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NORMAL BUNDLES ON THE EXCEPTIONAL SETS OF
SIMPLE SMALL RESOLUTIONS

RONG DU' AND XINYI FANG

ABsTrACT. We study the normal bundles of the exceptional sets of iso-
lated simple small singularities in the higher dimension when the Picard
group of the exceptional set is Z and the normal bundle of it has some
good filtration. In particular, for the exceptional set is a projective space
with the split normal bundle, we generalized Nakayama and Ando’s re-
sults to higher dimension. Moreover, we also generalize Laufer’s results
of rationality and embedding dimension to higher dimension.

1. INTRODUCTION

Let X be a complex manifold of dimension n containing a compact smooth
irreducible analytic submanifold Z of dimension p. The submanifold Z is
called exceptional or contractible, if there exists a birational proper mor-
phism ¢ : X — Y whose exceptional set is Z, where Y may be an algebraic
space or an analytic space. If the subset Z of X is of codimension greater
than or equal to 2, the morphism ¢ is called a small contraction, and the pair
(¢(X), ¢(Z)) is called the small singularity. Moreover, if dim ¢(Z) = 0, then
the singularity is called isolated simple small singularity.

When X is a smooth projective surface, an algebraic curves C is excep-
tional if and only if its normal bundle N¢/x is negative. When dimX > 3,
Grauert has shown that if the normal bundle of algebraic set Z, Ny x, is neg-
ative, then Z is exceptional. But the reverse is not true. For example, we
know many exceptional curves whose normal bundles are not negative (cf.
[Lal]). However, Nakayama and Ando have some very interesting works
on the normal bundles of exceptional curves in the higher dimension (cf.
[Anl],[An2], [Na]), especially for the exceptional set is a rational curve.

Theorem 1.1. (cf. [An2]) Let X be a nonsingular projective variety of di-
mension N > 3 over C, and let P! € X. Assume that surjective morphism
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f : X — Y is a contraction map with the P! as the exceptional set. Let the
normal bundle

Neijx = @Y, Op(—ay), (a) < -+ < ay-y).
Then we have the following inequality holds.

2a +---+ap) +(per +---+ay-1) 20,
forany1 <h <N -1.

From another perspective, when X is a smooth projective variety such
that the canonical bundle K is not numerically effective. According to the
Mori’s theory, there exists a contraction morphism ¢ : X — Y such that the
fibers of ¢ are connected. The major goal of Mori’s theory is to construct
a minimal model for each nonuniruled birational equivalence class of vari-
eties. Studying the structure of small contraction maps, as well as finding
the associated “surgery operation” (flip), is of great importance for the min-
imal model program. To this end, it is essential to analyze the exceptional
loci and their normal sheaves ([Mo], [Ka]). When n = 4, Kawamata ([Ka])
proved that the exceptional locus E of ¢ is a disjoint union of its irreducible
components E; such that E; = P, In general, when n = 2k, Zhang ([Zh])
proved that if each irreducible component E; of the exceptional locus E of
¢ is a smooth subvariety of dimension k, then E; = PX. He also gave the
result when n = 5 and p = 3. Later, Su-Zhao studied small contractions
of odd dimensional smooth complex projective varieties. More precisely,
they showed that when n = 2k — 1, if each irreducible component E; of the
exceptional locus E of ¢ is a smooth subvariety of dimension k, then E; is
isomorphic to P*, quadratic hypersurface QF C P**!, or a linear P*~!-bundle
over a smooth curve. Moreover, if dim ¢(E) = 0, the third case never hap-
pens. Since dimE > % dimX by [Wi], we know that the structure of E is
very simple when the dimension of E is the minimum for a small contrac-
tion ¢ : X — Y. Therefore studying the projective space as the exceptional
set is a basic and important research direction, especially for the normal
bundle of the exceptional set. Kachi ([Kac]) study the normal bundle of
P2 as the exceptional set of some special flip contraction. However, as far
as we know, such kind of result is very few for higher dimensional excep-
tional set . The simple reason is that the vector bundles on P* are not known
very clearly. So, even if the normal bundle of the exceptional set splits, the
explicit split type is still unknown.

The purpose of this paper is to study the normal bundle of the exceptional
set of isolated simple small singularities in the higher dimension case when
the Picard group of the exceptional set is Z and the normal bundle of it
has some good filtration. The typical example is that the exceptional set is
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projective space with splitting normal bundle. So we generalized Nakayama
([Na]) and Ando’s ([An2]) results to higher dimension.

Definition 1.2. Let E be a holomorphic vector bundle on a variety Z of rank
r and PicZ = Z. If there exists a filtration
E:EOD,?lD---D? =0

with all .%,_1/.%; (1 < i < r) are invertible sheaves and .%,_, /.%; = O,(a)),
where a; € Z, we call E has a good filtration.

Let X be a complex manifold with a compact smooth irreducible analytic
submanifold Z with Pic Z = Z. Suppose dimX = n, dimZ = p,and n—p > 2.
Our main result is as follows.

Theorem 1.3. Let X be a complex manifold of dimension n and Z be an
exceptional set of dimension p (n — p > 2) of an isolated simple small
singularity such that Pic Z = Z. Let I be the ideal sheaf of Z C X. If the
conormal bundle I,/ I% has a good filtration, then

135 np
Z a'as - >0

(11,12 stn—p)€T
and
ay'a?---a,? >0,
(12 dn—p)eT
where
={(tto  tap) €2 |17 20,82 0,1y > 0, ty+1r+ -+, = p},
and

a

, 2a,, 1 <m<h;
m a,, otherwise,

forany l <h<n-p-1.

Remark 1.4. There are many new restrictions of those a;’s indeed if the
dimension of Z is odd. For example, fix the same assumption as Theorem
[[3land let dimZ = 3, then

Za + Z aia;+ Z aaa; > 0

1<i,j<n-3 1<i,jiksn-3
i#j i#j#k

and
n-3

3 2 ror o
a;” + Z a;a;+ Z a;a;a; > 0,

i=1 1<i,j<n-3 1<i,jk<n-3
i#j i# j#k
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where

, 2a,, 1<m<h
a, = )
a,, otherwise

forany 1 <h<n-4.

Corollary 1.5. Let X be a complex manifold of dimension n and P? be the
exceptional set of an isolated simple small singularity, (n — p > 2). If the
normal bundle Npy/x = EB::{’ OUwr(—a;), then we have a system of inequalities

1ty 1t .. ’tn—p
E a,'a, a,”, 20,

e
where

T={(titr s tup) €27 |11 20,20, 1, 2 0, ti+tr+ +1,, = p},
and a; = a; or 2a;.

If we let p = 1, then we can get Nakayama and Ando’s result, Theorem

L1

Corollary 1.6. Fix the same assumption as Theorem [I.3] and suppose di-
mension of Z is odd of codimension 2 in X, then a;+a, > 0 and 2a;+a, > 0.

In [Lal], Laufer gave a sufficient condition for the rationality of an iso-
lated singularity when the exceptional set is P!. Moreover, he also calcu-
lated the Hilbert function of the singularity and gave the embedding dimen-
sion of it especially. We generalize Laufer’s results to higher dimension as
follows.

Theorem 1.7. Let Z = P? be an exceptional set in the n-dimensional man-
ifold X. Suppose the normal bundle Nz x = & Opr(—a;) and a; > O for
1 <i<n-p. Letyp: (X,Z) — (Y,y) is the contraction morphism, then
(Y,y) is a rational singularity. Let m, be the maximal ideal of Y at y. Let
h(r) = dim(my/ m;“) be the Hibert function for Y at y, then

p+i1a1 SR S P
h(r) = g ( )
i +ig+-tin—p=r p
120,920, in-p>0

n—p

In particular, at y the embedding dimension of Y is (” +“").

b ai
i=1
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2. NORMAL BUNDLES OF THE EXCEPTIONAL SETS

Let X be a complex manifold of dimension n and Z be an exceptional set
of X of dimension p with Pic Z = Z. Let I, be the ideal sheaf of Z C X and
I;/ I% be the conormal bundle of Z in X.

Definition 2.1. For two ideals .% and ¢ with I; > # > .% and Supp
Ox|-# = Z, there exists a filtration ¢ = %, > %, D --- D %, D F
with every %, |/.%; is a locally free 0, — module and .%,/.% is a zero-
dimensional sheaf. Then we define

length 7 /.7 = Zrank(ﬁ}d%)
P

and
c(JIF) = Cj(@ Fi1] F), (1 < j<p).
i=1

Clearly, these are independent of the choice of a filtration by the properties
of Chern classes.

Definition 2.2. Two coherent sheaves .% and ¢ over a smooth manifold Z
of dimension p is called to be numerical equivalent (denoted .# = ¥), if
length .% =length & and ¢;,(.%) = ¢;(¥) for all i (1 <i < p).

If the conormal bundle I/ I% has a good filtration, then we have corre-
sponding filtration [; = %, > .%#; D> --- D> F,_, = I;* with all .%,_, |.%; are
invertible sheaves and .%,_, /.%; = O,(a;).

Forany l <h<n-p-1,letJ =.%,. Put

B(r) = {(m,my, -+ ,m,_p) GZ"_p|m,- >0(1<i<n-p),
(my +my+ -+ +mp) + 2y + - +my_,) = rh

By the similar argument by Ando in [Anl], Proposition 2.5, for any non-
negative integer integer r, we have the following result. We mimic Ando’s
proof as follows in order to keep this paper self-contained.

Proposition 2.3.
J'J = @ Oz(may + -+ - + my_pa,_,)
(my,mp -~ ,mp—p)EB(2r)
I,J7]J+ = Oz(may + - - + my_pa,_p)

(my,my -+ mp—p)EBQ2r+1)

LI = @ Oz(myay + -+ - + my_pa,_p)

my+-tmp—p=r
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Proof. On a small neighborhood U of p € Z, we can find a set of functions
81, &n—p on U corresponding to the above filtration with g; € I'(U, .%;_;)
and the class of g; modulo .%; is a local base of the invertible sheaf .%;_; /.%;
(1 <i <n-p). Clearly

IZ | U= (gla'“ ’gn—p)’

J | U= (gl’ e ’gn—p)z + (gh+1’ e ’gn—p)-

Next we only prove the second assertion. Put Gy = [X-2J 2 4 21 jr=k,
and H, = '~ 0 g1 We formally put J° = I = ' = [? = Ox.
First we prove H; D G;. It is enough to show this on U. Let x* be a
monomial in gy, , g, of degree @, y° be a monomial in gy41, -, gu—p Of
degree 5. Since G, and H; are generated by the monomials in the form
x%y#, it is enough to show that if x*y* € H,, then x*y* € G;. Note that
xy e L) ifandonly if e + B > i+ jand @ + 28 > i + 2j. Assume
x"y? € Hy but x*y* ¢ Gy, then x*y# € X' but xy# ¢ 21+, s0
we have @ + 8 = r + kand @ + 28 > 2r + 1. Since x*y ¢ [252J*2 we
have & + 28 = 2r + 1. But x*y? € J™*! leads to a + 28 > 2r + 2, which is
impossible. Thus we have H; O Gy.

Since I%k_2.]r_k+2 C H;, we have H; + Iékﬂ.]r_k = Gy. Put F, = G/H;.
By the isomorphism theorem , Fy = I2**'J"~*/Hy, . Thus we have

Fi/Fro = T Grar, (0 <k <)
On the other hand
S®N L N ® ST U/E) = BN I Gy, (0 < k< 7).
Thus we have
Fi/Fr = S U7/ @S (J/I), (0 <k <)

By the definition of numerical equivalence, we have

k
FolFr = D™ (1D @ SHIID).

t=0
Because Fy = IJ"/J™*!, F,py = I'J/1 N0 J,yy = 0. We have
k
IZJr/Jr+l = @SZk+I(IZ/J)®Sr_k(J/I§)

=0

ﬁz(l’l’llal + .-+ mn_pan_p).

(my,my -+ ;mp—p)EB2r+1)
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For the first assertion, put Gy = I3 )24 2 J7* and Hy = IZ2J7F1n
I;J". By repeating the above process, we are done. For the last assertion ,
put J = I and we are done. Q.E.D.

The following combinatoric results will be used in the proof of the main
theorem.

Theorem 2.4. (Euler’s Finite Difference Theorem, cf. [Go-Qu], Section

10, Page 45)
k ) )
Z(—l)tkth 0, . QS]<]<,
t (-D*k!, j=k.

Theorem 2.5. (Variations of Theorem 2.4 cf. [Go-Qu], Section 10, Page
45)

Zkl%)m+p4)—wu>m

Lemma 2.6. For any positive integer i, j, k,
v [i+Jtk=2 i+j+k-3 i1
= + et ,
1Z,m1 ( i+k—1 ikt e

where
L+u +- - +uyy =kl

Proof.

i3 i k_2 .5
Z mt = L L T—
i—2 i—2 i—2

mytetm=j

i—1 i—1
-1
+(j’<—<j—1>")(z._1)

(i+é_1)+---+(k"—2(k 1+ (k - 2))(’+Jl+k)

+o+ (=20 - 1>k+<j—2)k)(§)

i+j+k-3 Wi+ Jj—2
by RV e
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a i+ ] 3
§ k

=0
a i+k+
+Z( 1)()(k+] k—t )k( )(Theoren@)
=0
1+j+k—3 k'l+] 2 i+j-3
i+k—2 +k—-2 i+k—2
i+k-2
k!
" (i+k—2)
i+j+k-2 i+j+k-3 N i+j—-1
i+k-1 \oivk-1 i k-1
where 1 +u; +--- + uy_y = k!. QED
Proof of Theorem 1.3k

Proof. By Proposition[2.3] we have
r—1

ch(Ox/Iy) = ("”_ _1) Z Dy (mays sy, +

i=0 my+-tmp—p=i

ZLZ Z (mya, +---+m,,_pa,,_p)2 + -

=0 myt+tmp— -p =i
-1
1 P
—' E E (miay + -+ -+ my_pa,_,)".
" =0 0 my+-tmp—p=i

where ch(Ox/I) is the exponential Chern character of Ox/I’,. By Lemma
we know that for anyl < j < p,

r—1
(mya; + -+ + my_pa,_,)
1¢1 n—-pYUn—p
=0 my+-+mp—p=i

is a polynomial in a single indeterminate r of degree n — p + j. Therefore

pv Z Z (mlal +---+ nln—pan—p)]7

i=0 my+-+mp—p= =i

= il (r)--- ()
p! Z 1 In—p

(t1:19, stn—p)ET

-alay - ["’Z > (m)mph)P,

=0 my+-+mp—p=i



NORMAL BUNDLES 9

where
T={(ttr, tup) €27 |1y 20,6, 20, t,p > 0, ty+1r+ - ~+t,_, = p}.

is a polynomial in a single indeterminate r of degree n. By Lemma[2.6, for
any (t1, 1, ,t,-p) € T, we know the leading coeflicient of

Z co-my ) € C[r]

=0 my+-+mp—p=i

r—1

istln! .- tn_p!.
Thus the leading coefficient of the above polynomial is

Z alat--an’.
(1112 stn—p)eT
up to a positive constant.
Therefore by generalized Grothendieck-Hirzebruch-Riemann-Roch theo-
rem, on the one hand, we can express the Euler characteristic x(Ox/I})
as a polynomial in a single indeterminate r , the leading coeflicient of it is

n b . In-p
E aya; - a,_,.

(t1,t2+ stn—p)ET

up to a positive constant.
On the other hand,

p
X(Ox/1p) = D (=) dimH'(O/1}),

i=1
However, because Z is the exceptional set,
lgllHi(ﬁx/Ié) = (R'p.0y),,

by the holomporphic functions theorem (cf. [Knu], Chapter 5, Theorem
3.1), where ¢ : (X, Z) — (Y, y) is the contraction morphism. Therefore,

dimlim H'(Ox /1) < +co.

Thus there exists some constant M which is independent of » such that
dimH'(Ox/I,) < M forall i (1 <i < p).
Thus
dala; - -an » 0.
(17,12, stn—p)€T
Moreover, forany 1 < h < n—p—-1, put J = .%,, we can consider the
sheaf Oy/J", then by the similar argument as above, we only need to focus

on the leading coefficient of the polynomial y(O/J"). Similarly, we have
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1ty 1ty . ’tnfp
E a,'ay’---a,") > 0,

(GRS Jtn—p)eT
where

a. =

m a,, otherwise.
Q.E.D.

If the exceptional set is P” and the normal Np»,x bundle splits, then I/ I%
can have several good filtrations. So we have many inequalities.

Corollary 2.7. Let X be a complex manifold of dimension n and P? be the
exceptional set of an isolated simple small singularity, (n — p > 2). If the
normal bundle Npy/x = 69 ﬁpp( —a;), then we have a system of 1nequaht1es

ot ’tn —p
a,'ay’---a,";) >0,

(1 )T
where

T={(ttr, tup) €27 |1/ 20,6, 20,1,y > 0, ty+1r+: -+, = p},
and a; = a; or 2a;.

Remark 2.8. Set p = 1, we can get Nakayama and Ando’s result, Theorem
L1l

Proof of Corollary [1.6:

Proof. By Theorem[L.3] we know that
2n—1

Zaa2n11>0

i=0

and
2n—1

Z(zal)LaZn 1-i > O

where dimX = 2n + 1.

Since
2n—1 2n—1
2n—1-i __ 2n—2— 21
Zal a, = (a1 +a2)(z ay a2
i=0
and
2n—1
Za%zain 222 5
i=0
we have
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Similarly,
2611 +a, > 0.

Q.E.D.

3. ISOLATED SMALL SINGULARITIES

Fixed the same notations as the formal sections. When dimX > 3,
Grauert has shown that if the normal bundle of algebraic set Z, Ny, is
negative, then Z is exceptional. But the reverse is not true. Even the first
Chern class of the normal bundle is not negative. However, if we consider
locally a Stein neighborhood of an isolated Gorenstein singularity such that
the canonical divisor of Z is negative, then c¢;(Nzx) < 0. In fact, since a
small resolution is crepant and the canonical divisor wy is trivial, by ad-
junction formula, we have

Wz = wx ® /\r(NZ/X).

So ¢1(Nzx) = Kz which is negative.

If the exceptional set of a simple small singularity is P!, Laufer studied
the embedding dimension of such singularity ([Lal]). If the exceptional set
is PP, we can have similar result.

Theorem 3.1. Let Z = P? be an exceptional set in the n-dimensional man-
ifold X. Suppose the normal bundle Ng»/x = & Opr(—a;) and a; > 0 for
1 <i<n-p. Letyp: (X,Z) — (Y,y) is the contraction morphism, then
(Y,y) is a rational singularity. Let m, be the maximal ideal of Y at y. Let

h(r) = dim(m;/ m;“) be the Hibert function for Y at y, then

+iay + -+ Qe
=Y (1’ e f’).

iy +ig+etin—p=r
i120,ip 20, in—p=0

n—p
In particular,at y the embedding dimension of Y is (” ;’_“").

i=1 !
Proof. : I is the defining idea of Z in O, we formlly put I; = 0. Consider
the exact sheaf sequence

0> LH -1, - I/I; —0.
Sincea; > 0for1 <i<n-p, H(Z,1,/1;'") = 0forallr >0and 1 < j < p.
Hence H/(X,I;*') — H/(X,I,) is onto for all r > O and 1 < j < p. By
[Gra], Satz 4.2, H/(X,I’) = O forall r > O and 1 < j < p. In particular,
H/(X,0x) =0forall 1 < j< p.Hence (Y,y) is arational singularity.
Then, as in [La2], my = 1'(Z, 1) and m§,/m§,+1 =~ I'(Z, Ig/lg“), hence

dim(m}/m;*") = dim[(Z, 15/I;"") = dim[(Z, S"(I7/13))
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B Z (p +ia; + -+ in_pan_p)
p

iy +ig+etin—p=r
i120,ip 20, ,in—p=0

n—

P
In particular, at y the embedding dimension of Yis (1) = Y, (” +f’i). Q.E.D.

h ai
i=1

Example 3.1. Let U, V and W be C* with coordinates (;, >, X1, X2) , (51, $2, V1, 2)
and (Wi, w», 21, 22). We construct X and Z = P? by the following transition

functions

22
bl
R
h =W =y8

L =z1wy = Y18

X1 =

EIEEIS

Z is contracted by

Vi=HhH = Z?Wl = yfsl
vy =13 = Wiz = s5)°
V3 = X;h =w S1y§
= 0 = W = s
V5 = xltl = leg =951

bo =0t = i =

It is easy to check I /1% = 0(5) ® O4(1). So (Y,y) is a rational singularity
with embedding dimension 24. Here ¢ : (X,Z) — (¥, y) is the contraction
morphism of Z (see [An1] Section 3).
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