Lemma B4 1 can be homotopied to 1. Then it is easy to present a (trans-
lation) homotopy taking A to 0. As a result, we get exactly the image of thelevel 0
correspondence

(Spec(k), Spec(k),id, g(Z))

under the n-wise stabilisation map. ([

The natural transformation H%-cob_ _ respects the external multiplication op-
erations on framed correspondences and cobordism-framed correspondences.

Lemma 3.6. There are external multiplication operations on the groups H*(C.ZF (-, —))
(see [Nes, Section 3|) and H°(C.ZF(—,~)) (see[218). Those are compatible

with the natural transformation HO-cob_ _, which means that the following square
commutes:

HY(C,ZF(X,Y)) ® HY(CL,ZF(X',Y")) — £ HY(C,ZF(X x X',Y x Y"))

— —
HO-cobx,y @HO-cob y/ y HO-cobxy x/ yxy’ °

HY(CLZF*(X,Y)) @ HY(C.ZF* (X', Y")) e HO(CLZF(X x X', Y x Y"))
Proof. The statement follows from the commutative square below:

’ in,NXi”/YN/
A7 x A" > Tn,N X Tp’/ N’

/ i7L+7L/,N+N/ l
An+n —_— Tn+n/,N+N'

O

Corollary 3.7. The external multiplication defined above provides a structure of a
graded ring with a unit on

P HO@F (pt, G)™)),

m>=0

and the maps H°-cob provide a homomorphism of graded rings with a unit
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P HO@ZF (pt, G)™)) — P HOZF (pt. G™))

m=0 m=0

Proof. The unit is the identity map pt — pt. It goes to itself under cob. O

4. PROOF OF THE MAIN RESULT

Plan of proof. In this section we will show that the o,, of Theorem [2Z19 are
isomorphisms

om + KM (k) ~ H(CLZF* (pt, G)™)).
The proof follows the same general plan as Voevodsky’s proof for the correspon-
dences Cor, and Neshitov’s proof for correspondences ZF.
First we check in Proposition [{.1] that the maps introduced in the statement of
Theorem [2.19 are well-defined and provide a graded ring homomorphism.
After that, in Proposition [[.3 we show that the maps o, are onto.
Then, for each m, in Proposition [{.5 we give a well-defined map

pm: HY(CLZFP (pt, GA™)) — KM (k).

These maps go in the opposite direction of o, :

om: KM (k) — H°(CLZF"(pt, G)™)),
and py 1S a candidate for the inverse map to op,. It is easy to see from the
definitions that py, o 0, = id. The same is not clear for the other composition

Om © Pm, however, o, being onto, these two maps turn out to be mutually inverse
isomorphisms.

Proposition 4.1. Taking the symbol {g1, -+ ,gm} to the level 0 correspondence,
specifically a map,

&m(gh e 79771) : pt — G:‘rnw
given by the coordinates (g1, , gm), and taking that to its class in HO(C.ZF®(pt, GA™))
(first by stabilisation, then by passing drom G™ to GN™, and, finally, by homotopy),
gives a well-defined homomorphism of abelian groups
om : KM(k) — HY(CLZF*"(pt, GA™)).

Together these homomorphisms form a graded ring homomorphism:

@0 - @ K (k) — @D HO(CLZF (pt, ™).
Proof. From the construction of the multiplication operation on

@ HO(O*ZFCOb(ptv G'f'/?\'lm)),

it is obvious that taking the noncommutative monomial g; ... g;, to the level 0
correspondence, i.e. map,

Im(g1---gm):pt = G,

gives a homomorphism of (noncommutative) graded rings
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@ Z{|k*|} = @ HO(CLZF (p, G)™)).

(multiplication in the ring of noncommutative polynomials is denoted by con-
catenation, and in k* — with the dot -).

If we check that the kernel of this homomorphism includes the noncommutative
polynomials corresponding to the relations of linearity along each coordinate and
the Steinberg relations (these are the relations for the Milnor K-theory), one can see
that this homomorphism can be be factored through @ K (k), and it follows from
the definition that it factors into the homomorphism @o,,, which, in particular, is
well-defined. First check the multilinearity:

o'm(gl...gé...gm)+5’m(gl...gél..-gm):

Tm(gr--(gi i) gm) +m(gr-- 1+ gm).

For this construct a homotopy between the polynomials giving a pair of points
g; and g/ and the pair ¢} - g/’ and 1. It is given by the polynomial

o® + (=g = gi +t(gi + g — gigi = 1)) + gigi-

Considered as a function on A! x Al it gives a finite over Al (along t) set Z
and an invertible function x on its neighbourhood. By Proposition B.5 the zero-
and unit section of this homotopy are equivalent to the left and right sides of the
equality.

The Steinberg relations are already true in the Milnor—Witt K-theory. In
[Nes]|[8.9] these relations are proven to hold between level 1 correspondences [z — a]
in

H°(C.ZF(pt,GM1)).

By Proposition B.7, H-cob gives a homomorphism of graded rings with a unit.
Hence the same correspondences hold for the images of these elements in H(C,ZF®(pt, GAL)).
On the other hand, by Lemma below, the classes of these correspondences are
equal to the classes of the maps, or level 0 correspondences, 61(a),
O

Lemma 4.2. Let [x — a] be the correspondence implicitly defined in [Nes, Lemma
6.3], i.e. the level 1 framed correspondence pt — Gy, given by the data

(X =pt,Y =G, Z =pt,id: Z — X, W = A\ {0},

WhaLZ S Weo=(r—a):W=Alg=id: W = Y)

Then in H°(CL.ZF (pt,G,,)) it has the same class as the map const, : pt — G,

Proof. Applying the stabilisation map to const,, we get a level 1 correspondence

6:(X:pt’Y:Gm7ZZptvldZ—)X,W:Al,WﬂAlv

Z—®—>W,¢>:(x):W—)Al,g:consta:W%Y.)

Construct two homotopies. The first is given by the data
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H=X=AY=G,,Z=A"id:Z - X,W=A"xA' — {2 —at + a = 0},

WAl xALZ Y Wt e —a:W s Al g=a—at+a: W — Gp).

(Here t is the homotopy coordinate, both on X and Z, and z is the second
coordinate on W, i.e. the one giving the coordinate function on the fibers W — X.)
A computation gives Hy o4 = [z — al.

Hy o019 = « is given by the data

(X =pt,Y =G, Z =pt,id: Z — X,W = A" — {2 = —a},

WALz D We=(x) WA g=zta: W =Y)

The second homotopy is

Hy=(X =AY =G, Z=AYid: Z — X, W = A' x A’ — {tx = —a},

WA xALZ Y W —a W S AL g=teta: W = Gn).

A computation shows that Hs oig = 3, Ho 041 = a. Thus, with the two homo-
topies, we have connected the two parts of the desired equality. ([

Om is obviously a right inverse to p,,. it remains to prove the following:
Proposition 4.3. The map oy, is onto for each m.

Proof. Denote cang,, : KXW — KM, From Lemma L2 it follows, in the notation
of [Nes|[8.3], that there is the following commutative square:

KMW 2 HO(CLZF(pt, Gp")

lcanm lHO—Cob

KM s HO(C.ZF (pt, G)™))
HC-cob is onto by Corollary B.3, ¥, is onto by the main result of [Nes|. Hence

Om 18 onto. O

First let’s construct a map

Pmon.N Frff?v(pt GX™) — KM,
Take a correspondence (Z, W, ¢, g). Since Z consists of a finite number of points
(call them zq,-- -, 2x),

¢~ (s0(Grn,N))

is a scheme which in the neighbourhood of each of these z; is the spectrum
of a local Artin ring of length d;. On W, and, in particular, on Z, m invertible
functions g1, ..., gm are given. If z; ~ S’pec(F) then in K2 (F;) there is a symbol
{1 2; 1~ Taking the sum of norms of these symbols, multiplied by d;

20" s 9m

(4)

{gl 7R ugm|z¢})7
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we get an element in the Milnor K-theory of the field k. It can easily be seen that
the map defined this way easily translates in a well-defined way to F’ r;‘)’?\, (pt, GA™),
since any simbol with 1 in it is equal to 0. It is also easily seen to be compatible
with the stabilization maps along n and N, and with the extra additivity relations
on ZF<®(pt, GA™). Thus, the maps Pm,n,N give rise to a homomorphism

pm 2 ZF (pt,GA™) — KM,
Note 4.4. For any m € N, and any g1, .., Gm € G (k):
pm(Om(91---gm)) = {91, -, gm}-
Proposition 4.5. The map p,, gives rise in a well-defined way to the map
pm : HO(CLZF P (pt, GA™)) — KM (k).

To prove this itatement, we will have to study the behaviour of elements of K-
groups on the curve Z, which is part of a homotopy between to correspondencespt —
GM. So let’s stude the behaviour of K-theory on curves with a morphism to P!,
and prove, in various circumstances, statements that the sum, analogous to the one
in Formula [l taken for the fiber over 0, will be equal to the same sum for the fiber
over 1. Begin with a smooth curve.

Lemma 4.6. Let C' be a smooth projective curve; gi,--- , gm, f be rational functions
on C, such that f =1 in the zeros and poles of g;. Let f have zeros

i points p?, e ,pgo, with multiplicities mul?, e ,mulgo,
and % —
in points pi°, -, Dyee, with multiplicities mul(®,- -, mul’s.
Then
’I"O P
Zmul? Tr }:(p?){gﬂpg, e 7gm|p?} = Zmulfo Tr }:(pf"){gl Pt m P?"}'
i=1 i=1

Proof. Consider the symbol

{glv T 9m; f} € Kerl(k(Z))
By the Weil reciprocity law [BT|[Theorem 5.6],

ST [0, (g1, g f} = 0.

veZ
The sum goes across all closed points (=discrete valuations). 0, is the norm
residue map defined in [BT][p. 22, before Proposition 4.4].
Let’s calculate the residue 9,{g1," - , gm, f} in each point v. There are two (com-
patible) possibilities: Either f(v) =1, Or g1, - gm € O}.
In the first case, our symbol can be written as an algebraic sum of symbols
{f,h1,"-+ ,hm}, vme by, , hyy—1 € O}. From [BT][Proposition 4.5 (c)],

au ({f7 hlu e 7hm}) = V(hm) : {T7h_17 e 7hm—1}7
where the overhead line denotes the common residue, or the value at a point.
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In the other case, the same Proposition is applied, without the need for any
preparation. In points where f is invertible, the result is 0. Only the points{f =
0,00} remain. Denoting for each point p] the corresponding valuation as v}, we see
that

v (f) = mi, v(f) = —mg®

[ 197 (]
and thus, the Weil reciprocity law, together with the explicit formula for residue
maps, give the statement of the Lemma. ([

Lemma 4.7. Let C be a one-dimensional projective scheme over k with no embed-
ded points, such that C™*? is a smooth curve; let g1,--- , gm, [ be rational functions
on C, such that f =1 in all zeros and poles of g;. Let [ have zeros

in points p(lj, e ,pgo, with multiplicities mul(lj, e ,mulgo,
and % —
in points pi°, -+ , Py with multiplicities m3°, -+ , M.

(Here, generalizing the smooth case, multiplicities are taken to be lengths of local
Artin rings, which are rings of functions of Artin schemes cut out by the function

for %) Then

oo

T
k(p;®)
p?}ZE mfoTr‘kp {gl|pf°7"'7gmlpf°}'
i=1

’I"0 0

> omTr ‘Z(pi){gl P05 gm
i=1

Proof. Divide C into connected components Cj. The required equality for C is the
sum of equalities for Cj. By the previous Lemma [£.6] the equality is true for each
C;ed. It suffices to show that the equality for Cy can be acquired from the equality
for C’,’;ed by multiplying it by some number r;. That is shown to be true in the
following commutative algebra statement: (|

Lemma 4.8. Let C be a connected one-dimensional projective scheme over k with
no embedded points, such that C™*® is a smooth curve. There exists a number r,
such that for any closed point p € C' and a non-nilpotent function f € Oc,p, the
multiplicity of the zero of f in p on C is r times larger than the multiplicity of the
zero of f in p on CTe%.

Proof. Let T be the nilradical of O¢. Define

M, =(0:I") C Oc.

Oc¢ is torsion free as an Oc—module, hence so is its submodule M,,. Let’s prove
that M,,/M,,_1 is also torsion-free.

Indeed, if a-m € M,_1,m &€ M,_1,a € T, there exists s € " !, such that
s-m # 0. But at the same time, a-s-m = s-a-m = 0, making s-m a torsion
element, which is a contradiction.

Thus, the graded Oc—module associated with the filtration M, is torsion-
free. Since C has no embedded points, it also means that it is torsion-free as
an O¢/Z—module. Since the curve C™*? is smooth, this means that the module is
locally free. Let r be its rank, and r, the rank of its nth graded component.
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Let p € C be a closed point, f € Oc,,. Localising at p gives a filtration M,, ;.
On its intermediate quotients f is a nonzerodivisor, hence (f) N M, , = [+ My p.
Thus the associated filtration of the module O¢,/(f) is equal to

Mn,p/((f) N Mn,p) = Mn,p/(f : Mn,p)'

Its intermediate quotients are

Mn,p/Mn—l,p
f ’ (Mnyp/Mnflyp)

The module

Mo/ M1
[ (Mn,p/Mn—l,p)
is isomorphic to (O¢,,/(Z + (f)))®™ , hence its length is equal to d - r,, where d
is the length of O¢ ,/(Z+ (f)), which is the multiplicity of the zero of f in p on the
curve CT?. Since these spaces are the intermediate quotients of a filtration of the

Artin ring Oc,/(f), its length is equal to the sum of their dimensions Y d-r; = d-r.
Which means that the multiplicity of the zero of f in pon C isequaltod-r. O

Let’s proceed to the proof of the Proposition

Proof. Tt is sufficient to show that for any homotopy

h: (27 Wu ¢7g) : Al — Gmaﬁm(h OjO) = pom(h ojl)a

where jo, j1 are the embeddings of 0 1 into A}. Denote the structural map Z —
Al by 7.

Note that, since Z is regularly embedded into a smooth variety, it has no em-
bedded points.

Preserving the same notation, substitute Zg., for its projective closure. On Zgp,
there are rational functions ¢g; and f = #*fl, with the property that g1, -, 9m
are invertible regular functions on the complement of {f = 1}.

The normalisation of Z is a smooth projective curve Z. The normalisation of a
curve can be acquired by sequential blowup of points. Let Z_;; > Z be the result
of blowing up Zg.;, in the same sequence of points.

Each blowup results in the insertion of an effective Cartier divisor (see [FOAG,

Definition 22.2.0.1]), hence on Zsen there are no embedded points. By [FOAG]
Lemma 22.2.6], the proper transform of Z in Zg., is equal to Z. Since each blowup
results in an insertion of an effective Cartier divisor, Zg., has no new irreducible

——red
components in comparison with Zg.,. Since Zg.;,  has the same number of com-

——red ~ N
ponents, the reduced part Zs., = Z is a smooth curve. Thus, Zg.;, satisfies the
conditions of the previous Lemma 47
Denote the zeros and poles of f on Zg.p, by

Py, pse - - p2%, with multiplicities mul?, - - - mul%; mul$®, - - mul®%. .

OnE;;l—by
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—~0 ——o0 —— 0

—0
Py Poo; P - - P, with multiplicities muly, - - - mulzo; muly -+ - mulze.

We have three equaltites in the following chain, completing which will prove the
Proposition:

m(h o jo) pm(h o j1)
O o (KGD) N oo [FE)
Zm l Tr‘ {gl‘p?f" 7gm|p?} 2mUZi Tr‘k {gllp;?o7"' 7gm|pfo}
=1 1=
=0 7oe
L k(59) = k(57°)
Emuzz TI‘|k {gl‘ﬁ?a"' >gm|ﬁg} E— ZmUZ |k {gllﬁfoa"' agm|ﬁfo}
i=1 i=1

The two dotted equalities are analogous to each other, so we’ll only prove the
leftmost one. It states that the sum for Z is equal to the analogous sum for Zg\;
This is not obvious, since, for example, a point with nilpotents on Zg., can turn
into several points on Z;;, with other residue fields and nilpotents. Moreover, by
construction of Z_g\;, the nilpotents over those points "collapse" under the map to
ZSch

To prove this, pull back to the scheme V Speck[[ ]]. Since outside of the blow-
up points the scheme does not change, - ZSchV — Zgen,v is an isomorphism
over the complement V — v of the closed point.

If Y is a connected component of Zg.y, v (a local scheme), and SN/k are all the
connected components of its preimage in Z;;l, then Y and [ }7;6 are both finite and
flat (since their structure rings are torsion-free k[[t]]—modules) over V. They alse
have the same degree over V, since they are isomorphic over V — v. The required
equality is given by adding all the equalities from the following Lemma across all
connected components Y (This divides the sum for Zgen into subsums) :

Lemma 4.9. Let S,§ be two finite schemes of the same degree over the field k,
such that S is local, and there is a morphism — : S — S. Denote the points of
S and S as s and {8i}. Let S; be the component of S containing s;. Denote the
induced morphism m; : s; — s. Let a € KM (k(s)). Denote the length of S as d, and
the length of S; as d;. Then

d-Tr [ (a) XﬁTﬁ“

Proof. Denote the degrees of field extensions

p=[k(s) : k], pi = [k(s:) : K]
Then
k(si) k(s k(sz

Tr |, T kgs) -

=Tr|,

Hence
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Zd e P (e Zd T [ (T [ () a)) =

k(s Zd Tr}k ((m:)*a)

For the Milnor K-theory, the composition of extension of scalars and the norm
map is multiplication by the degree of the field extension,

k(s7L

k(s) ) a) =a

Tr | )

Hence

S sI * s o 1 s
Tr‘k ) Zd - Tr k( J((m)a) ) = T |k( Zdi%a :E'Z(di'pi)'Tr :( )a

Since S and S have the same degree, Z(di -p;) = d - p. Hence

1 s
=) T Ve = dp'ﬁu Ja=d T

i

k(S)

Thus p,, and 0, are mutually inverse isomorphisms, completing the proof of
Theorem [2.19]
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