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GEVREY ESTIMATES FOR CERTAIN MOMENT PARTIAL
DIFFERENTIAL EQUATIONS

SLAWOMIR MICHALIK AND MARIA SUWINSKA

ABSTRACT. We consider the Cauchy problem for inhomogeneous linear moment differential
equations with holomorphic time dependent coefficients. Using such tools as the formal norms,
theory of majorants and the properties of the Newton polygon, we obtain the Gevrey estimate
for the formal solution of the equation.

1. INTRODUCTION

The concept of m-moment differentiation d,,, is a generalization of, among other differential
operators, standard differentiation. More precisely, if we consider a formal power series u(t) =
%7, 2=t where m(n) is a moment function (see: Definition 2.1]) then

n=0 ()
N = Unp, > Unp+1

Om.0(t) = O, t" = t".
A0 =0t D st = 2 e

Moment partial differential equations emerged in [2] by W. Balser and M. Yoshino. Later
S. Michalik analysed properties of analytic solutions of linear moment PDEs with constant
coefficients in [§] and [10].

In this paper we consider the initial value problem for a linear moment partial differential

equation in the variables t € C and z = (21, ..., 2x) € CV of the form
Ot 2) + D 45a(0)0h,,05,u(t,2) = f(1,2)
(1) (j,)eA ,
ano,tu(O, 2)=p(z)for 0<j< M
where O,y and Oy, , = Oyl 0p2 ... 0pN  denote moment differential operators and the

coeflicients a;,(t) do not depend on the variable z.

Our main goal is to find the Gevrey estimate of the formal solution u(t,z) = >~ u,(2)t"
of (1) under a certain set of conditions (see Section [l for more details). To achieve that we
generalise some of the results presented by H. Tahara and H. Yamazawa in [14]. In particular,
we focus on Theorem 5.1 from the aforementioned paper concerning the Gevrey estimate for
solutions of linear PDEs with coefficients depending only on the variable ¢.

Similar result for the Gevrey order of the formal solutions of the Cauchy problem to linear
partial differential equations with variable coefficients was given by A. Yonemura [16]. His
result was generalised in many directions. The extension to different type of Cauchy-Goursat
problems for linear equations were given by M. Miyake [5], M. Miyake and Y. Hashimoto [6],
M. Miyake and M. Yoshino [7]. Similar problems for nonlinear partial differential equations
were studied by such authors as S. Ouchi [I1], R. Gérard and H. Tahara [3, 4] and A. Shirai
[13].

Throughout this paper the following notation will be used.
By DY we denote the open polydisc in CV¥ with radius 7 > 0 and a center at the origin, i.e.
DY ={(z1,...,2n) €CN: |zl <rforj=1,...,N}.
If N =1 we denote it shortly by D,.
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For any d € R and € > 0 a set
Sae) ={2€C:|2| >0,d—¢/2 < arg(z) <d+¢/2}

will be called a sector in a direction d with an opening ¢ on C.

If a function f is holomorphic on a set G C C¥ then we will write that f € O(G). More
generally, if E denotes a complex Banach space with a norm || - ||g, then by O(G,E) we shall
denote the set of all E-valued holomorphic functions on a set G C CV. For more information
about functions with values in Banach spaces we refer the reader to [I Appendix B]. In the
paper, as a Banach space E we will take mainly the space of complex numbers C (we abbreviate
O(G,C) to O(G)) or the space of functions O, := O(DN) N C(DY) equipped with the norm
lello, == sup.epy lo(2)]-

For a function f(t) € O(D,) we denote by ord(f) the order of zero of the function f(t) at
t=0.

We will denote a space of formal power series 4(t) = > 7 u,t™ with coeflicients from any
Banach space E by E[[t]].

Let ZaeN{)V aox® and ZaeN{)V box® be two formal power series. We write that EaeN{)V o T K

ZaeNéV baz®, when |a,| < b, for all @ € NYY. Then we also call EaeNéV box® a magjorant of

fe%
ZQEN(I)V Qo™

2. MOMENT FUNCTIONS AND MOMENT DIFFERENTIAL OPERATORS

In this section the basic theory of moment functions introduced by W. Balser [I] and moment
differential operators defined by W. Balser and M. Yoshino [2] will be recalled.

Definition 2.1 (compare [I, Section 5.5]). A pair of functions e,, and E,, is said to be kernel
functions of order k > 1/2 if:
(1) e, € O(So(m/k)), em(2)/z is integrable at the origin, e,,(z) € R, for 2 € R, and for any
e > 0 there exist constants A, B > 0 such that |e,,(z)| < Ae~(?/B)" for z € Sy(n/k —¢),
(2) E,, € O(C) and there exist A, B > 0 such that |E,,(z)] < AeP*" for z € C and
E..(1/z)/z is integrable at the origin in S, (27 — 7/k).
(3) The connection between the above functions e, and F,, is given by the corresponding
moment function m of order 1/k defined as

m(u) = /OOO 2" e, (x)dx

for all w such that Reu > 0, and the kernel function F,, has the power series expansion

n

En(z) = Z mz(n) for z € C.

n=0

(4) Additionally we shall assume that the normalisation property holds for the correspond-
ing moment function m, i.e. that m(0) = 1.

Please note that for k < 1/2 the sector S;(2m — 7/k) is not defined. For that case the kernel
functions as well as their corresponding moment function have to be defined separately.

Definition 2.2 (see [I, Section 5.6]). For any k& > 0 we may define a kernel function e,, of
order k if there is n € N such that nk > 1/2 and there exist kernel functions e; and Ej of

order nk satisfying the following condition:
em(21/™)
em(z) = —

Then both the kernel function FE,, of order k£ and the corresponding moment function m of
order 1/k are defined by the same formulas as in Definition 2.1
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Example 2.1. For any k > 0 the classical and most important kernel functions of order £ and
the corresponding moment function of order 1/k are given by
o e (2) = kzke "
e m(u) = I'(1+u/k), where I' is the Gamma function;
o En(2) = >, I‘(%J]/k) =: Ey/i(2), where Ey/; is the Mittag-Lefller function of index
1/k.

They are used in the classical theory of k-summability.

Moreover the set of moment functions is closed under multiplication and division. Namely,
we have

Proposition 2.1 (see [I, Theorems 31 and 32]). Let m; and my be two moment functions
of orders s; and s, respectively. Then my - mg is a moment function of order s, + sy and if
moreover s, > Sa, % 1s a moment function of order s; — Ss.

The above proposition suggests to define moment functions of order zero.

Definition 2.3. We call m a moment function of order 0, if there exist moment functions

my1, my of the same order s such that m = 2—;

It is worth noting that all moment functions of order s have the same growth as I's(z) :=
I'(1 + sz) (see [I Section 5.5]), i.e. there exist positive constants a and A such that

(2) a"T's(n) <m(n) < A"T's(n) for every n € Nj.
We will consider a special class of moment functions:

Definition 2.4. For any s > 0 we say that a moment function m of order s is a reqular moment
function of order s if there exist constants a, A > 0 such that
m(n)

(3) an® < mn—1) < An® for every n € N.

We denote the set of regular moment functions of order s by M.
Regular moment functions satisfy the following properties:

Lemma 2.1. (a) The class of regular moment functions is closed under multiplication and
dwision. More precisely, if mi € My, and mo € My, then my - my € My, s, and if
moreover si > sz, b€ M, _,.

(b) The class of reqular moment functions contains classical moment functions Uy of order s,
r.e. I's € Mg for any s > 0.

Proof. Let ay, Ay, as, Ay be positive constants such that for 7+ = 1,2 and for every n € N we
have:

a;n’ < M < An’.
m;(n —1)
For any n € N we have:
ayasn®ite? ma(n)ma(n) < AyAgnrte,

mi(n — 1)ma(n — 1)

Seeing as mj - my is a moment function of order s; + sq, this proves the first part of (@). In
the case of 7, which is a moment function of order s; — s, the proof is similar and it will be
omitted.

In order to show (b)) we can use the Stirling formula (see [15]):

1

(4) V2rrie " < [(z) <V dmemat ie " < \2ma" ie "t for x> 1.
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Then for any n € N we receive:

I'(1+ns) A 14+ns T2
I'l+ns—s) — l+ns—s

1+ns—s S
<e (14— ”71+ns—s 1+1 s°n®
- 1+ns—s 1+ ns S

In a similar way we obtain the inequalities:

1
(1 + ns) e l4+ns "
-~ > s - 1 S
T(1+ns—s)_e 1+ns—s (1 ns)

> e 571 g%S,

(14 ns)*

n

One more property of the Gamma function will be used extensively in subsequent sections
of this paper:

Lemma 2.2. For any s > 0 there exist constants ¢, and Cs such that for all x > s we have

E(1+1)° < % < Cy(14x)°.

Proof. As before, we use the Stirling formula () to receive:

I'(1+x) < 1+
'l+xz—s) ~ \1+xz—s

1/24x—s
) e 1+ 2)* <e(l+ ).
Similarly, we show the second inequality:

(1 + ) Lo\ oo e .
mZ(m) e 1+a2) >e (14 2)

Using moment functions, we can also define a moment Borel transform.

Definition 2.5. Let m be a moment function of order s. Then we define an m-moment Borel
transform as an operator B, :: E[[t]] — E[[t]] given by the formula:

Bt <z% unt"> = ZO mu(r;z)tn'

Definition 2.6. Assume that m is a moment function of order s > 0. Then u € E[[t]] is a
formal power series of Gevrey order s if there exists r» > 0 such that B,,, 4 € O(D,,E). We
denote the space of all such power series by E[[t]],.

Remark 2.1. Observe that by ([2) the formal series @ = Y~ ju,t" € E[[t]] is of Gevrey order
s if and only if there exist B, C' > 0 such that

|un||le < BC"T's(n) for n € Ny.

For this reason any formal power series of Gevrey order 0 is convergent.
It also means that the definition of formal power series of Gevrey order s does not depend
on the choice of a moment function m of order s.



GEVREY ESTIMATES FOR CERTAIN MOMENT PDES 5

Definition 2.7 (see [2]). Let m be a moment function. Then we define an m-differential
operator O, :: El[[t]] — El[[t]] by the formula:

O (Z . tn) Syt

Below we present most important examples of moment differential operators. Other examples,
including also integro-differential operators, can be found in [9, Example 3].

Example 2.2. If m(u) = I';(u) then the operator 0, , coincides with the usual differentiation
Oy

More generally, if s > 0 and m(u) = [;(u) then the operator 0,,, satisfies (0, ,u)(x*) =
02 (u(x*®)), where 09 denotes the Caputo fractional derivative of order s defined by

=y ; Ui
(3 ) - 5 e
—T.(j) = T()

Immediately by the definitions, we obtain the following commutation formula between mo-
ment differential operators and moment Borel transforms

Propositipn 2.2 (Commutation formula). Let m and m' be moment functions. Then the
operators By ¢, Om ¢t E[[t]] — E[[t] satisfy the commutation formula
Bt 1Omtlh = Oy By 11 for any 6 € E[[t]].
We estimate moment derivatives of holomorphic functions as follows
Proposition 2.3 (see [8, Lemma 1]). Let f be a function holomorphic on Dr C C and let m

be a moment function of order s. Then for any positive r < r' < R there exist a constant h > 0
such that for all a € Ny

sup [0y, . f(2)] < sup [f(2)[A°T(1 + sav).

z€D, z€D,.,
Proposition can be generalized to the multidimensional case.

Proposition 2.4. Let mq, ..., my be moment functions of orders sy, ..., Sn, respectively, with
s=(s1,...,sn), and suppose that f € O(DY) for certain R > 0. Then for any0 <r <7’ <R
there exist constant h > 0 such that for all « € NYY

sup |02 ... 90N ()] < sup |f(2)|RT(1 4 s - ).

m1,21 MN,ZN
zeDN zeDi\/’

Proof. After applying N times Proposition 2.3] we receive:
sup |02 ...9oY _ f(2)] < sup |f(2)|RD(1 + syn) .. . T(1 + syay).

mi,z1 mN,ZN
z€DN zeDN

Moreover, let us note that for any complex u, w such that Reu > 0 and Rew > 0 we have
[(w)'(w) < T'(u+ w). Using that fact we receive:

1+ siaq)...I'1+ syay) <T(N +s-a).
Using properties of the Gamma function we obtain the following:
'N+s-a)=(N—-1+s-a)...(1+s-a)l(1+s-a)
< eN-DIV=2/2,(N-2)s:a] (] | 5. o).
Let us now use a notation § = max;<;<y s;. Then
(N +s5- ) < W DW=2/2o(N=23l0lp(] 1 5. ).

Since we may assume that || > 1, It is therefore enough to take h = he@™="DN=2)/2,(N=2)5 ]
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3. NEWTON POLYGON

The Newton polygon for linear partial differential operators with variable coefficients was
introduced by Yonemura [16], who also described the Gevrey order of solution in terms of its
Newton polygon. In this way he generalized the previous results of [12] given for ordinary
differential equations.

On the other hand the Newton polygon for linear moment partial differential operators with
constant coefficients in two variables (¢, z) was introduced by the first author in [10].

In this section we extend the notion of the Newton polygon to the case of linear moment par-

tial differential operators with variable coefficients and with multidimensional spatial variable
z € CV.

FIGURE 1. An example of a Newton polygon.

Let mg, mq, ..., my be moment functions of positive orders sg, s1,..., sy respectively. We
assume that m = (mq,...,my), s = (s1,...,8n5), t € C, 2z = (21,...,2y) € CV, a =
(a1,...,ay) € NY, ¥ C Ny is a set of indices (finite or infinite), J C Ny and A C N} are
finite set of indices, and the moment operator is given by

(5) P(t> Z, aﬂm,t? 8771,2) = Z ana(Z)t(T&rjno,tagL,z?

(0,d,0)EEX T XA

where we use the multidimensional notation 9y, , := o} . -+ OpN .

Definition 3.1. The Newton polygon for the operator P given by (Bl is defined as the convex
hull of the union of sets Q(jso + a - s,0 — j), where (0,7,a) € ¥ x J x A, that is

N(Pasoas) = COHV{Q(jSO+a'570_j): (Uajaa) €X xJx A7 aajoz(z) 5—60}7

where Q(a,b) denotes the second quadrant of R? translated by the vector (a,b) (i.e. Q(a,b) :=
{(x,y): © < a, y > b} for any (a,b) € R?) and a - s = 151 + -+ - + aysy is the scalar product
of a and s.

The definition given above is a fairly general one, covering a wide variety of operators. How-
ever, from now on we will focus exclusively on the case when coefficients of the moment operator
P do not depend on the variable z.

An example of a Newton polygon can be seen on Figure [Il

4. FORMAL NORMS

In this section we introduce a useful tool, which allows us to keep together estimations of all
['s-moment derivatives of a given holomorphic function.
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Definition 4.1. For f(z) € O(DZ¥) let us define the formal norm of f by the formula:

6 FSZ a
©) I = 3 et B
aeNYY
Wheres:(51,...,51\[),819‘33—8?: e 8?5VZN,p (p1,-..,pn) € CN and p* = p,®1 -+ py¥.

The above definition is a generalization of a concept used in [I4]. This section is devoted
mainly to presenting properties characterizing formal norms defined by (@), which in many
cases are very similar to the results from [14], Section 4].

For any a > 0 and p € CV let us introduce the following formal power series:

(7) @@@¢:§:F%Jjjzf5*

aeNQ
They satisfy
Lemma 4.1. Let b > 0. Then for any a > 0 we have

0V () < e ) e,

The proof of this fact is identical to the one presented in [14, Lemma 4.3.] and it will be
omitted.
Using (7l) we may estimate the formal norm of holomorphic function in the following way:

e
1+a-+b

Lemma 4.2. If f € O(DY) then for every r < r' < R there exists h > 0 such that
Sup.cpy ()], < COO(hp), where C = sup.cpy |F(2)].

Proof. 1t is sufficient to use (@), (7) and Proposition 2.4 O

Lemma 4.3. Let f € O(DF) be a function such that sup,cpy || f(2)]l, < CO (hp) for certain
constants v € (0, R), C,h > 0 and a > 0. Then for any f € N§ we have sup,¢ py ||8ﬁsf(z)||p <
Chiflelatsh)(hp).

Proof. Since || f(2)|, < CO@W (hp), for any a € N} and 2 € DY, it follows that

1 |a%szf(z)| < Ch'a‘l—‘(l+s-a+a)
v +s-a) = T(+s-a)

which means that sup,cpn [OF , f(2)] < ChlT(1 4 s-a + a). Seeing as the second inequality
holds for all @ € N, it is also true for @ = a + 3. Hence, for all @ € N¥ we have:
|a?s+f f(2) ChleBID(1 +s-a+s- 8 +a)
su .
STt s-a) © P(I+s-a)

n

Lemma 4.4. Let us consider a function f(t,z) = Y 2, [.(2)t" € Ogl[t]]s. For any r < R
there exist constants A, B,h > 0 such that for any n € Ny
sup | fu(2)l, < AB"OO (o)t

z€DN

Proof. Since f is of a Gevrey order s, for every r < r’ < R there exist certain positive constants
A and B such that we get sup,cpn | fu(2)| < AB"n!® for any n € Ny. Using it and Lemma A2}

we recelive:

sup || fa(2)]l, < sup [fu(2)|0 (hp) < AB"nI*0 (hp).

zeDN zeDN
T
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5. MAIN PROBLEM

Let us consider the moment differential operator

(8) P(amo,ta athl? et 8mN,ZN) = 81%0,25 + Z aj,a(t)agno,ta%,w

(J,)eA
where mg, mq, ..., my are moment functions of positive orders sg, s1, ..., sy respectively, m =
(my,...,my), s =(s1,...,5n), and a;(t) are holomorphic functions in a neighborhood of the

origin. Then the Newton polygon for (8) is given by the set

N(P, sg,s) = conv i Q(Msg,—M) U U Q(s0j + s, orde(aja) — J)
(j,a)EA
For any ¢ = 0,1,...,p + 1 let us denote the slope of the segment I'; by k; with all k; > 0.

It is easy to observe that 0 = ky < k1 < ... < kpy1 = 00. If p > 0 as well, then we can also
calculate the value of k; by the formula

L { soj — M) +s-a }

k_1 - Geyer (ordi(aja) —j+ M

Hence, in the general case, for ¢; o := ords(a; ) —j + M, we get

1 { {so(j—M)Jrs-oz}}
— =max ¢ 0, max .
kl (jva)eA Qj,a

Let us return to our main equation (Il). We shall further assume that:

9) 0; €O0x (j=0,...,M—1) and f(t,z) € Og[[t]]1x, for certain R > 0,
(10) the set A C Ny x N is finite,
(11) aja(t) € C[[t]}i/k, for any (j,a) € A,

We will also assume that
(12) ordi(a; ) > max{0, j — M + 1} for any (j,a) € A

in order to ensure that () has a unique formal solution.
Additionally we assume that

(13) my is a regular moment function.

We can then change the form of () using the composition of Borel transforms of order 0 with
respect to zq,...,zy given by:

(14) BF 2 = BFSI - ...BFSN

s
)
m ) my

Since () is a linear equation with coefficients which do not depend on z, by Proposition
we receive an equation equivalent to (I):

877]\140,tv<t7 Z) + Z aj7a<t>8]7;10,taﬁs,zv<t7 Z) = g<t7 Z)
(15) (G €A ,

%O,tv(o,z) =(z)for0<j <M
where v = Br. ,u, g = Br. _f and ¢; = Br. p; for j =0,1,..., M — 1. By Remark 2.1 there
exists R > 0 such that ¢; € Op (j =0,...,M —1) and g € Og|[[t]}1/k, -

First we show that the formal solution of (IH]) is of a Gevrey order 1/k;. To this end we will
use the formal norms and their properties.
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Lemma 5.1. Let 0(t,z) = >~ v, (2)t" be a formal solution of (13). Then for every r < R

there exist constants C, H, h > 0 such that for cmy n € Ny and z € D, we have:
CH

n!Mso

(16) oy < a0 (),

where d = M sy + k_11

Before we can move on to the proof of this fact, we will present an additional technical
lemma:

Lemma 5.2. Let M € N. Then the following formula holds true:

M
(17) L']W)' < (%) foralln > M
n! n

Proof. We shall prove this fact using induction with respect to M.
Firstly, let us assume that M = 1. After substituting 1 for M in (I7)) we receive an inequality

1 1
<o
n-n

which is obviously true for all n € N.

Now suppose that
- K) _ (K\"
MS <—) forall n > K
n! n
holds true for any K < M. We shall prove that it is true for K = M + 1 as well. Let us take
n > M + 1. Then:

(n—M-1! (n—M) 1 M\
n! :n!(n—M)Sn—M(;) '

It is enough to show that

1 MM< M+ 1\ M
n—M\ n - n n’

which is equivalent to the inequality

P (5) e ()

Seeing as n > M + 1, to prove the last formula it is enough to show that

M
Ve ()

M ()T

< M+1.

This last inequality is equivalent to the following one:

M+ 1\ M
M( +) M_1>0,

M
which is true for all M > 1, because (%)M > % O
Proof of Lemma5d. For n < M — 1 we have v,(z) = £2& and (I0) holds. Assume then that

mo(n)

(I6) (with n replaced by ) is true for all « <n — 1. We shall show the same for n. To this end,
first we note that if v(t,z) = > 2, v,(2)t" then:

o0

Zvn 8,]‘,{0 A"+ Z ajq(t Z (OF, .vn(2))0,,. A= g(t, 2).
—0

n=0 (J,a)eA n
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After differentiating with respect to ¢t and multiplying both sides of the equation by t we
receive a formula‘

mo(n) M
Up, t”+ tM]aa 8azn —————t" =t g(t, 2).

(j,a)EA

Seeing as tMg(t, z) = 0 v In(2)t" and tM_Jaj7a(t) = D e Crapt? for every (j,a) € A, we

receive for all n > M:

(18)  wy(x) = Mon=M) | -3 Z Ciaw (n=p) R TP o v (2)]

mo(n) (j, ) €A P=j,a (n=p=Jj)

assuming the convention that whenever n —p — j < 0, the term m is equal to 0. Please

note that from (I2) it follows that g, > 1 for any (j,a) € A. Consequently v,, given by (I8
are coefficients of a unique formal solution of (IH).

Because a;,(t) € C[[t]]i/k, for all (j,a) € A, there exist constants A;,, B > 0 such that
Ciapl < AjaBP(p — q;o)!Yk for any p > g;,. Additionally, since tYg(t,2) € Og|[[t]li/x,, by
Lemma 4] we may assume that there exist also constants K,h > 0 such that ||g,(2)|, <
KB (hp)n!*/* for any z € DY and n € Ny. So for any z € DY we can estimate:

— |0
w [KB”@(O)(hp)n!I/kl—i—

Z Z ANAJBP —q]a)u/kl (n—p)!™ )lso” B Unp(2) ]| ]

(4,0)EA P=0j (n p=J

[on(2)l, <

By Lemma and by the inductive assumption we get
n—ppla|
CH" Ph o

107, vn—p(2)]l, < (n— )l dn=p)ts2)(pp)  for any z € DV,

Hence, continuing our estimation we see that

(n—M)!SO

lon(2)], < [KB"@(O)(hp)nll/’“—i—

Z Z 7, aA]Bp — 45, )'l/kl( B p)!SOCHniphJa‘ @(d(n—p)—}—s.a)(hp)] ]

— |s |Ms
(j,a)EA P=0j o (n—p—j)lso(n — p)!Mso

Using Lemma [5.2] we receive:
M sg

M

where

D> AMA]B”P Gia) /" (0 = DI CH PR 0y ey )

|s _ |Ms
(j,0)EA P=Gj,a n P j)'0<n p). ’

Furthermore, let us note that by Lemma ATk
KMMsan KMMsan (nso)Mn—M
CLM’I’I,MSO CLM (nso)Mn
KMMSOBn(nn>Mso+1/k1
(0)
< aMn!Mso O )

KMMS() Bn
~ My Mso

K MMsogn en \™
eldn)(p,
< aMn!Mso € (1 + dn) ( p)

QO (hp)n!'/k = 0O (hp)n!t/k
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K MMsoe (edB

aMnMso d?

< ) 0 (hp).

It is enough to choose C' > %506 and H > edf, for 3 C,}C,ISO@ ) (hp) to be a majorant of
KMMsopn o) (hp)n'l/kl

M Msg
Moreover, note that % <n’ and —p)! < "—, and because of these facts we receive the
inequality:
(n —p)lso 1 n0(Mp+7)
(1—p— ) (n— )PP = it

Analogously for g;, < p < n we estimate (p — g; )"/ < nlP=90)/k1,
Using these inequalities and the fact that so(j — M) < q,i—’l“ — s-a for any (j,a) € A, we

conclude that:

1 CH" "\ Aj ARl BP :

e so(Mp+j—M)+(p—gj,a)/k

Sl < omm D DL el
(j,a)GAp:qj,a

« @(d(nfp)Jrs-a)(hp)

CH" "\ Aj ARlelBr

e —s-ay(d(n—p)+s-a)

<<n!Ms0 E E Ir R N (hp).
(J,0)EA P=0j,0

Hence by Lemma [4.Tk

MM "L A AlhlelBr en \* "
a (dn)
aMnMso n!Mso Z Z aM M- MsoHp <1+dn) 0" (hp)
j a EAP 95,0
eA] JATRleL 7 d eB\" (dn)
nlMSO Z Z aM M—Mso g Hde S (hp)
] Cv EAP 95,0
7 lo <edB>qj’a
CH eAjJATRIY (d\" Had
(dn) ) e S
< |M3@ (hp) Z oM N[-Mso (e) B
()€ Hdd
which can be bounded from above by 3 C,,{f; Ol (hp) for sufficiently large H. O

Proposition 5.1. Let 0(t,z) = > 7 v,(2)t" be a formal solution of (I3). Then 0(t, z) is of
Gevrey order 1/ky with respect to t, i.e. for anyr < R there exist constants C', H > 0 such that

sup |un(2)| < CH™n!Y* for any n € Ny.

2€DN
Proof. Let us note that |v,(2)] = ||v.(2)]lo, where 0 is the zero vector in CV. Then we can use
Lemma [5.1] to conclude that:
CH™ _un CH"
lua(2)] < T e () = n!MsoP(l +dn)
< Y prrnd = Gt
— nlMso ’

which finishes the proof. O

We would like to find the similar result for the formal solution 4(t, z) of (I). To this end
we need the stronger version of Proposition B, where the series v,(z) = ZIC;TZO V2!, with

I=(ly,...,lx) € NY, is replaced by its majoring series M[v,](z) := =0 [v| 2.
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Proposition 5.2. Let 0(t,z) = Y v,(2)t" be a formal solution of (I3). Then for every

r < R there exist constants C; H > 0 such that:
sup |M[v,](2)] < CH™Y*  for any n € Ny,

zeDN

where d = M sy + 1711

Proof. 1t is sufficient to repeat the proofs of Lemma[b.Jland Proposition Bl with v, (z) replaced
by M[¢,](2) and g, (z) replaced by M|g,](z). Using the estimation

mo(n — M)
Mv,|(2) K —————=|M|g,](2
() < T2 S (Mgl (2)
mo(n p) a
+ Z Z c JOJ7P| )8F57ZM[U71_P](Z)]
(J:0) €A P=0j,a B
instead of (I8) and repeating the proofs we get the assertion. U

Now we are ready to prove the main result of the paper:

Theorem 5.1. Let 0(t,z) = Y " u,(2)t" be a formal solution of ({@). We also assume that
the conditions (9), (I0), (I1), (I2) and (13) are satisfied. Then u(t,z) is of Gevrey order 1/k;
with respect to t, i.e. there exists R > 0 such that for any r < R there exist constants C, H > 0
satisfying

sup |un(2)| < CH™ V¥ for any n € Ny.

zeDN
Proof. Since Y7 (v, (2)t" = 0(t,2) = Br. ju(t,2) = > 77 Br. un(2)t", where Br. _ is the
composition of Borel transforms of order zero with respect to (z1, ..., zy) given by (I4]), we see
that v, (2) = Br. Jun(z) for every n € Ny. By (2) there exists B > 0 such that
Is(l) Ty Dy (1
<): (h) ---XMSBW for every 1€ NJ.
m(l) ml(ll) mN(lN)

Hence we get

1 |ty | B
un(2) < Mlua](2) < 3 === = Mva](B2)
=0 m(D)
and using Proposition we conclude that there exist constants C), H > 0 such that

[un(2)] < |Mv](B2)] < CH ni/o
for every z € DY with r < %, which gives the assertion with R = £. U

Ssffav
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