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Abstract

Let a fourth and a second order evolution equations be coupled via the interface by
transmission conditions, and suppose that the first one is stabilized by a localized dis-
tributed feedback. What will then be the effect of such a partial stabilization on the decay
of solutions at infinity? Is the behavior of the first component sufficient to stabilize the
second one? The answer given in this paper is that sufficiently smooth solutions decay
logarithmically at infinity even the feedback dissipation affects an arbitrarily small open
subset of the interior. The method used, in this case, is based on a frequency method,
and this by combining a contradiction argument with the Carleman estimates technique
to carry out a special analysis for the resolvent.

Key words and phrases: Transmission problem, boundary stabilization, Bernoulli-Euler
plate equation, wave equation, logarithmic energy decay, Carleman Estimates, Kelvin-Voigt
damping.

Mathematics Subject Classification: 35401, 35A02, 35M32, 35505, 93D15.

1 Introduction

There are several mathematical models representing physical damping. The most often en-
countered type of damping in vibration studies are linear viscous damping and Kelvin-Voigt
damping which are special cases of proportional damping. Viscous damping usually models
external friction forces such as air resistance acting on the vibrating structures and is thus
called "external damping", while Kelvin-Voigt damping originate from the internal friction
of the material of the vibrating structures and thus called "internal damping" or "material
damping".

The study of the stabilization problem for coupled systems has attracted a lot of attention
in recent years e.g. [ANI0[AV09,[Duy07 Fat 11l Has15bl[LZ99RZZ05.Teb12,[ZZ07,ZZ06.[ZZ15].
The systems discussed in those paper involve thermoelastic systems, fluid-structure interaction
systems, and coupled wave-wave, plate-plate, or plate-wave equations. But in the case of plate-
wave and for the multi-dimensional space (of interest in this paper), and as far as we know, the
only models which has been treated in this subject are the model of coupled Euler-Bernoulli
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and wave equations with indirect damping mechanisms (see [Teb12]) and the model arising in
the control of noise, coupling the damped wave equation with a damped Kirchhoff thin plate
equation (see [ANT0]). The system that we are going to discuss in the present paper is coupling
the transversal vibration of the Euler-Bernoulli beam with Kelvin-Voigt damping distributed
locally on any subdomain with the elastic wave equation.

A relevant question raised about the transmission problems and problems with locally
distributed damping, is the asymptotic behavior of the solutions. Does the solution goes to
zero uniformly? If this is the case, what is the rate of decay?

In [LLI8| and recently in [HasI5c| for the transmission problem case, longitudinal and
transversal vibrations of a clamped elastic beam was studied as problems with locally dis-
tributed damping. It was shown, for the one-dimensional case, that when viscoelastic damping
is distributed only on a subinterval in the interior of the domain, the exponential stability
holds for the transversal but not for the longitudinal motion. Besides, an optimality result was
shown for longitudinal case.

Let us describe this system in detail. Let €2 C R™ be a bounded domain with connected
and smooth boundary I'. Let Q1 be a sub-domain of € such that Q; € © and set Qs = Q\Q;.
We denote by S the interface that supposed to be connected and smooth, and v denotes the
outward normal vector of € in S and of Q9 in I" (see Figure [I). We Consider the following
transmission problem

( O?ui + A(Auy + a.Adyuy) =0 in  x]0, 400,
D?uy — Aug =0 in  Q9x%]0, 400,
UL = U on Sx]0,+o0l,
(11) O,Auy +0,us =0 on Sx]0,+o0l,
’ dyur =0 on Sx]0,+o0l,
ug =0 on I'x]0,+o0],
up(z,0) = uf(z), Oyuy(x,0) =ui(z) in Q)
uz(z,0) = uy(z), Oua(x,0) =ud(x) in Q.

Where a is a non negative bounded function on €27, vanishing near the interface S such that
there exist a non empty open domain w C €21 in such a way a is strictly positive in @.

Figure 1: The domains 2; and )5 and the plate and wave operators.

This vibrating system is assumed to coupling the transversal and longitudinal motions
(with dissipation on the plate affects an arbitrarily small open subset of its interior) through
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the transmission conditions as given in the third forth and fifth line of (ILT]): The first, is called
the continuity condition, the second, is described by the fact that the slope of the beam is null
and the third, says that the transverse force caused by the tension is equal to the transverse
force due to shear. This problem was studied in [HasI5al] for one-dimensional case. It was
proved that the energy of the solution is decreasing with a polynomial rate for the two cases
where the damping arising from the transversal motion and the damping arising from the
longitudinal motion.
The energy of a solution (uq,usg) of the system (L)) at the time ¢ > 0 is given by
E(t) = % (/Q |Opuy (,8)|* + | Auy (2, 1)]? da:—i—/
1

Qo

|Opug(z,t)|? + |Vua(z,t)|? dx) :
By means of the classical energy method, we show that
to
E(tg) — E(tl) = —/ / a\A@tul(x,t)lz dzdt, Vity,ts>0.
t1 J

Therefore, the energy is a non-increasing function of the time variable t and our system (I.])
is dissipative. We define the Hilbert space H = X x H where H = L?();) x L*(Q2) and

X = {(ul,ug) e H'(Q1) x HE(Q2) : Auy € LA(Qy), Uy g = Ug|g, Oy |s = 0},

where H{(€2s) is the space of elements in H'(3) whose trace is zero on the boundary I'. The
space H is equipped with the norm

[ (ur, ug, v1,09) |3 = HAU1”2L2(91) + HVU2”2L2(QZ) + Hle%Z(Ql) + HUQH%Z(QQ)'
We define the operator

U1
u2
U1
U2

A = (v1,v2, —A(Auy + aAvy), Aug)

whose domain is given by
D(A) = {(u1,u2,v1,v2) € H: (v1,v2, A(Auy + alwvy), Aug) € H,8,Auy g + dyug g = 0}.

Our main result is the following

Theorem 1.1 For any k € N there exists C > 0 such that for any initial data (u8, ul, u(l], ul) €

D(AF) the solution (u1(z,t),ua(z,t)) of (L) starting from (ud,ul, ud, ul) satisfying
#H(
(In(2 + 1))

We should mention here that the subject of stabilization of transmission problems with localized
Kelvin-Voigt dissipation is perhaps not intensively studied but is not new in fact, in [ARSVTI]
the authors consider the transmission problem of a material composed by three components, one
of them is a Kelvin-Voigt viscoelastic material, the second is an elastic material (no dissipation)
and the third is an elastic material inserted with a frictional damping mechanism where they
show different types of decay rate of energy depends on which component is in the middle, and
in the authors consider a transmission problem for the longitudinal displacement of
a BEuler-Bernoulli beam, where one small part of the beam is made of a viscoelastic material
with Kelvin-Voigt constitutive relation in which they show that the semigroup associated to
the system is exponentially stable.

0

E(t) < gy uly ug, up)lpgrys V> 0.
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The method of analysis

Besides the fact that the Kelvin-Voigt damping is unbounded in the energy space and the fact
that the resolvent of the system operator is not compact, the main difficulty of our problem
is none other than the different speeds of propagation due to the coupling between the wave
equation and the plate equation. The method that we consider here consist to the use of the
Burg’s result [Bur98] (see also [BD0S]) which links, for dissipative operators, logarithmic decay
to resolvent estimates with exponential loss. The main idea, as introduced by Lebeau [Leb96]
is to use the what’s called, Carleman estimates (see also for the case of non linear
damping and [ETT2] for the case of hyperbolic systems). Unlike to the works of [Bel03l,[Duy07]
[Fat11], here Carleman estimate does not seem to be enough, that is why we have combined
it with some contradiction arguments to establish the kind of resolvent estimate cited above.
Moreover, to deal with the high order of the plate equation, Carleman estimate (Theorem [3.2])
is established for system of second order (B.4]) which is derived from the resolvent problem (Z.S))
by decomposing the plate equation into two second order operators (EIT]).

The outline of this paper is as follows: In section [2 we show that the corresponding model
are well posed, in section [3] we give the Carleman estimates and we construct a suitable weight
functions that satisfy the Hérmander’s assumption. In sectiondwe prove the resolvent estimate
which provides the logarithmic decay result given by Theorem [T1]

2 Existence and uniqueness

In this section and through the semigroup theory we will show that the problem (III) is Well-
posed. The system ([I.I]) can be written in the abstract form as a Cauchy problem as follows

(5% ul
ol @l ta)y=A] “? |ta) if (t,2) €0, +00[x0,

vy vy

V2 V2
ul u(l)
0

- (0,7) ul (z) it zeQ,

L\ v ul

where we recall that the operator A is defined by

U1
U2
U1
V2

= (1)1, V2, —A(Aul + aAvl), AUQ)

with domain
D(A) = {(u1,u2,v1,v2) € H: (v1,v2, A(Auy + alAvy), Aug) € H, 0 Auy g + Oyug s = 0}.

In the space Y = L?(Q) x H{(Q2) we define the operator G as follows

(2)-(2)
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with domain
D(G) = X = {(w,uz) € H () x HL() : Auy € L), ur)5 = uzys, Dyuys = 0.
We define a norm in the space X by
1(ur, u2) [k = [|Aur]|F2q,) + VU2l 2q,)-

The graph norm of G is given by

1(ur, u2)ll? ) = llunllizo,) + 1Aullf20,) + I Vu2llizq,)-

Lemma 2.1 (X, | .| x) is a Hilbert space with a norm equivalent to the graph norm of G.

Proof :

Let’s note first, by setting u = 1o ,u; + Lg,u2, that the continuity transmission condition
uy|s = up|s allows to look at u as an element of H 1(Q). Hence by Green’s formula and
Poincaré inequality there exists C' > 0 such that for every (ui,u2) € X we have

u u
<G < ! > ; ( ' >> = [VurllF2(0,) + IVu2ll7zq,) = Clllutlia,) + IVu2lZaq,))-
y

U2 U2

In particular G is a strictly positive operator on Y. Besides, since for every (ui,ug) € X we
have

Nt ) -y, w2y = G oy )yl )y > <G ( w ) | ( w )>Y > Ol (uru) [}

U2 U2

then the equivalence of the two norms holds.
To finish the proof we have only to prove that G is a closed operator on Y. Let (u1 5, u2,) €Y,
(u1,u2) and (f1, f2) such that

Uty — u1, —Aup, — fiin L2(Qy) and ug, — fa, uzn — ug in Hi(Qg) as n — +oo.
Therefore, us = fo € HE(Q2) and in since for all ¢ € €>°(Qy),
(—fro@)pon) = m (Auin, ) ey = Um (uin, A)prar) = (U1, Ap)prar) = (But, 9)pr(oy),
then we obtain also —Auwu; = f; € L?(Q1). In the other hand, while
|V (w1, — u17m)”L2(Q1) = —(A(u1p — Uim), ULy — u17m>2L2(Ql) — 0asn,m — +o0

then uy, is a Cauchy sequence in H'(€);), that converge to u; in H'(£2;) where we argue this
fact as follows,

lim <VU1,n, (,D>D/(Ql) = lim <U1’n, V(')D>D’(Ql) = —<U1, V(')D>D’(Ql) = <VU1, (,D>D/(Ql).

n—-+00 n—-+o0o

For the transmission conditions we have

Hul—quH%(S) = Hul—ul,nJruz,n—uzllH%(s) < C(llur —urnll g1 o)+ lve —uznll g1(0,)) — 0.
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and

”8”“1”H*%(3) =10 (ur —wrn)ll -3 o < Clllvr —winllmr ) + 1Aw — Aurnllr2@,)) — 0,

(5)

where we have used here [TW09, Theorem 13.7.6]. This show now that G is a closed operator
and this conclude the proof. [

Theorem 2.1 The operator A is m-dissipative and especially it generates a strongly semigroup
of contraction in H.

Proof :

According to Lumer-Phillips theorem (see [TW09, Theorem 3.8.4]) we have only to prove that
A is m-dissipative.

Let (u1,u2,v1,v2) € D(A) then by Green’s formula we have

u1 Uy U1 Uy

U9 U2 . (%] U2
Re <A V1 ’ (%1 > = Re < —A(Aul + aAvl) ’ V1 >
V9 () oy Aug V2

1
= —llazAvi|72(,) <O.

This shows that A is dissipative.
Let (f1, f2,91,92) € H and let’s find a quadruplet (uq,usz,v1,v2) € D(A) such that

U1 uyp — v J1
U9 Uz — V2 p)

Id —_— = =

( A) vy v1 + A(Auy + aAvy) g |’
U2 vg — Aug 92

This amounts to finding (ug,u2,v1,v2) € D(A) that satisfies the following system

vy =u1 — f1 in
ve =up — fo in Qo
u + A((1+a)Auy —alAfi) = fi+g1 in X
us — Aus = fo + go in Q.

From Lemma [2.J]and the Riesz representation theorem, we can find a unique (u1,us) € X such
that for all (o1, p2) € X we have

(fi+g1,01)200) + (f2 + 92, 02) 12(0y) + (@A f1, Ap1) 12(0)) = (U1, 01) 12(0y)
(1 + a)Aur, Apr) p2(a,) + (U2, P2) 12(0q) + (Vuz, Vor) 12(ay)-

Then by Green’s formula we obtain

(A((1+a)Aug — aAf1) + (w1 — f1 — g1), p1) 120y + (f2 + g2 + Aug — uz, p2) 12(0,)

(2.1)
= <8Vuz + 0, Auyq, <P1>L2(S)-

In particular for all (1, ¢2) € €°(1) x €2°(Q2) we have

(A((1+a)Auy —aAfi) + (w1 — fi — g1)s 1) 2y + (f2 + g2 + Aug — u2, p2)12(0,) = 0
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then we find

(2.2) { up + A((1 4 a)Auy —aAfi) = fi + g1 in L*(),

Uug — Aug = fo + go in L2(Qy).
Then from (21]) and (22) we obtain
(Opuz + Oy Auy, 1) 12(5) = 0
and this show the following equality
OpAuy g + Oyuy s = 0.

And this give end to our proof. [

One consequence of this last result is that if we assume that (u,u9, ul,ud) € D(A), there
exists a unique solution of (LI)) which can be expressed by means of a semigroup on H as
follows

ul u(l]
0
U U
(2.3) 2o =
Oy uj
Oz ud

where e is the semigroup of the operator A. And we have the following regularity of the
solution
U1
Uz
Oruy
Ousz

e C([0, 400, D(A)) N C([0, +00[, H).

And if (uf, ud, ul,ul) € H, the function (uq(t),ua(t)) given by ([Z3) is the mild solution of (LI).

3 Carleman estimate near the surface

This section is devoted to establish the Carleman estimate.
We set the operator

Ai(z,D) == —92 + Ry(v,0p /i) £ T, >0

1
h
A(z,D) =

) 1
AQ(.Z',D) = —Q,%n + Rg(x,(‘)x//z) — ﬁ Ty < 0
with A is a small semi-classical parameter and where

A Rl(flj,fl) wn>0
R(‘T7§)_{ RQ(ZE,él) :L'n<0

is a second order polynomial in & with coefficients in R with principal symbol

)= { T0E)

ro(z,&) x, <0
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that satisfy
ri(z, &) > CIE')? Va, >0, Ve e R!
ro(z, &) > C|¢'? Va, <0, V¢ e R L

We consider the following transmission problem

A(z, D)(w) = f T # 0
(3.1) hw(z',07) = w(2’,07) + 6
dyw(x’,0%) = d,w(z’,07) + O.

Let V = V’'x] — ¢, €[ be an open set of R, follow to [RRI10] we set

R* ={z: 2, <0}, Rl={x:2,>0}, VI=VNR", VI=VNRL.

For a compact set K of V we set K9 = KNR” and K¢ = KNR%. We then denote by €,>° (K%
(resp. €°(K9)) the space of functions that are > in R (resp. R™) with support in K¢
(resp. KY).

We let ¢ a weight function and we define in both side of S the conjugate operator

A, = h2e?/h Ao/t
with principal symbol

au(z,€) :{ (€n + i(0p, )2 + 71(2, & +i(0p)) 2 >0
o (5" + Z( J/‘n(p)) T2(1’7§/ + Z(am/(p)) -1 z,<0.

We suppose that the weight function ¢ is in € (V), PRr € € (V9), PR € ¢ (Vd) and such
that

1. |[Vp|(z) >0in V.

2. For all 2/ € V/

( mngp)(:n’,0+)>0and( ) (2 )>0
(3:2) { (O )2 (2, 07) — (B, 0)2(',07) >

3. The sub-ellipticity condition:
(3.3) V(2,8) € V xR ay(@,€) = 0= {Re(ay),Im(ap) }(z,£) >0

Follows to Le Rousseau and Robbiano result [RRI0] we can prove by using the same argument
and the exactly the same steps we can prove the following result

Theorem 3.1 Let K be a compact subset of V' and ¢ a weight function satisfying the above
assumption, then there exist C > 0 and hg > 0 such that

hl|e?Mw|[§ + b/ Vw||§ + hle? M w),, —ox[§ + B3| MV )y, —ox [§ + B3[e? Oy, w0, —ox 7

< C(Re?/" £I1F + hle? 0I5 + h|e? "V 015 + B[/ OlF)

for all0 < h < hg, w and f satisfying (B1) where WgT € € (K9) and WigT € C(KD).
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The proof of Carleman estimate is the same for both, in this paper and in the Le Rousseau
and Robbiano paper [RR10| even that the transmission conditions are different. In fact,
while in [RR10] they are depending on some diffusion coefficients where an additional as-
sumption ( [RRIO, (2.2)]), on the jump at the interface of the weight functions, is assumed
in addition to that given above, here the transmission conditions depend on the pseudo-
differential parameter h where, for h small enough this scaling coefficient allows us to en-
sure the assumption of Le Rousseau and Robbiano [RRI0, (2.2)] which became in our case
(O, ) (2',07) — h(Dz,0)(2',07) > 0. Thus we may notice how the scaling coefficient h is
playing the same role as the diffusion coefficients in the Rousseau and Robbiano paper [RR10].
Noting also another version of this analysis appeared more recently in [RLR13].

The purpose of the rest of this section is to provide a global Carleman estimate for a
transmission problem with three entries governed by a three elliptic operators. Besides, we will
try to construct a suitable weight functions that will be needed in the next section.

Let O and Oy be two open and disjoint domains with smooth boundary and we suppose
that 001 = v U~y and 00y = vy U~ such that 7, N5 =7, N5 =7, N7, = . We denote by v
the outward normal vector of O; in v and ~; and of Q9 in 9 (see Figure 2)). We consider the
following boundary and transmission value problem

( 11/1 f1 in O
O
Asyo = fo in O

hyi =ya+hy] on ~
Ouyy = vy on vy
hyl =y2+6  on ~
Oyl = Ouyo on 7y
( ¥2=0 on 7vya.

(3.4)

where A}, A and Ag are differential operators defined by

Al = =Dyl —oi /b, Ayl = =Ny + o /h,  Asys = —Ays — ya /B2

V2

Figure 2: The domains O and Os-.

We define the conjugate operators of A}, AY and As respectively by

Al (z,D,h) = h*e#r/h Ale=e1/h Al (x, D, h) = h2e#1/h Afe=er/h,
Ay, (z,D,h) = h2e9"2/hAge p2/h
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where Al (z, D,h) and A7, (x, D, h) are of principal symbol

G (2,€) = € +1Vipn[*
and that of A, (z,D,h) is
gy (2,€) = | +iVipa|* — 1

where ¢ and ¢y are two weight functions defined respectively in O; and Os.
We suppose that the weight functions ¢; € €°°(01), 2 € €°°(0O3) and satisfy

Plly = P2y
[Ver|(z) > 0in Oy and [Vs|(z) > 0 in Os.
01y <0 and 9,y < 0.

Ovp117)* = (Buipapy)? > 1
Ovp1 1y, # 0 and Oy, < 0.

S U W

The sub-ellipticity condition:

(3 5) { V(az,f) € ?1 X R™; Ay (x7§) =0= {Re(a<p1)71m(a<p1)}(x7§) >0
. V(z,§) € Oz x R™; aSDQ(x7£) =0= {Re(as%)’lm(asm)}(x’g) > 0.

Under these assumption the global Carleman estimate is given by the following

Theorem 3.2 Let @1 and w2 the two weight functions as described above, then there exist
C > 0 and hg > 0 such that

Bl My (720, + B2 1P VYT 0, + P My Lo + Rl V0 2o )
+h3\e¢1/h8,,y1\L2(7 "‘h”e%/hy HL2 (01) "‘hgﬂew/hV?J ”L2 (01) +h[e@1/hy1 L2(7)
+h3|e¢1/th”|%2 + e,y |L2(7) + h||em/hy2”L2((92) + hg\le”/hvwllp(@)
+h\e¢2/ ?Jz‘m(w +h3\e¢2/th2‘2L2(y) + hg‘em/hauyz‘zm(w < C(hﬁtuew/hf{”zﬁ(ol)
+hH|e? " Y1720,y + B IR fall 32 0y) + Bl 012 () + hPe VO] Tx
"‘h‘e@l/h ’L +h3‘em/hauy1’1;2 —|—h\e501/hy ’L +h3‘es01/hau ‘LQ(*yl))

for all 0 < h < hy and oy, y| € €°(01), y2 € €>°(0s), fi, fi' and fo satisfying to the

system (3.4]).

Proof :

The proof follows easily from Theorem [B]in fact, system (3.4]) can be shown as a combination
of two transmission problems, the first is by consider only the equation with entries y} and ys
only, where in the first transmission equation the term 6’ = hy{ should be seen as an error in
the continuity of the trace of ¥} and ya, namely we have

1111 f1 mn O
Az = fo in Oy
hyy =ya+60 on ~
dyy = Ovy2 on 7y
Oyl =0yy2 on vy
Y2 =0 on 7.
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and the second problem is with the entries y] and y, only as follow
W= O
Asys = [f2 in O
hyl =y2+0 on
Oy =0y2 on vy
y2=0 on ;.

We apply Theorem [B1] for each of these systems by taking into account [LRI7, Proposition 1]
and |[LR95, Proposition 2| then we get

hHewl/hy ”L2(01 +h3”e¢1/thlHL2 (01) +h’ew/hy ‘LQ( +h3‘e<p1/th1‘L2('y
+R3eP R0,y 720 + Bl g2 20, + BO1IeP M VY272 0, + RIeP Yol
+h2(eP M ya[Ta) + B3P Ol Ta ) < CRH PP [0, + B 17" fol F20,)
+h|e?/hg |2 )+ h3 e/ e |2 )+ hle?1 /12, 2(yy) T h3|e“01/h8,,y£|%2(71)),

and
WPy 120,y + BP0, + Bl My T2 + B2 My T
B30,y [Fa 0y + Rl a2 0, + 1P 1€ Va2 0, + RIeP Pyl Ta
—|—h3|e“02/th2|%2(7) + h3|e¢2/hauy2|%z(m,) = C(h4||e¢1/hf”||%2 o T h4||e¢1/hf2||%2((92)
+h|e? 0170, + 1PV O o+ BleP MY Ta A B P POy o )

The result follows easily now by combing the two last estimates where the terms 6’ = hy{ are
absorbed to the left hand side for A > 0 small enough. [

We return now to our geometric baseline as described in the introduction of this paper and
we denote by S~)1 = 1\ B, where B, is an open ball of ; with radius r > 0 such that B, C Q.
We try to find four phases 1.1, ¢1,2, p2.1 and @22 satisfying the Hérmander’s condition except
in a finite number of balls where o171 or @12 (resp. 2,1 or ¢22) do not satisfy this condition
the other does and is strictly greater.

According to [Bur98|, Proposition 3.2] we can find two € functions ¢y 1 and P12 in O
(resp 2,1 and 99 in 92) such that there exists a finite number of points :171 1 € Ql for j =

Nlland$12€§21forj—1 ., N12 (resp. ZEQIEngOFJ—l Ngland$22692
for j = .,N22) and € > 0 such that B(w11,2e) c Qi B(w12,2e) c Qi B(:v1 1,2€) N
B(a;l s 26) = @ and in B(a;1 &+ 2€) we have @1 ;11 > 1 (resp. B(:t2 1,2€) C o, B(azm, 2¢) C
O, B(a;2 1, 2€) N B(a) %y, 2¢) = 0 and in B(a;2 k> 2€) we have g 11 > 21), where k + 1 is equal
Ny ¢
to 2 if K =1 and equal to 1 if k = 2. Furthermore, by setting U; ,, = S~)1 ﬂ U B(a;{ 1o 2€

C
No i

and Uy, = Qgﬂ U B(xé w2€) | for k=1,2, v1 = 0B,, 2 = 'y and v = S, the phases
j=1

verifying that [Vy 1] > 01in Uy, [Vr2| > 0in Uy o,|Vge1| > 0in Usg, [Veaa| > 0in Usgo,

OP1kim 05 0oy <0, 011y <0, Oppa )y <0, and @11, @12, P21 and g5 verifying
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the Hoérmander’s condition (B3] respectively in Uy 1, Uig, Uz and Usp. We can let also
(see [Bel03]) ¢1,1|s = ¢2,1|s Where by construction we obtain ¢y 95 = (295 and by argument
of density we can suppose that (9,1 ; |5)2 — (Ovpa1 |5)2 > 1 and (0,912 ‘5)2 — (a0 |5)2 > 1.
And that concludes our construction of the weight functions.

4 Resolvent Estimate

This section is devoted to prove a resolvent estimate, precisely we will show that for some
constant C' > 0 we have

(4.1) I(A = ipTd) | gy < CeW,

for every p € R large enough in absolute value, Which by Burq’s result follow the kind of
energy decay rate given in Theorem [I1]

We suppose that the resolvent estimate (4.1]) is false. Then there exist two sequences K, >
0 and fty, € R and two families (w1, U2, m, V1,m, V2,m) € D(A) and (f1.m, f2,m, 91,m, 92.m) € H,
m =1,2,... such that

(42) ‘,Ufm‘ — +OO7 Km — +OO7 H(ul,mau2,mavl,mav2,m)”7{ - 17
and

U1,m fl,m
(4.3) el A — iy | Y2 | = | 2 | g

V1,m gi,m

V2m 92,m

This implies that

Vi,m — Z‘,U*mul,m fl,m
4.4 eKomlpm| V2m = SHmt2m L N
( ) _A(Aul,m + aAUl,m) — UmV1,m gi,m
Au2,m - iﬂm”lm 92,m
From ([£2) and [£3)), we get
fl,m ul,m
(4.5) Re Jom N = —elmliml [ 4| Ay 2 dz — 0.
9gim U1,m 0
92.m V2,m H

Then from the first equation of ([@4]) and (LX), we obtain
(4.6) \,umlzeKm'“m/ alAug p|* dz — 0.
Q1

Since, from (4.4]) we have

Avy gy = z',ume_Km'“m‘AuLm + e_K’”W’"‘Afl,m
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then by elliptic estimates it follows that
om0y < © (-1t ™ 4 1A ol gy 4 ol

which mean that [|v1 | g2(.) is bounded. We multiply the third equation of (4] by Pt 01 m,
where ¢ € €°°(£1) and supp(¢)) C w then from (43]) and ([@6) we obtain

eKin|”m/\vl7m]21/Jda: — 0.
w

In particular we have

Km
e 4 |“m|/ ”Ul’m‘2 dz — 0.
B47“

So that, from the first equation of (£4]) we show that

(4.7) et il [y 2dz — 0,
B47“

We consider now the following transmission problem

vy —ipuy = fi in Q;
v — ipug = fo in Q9
—A(Auy + aAvy) —ipvy = g1 in
(4.8) Aug — ivg = go in Q9
Uy = ug, 81/“1 - 0 on S
O,Aui + 0,up =0 on S
ug =0 on I'.
By setting
Q1 = g1 +ipfi
4.9 .
(4.9) { Oy = go +ipfo,

then (48]) can be recast as follows

(v = f1 +ipuy in

v = fo + ipusg in

—A(Aul + CLA?};[) + ,U2U1 =®; in

(410) —A'LLQ - ,LL2U2 == —q)g in Qg
up = ug, Oyup =0 on S

0,Aui + 0,us =0 on S

L u2 =0 on I.

We denote by

21 = Aug + alAvy — |ulug
(4.11) 2 = Auj + aAv;
Z9 = —U2,
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it follows from (I0) that 2], 2}’ and 2y are solution of the following transmission problem

—AZ) — |u|z] = P71 — |ulaAvy in O
— Az + |pl2) = 1+ |p]2 in Oy
—1A22 — |M|2Z% == (1)2 in QQ
I SV 1 _n

(4.12) W2l = 22 T A on S
Oy = Oy 2o on S
ﬁzi’ =29+ ﬁ@ on S
auzi, = 0y 22 on S
20 =20 on I,

where 0 = —2] + 22{.

We set Bs, a ball of radius 5r > 0 such that a(z) > 0 in Bs, C w. We set as the previous
section 1 = Q1\B,.. The most important ingredient of the proof of the resolvent estimate (Z1)
is the following lemma which is essentially the result of the Carleman estimate.

Lemma 4.1 There exist a constant C > 0 such that for any (u1,ug,vi,v2) € D(A) solution
of [&3]) the following estimate holds

[uillZ2 gy + 1Aul T, + w2l 720y + VualZai,) < Cec/h<\|Af1||i2(Ql)

(4.13)

H foll T2 + 191117200, + 1920172 (0 +/Q alAu [* dz +/B Jur [? dm)-
1 5r

for all |p| > 0 large enough.

Proof :
We introduce the cut-off function y € ¢°°(€2;) by setting

| 1 in Bg,
x(@) = { 0 in By,

Next, we denote by Z] = xz} and 2] = xz{. Then by ([£I2]), one sees that

(4 14) _Aéi - |:u|21 = :/1 = Xq>1 - |,U|X(IA’L)1 - [A7X]Zi
—AZ + [ulF] = @ = x 1 + |ulZ] — [A, X

Keeping the same notations as the end of the previous section, and focus now to the sys-

tem (£I2). Taking @11, @12, p2.1, and pg2 the four weight functions that satisfy the con-

clusion of the end of section [[L.II We set x11, x1,2, X2,1 and x22 four cut-off functions that
C (& C

N1 ' Ni2 . Na 1 '
equal to one respectively in U B(JE{’I, 2) | , U B(x]m, 2¢) | , U B(JE%’I, 2¢) | and
j=1 Jj=1 Jj=1
N3 2 ¢ Ni1 ¢ N1 ¢ Na 1 ¢
U B(JE%’2,2€) and supported in U B(JE{J,E) , U B(x{z,e) , U B(JE%J,E)
j=1 j=1 j=1 j=1
N3 2
and U B (:17%’2, €) | respectively (in order to eliminate the critical points of the phases func-
j=1

: / =/ / =/ ! v/
tions ¢11, Y12, P21, P2,2, P2,1 and p22). We set Y11 = X1,1%15 Y12 = X1,2715 Y11 = X1,1%1,
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Yl o = x122], Y21 = x2122 and ya2 = x2222. Then from [@IZ) and @I4) and by noting
1
h=— for k = 1,2 we obtain

|l

_Ayll,k - yll,k/h = ‘1’,114 in Uy
—Ayy Yyl p/h =91, in Uy
—Ayok — y2/h* = Vo in Upp

(4.15) hyi}k = Yo + hyy ), on S
oYy = Oy on S
hyi x = Y26 + hO on S
WYl = Yok on S
Yo =0 on I',

where

W= —[A XLl + xau®)
(4.16) Uy = —[A xa k]2 + x16®f
Vo r = —[A, x2.k]22 + X2,k P2.

Applying Carleman estimate of Theorem [B.2] to the systems (£I3]) then for k£ = 1,2 we obtain

h”e%’k/h%,k\\%Z(Ul,k) + hHewl'k/th,kH%Z(Ulyk) + h|’e¢2’k/hy2,k”2L2(U2,k)+
1P M e, )+ BP0, )+ PP H  V ya klT2 0, 0 F
(4.17) e e e v P S T e
hle? kM 3o sy < C(h4||e“01’k/h‘1/1,k||i2(U17k) + h4||e§01"“/h‘1’/1/,k||%2(U1,k)
22 MWy |72, )+ BP0 )+ B IVO] 2 ).
The two last terms of the right hand side of (£I7)) can be absorbed to the left hand side for
h > 0 small enough and since 6 = —y/ ; +2y7;, therefore by ([IT) we arrive at
h||e¢1’k/hy/1,k||i2(ULk) + h||ew1"“/hyf,k||%2(U1’,€) + h||e¢2’k/hy2,k||i2(U27k)
+h3||e¢1’k/thi,k||%2(Ul’k) + h3||ew1’k/hvl//1/,k||i2(U17k) + h3||e¢2’k/th2,k||i2(U2yk)
< Chﬁ‘(\\e%'k/h@l”2L2(U1,k) + He%"“/h@f”%%m,k) + ”ew’k/h%”zmwg,k)

(4.18)

I (A, X1l 2 2o, + 1P A, xa k]2 2o, o + 16724 (A, X2 2 0 )

We addition the two last estimates for & = 1,2 and using the properties of phases 1 < ¥1 41

Nl,k: NQ,k
in U B(${’k,2€) and @9 < @241 in U B(xék,Qe) then we can absorb the terms
j=1 j=1

(A, x1.6)21, [A, x16) 2] and [A, x2k]22 at the right hand side of ([I8) into the left hand side
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for h > 0 small. Namely, we find

hof (220/hp 2z Pde 4 h | (20014 202/ 2P da
Ql Q1

+h/ (e2021/h | 2022/M) 5012 4y 4 h/ (2o /h 4 202201\ 10 2

Qz Q2

(4.19) < 0(/#/ (2Pl | 2012/h) (52 g 4 h4/ (c2e21/h | 2022/) 5, 2 dg
Ql QQ

(e2er/h 4 2612/ (A, X2l d

[ (@ et (A P do
Ql Q1

+h2/~ (e2‘p1’1/h + ezspl’z/h)\aAvll2 dz + h2/

&5 ~

. (e2‘p1’1/h + 62“01’2/}1)\21]2 da;).
1

For h > 0 small we can absorb the last term of the right hand side of (£I9)) into the left hand
side. Besides, by remarking that 2y = §~21 U B3, and by taking the maximum of ¢1 1, ¢12, 2.1
and 99 into the right hand side of ([£I9) and their minimum into the left hand side then it
follows from the definitions of ®; and @, in (4.9) that

/ \zﬂzdx—i-/ \zf\2dx+/ ]22]2dx+/ \Vzglzdxg(?ec/h</ | f1)? da
Ql Ql QQ Qz Q1

(4.20) + |f2|2dx+/ |91|2d:13—|—/ |92|2dx+/ Iz{lzdx+/ |2 da
Qo Q1 Q2 B3y B

+/ a\Avl\zdx—i-/ ][A,X]zﬂzdx—k/ \[A,X]zﬂzdx)
(951 951 91

Let x be a cut-off function equal to 1 in a neighborhood of By, and supported in Bs, then by
the second equation of (£I0) and of (ATl we have

(14 A)(R=) = [A X)) = X = X — Xg1 — inx fi-

Hence by elliptic estimates (see [WRL95|) we get

N

141 By < CUN=1+ D)X -1,y + 1271 22(55.,)
(4.21) < Clglzeq) + 1Pz, + el w2, + 120122 5,,)-

Since supp([A, x]) C Bs, we deduce from (@I and [@21]) that
/ 22 dz + / 18,x12{ 2 dz < CllaA 13 g,y < € (I91132(0) + 1121112 0
(4.22) /B o

A s,y + laBon gy + e B2, ).

Similarly, we prove also that

| P [ anderar < (lal, + P e,
3r

Q1

(4.23)
Ay + 0801 2, )+ D s, )
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We combine ([@20) with ([£22) and [23) and we recall the expression of z{ and zy in ([IT)
then we find

lAu]Z20,) + IVe2lZ2(0y) + lu2lZ2(y) < CeC/h<||f1||i2(m> + 2l 72, +
‘AU1‘2 dx—l—/ a]Av1\2da:+/ ’u1‘2 dx)
Bsy

Q1
We substitute the expression of vy and vy in (£I0) into [@24) then we obtain

(4.24)
o0 + oo + |
5

T

”AulH%Z(Ql) + HVU2H%2(92) + Hu2”2L2(Qg) < Cec/h<”le%2(Ql) + HAf1”2L2(Ql)
(4.25)

+||f2||%2(92) + ||91||%2(91) + ||92||%2(Q2) +/Q alAui [* dz +/B jur |[? dx)-
1 5r

The estimate ([£I3) holds now from (23], Poincaré inequality and Lemma 2] ]
Applying inequality ([I3) to the system (4] it follows that

”Aul,mH%Z(Ql) + HVU’?,WH%Z(QQ) + Hul,m”2L2(Ql) + ”U2,mH%2(Qz) <

C m - m m
Cellr |<e 2Koml |<”Afl,m”2L2(Ql)+va27m”2L2(Qg)+”91,771”2L2(Ql)+”g2,m”2L2(Qg))

+ (/ a|Au17m|2dx+/ |u17m|2d:17> >
Ql B47“

We use the expression of uy ,, and ug,, in ([@4) we follows that
2 2 2 2
||Au1,m||L2(Ql) + ||Vu2,m||L2(QQ) + HUl,mHLQ(Ql) + ||'U2,m||L2(Q2) <

(12g) €< <e—2f<mﬂm' (1A Fum 2 0 + IV Foml B2 + I91.m 320y + l92m132(0))

+ </ a\Aulvm\zdx—i-/ \ulm\zdx) >
Ql B4'r

Finally (£2), (@3] and ([@3) and (A7) shows that the right hand side of (#26]) go to zero as
m — 400, hence we obtain a contradiction with (Z£2]), therefore the resolvent estimate (Z1l)
is proved now.

Now, follows to [CLLI8| Lemma 4.1] it just remains to show that .4 has no purely imaginary
eigenvalue. Further, 0 € p(A), where p(A) stands for the resolvent set of A. Let pu # 0 be a
real number. Suppose that for some U = (uy, ug,v1,v2) € D(A), one has

(4.27) AU = ipU.

We shall show that U = 0. Taking the inner product with U on both side of (£.27)) and taking
the real part we immediately find that v; = 0 in supp(a). Now ([@27]) can be recast as

v = Z',ulul in le
Vo = Tl2Us2 in (29,
(4.28) —~A(Aup + alAvy) —ipvy =0 in Q,
Aug —ipvg =0 in €2y,
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Since v; = 0 in supp(a) and p # 0 the top line of ([A28)) yields u; = 0 in supp(a). The third
line of ([A28)) combined with the first one could be written as

Az4+puz=0 1in and z =0 in supp(a),

where we denoted by z = Au; — puy. Since w C supp(a) then by Calderon’s theorem [RLO9,
Theorem 4.2] for elliptic operators we find that z = 0, this mean that Au; — puy = 0 which
imply for the same argument as previously that u; = 0 in ;. Reporting that in the first line
of [@28), we derive v = 0 in Q. The second and fourth line of [@28)) lead to

Auy + ,u2u2 =0 in Q9
with the boundary conditions
uy =0 ondQy and Jup =0 on S.

By standard theory in linear elliptic equations ug = 0 in Q5. Using the second line of (€28,
we get vg = 0 in Q9; hence U = 0. Therefore, A has no purely eigenvalue.
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