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REMARK ON CONTROLLABILITY TO TRAJECTORIES OF A
SIMPLIFIED FLUID-STRUCTURE ITERATION MODEL.

0. YU. IMANUVILOV

ABSTRACT. We prove the exact controllability result to trajectories of a simplified model
of motion of a rigid body in fluid flow. Unlike a previously know results such a trajectory

does not need to be a stationary solution.

1. INTRODUCTION AND MAIN RESULTS

The paper is concern with the following controllability problem: In the bounded domain
Q=(0,T)x 02,0 =la,b], —0o <a<0<b< 400,z = (x9,r1) we consider the system of
semilinear heat equations
(1.1) Gi(z,wy) = p10g,,w1 — alaﬁlwl + 010, w1 + crwy

+g1(z, wy, 0pywy) = f1+ xou in Qp = (0,7) x (0,b),

(1.2) G (, w2) = pa0yywa — 207 Wwo + byOy, wo + Cows

+g2(x, we, Opywe) = fo in Q- = (0,7T) x (a,0).
On the interface [0, 7] x {0} functions w;, wy are connected through the boundary conditions
(1.3) w1 (g, 0) — wa(xg,0) = (Opy w1 — Oy wy — MOy, w1)(x0,0) + r(x0) on [0,T],

where r is a given function, M is a positive constant. On the lateral boundary of cylinder
@ functions w, we satisfy the Dirichlet boundary conditions

(1.4) wi (g, b) = wa(xp,a) =0 on [0,7].
The initial condition is

(1.5) w(0,z1) = wo(xy) on Q.
Here

_Jwy for ze @y,
n {wg for z€@_.

Function u(z) is the control distributed over domain @, = (0,7) X w,w = (d,b),d € (0,b) :
supp u C Q. One of the physical applications of system (L1])-(L4) is the rigid body moving
through the fluid flow, where wj; is velocity of the fluid flow, M is the mass of the rigid body,

J5C wi(Zo, 0)dEg + ho is the position of the body (see [19] for details of the model.) We are
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looking for locally distributed control u such that at moment 7" for the given target function
we We have:

(1.6) w(T,x1) = wa(xy) on €.

We make the following standard assumptions:
(1.7)
p1,a1,b1 € CHQL), pa,az,by € CHQ), ¢ € L=(0,T; L*(0,b)), ¢y € L®(0,T;L*(a,0)),

there exist a positive constant « such that
(1.8)
p(x)>a>0, ar)>a>0 VeeQy, px)>a>0, afzr)>a>0 Vee Q_,

(1.9) g €C%QL xR x RY),  go € C*HQ_ x R x RY).

there exist constants C1, ..., Cy independent of x and &;, and p; > 1, j € {1, 2,3} such that

|9:(2, &1, &) S C(L+ & + & ]&]),  1069i(x, &, ) < C(L+ & + &P él),
(1.10) 10c,9: (7,61, &) < O(1+ &%) Y(x,&1,6) € Q xR and Vi€ {1,2}.

Remark. The nonlinear term gi(x,u, Oy, u) = go(x,u, Op,u) = udy,u satisfies (1.9) and

Since it is well known that the controllability problem (I.I])-(I.6]) can not be solved for an
arbitrary target function wy we introduce the additional condition:

Condition 1. There exist a pair w = (wi,ws) € HY(Q,) x H"*(Q_) and control
u € L*(Q), suppu C Q,, such that

(Gi(z, w1), Ga(z, w2)) = (fi +u, fa),
(W1 — Wa)(20,0) = (0py, W1 — O, Wy — MOy, W1)(20,0) — 7(z9) =0 on [0,T7,

w(,b)=w(,a)=0 on [0,T], w(T,:)=w,.

Our main result is the following

Theorem 1.1. Let f; € L*(Qy), fo € L*(Q_),r € L*(0,T). Suppose that assumptions (1.0)-
(Z.10) and Condition 1 for functions fi, fa,r holds true, wy € H}(Q). Then there exists a
positive € > 0 such that if

lwo — W(-,0)|[gp) < €

the controllability problem (L1)-({1.0) has solution (w,u) € HY*(Q4+)NH"?(Q_)NC°(0,T; Hi(Q)) %
L*(Q), suppu C Q,,.



Theorem [[.T] was established for the case w = 0 with control located at both ends in [5]
and at one end in [12].

Another physical application of the controllability problem (LI))-(L6]) describes to rods
connected by a point mass. (see [6] for details of the model.) The zero null controllability
for this model was proved in [7] for the case when coefficients p;,a;, b c; are constants and
recently in [I] when coefficients p;, a;,bc; are space dependent functions. The method of
both papers based on the analysis of eigenvalues and eigenfunctions and therefore can not
be applied to the case of time dependent coefficients.

The n-dimensional generalization for linear parabolic equations with time independent
coeflicients was studied by J.L. Russeau with co-authors in [I4]. Exact controllability of
similar problem for linear 1-d hyperbolic equations in case of one point mass attached was
proved by S. Hansen and E.Zuazua in [§] and for several mass attached case by S. Avdonin
and J. Edwards in [2].

The proof of the Theorem [I.T]is based on the implicit function theorem and null-controllability
result for the linearized system (L)) - (IL4]). The null-controllability of the linearized system
follows from the observability estimate. Observability estimate is obtained by Carleman
estimate with boundary. The weight function is similar to one from work [4].

Notations. Let Q. = (0,0),Q_ = (a,0), i = v/—1 and D = (Dy, Dy), Dy = 0y, D1 =

205,00 = (g, ), a9 > 0,01 > 0, |a| = 209 + oy,0* = 920027, For any function p we

introduce the space L(X) = {ulllullzex) =1/ Jx |plutdz}, by Fu we denote the Fourier
transform of function w in variable zy: Fu = \/%—W ffooo e~ 00y (x0)dxg. Let &€ = (&,&1),( =
(507§>7 Tr = (x(]vxl)v C* = ( 0 ~*) (507 ) = (§4 _'_é-g)ivM = {(507@7 M(&ng) = 1} We
introduce the conic neighborhood of the point (*:

O(¢*,0) = {(&. 3) € R*\ {0}[(&o/M? (&0, 8), 3/ M (&0, 3)) — (&, 57| < 6},
and the Sobolev spaces

H1’2(Qi) = {ulu, Opyu, Op,u P oue L2(Q:|:)}7

» Yy

H'?%(Q4) the space H"?(Q4) equipped with the norm

lullmas@e =\ lullinagy) + #lula.)

For any function u we set [u] = lim,, , ou(xg,z1) — lim,, ¢ u(xg,z1). For the symbol
M (&, §) we introduce the pseudodifferential operator by formula
1

V2r

2. OBSERVABILITY ESTIMATE.

M(DQ, §)u M(fo, ) ZfOxOF’udfo

In this section we prove the observability estimate for the following system:

(21) — ﬁlamovl — &1851’01 + 618901’01 + 61’01 = fl n Q+,

(22) — ﬁg@xovg — dgagl’l}g + Bgaxl’Ug + 52’112 = fg in Q_.
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On the interface [0, 7] x {0} functions vy, v, are connected through the boundary conditions

(2.3) v1(g, 0) — vo(20,0) = (Op,v1 — Oz, V2 + MOy, v1)(20,0) — F(x9) =0 on [0,T],

(24) ’Ul(.ilf(], b) = ’UQ(LU(),CL> =0 VSL’O S [O,T]

We make the following standard assumptions:
(2.5)
ﬁladlabl € Cl(@-ﬁ-)a ﬁg,dg,bg S Cl(@—)a 1€ LOO(()?T; L2(Q+))a Cy € LOO(OaT; L2(Q—))>

there exist a positive constant g such that
(2.6)
p(x)>a0>0, a(r)>a0>0 VoeQy, par)>a0>0, a(z)>ay>0 Ve Q.

We have

Proposition 2.1. Let f; € L*(Q4), f» € L*(Q_),7 € L*(0,T) and (23), (2.8) holds true.
Then there exists function n(x) € C*(Q) , n(x1) < 0 on Q and a constant C, independent
of v = (v1,v2) such that

(3 2\&\)
> T = o)™ vy " |2y + > 1T = o)™

o] <1 o] <1
HI((T = 20) )20 ve¥" || 2oy + (T = 20) )20y, ve¥ || 2o.m)
HI((T = 20) )2 Duyve?” |20,y + (T = 20) ) 20" || 20y
< Ci(I(T = 20)~* fre” |2 (@) + (T = 20) 7> foe® | 120

(2.7) (T = zo) " 27e?")

ez

_3\3 *
L2(0,1) T [((T" = ) 3)20x1“€w () b)HL?(O,T))a

where ¥*(z) = n(x1) /(T — x0)3.

Proof. Making the change of variables zqp — T — xy and setting w;(z) = v;(T — o, 21)
we have

(28) pia:cowl - aglwl + biamwl + Cle = ff n Q—H
(2.9) P30z, W2 — 351?112 + 30z, wae + cowy = fy  in Q-
(210) U)l(l'o, O) — U)Q(SL’(], O) = (&Elwl — 83“’(1]2 — M@mowl)(:co, O) — T*(LU()) =0 on [O,T],

(2.11) wi (g, b) = wa(zo,a) =0 on0,T],

where pj(z) = p;j(T — xo, 21)/a;(T —?O,zl),bj(x) = Z)j(T — xo,71)/a;(T — x0,21),¢}(7) =
éj(T—Io,l’l)/aj(T—l’o,xl), f;(.ﬁ(:) = fj(T—l’o,xl)/a]‘(T—Jfo,Il),’f’*(I) = f(T—Io,Jfl) and
Jje{1,2}.



Our next step is to construct of variables in domain () such that the equation (2.8)) keeps
the same form after change of variables but the new coefficient pj satisfies

pl =ps on [0,T] x {0}.

Let F(z) : CY%(Q4,Q4) be the diffeomorphism of @, on Q. such that F' = (F}, F3) and
Fi(z) = o on ;. In order to construct the function F» consider a function ¢(xg) €
CY0,T),q(xzo) > C >0o0n [0,T]. Set kg = m. Let m(z1) € C*[0,b], n1(x1) = 21 on

[0, Ko, % >0 on [0,b], ;1 = b/5 for z1 € [2,b] and 3—21 > 0 on [k, W]. Let

b

0 for X1 € [07 Tallcoro.r +20]7
Ma(z1) = b(z1—by)? o Fy(z) = q(xo)m(w1) + n2().
(=E for z; € [bl, b]

Then on [0, 7] x [0,b] we have
FR@) = Gonfalia) md DFG0) = ().
Denote Z = F(z) and (%) = w1 (F~*(Z)). Then w;(x) = w,(F(x)). Therefore on Q
Dyt = Oy 1Oy, F () + s, 10y Fo() = Oy s + O, 10, Fo().
In particular
Opowy = Oz, on  [0,7] x {0}.
On @+ we have
Oy, w1 = Oz, W10y, F1(x) + Oz, W10y, Fo () = Oz, 010y, Fo ()

and

821101 = 8;6171]18;5(:5) + 8%0511518:51F1(93)8I1F2(:):) + 8§1w1(8x1F2(x))2 =
8;6111;18515(:)3) + 0:%11111(8961&(:5))2.
Therefore function w; satisfies the parabolic equation
poagcolbl — a(i)@%ltbl + 5(9?)8;6171]1 + 61211 = f(),
where .fO = .fl* © F_1>p0 = p? o Pt and ﬁ(j) = (bia:c1F2 + aon2 - a§1F2(x)) © F_1>O‘("Z') =
(0p, F1)? 0 F71 ¢ = ¢f o F~1. After division of the new equation by a we have
p’f@ioﬁ)l — 8?01’(]}1 + b; (i’)&jlﬁ)l + CT’(IJl = ff

with p} = po/a, bf = /o, ¢ = ¢/a and f{ = fy/a. Observe that on [0,7] x {0}

831’(1]1 = 8%1’(171(]2(5(70).‘
So

pi(F0) = pi(F0)/q*(Fo)-
Then taking ¢*(Zg) = p5(xo,0)/p5(x,0) we obtain that the function p given by formula

_ i for oz e @y,
p(x)_{p;‘ for ze€@_
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is continuous on Q. Equations (ZI0) are transformed to
(212) 12)1 (Io, O) —U)Q(Lf'o, O) = (q(a:o)&vlzbl —8:“’(1]2 — M&wo’djl)(l’o, O) —T*(ZL’(]> =0 on [O, T],

Hence instead of proving the observability estimate to system (2.1]) - (2.4) it suffices to prove
the observability estimate for the following system:

(2.13) P(z,D)u = pdyyu — 02 u+ b(z)0pu+c(z)u=f inQ\[0,7] x {0},

(2.14) u(-ya) = u(-,b) =0 onl0,T),

(2.15)  [u)(zo, ) = =0 u(xo,0) + p(x0)0; u(wo, 0) — MOyyu(x0,0) —7 =0 on [0,7],
where

() = {uh for =€ Qy, () = {b’{ for zeQ.,

wy for ze€@Q_’ by for ze€@_’
_Je for ze@y, | fy for e @y,
e(x) = {c§ for ze@_"’ fl@) = {fz* for xe€@_.
Therefore the coefficients of equation (213 have the following regularity:
(2.16) peCHQ)NCHQ)NCYUQ), ple)>H>0 onQ,
(2.17) pe CHO,T), u(re) > B >0 and be LX(Q), c€ L>(0,T; L*(Q)).
We set
L fOl"ZL’QG[O T] % on )
218 fod — ’ 4 . — 2 +>
(2.18) B(x0) {(T oty £ {or o2
where
e)ﬂ/)j (z1) _ 610000)\00 .
(219) @](z) = LL’%(T _ 1’0)3 v Co= max{b, _a}a VS {17 2}a
where \ is a large positive parameter, ¢ € Cz[% TT] and strictly positive on [%, %] and
(220)  wn(e) = (21 410+ and y(ar) = 4y (0)elr TIOH (0T,
By (218) - (2:20) the following is true:
(2.21)

wa() > @1(x) on Qp, ¢1(x) > @a(x) on Q_, pi(xo,0) = @a(x0,0) Vo € [0,T].
We introduce the Hilbert space

1y =/ 1122 + 1565 220,

the operator
P(z, D)u = (pyyu — 92, u, —9, u(-,0) + pdi u(-,0) — Myu(-,0)) : X =Y x L?[0,T]
and the Banach space

X = {uju € H*(Q) N HY(Q_), P(x, D)u € (L*(Q1) N L*(Q-)) x L*(0,T),



[u](-,0) =0, u(-,0) € Hy(0,T), u(-,a) = u(-,b) = 0.}
Denote Bv = (0,v,0;,v,v)(-,0), and Z(0,T) = L7 s(0,T) x L2;(0,T) x H"*(0,T) N

»Ory (56)°
L? .5(0,T). We have

(s¢)®
Proposition 2.2. Let u € X and coefficients p, i, b, ¢ satisfy (210), (2-17) and parameter A
fized sufficiently large. There exists sg > 1 and positive constant Cy such that for all s > s
the following estimate holds true

B2l .
Do) 2 e g + ) lI(s9)

o] <1 o<1

SPx SPx ~\ 2 SPx
(2.22) < Oy((||(fe, re™ )||Y><L§¢(0,T) + [[(5) 205, ue* (-, b)HL2(0,T))7

5—

2|al o S0
2 Jue

12(Qy) T [|B(ue™)

Z(0,T)

where Cy is independent of s.

Proof. Without loss of generality using the standard arguments (see e.g. [9]) we can
prove an estimate (2.22]) under assumption b = ¢ = 0. First, by an argument based on the
partition of unity (e.g., Lemma 8.3.1 in [9]), it suffices to prove the inequality (2.22]) locally,
by assuming that

(2.23) suppu C B(z*,0),

where B (2*,0) is the ball in R? of the radius § > 0 centered at some point x*.
Let 6 € C§°(3,2) be a nonnegative function such that

(2.24) Z 0(27t) =1 forall t € RL.

{=—00

(For existence of such a function 0 see e.g. [15].)
Set uy(z) = u(x)re(zo) where

1
(225) K€($O) — é (2_629(10)4) ,
where

9 € C*[0,T], 9\[0,T/4} = Zo, 9|[3T/4,T} =T — xo,
T T 5 T
(2.26) Or0(29) < 0 on (0, 5), Or0(z0) > 0 on (E’T)’ 89509(5) < 0.
Observe that it suffices to prove the Carleman estimate (2.22) for the function u, instead of
u provided that the constant C; and the function sy are independent of . Observe that if
G C R™ is a bounded domain and ¢ € L*(G), then there exist an independent constants Cs

and Cjy (see e.g. [15]) such that

(2.27) Cs Z H"WQH%Z(G) < ||QH%2(G) < Cy Z H'WQH%Z(G)'

{=—00 f=—00
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Denote the norm on the left-hand side of (2.22)) as || - ||«. Suppose that the estimate (2.22))
is true for any function u, with constants C; and sy independent of ¢. By (2.27) for some
constant C5 independent of s we have

400 400 [e'e]
(228) fue |l =1 Y we |l < 3 llue™ |l < Cs 3 (5P, Dyue™ [5p2 o1

{=—0c0 {=—0c0 f=—00

SPx ~\2 SPx 1
Hle** ke, (@, D)]ully 12 o) + 1(52)? ke, ue™ (-, b) [ L20,1)) 2
By (227) we obtain from ([2.28)):

(2.29) ||ue™

« < Co(||P(z, D)ue*# ’|§/XL§¢(0,T)

s 53 5P 1
+ Z ||6 i [KZvP(x7D>]u||§/><L§¢(O,T) + H(‘%D)Z&wlue v ('7b)||2L2(0,T)>2‘

{=—00
Using (2.25) and (2:26) we estimate the norm of the commutator [k, P(z, D)] we obtain

[e.e]

S e e P D)l oy < Cr 3 (ke 006 2 0y + ke )
t=—o0 {=—00
< Cs Y (18 xsupp rcue™ |5 + 232 xsupp sl 00e™ [72_7)
l=—00
i s ~5 S0n
(2:30) < Co(|@Bue™ [} + |F%u(, 0)e™ |22 o).

From (2:29), and ([2:30) we obtain (2.22]).

Now, without loss of generality we assume that
(2.31) suppu C B(z*,6/2) Nsupp ky,

where B(z*,d) is the ball of the radius § > 0 centered at some point z*. If z* does not
belong to the set [0,7] x {0} the estimate (222) is proved in [I0]. More specifically if
suppu N ([0,T] x {0}) = 0 there exists a constant Cygp = Cio(0, 2*) and sy = so(d, 2*) such
that

.\ (= s
(2.32) > lI(s2) @+ D 13) 7 0w e g

o<1 | <1
~\ 3 SPx
< Cro([|(P(z, D)u)e[ly + [[(s@)? O, ue™ (-, b) || 1200,1));
where (' is independent of s. Therefore we have to consider the case

(2.33)  a* = (x5,0), suppu C B(z*,§/2) Nsupp ke, B(z*,0)N([0,T] x {a,b}) =0

SPx

For any function ¢ € {¢1, p2} we introduce the operator
Py(x,D,3) = ip(x) Do + (D1 + |8igo(w, )%, do(w,2") = Opyp(2) /(") &= sp(z").
For any & € R\ {0} and x € Q we choosey/ip(x)&, such that

(2.34) Imy/ip(x)&e > 0.



By (2.16]) such choice is possible. We define symbol p,(z,€,s) by formula

(235) pcp(x>€>§) = Zp(l’)fo + (51 + Z|§|¢0(l’,l’*))2,

The zeros of the polynomial p,(z,&,s) with respect to variable & for M(&,s) > 1, and
x € B(x*,d) Nsupp K, are

(236) Pi(za 50) ’g) = (_i|’§|/j€¢0"€(§0a ’g) + ai(za 507 g))a
where
£+420
(2.37) fie(z) = n.() Z ke(wo), me € C°(B(27,20)),  NulB@=0) = 1,
k=0—20

the function r, is given by (2Z.27),
(238) ai(x>€0>§) = iﬁg(l’)/{(l/, 6075)\/ Zng

Next we construct the function (&, s) = k(v, &, S). Let x,, be a C§°(M) function such that
X» is identically equal 1 in some conic neighborhood of the (&5, §*) € M and supp x, (&0, 5) C
O((*,61). Assume that

(2.39)  K(v,&,8)|suppx, =1, supp (v, &, 5) C O(C*,201), 1> K(r,&,5) >0 on M.

We extend the function y, on R? as follows : x, (& /M?*(&,5),5/M (&, 3)) for M(&,5) > 1
and x, (§o/M?*(&0,3),5/M (&, 3))k* (M (&, 8)) for M(&,3) < 1, where k*(t) € C°(RY), k*(t) >
0,x*(t) =1fort > 1and k*(t) = 0 for t € [0,1/2]. In the similar way we extend the function
k(v,&,5) on R% Denote by x,(x, Dy, 3) the pseudodifferential operator with the symbol
ne(2)xw (60, 5) and

10

(2.40) ne(@) = 1) D Kesn(wo),

k=-10

where 7., € C§°(B(z*,9)), 77**|B(x*7%5) = 1. We set
Uy = Xu(®, Do, S)v, and v, = ue®®,

Tve = Xu(x, Do, S)r, and r, =re™.
Let O be a domain in R
Definition. We say that the symbol a(xg,&o,s) € C’E(@ x R?) belongs to the class
CaS™H(0) if
A) There exists a compact set K CC O such that a(zg, o, 5)|ovk = 0;

B) For any B = (Bo, 1) there exists a constant Cp
k||
Bo g1 (. < 2 2
|ozat &9, <O E o)

where |B| = 260 + 1 and M(&y,s) > 1;
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C) For any N € N the symbol a(xg, &y, s) can be represented as

a(zo, &0, 5) Za] %o, &0, 5) + Ry (20, &0, 5)

7=1
where the functions a; have the following properties: for any A > 1 and for all (x0,&0,5) €

{(x0,&0,9)|z0 € K, M(&,5) > 1}
a; (0, A%0, A3) = N Va (9, &, 3);

for any multiindex B and any and (&y,5) satisfying M(&y,s) > 1 there exist a constant Cg

such that
r=3—|B|

(5 +|§0|) ?

Haggaflaj go,“)‘

Ck(O)

where the term Ry satisfies the estimate

IRN (€0 3)l| iy < On(32 + |&0l) 2 V(&, 3) satisfying M (&, 5) > 1.

For the symbol a, we introduce the semi-norm

f: 0% o 5 ! 5)[)5-i-18
< B|<N\§§1§\)>1 o¢ 5 (5 €0, 8) cE(O)/( + (&0, 9)1)
£ swp aCs&8)lgio
(€0,8)[<1
Obviously for any k € {0,1}
(2.41) T ok (B0 Xv) < 01195%(93*)-

Obviously the pseudodifferential operators with the symbols Fi belongs
to the class C5S1(B(0,46(z*))) for any k€ {0,1} and

_k
(242) WCE(B(Oﬁ(x*)))(Fi) < C'12()0 2( )
By (2.42) and Lemma 8.1 of [11]

(2.43) IT5 (50, Do, 8)vs (-, 0)l| 20,7y < Crsllvngll 3.5

In some cases, we can represent the operator P,(z,D,s) as a product of two first order
pseudodifferential operators.

Proposition 2.3. (see e.g. [I1]) Let v € X, suppv C B(x*,d) N supp ke, x* € supp ke and
Py(x,D,3)x,v € L*(Q4+) N L*(Q-). Assume that & # 0 and supp x, C O(C*,61). Then we
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can factorize the operator P,(x,D,s) into the product of two first order pseudodifferential

operators:
(2.44) Py(x, D,5)v,p = (Dy — T (2, Do, 5))(Dy = T (2, Do, 3 + T oty =
(Dl — F;(I, Do, g))(Dl — F; (SL’, Do, g))’UV’@ + T—WUVW’

Operators T, - H2V3([0,b] x RY) — L2(0,b; LA(RY)) N H2M¥([a, 0] x RY) — L%(a, 0; L2(RY))

satisfy estimates

~5 .
(245) ’|T:|:,govlj,g0HL2(0,b;L2(R1)) S C14(p12 (;L’ )HUV,@HH%,LS‘(QH.
and
5,
(246) HT:I:,QO’UV,&P||L2(G7O§L2(R1)) S 01590 12 (.TZ}‘ >HUV’§0HH%’1’§(Q,)'

Denote by V5, = (Dy — I';(x, Do, 3))vy,, the function with domain in Q4 and by Uy, =
(Dy =T (x, Do, 5))vy,, the function with domain in Q_.
Let us consider the initial value problems

(2.47) (Dy =T (x, Do, 3))V,}, = =Ty yvup + Pyp(x, D, 50, x € [0,b] x R,
and
(2.48) (Dy =T (x, Do, 3))V,}, = =Ty yvyp + Pp(x, D, 50, x € [0,b] x R,

For solutions of these problems, we can prove an a priori estimate.

Proposition 2.4. (see e.g. [11]) Let & # 0, suppx, € O(C*,1). There exists a constant
Che > 0 such that

(2.49) |V

+
ll,gD(‘? O) HH%(O7T)0L§(O7T) _'_ ||Vl/

ell gz,

< Cuo(@E @0l g g + IPoe D Dwllizr):

and

S

(2.50) IVl yhoeg < Cur(@ @) oll

HPo(, D, S)vu gl + 11V, (- 0)l

Q-)

|H%’5[0,T}0L§(0,T))‘
Consider the initial value problem:

(2.51) (D1 —r(x,Do,3))W =p x €[50 xR, W|,—_5=0.

We have
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Proposition 2.5. (see e.g. [I1]) Let & # 0, supp x, € O(C*,8,), W € H2 (R x[6,0]),p €
L*(R! x [-4,0]). Let for each x; € [=6,0] symbol r(zo,x1,&,35) € CLSH((0,T)) for all
x1 € (—9,0) and there exist a constant Cg such that

8

r(2,60,5) > CisM(€0,3) (2,60, 5) € (B(", 25) Asupp 3 wese) x B2
k=-8

and
701(077‘)(7’('7 Ty, )) < 01990%( *) v.flfl S [—5, O]
Then here exists a constant Cyy > 0 such that

< Coolpll 2((=s,0)xr1)-

)||H%[O7T}OL‘2§‘(OT H315((—5,0)xR1))

Now we obtain couple subelliptic estimates for the operator P,(x, D,s) on domains ().

Proposition 2.6. (see e.g. [11]) Let parameter \ be large enough and fived, w € X,
suppw C B(z*,8) N suppr, and Py(x, D,3)x,w € L*(Qx). Then there exist positive con-
stants 6(x*), Ca1, Coe independent of § such that for all and § > sy we have

(2.52) Czl/Q (131102, Xuw]* + |57 Xw] )dx—Re/ i X WP X W], —0dTo
+

+ [ (Bl o Sl + B )0l oo
<Py (2, D.3) w32,y + e (D) (5205, (o), 52 Xu1w) (-, 0) 32y 12
where €(5) = 40 as 6 = 40 and
(2.53) o [ (3l %ol + 1)
< 1P D3R g + Canl [ 00 5ol Kooles-odo
+Al(|§|¢o\3;(iuw)\2 + 3P @5 |Xww|*) ey =odiro ).
We use the following proposition proved in ([11]):

Proposition 2.7. Let —co < a < a <b< f3 < 400, p€ N, and suppv C a, l;] Then there
exists an independent constant Ca3 such that

Co3
(min{a — a, B — b})?

(2.54) [MP (Do, 8)V || L2(—r,~\o8)) < VIl z2()-
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We apply the Proposition 2.7 in order to estimate the H 250 ng norm of the function
(1 —ne)xu (Do, 5)vy(+,0). Observe that by (2.26]), (2.25) for all sufficiently large ¢

(2.55) supp v, (+,0) C[(0+2) 1 (=2 MU T — (L —2)"" T — (£ +2)7"
and
(2.56) supp (1 —n(-,0)) C [0, T\ [(€+11)"* (( —=11)"U[T — (£ —11)"* T — (¢4 11)74.
Therefore, by (2.53]) and (2.56)) for all sufficiently large ¢
(2.57) 2 R U
< Coal® g (-, )l zaey < CosP () [ (-, O)l| )

Here in the last inequality we used the fact that (> < Cys% (z*) < Care12 (2*). By arguments,
same as in Lemma 8.5 of [11] we obtain

(2'58) |§| || (1 - nf)XV(DOa E)USD(U 0)HH%’E(Rl\[—R,R])ﬂL?Q(RI\[—R,R]) < 028||USD(" 0)||L2(R1)‘

By (257) and (2.58)
@59 0= D000 ey S CoB B Ol e
We introduce three sets
Zo:(0) = {(,80,8) € supp re x {0} x M| % (|8]¢o (w0, 0, 2%) — Imy/ip(o, 0)&0) > 0}
and
Z,0(0) ={(x,&,5) € supp ke x {0} x M| |5|¢o(z0, 0, 2") = Imy/ip(z0,0)& = 0}.
If (*e Z,0(¢) or * € Z,(¢) and supp x, C O(C*, 1) we have

(2.60) 102000 (5 0) | 20,7y < [|0e eV (-5 0) || 20,7y + [0 X0 V(- 0) || 2w
< Cao(@72 (27) |0p (-, 0) | 20y + 1320 Fop (-, 0) | ey

< O (@92 () [vg | 20,7y + 181200 (-, 0) | gy + 1321 (1 = 1) X0 (Do, 3)v (-, 0) [ 21y
< Caa(13167% () [0 (-, )l 201 + 13121000 (- 0) | 2y ).

Here to get the last inequality we used (Z59).
We will use the following proposition:

Proposition 2.8. ([I1])Let w € L*(Q) and suppw C supp jie(x), where function fi, defined
by (2-37). Then there exists a constant Cs3 such that

=5
(2.61) 1L = 9e)x (D 8wl g5y < O3 (27) | 0] 2m2).



14 0. YU. IMANUVILOV

If (e Z,0(¢) or (* € Z,,(¢) and supp x, C O(C*, 61) using inequality (2.6I) we have
el < 16 (D080l g+ 101 = 103 (Do D0l 0, =
< Cau(] ‘gO‘XV(&]v S Fv || 2ixrsy + 11 = 10)x0 (Do, )vwill 4.0 04)
< G150 (o, 8) Fvg [ 2y + 11 = 1) x0 (Dos 8)vell 30 .
< G310y + 10~ 1% D0 %l 100
(2.62) < Cr(|8ll[vngllzzge) + 272 () vgllr2(gs))-

We consider three cases
Case 1. Let (z*,&,5%) € Z, +(¢) and supp x,, C O(C*, 01(¢*)). We observe that by (2.10])

and (234)
1
Imy/ip(x5, 0)&5 Z\f—2\/p(ﬂf8,0)\/ 1&51-

Therefore there exist positive 69 such that for any §; € (0,6°) one can find positive
b, € (0,1) such that

(2.63) p(2)|&] < (2= 02)8%d5(w, 2")  V(x,&,3) € B(x",8) x O(C*,01(¢"))-

We start from the estimate of the following boundary integral

|Re/ 0 Uy, POy U, ooy —0do | < |Re/ 0 vy pp(x (%) D V|21 =00 |
Rl

(2.64) +|Re / . Uue(p — p(2)) 0oV, | w1 =0dxo| = Iy + Ls.

We estimate integrals Z; separately. Short computations, (2.63), ([2.25), (2.40) and (2.59)
imply

1, = sup |p(37*) - /0(517)| |ag_c|—1vv7soaxovv7so|x1=0|dx0
zeSUPP vy, R

< coup (") = p(2) 11105, 006 (+5 0) | 200 (1100 (0, 8) Fvp (-, 0) | 2ty + (| 0o Mexw V|| 21))
T Vu,p

<Css  sup  |p(a*) = p(@)[[|07 i (-, )| 200,1) (5[ Vno (-, O) | 200,
zeSUPP vu,e

+32 (1 = 1) X0 (- 0| 2(0,7) + |0me x|l L2(R1))
<C3 sup |p(z7) —/J(I)\(/Rl(\ﬂcbo(l’ )0 vl + [51705 (2%, %) [0n,6] ) | er—0dzg

zeSUPP vy,
~| ~5
+1812% () [0 (-, 0) 1 20,1

Since function p is continuous function taking parameter ¢ in (2.31]) sufficiently small we

obtain
(2.65)

0
I, = é(/Rl(ISI%(I )10 v PO} (2", 27) [Vl s odot Ciao 3188 () [0 (- O) [ 20,7
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Next we estimate Z;

7, < |/ (9 Uvsop a’covl/cp|x1 0dx0| < |/ |F Uwpp( )€0XV(€O>§)FUV7¢||9€1=0d€0|

H/ Vo P(2*) Oz Mo X (Do, 3) V|2, —odo].
By ([2.63)
Ti < (2 = 02) 103,00, (-5 0) | 220, 810 (2™, ) 1w (€0 8) Fvg (-, )] L2 rr)
+@% () [0 0) | 20,1y 105, Vi (-, 0) | 20,1
= (2= 69)[|0; Uw( 0)llz2(0,1) |80 (2", @) v (-, O) | £20,7) +
(2 = 02) 10, Vi (-, 0) 151205 (2", 2*) (1 = ne) X (Do, 3)vg |l 2 @)
+C41%012 (@) lve (-, )| z20,) 19, v (-5 O)| L2 (0.1

< (1—52/5)/0 (13¢0(a", 2)10F, vl + |37 05 (2", 2) Vs, |*) (20, 0)dzo

<5
+Cial31 2% () 0, (-, )| 7207

So by ([2.64)-([2.66)
(266) |Re/ ngppaxovucp|x1 Od$0|

< (1—52/5)/0 (1810 (2", )0 vwo|* + |31 05 (", ™) [vn|*) (w0, 0)dzo

~5 0k
+Cisl316% () lve (-, 0) 170,19 )-
By (2.66) and inequality ([2.52)) of Proposition

T
(2.67) /0 (181107, vug|* + 18P [vng]*) (0, 0)dwo + 18] 00l 0.5,

< CullIPy(, D,3)vsgllia(q,) + 1316% ()10 (-, 0) [ 2ag0.r))-
Equation
Ru = —0, u(xo,0) 4+ p0; u(x,0) = MOy u(zg,0) + r(z0)
in terms of functions v, and 7, one can write down on [0, 7] as
(2.68) Ruyp + [Xv, Rlvy = M0y, vy (20, 0)
—M|s]0z 0 (0, 0) .4 (0, 0) — Ms|[Xo; Oro 9 (w0, 0)] 0y + 70

By (268) and (Z67)
T
(2.69) /0 (107, 00 [* + 18P |00 ]*) (0, 0)dzg < Cus(|3]| Po(, D, 8) v l72(0,

Lo 5, .
+[3]%8 (x )||Uso('70)||2L2(0,T) + |S‘2||8;_1U50('70)H%2(0,T) + ||Tv,so||2L2(o,T))-
Applying Proposition 2.6 to function v, , on Q_ and using (2.69) to estimate the boundary
integrals in (2.53]) we have
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[3lllvngllfrorsq_y < Cas([1Po(, D, 8)vu I + 13700 () |vg (- 0) 2201
(2.70) +321107, ve (-, 0)lI72 0,7y + 1817w 2207
Therefore (Z67) and (Z70) imply
[lllvngllzons gy + 131 1vnellror s,y + 1BunelZor) < Car(llPo(z, D, 3)vnlly
(2.71) +H3Ppe () lvg (-, 0)l[Z20,r) + 18110506 (-, O 20,2y + 131w 20.m))-
By (2.11) and (2.62) we have
il ..

I8Pl g as T+ 1BVl Z 0.y < Cas(IPo(2, D, B)vue |y

Q-
(2.72) +]3)P0

(Q+)
(z *>HU<P('7O)HL2(O,T) + |§|2||8:1U§0('70)||2L2(0,T) + |§H|TV7AO||2L2(O,T))'

Case 2. Let (z%,&;,5") € 2, _(¢) and supp x, C O(¢*, 61). Then & # 0 and decomposition
(Z44) holds true. By Proposmon 2.4l and (2.33]) we have

+
(2.73) ||Vu7gp('>O)HH%(o,T)ng(oT + "‘PHH? Q)

~5
< Cu(lPe(@, D, S)vvellrzi) + 92 (@) ol 305, )-

By ([£36) for any x € B(z,d) Nsuppn, and (£,8) € suppy, we have ImI'f(z,&,5) =

—|8|po(z, x*) +\/—i2\/,0(:v)|§0|. Since (x*,&;,5%) € Z,_({) there exist a positive d3 = d3(z*, (¥)
such that

(2.74) |%| o (2", 27)

GSIOT v

_ f%\/mx*)\sa\ <55 <0,

Therefore there exists positive d4(d3) such that
(2.75) Imf‘i(:ﬁ,f,é) >03/2>0 (x,§,8) € B(x,dq) Nsuppne X supp (v, -).
By Proposition 2.5 and (2.75]) we have
2.76) 1070l oz < ColIPo(e, DDl + @)l s )

The equality (2.68) we replace 9; v, ,(+,0) by i(I'; (%, Do, 35)v,,(+,0) + V,7(+,0)) and we
replace 0, v,,,(+,0) by ('} (z, Do, $)v,,(+,0) + U, , ( 0)).
By (2.73)) and (2.76) there exist a function ¢ such that on [0, 7] we have

(2.77) M Oyyvy,,(0,0) = z(F (x, Dy, 8)vy,p — ,uF (2, Dy, 8)vy,4)(20,0)
+M 5|0z, 0(20, 0)vy, (20, 0) + g,
where
VI3[l 2,y < Caa([| Py (w D, s)vupllr2@) +V I5llITvellL20,1)
~5
(2.78)  +I3[5[vg (-, 0| 20,y ++/1511105, Ollzz02) + @2 (@) vell 405 )



Inequalities (2.74)), (2.59) and short computations imply

||a:vovv,go('70>||L2(0,T) > ||7758onng0('7O)HL?(O,T) - ||amo77€Xngo(' 0
1020 X000 (-5 O) [ L20,7) — (1 = 1) Do XV (+, )| 20,7) — 1| Do MeX 0 (+, 0
. o5
(2.79) Cs2l37 X0 v (-, 0) | 2wy — Cis 3l (27) [ 0g ]| L2019 -

By [2.79), (2.43) and (2.78)) we have
VIsl[[v e (s 2 (5 0220y < Csa(l| Pol, D, S)vnpllr2(q)
~5

(2.80) +\/?||Tu,¢IIL2<o,T>+ISI 9012(96 Moe( 020,y + @72 ()06l 415 )

)
)

HL2(0

So by (2.80) for any d3 > 0
|§|2|Re/ 8;vy7¢p8xov,,’¢|m1:0dxo|
Rl

<4 / (18160(2", 27) 105 0 2 + (3263 (2", 27) gl (0, 0) g
+Cs5(03) 311020 V00 (-5 0) 720,17

< 4 /0T<| 160(2", )05, 0 P + 128", 2 [0 ) (20, 0) i

+Cao(83) (1ol D, 50l + 1511rpl 230y + 151258 () 00 0) 220
(2.581) R gl 410+ P10 060 0) oy

By Proposition 2.6l and estimate (Z1TI)

T
/0 (151107, v [* + 18P [0 [*) (w0, 0)do + |5 [vn gl fr0ns(q,) < Cor(Pe(, D, S)vully

HallIrellZ2 0,2y + 3P110F, 00 (- O Fao.zy + 13123 (@) [0 0) [ F2(0.1)
~5 2
(2.82) &0 (@) Vel g 00 )

Hence
T
/0 (151107, v * + 13 [00,0]*) (0, 0)dizo < Cis (|| Po(, D, 8)vu ol + |87l 720,19
19 ~B 4 - 5
(2.83)  +I31@% () Jvg (- 0)I720.0) + 3171105, 00 (-, 0) 7200y + 25 ( )Ilvwlli%,l,g(@)-

By (2.83)) and inequality (2.53) of Proposition

[Blllvsellorsqy < CoalllPola, v+ 3llrvelzoom)

(2.84) +[31°3 (@) |[v(-, 0 F20.1) + 131210505 0) |20y + B° (2 Mol s )

17
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By 2.73)), 2.50) and (2.82) the following estimate is true
(2.85) 5P lla (2, Do, )vuglliz,) + I5llla™ (@, Do, 3)vngllzz
< Cool([1Po(z, D, 35)vui Iy + 3llIrvol 20,0y + 18171107, 06 (- ) IZ20.)

536 (@)l (- 0) 201y + B8 @) 062 3.0 )

HELE(Q)
Using the Garding inequality proved in we obtain from (2.85])

(2.86)  [5Plla* (@, Do, §)Uu,go||2%,o@+) < Cor(1Ps(2, D, 3)vu Iy + 3ol 20 my
)-

- 25 5
321107, 00 (-, 017200y + 81788 () [[og (-, 0) | Z 20,1y + 2° (27) [[0g % 4

The inequality ([2.84)), (2.86) and ([2.82]) we have

H2YE(Q)

(2.87)  [5llvnell? g s s Pllvvel? 300 +||Bvu,¢||%(o,n < Coa([|Po(, D, 5)vu |13

).

(@-) (@+)
3P0 (@) lve (- ) zeory + 131197, 00 (5 O Z202) + [3llIrvgl Z2o.my + B0 @0l 405

Case 3. Let (z*,&5,5%) € Z,0(¢) and supp x, C O(C*,01). Consider two subcases:
Subcase 1. Let( *&5,58%) € Z,,0(0). Then by [2I8) and 221)) (2*,&5,5%) € Z,,4(0).
Therefore estimate (m is true:

(2.88) / (131103, Vv I* + 18P 100,02 ) (0, 0) iz + (3] V00 [p0.1.5(
-
< Cos([| Pou (, D, 3)0a I, + 1510% (@) [0 (-, 0) [ 720,1))-
Since by (2.2I)) on the segment [0, T ¢1(x¢,0) = wa(z0,0) the inequality (2.88) implies
(2.89) / (131710, v [* + [51° 100,00 *) (20, 0) g + 3 [V, 70,5,

135,
< Coa(|312| Poy (2, D, 8) 05 1 72(q, ) + 5P@5 () [0 (-, 0) 1 F 20,7 -

Observe that we have equality (2.68) with function ¢;. Using this equality and (2.60) we
estimate 0, vy, (-,0):

(2.90) 105, Vv (+, 0) | 20,7y < N7 Vior (-5 0) | 20,7y + M| Oy Vo (5 0) || 200,17

+M||5|02y 04000, (-5 0)[| 20,7y + M S|[|[X0, Ouo s (0, 0) Vg, | L20,7) + | T | 2200,
I _

+Cos5(|3107 () |Jvg, (-, 0) | L2001y + 15 [0no (-, 0) | L2(R1)) -

Applying the Proposition and using (2.90) and (2.60) to estimate the boundary inte-
grals in the right hand side of (2.53)) we have
(2.91)

~ L1325 . .
|31 1vvon 01,5y < CoolllPo. (2, D, 3)vug. I +13PG5 (@) [0, (-, ) 2207y + 3]0
Combining the estimates (2.69) (2.60) and (2.91) we have ([2.87). Now we consider

%2 (0,T) )-
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Subcase 2. Let (*,§;,5%) € Z,,0(¢) and suppx, C O(C*,61). Then (2 &;,5%) €
Z,, —(¢) and inequality (2.74) holds true for some positive d5. Therefore there exists positive
d4(d3) such that

(2.92) ImFi1 (x,£,8) > 03/2 >0 (x,§,8) € B(x*,d4) Nsuppne X supp &(v, -).
By Proposition 2.4 and (2.92]) we have

(293) 1Usios (Ol 3 omyziorry < Cor1Pon D, B0 i@y + 85 ) o g n )

By Proposition 2.4 we have

~5

(2.94) || ucpz( ) )HH%(O,T)OLE(O,T) S C’68(||Psz (ZL’, D>§)Uu,<p2||L2(Q+) + p12 ($*)||USD2||H%»1)5(Q+))'
The equality (2.13]) for the function u can be written as
(295> 8 Usol (.7}0, ) a+ Usoz(x(b )+ |S|( 1 P1 — /148961()02)1150* =
MOy, (0,0) — M|s|0zo 04 (20, 0)vy, (0, 0) + T, -
We apply to both sides of equation (2.95) the operator y,(x, Dy, ) :
(2.96) -0, 1 Uv,1 (0,0) + 0+ V5 (0, 0) + [8](Ozy o1 — 1102, p2) V0, (0, 0)
_Maxovl/ P (x0> ) + MI |0x0§0*(l'0, O)'UV P (x0> 0) AN (ZL’Q)

_[XW am_l]vsol (IOv 0) [XW /J’a+]v<,02 (IOv ) + | |[XV7 ( 1 P1 :U’arl (,02)]1)@* ($0, 0)
+M[X,,, a:vo]vso* (IOv ) + M|S| [Xz/u mo(p*(ajo? O)]UAO* (IOv 0)

In the equality ([2.96) we replace 9; vy, (-,0) by i(I',, (2, Do, 8)vu,e, (-, 0) + V1,
we replace 9, vy, (+,0) by ('} (=, DO, 5)Upp, (5 0) + Uz/apl( 0)) :

MOy vy, (0,0) = i(ul', (x, Do, $)vy 4, — F (x, Dy, 8)vy,4,)(0,0)
+Z’(MVV+¢2 (0,0) = Uy, (0,0))

)

0)

(-,0)) and

_l |( z1P1 — Na’cﬁOZ)UV,w* (:L"o, 0) - M|S|(9x0g0* (an O)Uvso (x0> 0) + T (350
+[Xl/a aml]'Uw (IO’ O) - [Xw :ua;l]upz (l’o, ) I I[Xva ( z1 %P1 + :uam@?)]vso (ZL"Q,
(297> _M[Xwaro]vso* (x(b ) - M|S|[Xl/7 mo(p*(ajo?O)]U% (37070)'

Observe that estimate (IZEZI) holds true. By (2.79), (2.93), (2.94) from (2.97) we have

A |5 ||Uw || *('70)||L2(0,T) < 069( (il? D N)ngo* L2(Q)
(2.98)  +p® (:v )Ilv%IIH%,l,g(Q) Vv 2 r) + 1312272 () [[vg. (-, 0) [ 20m)-

. By (2.98)) and Proposition 2.6l we obtain

15[

T
(2.99) /0 (P10 vwoal* + 1817 00| *) (0, 0) o + [ 00, 0.5,

S C?O(HPQO* ('Tu D7 g)vl/,ap*

~5 ~ (] ~
b B @ 0 gy + 30 B0

1325, 4
3P0 vp., (-, O 7 20m) + 131°0% () vg, (-, 0) [72(0,7))-
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Hence

T
(2.100) / (151107, vo,pal* + 15 [0, ]*) (0, 0)dwo < Crr(| P (w, D, 3)vusge. II72(g)
0

2
HZY(Q)

L2 + 18171108, ve (- )220 m)

+H3P0 (@) v, (-, )12 0.7)-

+35 (a)[lvg, +18[[7ve.

By Proposition 2.6l and estimate (2.100)
2
(2101) [8[[vnpullFronsio_y < Cralll Po. (2, D, 3)vig, 20y + &6 () |vg. i)
37 13202 + 3210500, (5 O F20,y + 131736 () 0, (- O) 202

The estimates (2.69)), (ZI0I)) and (Z399) imply

T
(2.102) / (151107, Vg I* + 13 [0 *) (0, 0) 0 + |3V I o5
0
Hallvwgs o5y < CrslllPy. (@, Dy B)vvp. 12y + B @Iven I3 1.0,
Halllrv 202 + 13710806, (0 Z20,2) + 18P (@) [0, (-, 0) | 20,1

Now we observe that in all three cases the estimate (2I02)) is true. In order to finish the
proof of the Proposition 22l let us take the covering of the surface Ml = { (&, 5)| M (&, 5) = 1}
by conical neighborhoods O((*, §1(¢*)). From this covering we take the finite subcovering
UN_,O(CE,61(¢F)). Let us show that such a subcovering can be taken independently of
parameter ¢ for all £ > {,. Indeed by (2.55) for any x} from supp x, then

(2.103) suppyesupp e d0(y 77) — 1] = 0 as £ = +oo.
We set
Ze = {(2.6,5) € {(0,0),(1.0)} x M| = (3] — Im/ip(z0. 0)&0) > 0. 2 € {0,T})
and
2o = {(2.60.5) € {(0.0).(T,0)} x M| |3] = Im\/ip(z0, 0)& = 0, o € {0.T}}.

By (2.103)
(2.104) dist (24, Z, 1(0)) + dist (20, Z,+(¢)) =0 as { — +o0.

Without loss of generality one may assume that z* = (0,0) or 2* = (7,0) in (231)). Let

= (T,0). We construct the covering of the set M in the following way: if (£}, 5%) € My =
{(&0,3) € M| £ (|8] — Imy/ip(T,0)&y) > 0} we consider covering of this point by the ball of
centered at (&5, 5*) of sufficiently small radius 0(&f, §*) such that M N B((&3, 5%), (&5, §*)) C
Mo If (&5,5%) € My = {(&,3) € M||5] — Imy/ip(T,0)&, = 0} we consider covering of
this point by the ball of centered at (&, §*) of sufﬁciently small radius (&, 5*). From this
covering we take the finite subcovering UN_ O(¢,8:(¢})) and let y, be the partition of
unity subjected to this finite subcovering. Hence Z _1 Xv(&,5) =1 or all (&,5) such that
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M(&,s) > 1. By ([2.104)) there exists ¢; such that for all ¢ > ¢, if (§5,5") € M4 and
supp X, € M N B((&5,5%), (&5, 5%)) then

supp ke X {0} X supp x, C 2, +({).
On the other hand if (£,5%) € M, and suppyx, € M N B((&, 5%),0(&5,5%)) then for all
sufficiently large ¢ there exists (*(¢) = (£5(¢), §*(¢)) such that supp x, C O(C (£),03) where
d3 — +0 as 0(&5, §*) — +0.
For index ¢ € {1,...,4y} individual subcovering of the set M and the corresponding
partition of unity y,. Let x0(&,3) € C5°(R?) be a nonnegative function which is identically
equal one if M(&y,s) < 1. Then by (272) we have

N

1Bv 2002+l by < Cr D (e B,

v=0
HIQ = n0)x0Bog. | zery +V IS = 1) x0v6,|405 ) < Crs(@72 (%) [0, 35 0)

Z(R1) TV 5] ||77qu%*

H2Y(Q)

3 .5, 4
yxr20m) + 1512612 (27 [[0p. (-, 0) | 207) + 311197, v. (-, 0)) | 22007

N
+Z IP(z, D,3)v,,.

v=0
(2.105) HIA = 10X B [z ey +V/[SHI(1 = ne)xvve.ll 405 )

By (2:58) and (Z2.61]) there exist a constant C7¢ independent of s, £ and v such that
N

> (1= ne)xwBog,

v=0

~13 .5 * ~ *
2108) < Crg (15365 ) oy (O leziom) +V/EE oy any ) -
Using inequality (2.106]) in order to estimate the last terms in (2.105]) we obtain

20+l s < O (VB + 1P D,

z@®y) tv ‘g‘H(l - W)Xu%*

()

HBU%

Y xL2(0,T)

Njw

+13]

N

LB . -

27 (") [, (- )20y + Y 1%, P2, D, 3)]v,. HY><L§(0,T))
v=0

= ~3 L5
< O (\/so@*)u% b + PG DD lyssz o + 151 6 (@ >r|v%<-,o>>r|Lz<o,T>)-
Hence there exists sy > 1 such that for all s > sy we see

(2.107) [Bvg, [|z0,r) +V/ISlllvg. Il 2

= 3.5, 4
SC?Q(\/w(x*)H%* wdiag TP @ D8)velysrz, om) + 15207 (2 )!|%*(-,0))!|L2<0,T>)-

Proof of Proposition is complete. W
We set

iy | 8p.oFNx) form € [L,T),
(2.108) ¥ (x) = {3¢* o F7Y(Z,21) for z 62[0, 7]

Q)

)
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where function ¢, defined by (2.I8) and diffeomorphism F' is constructed in the beginning
of the proof of this proposition, parameter s > s,.
From (41)) and (2.22)) we obtain (ZI09). Proof of Proposition is complete. W

Corollary 1. Let fi € L*(Q,), f» € L*(Q_),7 € L*(0,T) and all conditions of Proposi-
tion[d holds true. Then there exists function n(x,) € C*(Q) , n(x1) < 0 on Q and a constant
Cso independent of v = (v, vs) such that

(3 Zlal) g
> T = o)™ vy e’ |2y + > (T = w0)”
la|<1 la|<1

_3\3 . 3\ las g
HI(T = 20) ™) 207 ve" | 2y + (T = 20) ™) 207, ve || 20,1y

2

_ay 1 * _a\ 5 *
(T = m0) %) 200" || 20,1y + (T — 20) ™) 20e" || 120,17

< Cao(I(T = m) 7% fre””

2@y + 126" 2o

o) + (T = 20) =) 2ve””

(2.109) (T = zo) " 27e?")
where *(x) = n(x1) /(T — x0)>.

Lz(QW))’

3. Proor or THEOREM [I.1l
We consider the linearization of the null controllability problem ([L.TI) - (L.6):
(3.1) Li(z, D)z = p10yy21 — alailzl +b010p,21 + 121 = fi+ xou  in Qo

(3.2) Lo(x, D)2y = pa0yy22 — agﬁilzg + 030y, 22 + 220 = fo in Q_,

(3.3) 2z1(x0,0)—22(x0,0) = 0y, 21 (0, 0) =0y, 22(x0, 0) — MOy 21 (9, 0) —7(x9) =0 on [0, 7],

(34) 21 (Io, b) = ZQ(LU(), CL) =0 on [O, T],
(3.5) 2(0, 1) = zo(x1).
Here

z1 for xeQq,
z =
zy for xe@_.

We are looking for control u such that at moment 7" we have
(3.6) 2(T,-) =0.
We have

Proposition 3.1. Suppose that assumptions (I4)- (1.9) holds true, § > sy where sq is
the parameter from Proposition [Z2. Let (T — zo)ze V" fi € LX(Q.), (T — mp)2e V" f, €
LX(Q_), (T —xo)Te ¥ r € L2(0,T), 2 € HL(Q) and function ¢* is defined by (Z108). Then
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controllability problem (31)-([3.8) has solution (z,u) € H"*(Q+)NH"*(Q_)NC°(0,T; H'(Q))x
L*(Q), suppu C Q. and satisfies the a priori estimate

D T = zo)? 0z e gy + D T = a)* Doz e

|a|<2 || <2
6 —y* LEp—
FIT — 20)°2(+,0)e™ |10,y < CLU(T —20)2 fe™* [[22(02)

(3.7) +HI(T = 20)2 fe™ || 2y + (T = zo) Fre™"

(@+)

L2(0,1) + ||Z0||Hg(9))-

Proof. Let € € (0, %) be small positive parameter. We set ¢ = ¢* for xy € [0,T — €] and
Y*(z) = ¢*(T —€,x1) for zg € [T —¢,T| where function ¢* is constructed in ([2.108). Denote
L(z,D) = (Ly(z, D), Ly(x, D)), Lj(x, D) = aiij(:B, D), f = f/ay on Q4 and f = f/ay on
(_. Consider the minimization problem

(3.8) Jo(z,u) = | (T — m)Pe %2 12(Qu)

15 ik
|%2(Q7)+||(T—$0)26 ¥ ()

2@ +lle™ 2

+%y|z(x, D)z — Xt — [lf32(q) — inf,
(39) (b)) =z(ya) =0, [2](~0) = [0,2](-, 0) = My2(-,0) +7(-) =0 on [0, 7],

(3.10) 2(0,-) = 2.

There exists a unique solution to the problem (B.8))-(3.10) which we denote as (2, u.). By
Theorem 1] the functions (Z, i.) belong to the space H»?(Q,)NH" 2(@ ) x L*(Q,,). Setting

m(z) =1forx € Q_ and m(z) = (T —z0)" forz € Q4, p. = m(a:)i(L(x D)z, — Xolic —
f) € L*(Q) by the Fermat theorem we have

(3.11) J(2e,1)[0] =0 V6 € X,
where
X = {6 = (61, 92)] E(:);,D)él =0 in Q\[0,T]x{0}, 6:(0,-) =0, §(-,0) = d(-,0) on [0,T],
51('7 b) = 52('7 a) =0, ([a’mél] - Maxo(sl)('> 0) =0,
(01, (T = z9) "2 e™¥"8) € HY@D 0 HY(Q-) x L*(Qu)}
equipped with the norm
Iplle = (1, (T — 360)76_1“]92)H%Z(Q)XB(QW) + ||p1!|§{1,2(Q+) + HPH@LZ(QJ)E‘
From (B.I1]) we have
(3.12) L*(z,D)pe = —e 2. inQ\[0,T] x {0},

(313) pe,l('> b) - p672('a CL) = 0’ [ E]('? 0) = ([a:mpE] - Ma:cope)(" O) =0 on [0’ T]a

(3.14) pe =€ (T —20)%tc on Qu, pe(T,-) =0.
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By Theorem Bl p, € HY?(Q.) N HY?(Q_). By Corollary 1 the following estimate is true:
(3.15) 1T = 20) % e pell o + (T = 20)2¢” pell 2y
T = 20) 7€ pel-,0) 2oy
< Co(le™" (T = 20) ® el 2(quy + IN(T = m0)%e” "2 & || oy + lle¥ ™2 2|2 ).

Taking the scalar product in L?(Q) of equation (3I2) with function Z. and integrating by
parts we have

2Jc(2¢, ) = —(pe, fr2Q) — (%(07 ), 20)2() + (1, 0e(+, 0)) 20,7y
where a(z) = ai(x) on Q4 and a(x) = as(z) on @_. Hence by ([BI5) we obtain
(3.16) Je(eriie) < Cs([(T = w0) % fe™" || 2qn)

15

9 . gyt _— 1
HI(T — z0)2 fe™ 2oy + lIre™ (T — z0) 2

2L2(0,T) + HZO||2L2(Q))'

From the sequence (2, i) one can take a subsequence (¢ % Ze;, Ue,;) which converges weakly
to (7% z,u) in the space L2 (Q) x L%T_xo)lse,w (Q). From (B.I6) we have

(317) [T = zo)’e™ 232, + lle™ 2lI32q_) < Call(T = 20) % fe™" I 2(qy)
(T = 0)2 fe ™ 2@y + Ire ™ (T = 20) [l 20.m) + |20l 200
By Theorem .1l function z belongs to the space H?(Q,)NH?(Q_). From [3.I7) and (&)
DT —wo)* 0%z e 2oy + Y T = 29)* V076"

o <1 o<1

L2(Q+)

15 _ofy*
< C5(|(T = m0) > fe™ |l r2q)
9 RS 15 o)y
(318) —|—||(T — l’o)2f6 ¥ L2(Q_) + ||(T — ZL’Q) 2re ¥ ||L2(O,T) + ||ZO||L2(Q))

The the pair (z,u) satisfies equations (3.9), (310). Estimate ([3.7) follows from (B.I8) and
(4.1). Proof of proposition is complete. B

Proof of Theorem [I.1l. We set 1 = (T —x0)m(z)e2¥" ,m(x) = (T —x0)* for x € Q,
m(z) = (T — x0)? for € Q_, pp = (T — )P ", Y = L2 (Q) x L2,(0,T) x H}(2) and
X = {w = (w1, w2)|Li(z, D)wy € L} (Q4), Li(z, D)ws € L (Q-),
wi (-, b) = wy(-,a) =0, [w](-,0) =0, ([0, w]-My,w)(-,0) € L2,(0,T), (T —0)30eFD gy €
HY2(Q4), (T — x0)%0w € H"?(Q_) V|a| < 2}. Let (w,u) be the pair of functions defined
by Condition 1. Consider the mapping

F(w,u) = (G(w + W) + (ot + xou, 0), ([0z,w] — MIy,w)(0,-),w(0,-)): X =Y,

where G = (G1,Gz). Observe that by Condition 1 F(0,0) = 0. Obviously mapping F' €
CHX,Y) and F'(0,0)[d1, 2] = (G'(W)[01] + (Xw02,0), ([0, 61] — M Dy 61)(+, 0), 61(0, -)), where
G'(w)[01] = (L1(x,D)o11 + Og g1(z, W, 05, W)11 + Og,g1(x, W, Oy W) 0y, 611, Lo(x, D)1 2 +
O, G2 (, W, Oy, W)01 2 + Oc, g2 (2, W, Oy, W) Oy, 01 2). Since w € L®(Q) by (LI0) function

O, ga(x, W, 0, W) € L>(Q)_) and function Og, g1 (z, W, 0,, W) € L>®(Q4) and O¢, g1 (x, W, 05, W) €
L*(Q4), O¢ g2(x, W, 0y, w) € L*(Q-). Since X C L>(Q) operator G’ € L(X,Y)). By Propo-
sition B.I Im F’(0,0) = Y. Hence by the implicit function theorem the equation F'(w,u) = z
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can be solved for all z € X from some neighborhood of 0 in the space Y. Proof of the theorem
is complete. W

4. APPENDIX

Theorem 4.1. Let u = 0,91 = 0,92 = 0. Suppose that ({1.7)-(138) holds true. Then for
any wy € HJ(Q), f1 € L*(Q4), fo € L*(Q_),7 € L*(0,T) there exist a unique solution to

problem (L1)-(1.3) such that
(4.1) il zr2@y) + w2l 12y + lwi (5 0)|[ 72 0,1)
< Ci(llfillzzgyy + I f2llz2ooy + llwoll a1 @) + 17 22(0,1))-

Proof. Without loss of generality we may assume that a; = 1. First we observe that
it suffices to prove Theorem [£1] for the case wy = 0. Indeed consider the function v, =
wo — Nw(0), where n € C5°(Q),n(0) = 1. Let v; € H"*(Q,) and vy € H"?(Q_) be solution
to the following initial value problems

Ll(I, D)U1 = f1 in Q+, ’Ul(l'o, O) = Ul(l’o, b) = 0, ’01(0, ) = Uy,
Ly(x, D)vy = fo in Q_, wy(wo,a) =v2(20,0) =0, v2(0,-) = v..

Then if z1, 2o be solution to the problem
(4.2) Li(z,D)s1 =g1 in Q4+, La(z,D)zn=g, inQ-,
71(0,:) =0, 2(0,)) =0, z2(,a)=2x(,b)=0,
21(+,0) = 22(+,0), Oy 21 — O, 22 = MOyy2(-,0) +7 on [0,77,
where g1 = —Li(x, D)(nwy(0)), g2 = —La(x, D)(nwy(0)). Then the function (wy,ws) =
(v1,v9) — (nwe(0),nwe(0)) be solution to problem (LI)-(LH). Let K be a large positive

parameter. In problem (LL.1))-(.5) we move from unknown function (ws, ws) to the unknown
function z = (21, 22) = (w1, wy)e X%, the function z satisfies

(4.3) (Li(x, D)+ K)zy =¢g1 inQy, (Lao(z,D)+ K)zg=g¢o inQ-_,
21(0,-) =0, 29(0,-) =0, 22(-,a)=2z(,b) =0,
21(+,0) — 22(+,0) = (Opy 21 — Opy 22 — MOpyz — MK2)(-,0) +p(-) =0 on [0,T],
where g = (g1, 92), g: = e 5™ fi, p = e” oo,
Assume that 2 € H"?(Q,) N H“*(Q_) be solution to problem (&3). The there exists a
constant (5 independent of z such that
(4.4) 12l 2@ ynmr2@o) + 1205 0) [0,y < Calllpllrzm) + [19ll22@)-

The estimate (4.4]) is the standard energy estimate which can be proved by multiplying (£3))
by z and 0,,z. in particular the estimate (£4) implies that it suffices to prove the existence
of solution to problem (43 assuming that g € C°([0,T7]; L*(Q)),p € C°[0,T] and coefficients
b,c € CHQ).
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Now consider the discretization of problem (LI)-(L5) in time

)(zk+1 - Zk)

p(x0 f41, - 3 - 8312“1 + b(20 k115 *) Oz, Zh41
(4.5) +(c(zog+1:7) + Kz = g(xok,-) in Q,
Zet1 — 21)(0
(46) [Zk] = O, 8931 [Zk—l—l] = MM + MKZk_H +p(x07k).

h

Here z; = (2k.1, 2k2), 20(21) =0, o = kKT /N, h = %,N EZ,.
Multiplying equation (A5l by hzp1, integrating by parts and taking sum respect to k we
have

N-1
V4 —Z
{ [ ausersn) s = e + 3 (272 0130400
k=0 /&
(4.7) KM (0) + h(00 21320 + K s [F20)) } =
N-1
9(Toks ) = b(To k41, ) Oy Zht1 — (Lo gt15 ) Zht1s Zht1) 22(2) — P(Tok) 2a41(0) <
k:O
N-1 N-1
M K
ey {Hg<x0,k,->||iz(m + g Wuzsa i + 7000 | + 5 X sl
k=0 k=0
Observe that
N-1
(4.8) [ ol ) s = a)upade: =
k=0 7
N-1

/( 36’0k+1,331 Zk+1 \/p kaaxl)Zk p($0k+1,$1)2‘k+1) dx,
Q
\/,0 IOkaxl \/,0 I0k+1,931)

hzyzk4

e
Il
o

+

p(zo jps1, x1)dzy >

S~

N
~CillOuapll=@ D 12720y
k=0

From (4.1), (4.8) we obtain

N

(4.9) > (Elzlliz ) + 105 21l 2) < Csllglleoqoryzey + Pl copr)-
k=0

Multiplying equation (4.5) by (Z"Lh_z’“), integrating by parts and taking sum respect to k we
have
No—1

2 2
z —z z —z 1
Z {/ p(xo k. 1) (%) dry + M (%) (0) + %Ha:clzkﬂ”%?(ﬂ)
Q

k=0
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Zpa1 — % 1
+(MK 241, M)B(Q) - E(amzkﬂ,amzk)m(m} =

h
No—1
Z —Z p _
Z (9(zo k")), %)m(g) +p(x07k)% <
k=0
No—1

Co 3 9o, MEaey + 190 51l + PP(@0s) + 2k ooy

k=0
No—1 2
Z QO 2+l — 2o M [ (241 — 21)
N (5”7“”“” ) (f) ) ’

k=0
This inequality and (4.9) imply

N—-1 2 2
— — 1
> h/ LT gy + M | 2L (0) + —supreqs . ny110m zll 220
0 h h h

k=0
N-1
2 2
(4.10) <O h{llg(@o: )iz + PP (o)}
k=0

We define function Zy as follows: Zy(xo,-) = 2x if 29 = oy, otherwise on interval (T'(k +
1)/N,Tk/N) function Zy is the linear function. Then estimate (£I0) implies

~ 1. ~
(4.11) [1Zxllar2() + K 7112w 20,200 ) HVE | 2wl 220) < Cs(llpllcopom + l19llcogo iz @)-

Functions Zy = (Zn1, Zn,2) satisfy the initial value problem

(4.12) (Li(z, D)+ K)iy1i=g1.v InQy, (Lo(z,D)+ K)Zy2=g¢on inQ_,
Zva(0,-) =0, Zn2(0,-) =0, Zy2(-,a)=2n1(-,0) =0,
Zna(0) — Zn2(+,0) = (02, 2v1 — Oy 2N — MOyyZna(+,0) — KMZn4)(+,0) 4+ pn(-) =0 on [0, T7.
Let sequence Zy after possibly taking a subsequence converges to the function z weakly
in H2(Q,) N HY3(Q_). Observe that
(913, ga.n,pn) = 0 weakly in L*(0, T; H'(Q4)) x L*(0,T; H-H(Q-)) x H(0,T).

Passing to the limit in (£.I2)) we obtain that function z solution to problem (A3]). Estimate
(4.1 follows from (d.4]). Proof of theorem is complete. H
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