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Abstract. Hu et. al M] studied a stochastic optimal control problem for fully coupled forward-backward
stochastic control systems with a nonempty control domain. By assuming a weakly coupled condition,
they established an approach to obtain the first-order, second-order variational equations and the adjoint
equations for the states X, Y and Z and deduced the global maximum principle. But it is well known
that there are several different conditions such as monotonicity condition, weakly coupled condition and
other conditions (see da, Bm, Iﬂ, B, Iﬂ] and the references therein) which can guarantee the existence
and uniqueness of the solution to ([C2). In this note, to overcome the limitations of assuming a specific
condition, we propose two kinds of assumptions which can guarantee that the approach developed in |4] is
still applicable. Under these two kinds of assumptions, we obtain the global stochastic maximum principle.
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1 Introduction

In 1990, Peng M] obtained the global maximum principle for the classical stochastic optimal control problem.
Since then, ma@ researchers investigate this kind of optimal control problems for various stochastic systems
]

(see H, B, Iﬂ,

stochastic recursive optimal control problem where the cost functional is defined by Y(0). Here (Y'(+), Z(+))

). Peng E] generalized the classical stochastic optimal control problem to the so-called
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is the solution of the following backward stochastic differential equation (BSDE) (LI)):

—dY (t) = f(t, X(),Y(t), Z(t),u(t))dt — Z(t)dB(t), 1)

In E], the control domain is convex and a local stochastic maximum principle is established. The local
stochastic maximum principles for other various problems were studied in (Dokuchaev and Zhou H], Ji and
Zhou H], Peng E], Shi and Wu dﬁ], Xu H], Meyer-Brandis, @ksendal and Zhou dﬁh, see also the references
therein). When the control domain is nonconvex, one encounters an essential difficulty when trying to derive
the first-order and second-order variational equations for the BSDE ([LIl) and it is proposed as an open
problem in Peng [16]. Hu [3] studied this open problem and obtained a completely novel global maximum
principle. Yong [23] studied a fully coupled controlled FBSDE with mixed initial-terminal conditions. In

|, Yong regarded Z(-) as a control process and then applied the Ekeland variational principle to obtain an
optimality variational principle which contains unknown parameters. Using the similar approach, Wu @]
studied a stochastic recursive optimal control problem.

In [4], the following optimal control problem was considered: minimize the cost functional

subject to the following fully coupled forward-backward stochastic differential equation (FBSDE):

dX(t) = b(t,X(1),Y(t), Z(t), ut)dt + o(t, X(t),Y(¢), Z(t), u(t))dB(t),
dY(t) = —g(t, X(1),Y (1), Z(t), u(t))dt + Z(t)dB(t), (1.2)
X(0) = =zo, Y(T) = ¢(X(T)),

where the control variable u takes values in a nonempty subset of R¥ and the state variable X belongs to
R. The authors systematically developed an approach to obtain the first-order, second-order variational
equations and the adjoint equations for the states X, Y and Z and deduced the global maximum principle.

To guarantee the well-posedness of ([L2]), a weakly coupled condition was assumed in [4]. But it is well
known that there are several different conditions such as monotonicity condition, weakly coupled condition
and other conditions (see da, E—Iﬂ, IE, IE, Iﬂ] and the references therein) which can guarantee the existence
and uniqueness of the solution to (LZ). Then it naturally leads to the following problem: is the approach
established in M] applicable to the other conditions except the weakly coupled condition? After careful
analysis, we found that applying the approach in [4] to obtain the global maximum principle essentially
depends on the following assumptions: (1) there exists a unique solution to FBSDE ([I2)); (2) the solution
to FBSDE (2 has LP-estimates; (3) there exists a unique solution to the first-order adjoint equation. In
other words, any assumptions which make the above three statements hold are sufficient to deduce the global
maximum principle by the approach in M]

In this paper, motivated by the above analysis, we give up assuming a specific condition (weakly coupled
condition, monotonicity condition or other conditions in the related literatures) and directly propose the

following two kind of assumptions. The first kind of assumptions is: (1) there exists a unique solution to



FBSDE (2); (2) there exists a unique bounded solution to the first-order adjoint equation. For this case, we
can prove the LP-estimates for the solution to FBSDE (I.2)) hold. If the solution ¢ in the first-order adjoint
equation is unbounded, then the optimal control problem becomes more complicated. So for this case, we
propose the second kind of assumptions: (1) o is linear in z; (2) there exists a unique solution to FBSDE
(T2); (3) the solution to FBSDE (2] has LP-estimates; (4) there exists a unique solution to the first-order
adjoint equation. We prove that for both kinds of the assumptions, all the appropriate estimates for the
solutions of the first-order and second-order variational equations hold. Thus, the global maximum principle
can be deduced naturally. Beside this, we also generalize the state variable X in (2] to multi-dimensional
case in this paper.

The rest of the paper is organized as follows. In section 2, we give the preliminaries and formulation of
our problem. A global stochastic maximum principle is obtained by spike variation method in section 3. In

appendix, we give some results that will be used in our proofs.

2  Preliminaries and problem formulation

Let (2, F, P) be a complete probability space on which a standard d-dimensional Brownian motion B =
(B1(t), Ba(t),...Bq(t)){ <y« p is defined. Assume that F={F;,0 < ¢ < T} is the P-augmentation of the
natural filtration of Bj ;vhere Fo contains all P-null sets of F. Denote by R™ the n-dimensional real
Euclidean space and R¥*™ the set of k x n real matrices. Let (-,-) (resp. |-|) denote the usual scalar product
(resp. usual norm) of R™ and R**™. The scalar product (resp. norm) of M = (m;;), N = (n;;) € RF*n
is denoted by (M, N) = tr{MNT} (resp.||M| = v/ MMT), where the superscript T denotes the transpose of
vectors or matrices.
We introduce the following spaces.

L’}T (€;R™) : the space of Fr-measurable R"-valued random variables 7 such that

l1nllp == E[[n"))7 < oo,

LE ($;R™): the space of Fr-measurable R"-valued random variables 7 such that
[1n]oo := ess sup [[n]| < oo,
wes

L%.([0,T); R™): the space of F-adapted and p-th integrable stochastic processes on [0, T such that

T
/‘mmwﬁ<m
0

L%(0,T;R™): the space of F-adapted and uniformly bounded stochastic processes on [0, T such that

E

1F()lfee = esssup [f(t)] < oo,
(t,w)€[0,T]x2

LBA([0,T]; R™): the space of F-adapted stochastic processes on [0, 7] such that

q

T
1FOllpg = 4 E (/O If(t)lpdt> < o0,

1S



L%(Q; C([0,T],R™)): the space of F-adapted continuous stochastic processes on [0, 7] such that

B| sw [£0)F] <.

0<t<T

2.1 Problem formulation

Consider the following fully coupled stochastic control system:
dX(t) = b(t, X(1),Y(t), Z(t),u(t))dt + o(t, X(£),Y (t), Z(t), u(t))dB(?),

AY(t) = —g(t, X(1),Y(t), Z(t), u(t))dt + Z(t)dB(t), (2.1)

where
b:[0,T]xR"xRxRxU — R",

o:[0,T] x R" x Rx R x U — R"¥!,
g: [0, T]xR"xRxRxU — R,
¢ :R" > R.
An admissible control u(-) is an F-adapted process with values in U such that

sup E[[u(t)]®] < oo,
0<t<T

where the control domain U is a nonempty subset of R¥. Denote the admissible control set by ¢[0, T7.

Our optimal control problem is to minimize the cost functional

over U[0,T], that is

mé%ﬁo,n‘](u('))' (2.2)

3 Stochastic maximum principle

We derive maximum principle (necessary condition for optimality) for the optimization problem (Z2)) in this
section. For simplicity of presentation, we only study the case d = 1. In this section, the constant C' will

change from line to line in our proof.

Assumption 3.1 For ¢y =b, o, g and ¢, we suppose
(1) V¥, Yy, ¥y, ¥, are continuous in (z,y,z,u); Yz, Yy, ¥, are bounded; there exists a constant L > 0
such that

[t 2y, 2z,u)] < L1+ |2 + [y + [2] + [ul),
lo(t,0,0,z,u) — o(t,0,0,z,u")| < L(1+ |u| + |[«]).

(11) Yoz, Vay, Yyy » Yz, Yys, Vs are continuous in (x,Y, 2,0); Yoz, Vay, Vyy, Yaz, Yy Us. are bounded.



Assumption 3.2 For anyu(-) € U[0,T] and 5 € [2,8]|, FBSDE (Z1)) has a unique solution (X (-),Y (-),Z(-)) €
LE(:0(0, 7). R™) x Le(9:0(0, 7], B) x L37((0, T R).

Let @(-) be optimal and (X (-),Y(-), Z(-)) be the corresponding state processes of ([Z]). Since the control
domain is not necessarily convex, we resort to spike variation method. For any u(-) € U[0,T] and 0 < e < T,
define

a(t), te[0,T)\E,
u(t), te k.,

where E. C [0,T] is a measurable set with |E.| = e. Let (X(-),Y°(:), Z¢(:)) be the state processes of (2.1])
associated with uf(-).

For simplicity, for v = b, 0, g, ¢ and kK = x, y, z, denote

U(t) = Wt X(1),Y(t), Z(t), u(t)),
Ue(t) = ¥ul(t, X(1),Y (1), Z(t), a(t)),
0p(t) = (. X(),Y (1), Z(t), u(t) — ¥(t),
0pu(t) = Pult, X (), Y (t), Z(t), u(t)) — ¥u(t),
0Pt A) = Pt X(1), Y (1), Z(t) + A(t), u(t)) — ¥(b),
0t A) = ult, X(1), Y (1), Z(t) + A1), ult)) — ¥ (t),

where A(+) is an F-adapted process. Moreover, denote the gradient of 1) with respect to x, y, z by D, and
D?v) the Hessian matrix of 1 with respect to z, v, z,

Dijp(t) = Dy(t, X (1), Y (1), Z(t),
D*p(t) = D*(t, X (1), Y (t), Z(t), ( ))~

Let
Ehe(t) = X(t) = X (1); nhe(t) ==Y () - Y (1);

Ce() = 29(0) — Z(1); O(t) = (X (1), Y (1), Z(1));
O(t) = (X(t), Y*(¢), Z°(1).
We have
dgve(t) = [B ()€1 (1) + By (Ve (8) + DS ()CH (1) + 8b(t) I, ()] dt

+ [GE0)EV(E) + 65 (e (t) + G (E)CH(t) + do (t) I, (1)] dB(1), (3-1)
51,6(0) — 0,

dnte(t) = = [(35(t),€5(1)) + g5 ()" <(8) + GE(B)CH(8) + g () . ()] dt + CH(t)dB(t),

(3.2)
e (1) = (95(T),€14(T)),



where
B (1) = /0 ba (1, O(1) + 0(O(£) — O(F)), ue (£))d6 (3.3)

and b (1), bS(t), G5(t), 65(t), G5(t), G5(t), g5(t), 5(t) and @5 (T) are defined similarly. Consider the following
linear FBSDE

dX (1) = [Bg(t)f((t) + B (Y (1) + B (D)2 (1) + Ll(t)} dt + [a—;(t, A)X (1)
HEC(E, AV (8) + 55t A) (1) + Lz(t)} dB(t),
av () = = [(30, X0)) +35OF (1) + GO Z() + La(t)| de + Z()aB),

)
X(0) = o, Y(T) = (65D, X(T)) +-.

where b (1), 6( ), b<(), G5(1), § o (1), g5(t), @< (T) are defined as B3) and 6& (¢, A) = fol o.(t,0(t, Al (t))+

(@6( )—O(t, Alg, (t))), u(t))do for any given A(-), 7y (¢, A), 65 (¢, A) are defined similar to &5 (¢, A), L1(-) €

Y20, TR, Lo()) € LY2([0, T R™), Ls(-) € LY*([0,T;R), ¢ € L':_(4R). We impose the following
assumpt1on

Assumption 3.3 For any 0 < e <T, u(-) € U[0,T] and 5 € [2,8], the FBSDE (37)) has a unique solution
(X(),Y(), 2()) € LE(9;C((0,T), R") x Lz(9; C((0,T],R)) x L ([0, TL R).

Assumption 3.4 For any control u®(-) the following BSDE:

dpe(t) = —{35(t) + Gy (O (£) + GUOKT(E) + B (OTpe() + (p°(1), By (1) ) p°(6) + (p° (1), B(1) ) K5 (1)
35 (1 A)TE(E) + (g (1), 5 (8 A)) () + {a°(6), 351, ) K5(1) Yt + g (B (1)

p(T) = ¢5.(T),

K§(t) = (1= {p(t), 0= (t: 8))) ™ (0w ()P (8) + (0°(1), 0, (1)) p(1) + 4°(1)]
has a unique solution (p°(-),q*(-)) € L (Q; C([0,T],R™)) x LE ([0, T); R™) such that |1 — (p(t), y2(t))| ™" is

uniformly bounded.

Note that 65(¢t,A) = 65(t) when A(-) = 0. Due to Assumption B3] there exists a unique solution

(€8 C)m<(),¢1() to @) and @2).

Lemma 3.5 Suppose that Assumptions[31 [3A33 and [T hold. Then for any 2 < § < 8 we have

+E [(/T |Z€(t) — Z(t)|2dt>

Proof. Note that (£8<(t), n<(t),(V4(t)) is the solution to [BI) and B3), and

E l</E |u(t)|dt> ﬁ] <fTIE VE |u(t)|’6dt] .

6

B

2

E| sup (|X(t) = X(®) + V() - Y ()7

te[0,T)

) (eg) . (3.6)




Then, by Lemma 52l in Appendix, we get

@1 + <)1) + (Jfy 16M() th)ﬂ

vl

(
(fOT<|6b<t>|fEe<t>+|6g< e, ) )+ (7 1800 15, (1)at)
(Jin (L4 K1+ 170+ 1Z0)] + (o) + [a(e) et )

([ L+ IXOF + [FOF + o) + aP)ar)

|

IN
Q
&=

te[0,T]

<C (e +ef) (1 + sup E[[XO)F + Y07 + Ju()]? + |u(t)|ﬂ]> + Ce3E [(fOT |Z(t)|2dt)g]

3.1 First-order expansion

We introduce the following adjoint equation satisfied by (p, q):

dp(t)

= —{9:() + 9y (O)p(t) + g=(O) K1 () + b2 (£)Tp(2) + (p(t), by (1)) p(t)

p(T) = ¢ (X(T)),
where
Ki(t) = (1= (p(t),02(1))) " o2 (D)Tp(t) + (p(t), 0 (1)) p(t) + a(1)]

We first study the following algebra equation

A(t) = p(t)(a(t, X (1), Y (1), Z(t) + A1), u(t)) — o(t, X (1), Y (1), Z(), a(t))), t € [0,T],
where u (-) is a given admissible control.
Assumption 3.6 Assume that equation (39) has a unique solution A (+), and it satisfies
[A@M)] < CA+ X+ V@) + [u®)] + [a@)]), ¢ € (0,71,

where C'is a constant depending on Bo, L, ||zl o |Uyll s [¥2]loes T

Now we introduce the first-order variational equation:

dX1(t) = [ba()X1(8) + by (OY1(E) + 0:(6)(Z1(2) — A(D) I (1))] dt

+ o2 () X1(8) + oy (OVL(E) + 0= (8)(Z1(t) — A() e, (1) + 6o (t, A) e ()] dB(),

X1(0)= 0,

+(p(); b=(8)) Ka(t) + 02(8)Tq(t) + (a(t), 0y () p(t) + (q(t), 0= (1)) K1 (8)} dt + q(t)dB(2),

(3.10)

(3.11)



and
dY1(t) = = [(g(t), X1(1)) + 9y (O)Y1(t) + g=(t)(Z1(t) — A(t) L. (1)) — (q(t), 60 (t, A)) Ip, ()] dt
+ Z1(t)dB(t), (3.12)
Yi(T) = (6:(X(T)), X1(T)) -
By Assumption 33} the above FBSDE has a unique solution (X;(-),Yi(-), Z1(-)).

Lemma 3.7 Suppose that Assumptions[31], [32, [3.3, and[34 hold. Then we have

Yi(t) = (p(t), X1(1))
Z1(t) = (Ka1(1), X1 (1)) + A e (1),

where p(-) is the solution of (37) and K (-) is given in (2.8).

Proof. From Lemma 5.1l in Appendix, we can obtain the desired results. m
Let

E24(t) = X(t) — X () — Xa(t); p>(t) :=Y(t) = Y (t) = Ya(t);
CRe(t) = Z(t) — Z(t) — Zu(t); O(t) = (X(1),Y (1), Z(1)).

Then we have the following estimates.

Lemma 3.8 Suppose Assumptions [3.1], [3.2, [3.3, and [3.8 hold. Then for any 2 < 8 < 8, we have the

following estimates
T B/2
+E / |Z1(t)|dt
0

/T |ZE(t) — Z(t) — Zy(t)|?dt

E l sup (|X1(t)|% + |Yi(t)|?) = 0(’?), (3.13)
te[0,T]

E LSE&"T (X = X0 = XiOF + V(@) - V() - 0F) |+ — 0(),

0
E l sup (| X(t) — X(t) — X ()[* + [Y(t) = Y(t) = Yi(t)|") [ +E [( ; |Z€(t)Z(t)Z1(t)|2dt> ] = o(€?).

te[0,T)

Proof. By Lemma 5.2l in Appendix, we have

E

sup (1017 + M©P) + (7 12 0Par)” ]
te[0,7)

< CE [(jOT 6o (t, A) + A(t)* I, (t)dt) ﬁ}
<CE [(fE (1 FIXO2+ YO+ [a@)? + |u(t)\2) dt)w]

B/2
€ .

<C



We use the notations £1¢(t), n'¢(t) and ¢1¢(¢) in the proof of Lemma [35 and

Ot Alp,) = (X(1),Y(t), Z(t) + At)Ip(8)); O(t) := (X(t),Y(t), Z°(1)).

Note that

do(t, A)lp, (t) = o(t, X (1), Y (1), Z(t) + At)Ip. (1), u(t)) — o(t) = o(t, O(t, Alg, (), u(t)) — o (t).

We have

o(t,0(t),uc(t)) — o(t) — do(t, A)Ig, (t)

=o(t,0(t),u(t)) — o(t,0(t, Alg, (t)), us(t))

=G5 (1) (X(t) = X(1) + a5, (1)(Y(t) = Y (1) + G(t)(Z°(t) — Z(t) — At)p. (1))
where

1
55 (8) = [ oa(t,0(t Al (1)) + 0(6°(2) ~ O A, (). u' (1),
0
and & (t,A), 65(t, A) are defined similarly.
Recall that bS(t), b (t), bS(t), §5(t), §5(t), go(t) and ¢ (T) are defined in Lemma 5 Then,
deBe(t) = [B(t)ER(t) + By (> (8) + BS()C> (1) + Ag ()] at
+ G5 (8, A)ER(E) + a5 (8, A <(t) + 55(1, A)CH<(t)) + Bi(1)] dB(1), (3.14)

e= 0,

() = = [(G5(0),€2(0) + Go (P (t) + GO (1) + C5(0)] db + (B (),
P(T) = (G5(T),€24(T)) + D§(T),
where
Af(8) = (B5() = ba (1) X0 (0) + (B3 (1) — by ()Y (8) + (B (1) — b (£)) Z1(1)
+b. (At I, (t) + 0b(t) g, (t),
Bi(t) = (55(t,8) = ou (D) X1(t) + (35t ) = 0, (V1 (1) + (55(t,A) = o=(8)) (Ka(8), Xa(8))
CE(t) = ((5(8) = ga(6), X1(0)) + (35(6) = 9y ()Y2(1) + (G5(6) — 9:(8) Z2() + b9 () s, (1)
+9- (AW I, (1) + (a(t), Sor(t, A) L, (¢),

DS(T) = {$5(T) = 6 (X (1)), X1 (1)) .



By Lemma in Appendix, we obtain

E

sup (|22 + > (D7) + [y |<2’€(t)l2dt]

te[0,7)

<CE [(fOT (1450 + 1050 dr) + ) 1B (o)t + |D5<T>|2}
< cm | (47 1aselar)” + (17 cxconae) + [T 1B + 105(F

The following proof of the estimates are the same as in M] ]

3.2 Second-order expansion

Noting that Z;(t) = K1 (t)X1(t) + A(t)Ig, () in Lemma 37 then we introduce the second-order variational

equation as follows:

dXs(t) = {ba(t)Xa(t) + by (£)Ya(t) + b:(t) Z2(t) + 6b(t, A) e, (1)
+3D%0(t) (X1(1)T, Y1 (8), <K1(t)7X1(t)>)2} dt
* {% (£)Xa(t) + oy ()Y2(t) + 5 D% (t) (Xa(8)T, Yi (1), (K1(t), X1 (2)))”

+0.(8)Za(t) + [005(t, A) X1 (t) + doy (t, A)Y1(t)] I (t) + do-(t, A) (K1(t), X1(t)) Ik (t)} dB(t),

X2(0) = 0,

(3.15)
and

dYa(t) = —{(g2(t), X2(t)) + gy (t)Y2(t) + 9:(£) Z2(t) + [(q(t), 60 (£, A)) + bg(t, A)] I, (t)
+3 (X1 ()T, Ya(t), (Ki(t), X1(4))] D2g(t) [X1 ()T, Ya(t), (K1 (t), X1(8)]T } dt + Zo(t)dB(1),

Yo(T) = (¢2(X(T)), X2(T)) + 5 {bua(X(T) X1 (T), X1(T)) ,
(3.16)
where

D2b(t) (X1(8)T, Y (), (K1(8), X1 (¢)))*
= (tr[D2b1 (1) (X1 ()7, Y1 (1), (K1 (t), X1(4)) (X1 (8)T, Ya(t), (K1(t), X1(t)))"], ..,
tr[ D20 (¢) (X1(8)T, Ya(8), (K1(t), X1.(8)) (X1(8)T, Ya(t), (K1 (t), X1(£)))"]T)
and D20 () (X1 (t)7,Y1(t), (K1(t), X1(t)))? is defined similarly. In the following lemma, we estimate the
orders of Xs(+), Y2 (+), Z2 (+), and Y¢(0) — Y (0) — Y1(0) — Y2(0). Let
E96(t) = X(t) — X(8) — Xa(t) — Xa(t); n™e(t) ==Y (t) = Y(t) — Yi(t) — Ya(t);

¢Pet) = Zt) = Z(t) — Za(t) — Za(t); O(t) := (X (1), Y (1), Z(1)).
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Lemma 3.9 Suppose that Assumption [31], [3.2, [T3, and[Z4 hold. Then for any 2 < 8 < 4 we have

E | sup (|X2(8)]2 + [Ya(t)]?)

te[0,7]

E Les[lépT]ﬂXz(t)W + Y (t)|?)

+E [fOT |Z2(t)|2dt} — 0(2),

B
2

+E{(]OT|Z2(t)|2dt) } = o(e3),

YE(0) — Y(0) — ¥3(0) — Ya(0) = ofe).
Proof. Let
Li(t) = 8b(t, AT, (1) + 5 D2b(t) (X (5)T, Yi(0), (K (1), X (1)),
Lo(t) = ED%0(t) (Xa(t)T, Yi(t), (Ko (1), X1 (1)) + 508, A) X1 (1) + 8o, (1, A)Ya (1)) I (1)
501, A) (K1 (8), X1 (0)) I, (1),
La(t) = [(a(t).00(t, A)) +g(t, A)] I, () + & [Xa(6)T, Vi (0), (Ko (1), X1 (1)) D2(t) [ X1 (1), Ya(t), (K (), X (0)]
$= 5 {0ua(X (1) X1 (D), Xa(T)).

By Lemma in Appendix, we have

E

sup (| X2(t)|* + [Ya(t)[?)
t€[0,T]

<RI+ (5 (12 01+ 2 O de) "+ 17 |22 0

+E | [y |Z2(t)Pdt]

2
< CE| sup [Xi(8)* + (fE |6b(t, A) + o (t, A) + dg(t, A)|dt) ]
t€[0,7] ¢

+CE | sup |Xi(t)[° [, [604(t,A) + 8oy (t, A) + S0, (t, A)* dt
| t€[0,T] €

< CE | sup |X1(1f)|4

te_[O,T]

+ Ot [ [, (L [X WP + [V @P + 120 + [u()? + la(0)?)dt]

+CE | sup |Xi(t)[ [5 [604(t,A) + 8oy (t, A) + 8o, (t, A)* dt
| t€[0,T] €
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and

E| sup (|X2(t)]” +[¥2(t)]”)| +E

s [(ECRON

< CE < + (ST (1L 0] + L5 (0D dt)” + (i L2 <t>|2dt)§}

B
< CE | sup |X1(t)]* + ( [, [0b(t, A) + b0 (t, A) +6g(t,A)|dt) ]
te[0,T]

B/2
+CE | sup |X1(t) (fE 1604 (t, A) + 60 (t, A) + 0, (£, A)[? dt)
| t€[0,T]

vl

sup | X, ()
te[O,T]

< CE + CeSE [(fE 1+ |XOP+ VO +Z0))? + [u@)]? + |ﬂ(t)|2)dt)

|

/2
Y CE| sup |X1(t) (fE 1004 (t, A) + 60, (t, A) + 0, (t, A)[> dt)
| t€[0,T]

=o ().

Now, we focus on the last estimate. We use the same notations £¢(t), nb<(t), ¢V¢(¢), £€2<(t), n*<(t) and

¢%¢(t) in the proof of Lemma [3.5] and Lemma Let

O(t, Alg,) = (X(1),Y(t), Z(t) + A(t) e (t)); O(t) = (X(t), Y (), Z°(t)).

Define Lo
DIbe(t) = 2 / / OD2b(t, O(t, Alp,) + MO (1) — O(t, Alp.)), u (£))d0dA,
0 0

—

and D20¢(t), l/ﬁ?ﬁ(t), &;I(T) are defined similarly. Then, we have

deBe(t) = {balt)E(t) + by (OP<() + ba()C(t) + A5(t)} dt

+ {02 (E(t) + oy ()n><(t) + 0= ()C>(t) + Bs(t) } dB(t), (3.17)
&)= 0,
and
de(t) = —{{ga(t),E5()) + gy (O)N><(t) + g=(£)¢B<(t) + C5(t) }dt — ¢3<(t)dB(t), s,
P(T) = (9:(X(D)),6(T)) + Ds(T),
where

A5(t) = [Sba(t, A)EVE(t) + 8by (1, A (t) + 5. (¢, A) (C(8) — AW, (1))] I, (1)
+LDT0e(t) (X0 (0T, Vi (8), (K (8), X1(0)° — $D2b(t) (X1 (07, Yi(8), (K (), X (D))

Bs(t) = [d0a(t, D)E>(t) + 0oy (t, A)n><(t) + 6o (t, A)C>(1)] Lp. (1)

+1D20¢(t) (X1 ()T, Ya(8), (K1(£), X1(6)))* — $D%0(t) (X1(8)T, Ya(8), (K1 (£), X1 (£)))?,

12



Cs(t) = [(3gu (8. A),€14()) + 09, (1, An"“(0) + g2 (8, A) (C(1) = A®) I, (1)] L, (1

3 €O (), € () — AW, (0] DTge(t) [€(0T, < (6), () = AW, (1))
(X3 (T, Y (), K2 (X1 (0] D%9(0) [X (07, Va (0, Ka (X1 (0]

Foa(TIE(T). E4(T) ) = § (0a (X(1)X1(T), X0 ()

and I%(t) (X1(6)T,Y1(t), (K1 (t), X1(t)))? is defined similar to D2b(t) (X1 (¢)T, Y1 (t), (K1(t), X1(1)))>.
By Lemma [51]lin Appendix,

1
2
1y
2
DYT) = § {95

() = (p(t).&(1) +o (1),
Ce(t) = (K1 (). €34(8) + (1= (p(t),0-(1))) " [(p(1), 0, (1)) (t) + (p(1), B(1)) + v(1)].

Then we have

(3.19)
< CE[|DS(T)| + J (145(0)] + 1B5(0)] + |C5(0)) ]
We estimate each term as follows.
(1)
ENDSD)] < C{E [165:(T) — 6o X@NIE-T)E + 24T €1(T) + X0 (D)]| }
= o(e).
(2) We estimate
T
E /0 |A2(t)|dt] = o(e). (3.20)

Indeed, 20) is due to the following estimates:

E [ 18b:(t A)C() = A(8) s, (6) T, (6]
<E [ [, 1860t A)] (1)) + | {1 (1), X (1)) ) ]

< CE [fEE |<2,e(t)|dt} +CE| sup IX1(8)] [, 18b (8, A)dt
€10,

<C %{ UO IC2(t |2dt}}%+C€E[ sup | Xy (t)]]

a te[0,T7]

= O(e)ﬂ
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E[f [Pe) () = AW (1) ~ b (0) (Ka(0), X1 (1)) ]
<E [fo DLe(t)CHE (1) (CVe(t) — At g, (1) + K1(8) X1 (1)) } dt}

+E [y | (Bt — b)) (K, X0 (0)°) ]

c{E[fy [’ dt”% {E[J5" ¢4t = AW e, (1) + (Ka(0), X1 (1) at] }
(b” —biz(t))‘dt]

(3.21)

W=

+CE | sup |Xi(t |f0
t€[0,T]

= o(e).
The other terms are similar.
(3) The estimate of E [fo | Bs(t |dt}

E [fOT |60 (, A)C2<(t) I, (1)] dt}
< CE UE |2 t)|dt}

< cet { [T e (oypar] }

= o(e),

E[Jy [Fits) (¢H(t) = AWe.(9) = oL(8) (Ka(t), X2 (0] dt]

<E [ 1550) (€4 (0) — AW Tm. (5) + (Ka(t), Xa(6)) 2 (1)] ]
+E[fy 550 — oL ()] (Ka (1), X (1) dt]

<E[fo |G25(t) (CH(t) — A e (1)) c“(t!dt}m[fo |4 ( Kl() L(£)) C2<(t) \dt}m()
c{E [ () - a0 o) @t} {E [ <ol dt}}

+ CE [ sup | X1(t)] fOT |¢<(t)] dt] + o(e)
te[0,7)

= o(e).
The other terms are similar.
(4) The estimate of E [fo |Cs(t |dt} is the same as the one of E [fo |AS( )|dt]

Finally, we obtain
Y(0) = Y(0) — ¥1(0) — Y2(0) = ofe).

The proof is complete. m
In the above lemma, we only prove Y¢(0) — Y(0) — Y7(0) — Y2(0) = o(€) and have not deduced

E[ sup [Y(t) =Y (t) = Yi(t) — Ya(t)[’] = o(€?).
te[0,7)

The reason is

E[ / 65.(8) (¢ () — A Is, ) |¢>(0)[* dt | = o(e?)
0
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may be not hold. But if
ot,z,y,z,u) = A(t)z + o1(t, z,y, u) (3.22)

where A(t) is a bounded adapted process, then o,, = 0. In this case, we can prove the following estimates.

Lemma 3.10 Under the same Assumptions as in Lemma [39, and o(t,x,y,z,u) = A(t)z+ o1(t,x,y,u)
where A(t) is a bounded adapted process. Then

E| sup [X(t) = X(t) = Xi(t) = Xo()]?| = o(e?),
te[0,T]
E S V@) = V() = Yi(t) = Va(B)2 + fy |2(t) = Z(t) = Za(t) — Zo(t)[2dt| = o(€?).

Proof. We use all notations in Lemma [39 By Lemma 5.2 in Appendix, we have

E

sup ([€2<(1)% + In><(O)*) + [, |<3’€(t)|2dt]
te[0,7)

T 2 T 2T e .
gCERkL%@W)+(kKﬁmﬁ)+kl&@Wﬁ+wxﬂF,
where A5(-), C5(+), D5(T") are the same as Lemma [3.9] and

B(t) = [60a()E2(t) + 6o, ()2 ()] I, (£) + L D20<(t) (€-<(1)T, " (1))

—1D%(t) (X, (1)T, Ya (1))

Combing Lemmas 3.15 and 3.16 in M], we can obtain the desired estimates. m

3.3 Maximum principle
Note that Y7(0) = 0, by Lemma [B.9] we have
J(u() = J(@(-)) = Y(0) = Y (0) = ¥2(0) + o(e).

In order to obtain Y5(0), we introduce the following second-order adjoint equation:

—dP(t)
= {(Do()[Inxn, p(t), K1 ()]T)T P(t) Do () [Inxn, p(t), K1 (£)]T + P(#)Db(t)[Lnxn, p(t), K1(£)]T

+ (Db(t) [Tnxn, p(t), K1 (D)]T)T P(t) + P()Hy (t) + Q) Do () [Inxn, p(t), K1(8)]7

+ (Do () [Lnxn, p(t), K1 ()]T)T Q(t) + [Lnxcn, p(t), K1(8)] D H(t) [Lnxn, p(t), K1(8)]T + H. (1) Ka(t) } dt
—Q(t)dB(t),

(3.23)
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where
H(t,x,y,2,u,p,q) = g(t,2,y,2,u) + (p, b(t, 2, y, 2,u) + (q,0(t, 2y, 2, u))
Ka(t) = (1= (p(t), 0= (1))~ {0 (p(O)TP(E) + (02() + 0, (Dp()T + 0 (VKL (1)) P(1)}
+(1 = (1), 7:(0) " { P() (00(t) + 0y (Op(O)T + o2 (DEL(OT) + Q(E) + p(H) D20 () (Tncns D), K1 (1)}
and p(t) D20 (t) (Inxn, p(t), K1 (t))* € R™*" such that
(P D (1) (L, p(6), K1 (1))* X1(0), X1(8)) = (p(t), Do (t) (X2(6)T, Vi (1), (K (1), X (1)))*)

DH(t), D*H(t) are defined similar to D and D?w.
B23) is a linear BSDE with uniformly Lipschitz continuous coefficients and it has a unique solution.

Before we deduce the relationship between X (+) and (Ya(+), Za(+)), we introduce the following equation:

= ST () + 0:(5) (0 (9),p(5)) (1= (0(5), 0 (5))) )V (5)
- (H.(s) + 9-(5) {0 (5). p(s)) (1 = (p(s), oz<s>>>*1> Z<s> (3.24)
+ [6H (s,A) + £60(s, A)TP(s)d0 (s, A)] Ig (s)} ds — Z(s)dB(s),

where 0H (s, A) := (p(s), 6b(s, A)) + (q(s),do(s,A)) + dg(s,A). It is also a linear BSDE and has a unique

solution.
Lemma 3.11 Under the same Assumptions as in LemmaB4 Then we have
Yao(t) = (p(t), X2(b)) + 5 (P()X1(t), X1 (t)) + Y (1),
Zo(t) =1(t) + Z(1),
where (Y (-), Z(-)) is the solution to (3.23) and
I(t) = (K1(t), X2(1)) + % (K2(t)X1(t), X1(8)) + (1 = (p(t), 0= ()" <p(t), oy ()Y (t) + oz(t)Z(t)>

+(P(t)do(t,A), X1(t) I (t) + (1 = (p(t), 0= () ™" (p(t), 60 (t, A) X1()) Ip. (t)
+ (1= (p(t),0:(1))) 7" [(p(t), 60y (t, A) (p(t), X1(£)) + 0= (t, A) (K1(t), X1 ()] LE. ().

Proof. Using the same method as in Lemma 37 we can deduce the above relationship similarly. m

Consider the following equation:

dy(t) = (1) [Hy(t) + (1 = (p(t),0:(t)) "' g:(t) (p(t), 0y ())] dt
+y(t) [Ho(t) + (1= (p(t), 0= (1)) "' g=(t) (p(t), 0=(1))] dB(1), (3.25)
7(0)= L

Applying It6’s formula to (t)Y (t), we obtain
Y0 {fo ) [SH(t, A) + L160(s, A)TP(s)d0(s, A)] IEe(t)dt}.
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Define

H(t,z,y,z,u,p,q, P)

= (p,b(t,x,y, 2z + At),u)) + (g, 0(t,z,y, 2 + A(t),u)) + g(t, z,y, 2 + A(t), u)

+ (ot @y, 2+ Alt),u) — o(t, X (), Y (t), Z(t), u(t)))TP(o(t,z, y, 2 + A(t),u) — o(t, X (), Y (t), Z(t), u(t))),
(3.26)
where A(t) is defined in [.9) corresponding to u(t) = u. It is easy to check that

SH(t,A) + %50@, A)TP(t)do(t, A)

=H(t, X (1), Y (1), Z(t), u(t), p(t), q(t), P(t)) — H(t, X (), Y (1), Z(t), a(t), p(t), a(t), P(t)).
Noting that v(¢) > 0 for t € [0, 7], then we obtain the following maximum principle.

Theorem 3.12 Under the same Assumptions as in LemmalZ9 Let u(-) € U[0, T be optimal and (X (-),Y (-), Z(-))

be the corresponding state processes of (2Z11). Then the following stochastic mazimum principle holds:

H(t, X (1), Y (1), Z(t),u,p(t), q(t), P(t)) > H(t, X(t),Y (t), Z(t),u(t), p(t),q(t), P(t)), VueU ae., as.,
(3.27)
where (p(+),q(+), (P(),Q (")) satisfy (37), (323) respectively, and A(-) satisfies (3.9).

4 The case when ¢ is unbounded

In this section, we consider the case when ¢ is unbounded and propose the second kind of assumptions.
The relations Y1 (t) = (p(t), X1(t)) and Z1(t) = (K1(t), X1(t)) + A(t)Ip, (t) in Lemma BT is the key
point to derive the maximum principle (827). Note that to prove Lemma B7, we need Assumption [34]

which implies

E

sup |)~(1(t)|2] < 0. (4.1)
te[0,T]

However, under the following assumption, combing Theorems we can obtain the relations Yi(t) =
(p(t), X1(t)) and Z1(t) = (K1(t), X1(t)) + A(t)Ip, (t) without the Assumption ¢(-) is bounded.

Assumption 4.1 o(t,x,y,z,u) = A(t)z + o1(t, 2, y, u).

Assumption 4.2 For anyu(-) € U[0,T] and § € [2,8), the FBSDE (34) has a unique solution (X (-),Y (-), Z(-)) €
Lg-(Q; C([0,T],R™)) x Lg-(Q; C(]0,T],R)) x L?_lﬂ([(),T];R). Moreover, we assume that the following estimate
for FBSDE (3.)) holds, that is,

TP+ |:co|ﬁ} ,

w[w

Y, )18 = su X (¢)|° % B VAGIE
(X7, 2)115 E{te[&’ﬂ X+ 1701 + (Jy 1Z0)d)

vl

B
< B { (a0l + Lateiae) + (17 1200 ar)
where C depends on T, 8, Wl 1yl os 16l 1.
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In this case, the first-order adjoint equation becomes

dp(t) = —{g:(t) + g, (O)p(t) + g- (1) K1 (t) + b ()p(t) + (by (t), p(t)) p(t) + (b= (t), K1(t)) p(t)
+0.(t)q(t) + (oy (), p(t)) q(t) + (A(t), K1 (1)) q(t)} dt + q(t)dB(t), (4.2)

p(T) = ¢u(X(T)),

Ki(t) = (1= (p(t), A1) " [o2(t)p(t) + (o (t), p(t)) p(t) + q(t)].

Assumption 4.3 Assume the BSDEs ({{.3) have a unique solution (p(-),q(-)) € LF(;C([0,T],R™)) x
L_2;l2([O,T];R”) such that |1 — (p(t),v2(t))] ™" is bounded.

The first-order variational equation becomes

dXy(t) = [ba(8)X1(8) + by ()Y1(8) + b2 (8)(Z1 () — A(t) 15 (2))] dt

+ [o2(0) X1 () + oy (Y1 () + A@)(Z1(t) — A L. (1)) + do(t, A) g, ()] dB(1),

X1(0)= 0
and
dvi(t) = —[g(t), X1()) + gy (Y1 (t) + g=(0)(Z1(t) — A) . () — {q(t),60(t, A)) Ip ()] dt + Z1(t)dB(t),
Yi(T) = ¢.(X(T)X1(T)
where

has a unique solution X,(-) € L%(Q;C([0,T],R™)).
By Theorem 5.3, we have the following relationship.
Lemma 4.5 Suppose that Assumptions[31), [32, (30, [{-1} [I-3 [{-3 and [{4] hold. Then we have

i(t)
Zy(t)

(p(t), X1 (1)),
(Ka(t), X1 (t) + A) e, (1),

where p(-) is the solution of (£.3).
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Lemma 4.6 Under the same Assumptions as in Lemma [1.0] for any 2 < 8 < 8, we have the following

B/2
+E [(/T |Zl(t)|2dt>
0

E L:[tépﬂ (1X(t) = X() = Xa () + V() Y (1) =11 (t)l“)]

estimates

El sup (|X1(t)|ﬁ + |Y1(t)|ﬁ)

= 0("/?), (4.4)
te[0,T]

+E {(fOT \Z¢(t) — Z(t) — Zl(t)|2dt) 1 = o(e?).

Proof. Applying the LP-estimates for (X1(-),Yi(:), Z1()), (£>°(t),n><(t),(*(t)) and following the same
steps as Lemma 3.23 in [4], we can obtain the desired estimates. m

The second-order variational equation becomes

dXs(t) = {ba(t)Xa(t) + by(t)Y2(t) + b (t) Za(t) + 6b(¢, A) I, ()
+LD25(1) (X2 ()T, Y (1), (K (), X (1)) } e
+ {04 () Xa(t) + 0, (t)Ya(t) + A(t) Zo(t) + [60.(t) X1 (t) + S0y, () Y1 ()] IE. (1) (4.5)
+3D%1 (1) (X ()7, Yi(1)° } dB(@),

X2(0) 0,

dYa(t) = —{(g2(t), X2(t)) + gy (t)Y2(t) + g=(t) Z2(t) + (q(t), 00 (t, A)) Ip. () + dg(t, A) g, (1)
+3 (X1 ()T, Ya(t), (K1(t), X1(t)) D2g(t) (X1(1)T, Ya(t), (K1 (t), X1(8)))T} dt + Za(t)dB(1),

Ya(T) = (¢a(X(T)), Xo(T)) + 5 (o (X (1)) X:1(T), X2(T)) -
(4.6)
The following second-order estimates hold.

Lemma 4.7 Under the same Assumptions as in Lemma[{.0, we have the following estimates

E [ sup [ X(t) — X(t) — Xu(t) — Xz(t)lﬂ = o(e?),
te[0,7)

B| sup V() = V() = Yi(0) - Y2<t>|2] FE[JT12°0) = 20) = Z1(0) - Zo(0)Pdt] = o(e?).

Proof. We use the same notations A§(t) C5(t) and D5(T') as in Lemma B9 The only different term is

2

Bs(t) = 802 ()€ (0) L. (1) + S0y ()P (1) i, (1) + $D20<(2) (€4<(1)T, (1))

3D (1) (X1 (D)7, Y (t)*.
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Then, we have that

dg¥<(t) = [ba(t)€(t) + by ()n>(t) + ba(t)CH(t) + A5(t)] dt

+ [0o (E (L) + oy (> (t) + A()CP<(t) + Bs(t)] dB(t), (4.7)
§H(0) = 0,
and
{ dp*<(t) = — [(g2(t), 8>(1)) + gy ()n>(t) + g=(£)¢P(1) + C5(1)] dt + ¢P<(t)dB(t), 48)
1(T) = (2(X(T)),6>(T)) + D5(T).

By Assumption £.2]

Elsup (IE3<(t)2 + [n><(O)1?) + fi |[¢¥<(t)|2dt
te[0,T

<& [ (1 asoia)” + (17 iestla)” + J) Bs(oPac+ pyp).

We can estimate term by term by the same steps in Lemma 3.24 in M] Thus completes the proof. m

Now we introduce the second-order adjoint equation:
—dP(t)
= {(Da(t)[Lnscns p(t), Ki()]T)T P(#) Do (8) [ Lnxn, p(t), K1 (H)]T + P(#)Db(t)[Lnxen, p(t), K1(£)]T
+ (Db(t)[Inxn, p(t), K1 (B)]T)T P(t) + P(£)Hy(t) + Q) Do (t)[Inxn, p(t), K1 (£)]7
+ (Do (t)[Lnxn, p(t), K1 ()]T)T Q(t) + [Lnxn, p(t), K1(8)] D H () [Lnxn, p(t), K1 (1)]T + H.(t) Ka(t) } dt
— Q(t)dB(t),

P(T) = ¢2:(X(T)),

where
H(t,z,y,2,u,p,q) = g(t,z,y,2,u)+ (p,b(t,z,y,2,u)) + (q,0(t,z,y,2,u)),
Ky(t) = (1= (p(t), A(t)))~" {o, ()p(t)TP(t) + (0= (t) + oy ()p(t)T + A(t) K1 (1)T)T P(t) + Q(t)}

+(1 = (p(t), A(®))) ™" {P(t) (02(t) + oy (R)p()T + AR K1 (1)) + p(£) D20 (t) (Inxcn, p(), K1 (t))Q} :
#3) is a linear BSDE with non-Lipschitz coefficient for P(-). Then, (9] has a unique pair of solution

according to Theorem 5.21 in [12]. By the same analysis as in Lemma BTl we introduce the following

auxiliary equation:
V() = 7 {(Hy(9) + 9:(5) (0 (),p(5) (1 = {p(s), A1) )Y (5)
+ (Ha(s) + 9:(5) (0 (5), p(s)) (1 = (p(5), A®) ") Z(5) (4.10)

+ [0H(s,A) + 160(s, A)TP(s)éo (s, A)] Ip.(s)} ds — ft
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where 0H (s, A) := (p(s), db(s, A)) + (q(s),do(s, A)) + dg(s, A). We obtain the following relationship.

Lemma 4.8 Suppose the same Assumptions as in Lemma[{.0] hold. Furthermore, we suppose the following
SDE

aXa(t) = {ba(t)Xa(t) + by(t) ((p(1), Xa (1) + 3 X2 (OTPOX: () + V(1)) +b-(1) (L(8) + Z(1))
+8b(t, A) g, (£) + $D20(t) (X1 ()T Y (), (K (1), X (0))° } e
+{on®Xa(t) + 0y (1) (B, X)) + $XOTPOX) + V() + A1) (T6) + Z(1))

+[00, () X1 (t) + 6oy () Y1(1)] Ip (t) + D201 () (X1(1)T, Y3 (t))2} dB(t),

X2(0) = 0,

has a unique solution X»(-) € L%(Q; C([0,T],R™)) and (p(t), Xg(t))—i-%Xl(t)TP(t)Xl(t)+}7(t) € L%(;,C([0,T),R)),
LI(t) + Z(t) € LZ*([0,T);R), where (Y (), Z(-)) is the solution to ({10) and
I(t) = (K1(t), Xa(t)) + % (K2(t)Xa (1), X1 (1) + (1 — (p(t), At))) ™ <p(t), oy ()Y (t) + A(t)Z(t)>
+(P(®)do(t,A), X1(8)) Ig. (t) + (1 = (p(t), 0=(£))) ™" (p(t), doa (t, A) X1 (1)) IE. (t)
+ (1= (p(t),0:(t))) " [p(t), 60 (t, A) {p(t), X1.(8)] IE. (1).

Then the solution to FBSDE ({{.3)-({4.0) has the following relationship

Ya(t) = (p(t), Xa(t)) + $ X1 (6)TP(t) X1 (t) + Y (2),
Zo(t) =1(t) + Z(t).

Proof. Applying the techniques in Lemma [B.7, we can deduce the above relationship similarly. m
Combing the estimates in Lemma [£7] and the relationship in Lemma L8 we deduce that

Y(0) — Y (0) = Y1(0) + Y2(0) + o(e) = Y (0) + o(e) > 0.
Define

H(t,z,y,z,u,p,q, P)

= (p,b(t,x,y, 2 + At),u)) + (q,0(t,z,y, 2 + A(t),u)) + g(t, z,y, 2 + A(t), u)

+ (ot @y, 2+ A(t),u) — o(t, X (), Y (t), Z(t), a(t)))TP(o(t,z,y, 2 + A(t),u) — o(t, X (), Y (t), Z(t), u(t))).
By the same analysis as in Theorem B.12] we obtain the following maximum principle.

Theorem 4.9 Under the same Assumptions as in Lemmal[f.8. Letu(-) € U[0, T be optimal and (X (-),Y (-), Z(-))

be the corresponding state processes of (21]). Then the following stochastic mazimum principle holds:

H(t, X (1), Y (t), Z(t),u,p(t), q(t), P(t)) > H(t, X(t),Y (), Z(t),u(t),p(t),q(t), P(t)), Yu€U ae., a.s..
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5 Appendix

5.1 [LP-estimate for FBSDE

We introduce the following lemmas. Consider the controlled forward-backward stochastic differential equa-
tion

aX(t) = @) + B OV +nOZ() + Li(t)] de + [as() X (1
+B2()F (1) + 12(0) 2 (1) + La(t)| dB(®),

v () = — [<a3(t), X(t)> + B3V (1) +3(H) Z(t) + Lg(t)} dt + Z(t)dB(t),

X(0) = o, V() = (5, X(T)) +5,

where o;(+), Bi(+), vi(+), i = 1,2, 3, are bounded adapted processes, ai(), aa(:) € R™*"™ as(-), f1(-), B2(-),
71(')a '72(') € Rna 53@)) 73(') € Rv Ll(') € Lﬂ}-([O,T];R"), L3(') € Li‘([O’T];R)v LQ(') € Lilﬂ([()’T];R”)7
S Lﬂ}-T (€;R™) for some 8 € [2,8], kK € R™ is a Fp-measurable random variable. Suppose that the solution
to (B.J) has the following relationship

() = (p(0). X (1)) + (),

where p(t), ¢(t) satisfies

(5.2)

do(t) = —C(t)dt + v(t)dB(t),

A(t) and C(t) will be determined later. Applying It6’s formula to <p(t), X(t)> + ¢(t), we have

a({p(t), X)) + (1))
= {(p®, X (1) + B OT (1) + MO Z(1) + La(t) ) — (A1), X (1))
+(a(t), as ()X () + Ba(Y (1) + 12 (D Z() + La(t) ) — C (1) } dt
+{{p(t), a2()X (£) + B (1) + 12D Z(8) + La(t) ) + (a(t), X(8) ) + v(t) } dB().
Comparing with the equation satisfied by Y (t), one has

2(t) = (p(t) ca()X (1) + BV (&) + %2 (DZ (1) + La(t) ) + (a(t), X (1)) + w(2), (5.4)

= [(as(®), X(®) + BT (1) + 13 2 () + La(t)]
= (p(), a1 ()X (@) + SOV (1) + nOZ (1) + L)) — (AW X (1)) (5.5)

+(a®), 02X (1) + BT (1) + 12 (DZ(1) + La(t) ) = C(1).
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From equation (5.4, we have the form of Z(t) as
Z(t) = (1= (1), 200" [{p(0) a2 X (@) + B0V (1) + La(®)) + {a(0), X (1)) + w(t)]
= (1= (p(1).220) " [{az()Tp(t) + (p(t), Ba() p(E) + a(t), X (1))
+ (p(8), B(D) () + (1), La(t)) + (1))
From the equation (55), and utilizing the form of Y (£) and Z(t), we derive that
A(t) = as(t) + Bs(0)p(t) + 73 (D) () + o (O)T(t) + (p(t). B (1)) p(8)

+ (p(), 71.(8)) K1 (t) + a2 (t)Tq(t) + (q(t), B2(t)) p(t) + (q(t), 72()) K1 (t),

(5.6)

where
Ki(t) = (1= (p(t),%2(1)) " [ea(®)Tp(t) + (p(t), B2(t)) p(t) + q(t)] ,

)= [Ba0e(t) +5(6) (1 = (p(),12(0) ™ [p(0), Ba(0)) 0(8) + (p(e), La(0)) + w(2)] + Lo()]
+ {plt), 81 (0)p(0) + 7 (1) (1= (p(8),72(0) ™ [{p(8), Ba(0) 9(8) + (p(8), La(t)) + v(0)] + L ()

+(a(t), Ba()o(t) +72(6) (1~ (p(0),72(1)) ™" [(p(0), Ba(8)) 9() + {ple), L(t)) + (1)) + La(t) )
(5.7)

Lemma 5.1 Assume (22) has a unique solution (p(-),q(-)) € LF(Q;C([0,T],R™)) x L¥([0,T];R™) such
that |1 — (p(t), v2(t))| ™" is bounded. Then

(i) BSDE (E3) has a unique solution in Lg(ﬂ; C([0,T),R)) x L%’ﬁ([O,T];R);
(ii) FBSDE (&) has a solution (X (-), Y'(-), Z(-)) € L%(Q; C([0, T], R™))x L%(9; C([0, T], R)) x L2 ([0, T]; R),
where X (-) is the solution to
aX(t) = {aa®X(®) + () (p(t), X)) + 710 (Ki (), (1)) + Bi(De(t) + Li(1)
71 (1) (1= (p(t), 72(0) ™" [(p(1), Ba(1)) (1) + (p(1), La(t)) + V(t)]} di
+{axX (1) + B(0) (p(1), X(0)) +3(0) (K1 (6), XO) + Bo®)plt) + Lat)  (58)
+7a () (1= (p(1),72(0)) " [(p(1), Ba(1)) @(t) + (p(t), La(t)) + v(t)]} dB(t),

X(O) = Xo,

and

Y = (p(t),X®)+ (),

Z() = (K1 (), X)) + (1= (p(),72(0)) " [p(0), Ba(0) () + (p(1), La(8)) + w(2)]
Proof. The result can be obtained by applying Itd’s formula. m

(5.9)

According to above Lemma, we have the following result which describes the estimate of the solution
(X (), Y (), Z ()) Before that, we need impose the following assumption.
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Lemma 5.2 Suppose that the same assumptions in Lemma [21] hold. Furthermore, suppose the FBSDE
(1) has a unique solution in L?-(Q;C([O,T],R")) X L?_-(Q; C([0,T],R)) x L?}ﬁ([O,T];R). Then
sup (1XWI° + V(1)) | +

te[0,T [(fo |Z |2dt)2]
< CE {|x0|ﬂ+|g|5+(fOT(|L1(t)|+|L3(t)|)dt) +(Jo L2 at) ]

E

Proof. The equation satisfied by (¢ (:),v (-)) is a linear BSDE with bounded coefficients. By standard
estimate of BSDE, we have

E | sup |o(t)]”

Jup +E [(foT v (t) |2dt) 5}
<GB |+ (7 1m0+ 1Ta@har) + (7 1220 ar)

vl

|

From the result of above Lemma and the relation between (Y (), 2 ()) and X (-), we obtain the estimate
of X () as follows

E

sup | X (t)Iﬂ]
te[0,7)

< CElal® + (S (L )1+ 1201 + 1o @1+ v @D a) + (5 (1202 + L) 2 + o () d)

o[
—_

< CE |[ool” + (7 1L 0] at)” + s o) + (" (1IZ2 @F + 1w @) dt)g

Since the relation (59), we can obtain

T B T g
|lzol® +1s]° + </0 (IL1 ()| + |L3(t)|)dt> + </0 Lo (t)|2dt> ] ,

s[(Fora)] sce| (i (jor o ool )« ]

< CE | sup (\X )| +leto) ) (" (120 |+|u<>|2)dt)§]

vl

< CE laol® + 15l + (7 (122 @)1+ Ea®) dt)” + (7 122 () at)

E | sup |Y(t)

te[0,T)

< CE

tGOT

vl

< CE |:c0|5+|§|ﬁ+(fOT(|L1 (t)|+|L3(t)|)dt)ﬂ + (Jo 1L2 ) at)

|

This completes the proof. m
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5.2 FBSDE with non-Lipschitz coefficients

Lemma 5.3 Suppose BSDE (5.2) has a unique solution (p(-),q(-)) € LE(€; C([0,T],R™)) x L?f([o, T];R™)
such that |1 — (p(t),v2(t))| ™" is bounded. Let

dX(0) = {ar X0 + A1) (p(0), X (W) + () (K (1), X () + La()
1 (8) (1= (), 22(0) " (1), La(t)) } dt
+{aa®X (1) + Ba(t) (p(6), X(®)) +2(8) (K1 (8), X () + La(t) (5.10)
F72() (1= (p(),12(0) " (p(0), L2 () | dB(1), ¢ € 0,7,
X(0)= 0.

Assume X () € L%(;C([0,T],R™)) and
p(t)L1(t) + q(t) La(t) + La(t) + (1 (t)p(t) + 12(8)a(t) +93()(1 = p(t)32(t)) "' p(t) L2(t) = 0.

Then (X(-),Y (), Z(-)) € L%(Q; C([0,T),R™)) x L%(Q; C([0,T),R)) x LZ*([0,T};R) is the unique solution
to FBSDE ([51]), where

v = (pe). X)),
Z(t)= (K (). X(0) + (1= (p(t).72(0) " (1), La(1)) -

(5.11)

Proof. Due to ﬁ) € LE(Q;C([0,T],R™)), we have Y (-) € LZ(Q;C([0,7],R)). On the other hand, from

Theorem 5.2 in [4], we can obtain g(-)) € L%*([0,T]; R). Combining with X (t) € LL(Q;C([0,T],R™)) , we

have
sup IXOF [ (14 la(9)P) dt]

te[0,T
w{E

E [fOT | <K1 0 ,X(t)> |2dt} < CE

. 1

s X0 s |X<t>|4] } {&] (M awra)’]}

<CE

< 0.

This completes the proof. m
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