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Abstract: In this paper, we study the maximum principle for stochastic optimal control problems of
forward-backward stochastic difference systems (FBSASs). Two types of FBSASs are investigated. The
first one is described by a partially coupled forward-backward stochastic difference equation (FBSAE) and
the second one is described by a fully coupled FBSAE. By adopting an appropriate representation of the
product rule and an appropriate formulation of the backward stochastic difference equation (BSAE), we
deduce the adjoint difference equation. Finally, the maximum principle for this optimal control problem
with the control domain being convex is established.
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1 Introduction

The Maximum Principle is one of the principal approaches in solving the optimal control problems. A
lot of work has been done on the Maximum Principle for forward stochastic system. See, for example,
Bensoussan [2], Bismut [4], Kushner [12], Peng [16]. Peng also firstly studied one kind of forward-backward
stochastic control system (FBSCS) in [17] and obtained the maximum principle for this kind of control system
with control domain being convex. The FBSCSs have wide applications in many fields. As the stochastic
differential recursive utility, which is a generalization of a standard additive utility, can be regarded as a
solution of a backward stochastic differential equation (BSDE). The recursive utility optimization problem
can be described by a optimization problem for a FBSCS (see [19]). Besides, in the dynamic principal-
agent problem with unobservable states and actions, the principal’s problem can be formulated as a partial
information optimal control problem of a FBSCS (see [22]). We refer to [8], [111, [13], [21], [24], [25] for other
works on optimization problems for FBSCSs.

In this paper, we will discuss the Maximum Principle for optimal control of discrete time systems described

by forward-backward stochastic difference equations (FBSAESs). To the best of our knowledge, there are few
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results on such optimization control problems. In fact, the discrete time control systems are of great value
in practice. For example, the digital control can be formulated as discrete time control problems, where the
sampled data is obtained at discrete instants of time. Besides, the forward-backward stochastic difference
system (FBSAS) can be used for modeling in financial markets. For example, the solution to the backward
stochastic difference equation (BSAE) can be used to construct time-consistent nonlinear expectations (see
[5], [6]) and be used for pricing in the financial markets (see [3]). However, the formulation of BSAE is quite
different from its continuous time counterpart. Many works are devoted to the study of BSAEs (see, e.g.
[3], [5], [6], [20]). Based on the driving process, there are mainly two types of formulations of BSAEs. One is
driving by a finite state process which takes values from the basis vectors (as in [5]) and the other is driving
by a martingale with independent increments (as in [3]). For the latter case, the solution of the BSAE is a
triple of processes which is due to the discrete time version of the Kunita—Watanabe decomposition. In this
paper, we adopt the second type of formulation to investigate the optimization problems for FBSASs.

Let (Q,f , {]-'t}0<t<T,P) be a probability space, and W; be a martingale process with independent
increments. Define tge_difference operator A as AV, = Vi1 — Vi. Here we consider two types of controlled
FBSASSs.

Problem 1 (partially coupled system):

The controlled system is

AXt = b(t,Xt,ut) +Z?:1 ag; (t,Xt,Ut)AWti,
Xo = o,
(1.1)
AY; = —f({t+1, X101, Y1, Zigr, wi1) + ZeAW, + ANy,
YT = yr,

and the cost functional is

T—1
J(u() =E > 1t X0, Yy, Ze,u) + h(Xr)| - (1.2)
t=0
Problem 2 (fully coupled system):
The controlled system is:
AXy = b(t, Xy, Yy, Zi,ug) + Zle o (t, Xe, Yy, Zp, ug) AW,
Xo = o,
(1.3)
AY; = —f(t+1, Xey1,Yirr, Zegr, uer) + ZeAWs + ANy,
YT = Y,
and the cost functional is
T—1
J(() =E Y 1t X0, Ys, Zy,ue) + h (Xr) | - (1.4)
t=0



Let {Ut}te{o,l,...,T—l} be a sequence of nonempty convex subset of R”. We denote the set of admissible
controls U by U = {u(-) € M? (0,7 — 1;R") [u (t) € U} . It can be seen that in Problem 1, b and ¢ do not
contain the solution (Y, Z) of the backward equation. This kind of FBSAE is called the partially coupled
FBSAE. Meanwhile, the system in Problem 2 is called the fully coupled FBSAE.

The optimal control problem is to find the optimal control u € U, such that the optimal control and
the corresponding state trajectory can minimize the cost functional J (u (+)). In this paper, we assume the
control domain is convex. By making the perturbation of the optimal control at a fixed time point, we obtain
the maximum principle for problem 1 and 2.

To build the maximum principle, the key step is to find the adjoint variables which can be applied to
deduce the variational inequality. In [14], the authors studied the maximum principle for a discrete time
stochastic optimal control problem in which the state equation is only governed by a forward stochastic
difference equation. By applying the Riesz representation theorem, they explicitly obtained the adjoint
variables and establish the maximum principle. But to solve our problems, we need to construct the adjoint
difference equations since generally the adjoint variables can not be obtained explicitly for our case. To
construct the adjoint equations in our discrete time framework, the techniques which are adopted for the
continuous time framework as in [I6] [I7] are not appliable. In this paper, we propose two techniques to

deduce the adjoint difference equations. The first one is that we choose the following product rule:
A <Xta 5/t> = <Xt+1a AY;&) + <AXta 5/t>

where X; (resp. Y;) subjects to a forward (resp. backward) stochastic difference equation. The second one
is that the BSAE should be formulated as in ([21I). In other words, the generator f of the BSAE (21
depends on time ¢t + 1. It is worth pointing out that this kind of formulation is just the formulation of the
adjoint equations for stochastic optimal control problems (see [14] for the classical case). Based on these two
techniques, we can deduce the adjoint difference equations. The readers may refer to Remark for more
details.

The remainder of this paper is organized as follows. In section 2, two types of the controlled FBSASs
are formulated. We deduce the maximum principle for the partially coupled controlled FBSAS in section 3.

Finally, we establish the maximum principle for the fully coupled controlled FBSAS in section 4.

2 Preliminaries and model formulation

Let T be a deterministic terminal time, and let 7 := {0,1,...,T}. Consider a filtered probability space
(Q,f, {Filo<ier s P), with Fo = {0,Q} and F = Fr. Here we define the difference operator A as AU; =
Uiy1 — Us. L_et_W be a fixed R%-valued square integrable martingale process with independent increments,
i.e. E[AW,|F] = E[AW;] = 0 for any ¢ € {0,...,7 — 1}. Also we suppose that E [AW; (AW;)"] = I, for
any t € {0,...,T — 1}. Here (-)" denotes vector transposition. We assume that F; is the completion of the
o-algebra generated by the process W up to time t.

Denote by L2 (F;;R™) the set of all 7;—measurable square integrable random variable X; taking values

in R” and by M? (0,¢; R") the set of all {Fs}o<s<i-adapted square integrable process X taking values in R™.



Moreover, we define e; = (0,0, ...,0,1,0,...,0)" € R" and mention that an inequality on a vector quantity is
to hold componentwise.

Consider the following backward stochastic difference equation (BSAE):

AY, = —f({t+ 1Y, Zig1) + ZLAW, + ANy,

Yr = n,

where n € L? (Fr;R™), f: Q x {1,2,...,T} x R® x R"*? — R",

Assumption 2.1 A1. The function f(t,y,z) is uniformly Lipschitz continuous and independent of z at
t =T, i.e. there exists constants c1,ca > 0, such that for anyt € {1,2,....T — 1}, y1,92 € R", 21, 25 € R?*4,

lf (T,y1,21) — f (T, y2,22)| < ety — 2l

If (ty1,21) — f(ty2, 22)| < e lyr —y2| + 2|21 — 22|, P—a.s.
A2. f(t,0,0) € L? (Fi;R™) for any t € {1,2,...,T}.

Remark 2.2 The BSAE (21)) is analogous to the continuous time BSDE driven by a general martingale
(cf. [9]), and the solution is a triple of processes.

Definition 2.3 A solution to BSAE (21)) is a triple of processes (Y, Z,N) € M? (0, T; R™) x M? (0, T-1; R”Xd) X
M2 (0, T;R™) which satisfies equality (21) for allt € {0,1,...,T — 1}, and N is a martingale process strongly
orthogonal to W.

By using the Galtchouk-Kunita-Watanabe decomposition in [3], we can obtain the existence and unique-
ness result of BSAE (2.1)):

Theorem 2.4 Suppose that Assumption (21) holds. Then for any terminal condition n € L? (Fr;R™), the
BSAE (Z1) has a unique adapted solution (Y,Z, N).

Proof. We first prove the existence and uniqueness of (Yr_1, Zp_1, ANp_1). Due to Assumption (2.1))
and n € L? (Fr;R"), we get f (T,n) € L? (Fr;R™). Here we omit the variable Z since f is independent of
Z at time T. Then we have E [|E [+ f(T,n) |]:T_1]|2} < oo. Hence, n + f (T,n) —En+ f(T,n) | Fr-1]
is a square integrable martingale difference. So it admits the Galtchouk-Kunita-Watanabe decomposition,
which implies that there exists Z7_1 € Fr_1, Zr_1AWr_1 € L? (Fr;R™), ANp_1 € L? (Fr;R") such that
E[AN7_1|Fr-1] =0, E [e;ANp_; (AWr_1)" |[Fr—1] = 0 and

n+ f(Ton) =En+ f(T,n) | Fr-1] = Zr-1AWr_1 + AN7_1. (2.2)

Moreover, ANp_; is uniquely determined in this decomposition. For fixed i € {1,2,...,n}, premultiply the
equation by e}, postmultiply the equation by (AWz_1)" and then take the Fr_; conditional expectation.
This yields that

Ele; (n+ f(T,m) (AWr_1)" |Fr_1] = €] Zr—1



since E [AWT,l (AWp_1)* |]-'T,1] = I. Therefore, we get the unique Zp_1 by

Zr o =E[(n+ f(T,n) (AWr_1)" | Fr1]
and
E(IZel?] < E[E[n+f @) 1Fra|E [[(AWr1)P |Froa]] < oc.
It leads that Yr_1 = E[n+ f(T,n)|Fr_1] and Yr_; € L? (Fr_q1;R").
Then, by similar arguments as above, we can obtain the unique solution (Y;, Z;, AN;) € L? (F; R") x

L? (Fy; R*4) x L2 (Fy; R™) for ¢ € {0,1,...,T — 2} . Moreover,

Zy =B [(Yegr 4+ f (t+ 1, Yeu1, Zesr)) (AWR)" | Fe]

i =EYi + f(t+1,Yq1, Zeg1) | F] .

By taking the convention Ny = 0 and letting Ny = Ny + ZZ;B ANj,, we have that (21 holds true for all
t €4{0,1,...,T — 1}. Finally, since

E [S;Nt (Wt)* |J_'.t71}
t—2

=e; Y ANE [(Wo)" | Fioa] + B [e] AN,y (Wioy + AW, 1) | Foa]
s=0

=e;Nyy (Wioa)",

we conclude that N is strongly orthogonal to W. m

Now we consider the control systems (LI)-(L2]) and (L3)-(T4).
Let the coefficients in system (LI)-(I2) be such that:

): Q2 x{0,1,....T —1} x R™ x R"— R™,

): Q2 x{0,1,....T —1} x R™ x R"— R™,
flwt,z,y, zu): Qx{1,2,..., T} x R™ x R" x R"*% x R"— R",

):Qx{0,1,...,T —1} x R™ x R" x R"™¢ x R"— R,

z): QxR R.

l(w,t,z,y,2z,u
h(w,
And the coefficients in system ([3)-(T4) be such that:

b(w,t,x,y,z,u): QA x{0,1,..,T —1} x R x R" x R"*¢ x R"— R",
oi (w,t, 2z, y, z,u) : Qx {0,1,...,T — 1} x R x R™ x R™*4 x R"— R",
flw,t,zy,z,u): Qx{1,2,..,T} x R® x R" x R"*¢ x R"— R",
I( )
z) :

Qx{0,1,..,T — 1} x R" x R" x R4 x R"— R,
Q xR"— R.

w,t, T, Y, 2, U
h(w,

Remark 2.5 The cost functional in [17] consists of three parts: the running cost functional, the terminal
cost functional of X, the initial cost functional of Yo. In our formulation, if we take l (w, 0, Xo, Yo, Zo, ug) =
v (w,Yy), then the cost functional [I7]) for our discrete time framework can be reduced to the cost functional
in [17] formally.



For system (LI)-(L2), we assume that:
Assumption 2.6 For ¢ =0, 0y, f, [, h, we assume that

1. ¢ is adapted map, i.e. for any (v,y,z,u) € R™ x R” x R"¥4 x R", o (-,-, 2,9, 2,u) is {F;}-adapted
process. Moreover, ¢ (+,t,0,0,0,0) € L? (F;).

2.Vt e€{0,1,....,T}, @ (- t,-, -, ) is continuously differentiable with respect to x,y, z,u, and @z, Py, Pz, Pu
are uniformly bounded P — a.s.. Also, fort =T, f., =0, i.e. f is independent of z at time T'. Here

we use z; to represent the i-th column of the matriz z.

Let
x —f
A= y JA( A u) = b (t, A u).
z o

For control system (L3))-(L4), we additionally assume that:

Assumption 2.7 For any u € U, the coefficients in (I.3) satisfy the following monotone conditions, i.e.
when t € {1,...,T — 1},

<A(ta /\1,’&) 7A(t7>‘2;u)aA1 - )\2> < 7O‘|>‘1 - A2|27P7 a.s.,
VA1, A2 € R® x R™ x R™;

when t =T,
<_f (Taxlayazau) +f(Ta$2ay727U)a$1 _$2> S —CY|.’L'1 _‘T2|2’P_ @.S5.;
when t =0,

<b(05)‘1;u) - b(oa)‘Q;u)ayl _y2> + <U (Oa)‘l;u) - U(Oa)‘Q;u)azl _22>

< —ally =gl + a1 — 2],
where a is a given positive constant.

Besides, in the following, we formally denote b (T, z,y,z,u) =0, o (T, z,y,z,u) =0, I (T, z,y,z,u) = 0,
f(0,z,y,z,u) =0.

3 Maximum principle for the partially coupled FBSAE system

For any u € U, it is obvious that there exists a unique solution {Xt}tT:O € M?(0,T;R™) to the forward
stochastic difference equation in the system (LI]). Then, by Theorem 24 the backward equation in the
system ([LT)) has a unique solution (Y, Z, N) where Y = {Yt}tT:O, Z = {Zt}tT:_ol and N = {Nt}tT:O.



Suppose that @ = {ﬂt}tT:O is the optimal control of problem (I.T))-(T2) and (X, Y, Z) is the corresponding
optimal trajectory. For a fixed time 0 < s < T, choose any Av € L? (F,;R") such that us + Av takes values

in Us. For any € € [0, 1], construct the perturbed admissible control
ui = (1 — 5ts) U + 5ts (’l_l,s + EA’U) = U + 5t5€A’U, (31)

where 0;s = 1 fort = s, §;s = 0 for t # s and ¢ € {0,1,...,T}. Since Us is a convex set, {uf}tT:O €U is an
admissible control. Let (X¢,Y¢, Z¢, N¢) be the solution of (I.I]) corresponding to the control u®.
Set

@(t) = @(taXhi/tht;ﬁt)v 508 (t) = @(taXfa}/vafau§>a
(3.2)
SZE (t) = go(taXtvi/tht;uf) y Pu (t) = Pu (t;Xtvi/tht;ﬁt) ’
where ¢ = b, 0;, g, f, [, h and p =z, y, z; and u.
Then, we have the following estimates.
Lemma 3.1 Under Assumption (2.8), we have
sup E|X; — X" < CE A (3.3)

0<t<T

Proof. In the following, the positive constant C' may change from lines to lines.
When t =0, ..., s, X{ = X;.

When t = s+ 1,
d
Xipr = KXo =0 (s) =b(s) + > [6:° (5) — 7 ()] AW,
i=1
Then,

E|XS — Xen| < (d+DE | |67 (s) — b (s)

By the boundedness of b,,, we have

?|

By the boundedness of ¢;,,, we have

7 (s) —B(s)ﬂ < CE [|u§ - aﬂ — C:%E [mﬂ .

E (5" () — 7 (s)] AW
—E |57 (s) = 7: () [E [|aWi |7
= E [|[5:° (5) = 7 (s)]]

< C<’E [|Av|2]

‘ 2

which leads to
E|X%,, — X" < Ce’E [|Av|2] .



When t =s+2,...,T,
E|X; - %> <@+ 1D)Eb(t—1, X5, t1) —b(t—1, X1, 01|
+Z?:1 |[Ui (t - 17Xt€71,ﬁt—1) -0 (t - 17Xt71;ﬁt71)} AW;|2-

Due to the boundedness of b, 0;,, we obtain E ‘Xf - )_(t‘Q < CE [’Xf_l - )_(t_lﬂ. Thus, by induction we
prove the result. m

Let £ = {&}tT:O be the solution to the following difference equation,

Agt = bz (t) gt + 5t5bu (t) EAU + Z?:l [Uiz (t) gt + 5t550iu (t) A’U] AWtia ( )
3.4
&0 = 07
It is easy to check that
sup E|&|* < Ce2E|Avf*, (3.5)

0<t<T

and we have the following result:
Lemma 3.2 Under Assumption[2.8, we have

sup E ’Xf - X; - 5,5’2 =o(e?).
0<t<T

Proof. When t =0, ...,s, X; = X; and & = 0 which lead to X{ — X; — & = 0.
When t =s+1,

d
X2, = Xap1 — bapr = ['Eu () — ba (s)] A0+ [Fiu (5) — oiu (5)] AVAW!
1=1

where

Then

E|Xe,, - Xep1 — & <(@d+DE U [Bu (s) — bu (s)] |+ T B (5) — 01 (5)] sAvAwgﬂ

< ce|

B ) = 0 9 Nl 4 L 15 (9) 0 (9)1P ol 2

by (8) — by (8)

Since

— 0 and ||G4, (5) — 04y (8)|| — 0 as € — 0, we have

1 2
lim [ X5 = Xep1 = &a| =0



When t =s+2,...,T,

X§ - X —& :Ex (t—1) (thﬂ - X - §t71) + [bz (t=1)=by (t—1)| &1

A3 (G (= 1) (XEy = X1 — &) + [Gia (= 1) — 030 (E— D] &1 } AW

where
~ 1 — —
b (1) :/ bo (1, X0+ X (X7 — K1) ) dA,
0
1 — —
&iz (t) = Oix (t, Xt + A (Xf — Xt) ,at) dA.
0
Then
€ % 2 7 2 e S 2 ~ 2 9
E|X:-X,—&°< CE|b, ¢t - 1)H 1Xe = X =&+ b (= 1) = by (2 — 1)H €|
~ S 2 ~
+ 00 15 (6= DI | X5y = Koot — & + 0 150 (t— 1) = 01 (¢ = 1)]* &1 |
- 2 P ) . _ 5
< CE([b =0 + S 150 - DI ) [ X5y — Kemt — &1

[ = 1) = b 6= D a1 (= 1) — 0 (= DI e

by (t— 1) — by ( — 1)H 0 and |5 (t—1) — o5 (t— 1) = 0 as e — 0. Since by (t — 1) and &y (t — 1)
are bounded, by the estimation ([B35]), we have

lim ~E| X7 — X, — &> = 0.

e—0 g2

This completes the proof. m

Lemma 3.3 Under Assumption[2.0, we have

sup E|Y7 - V" < Ce*E|Aof (3.6)
0<t<T
sup EHZE—ZtHQ < CE|Av]?. (3.7)
0<t<T—1

Proof. It is obvious that Y — Yr =0 at time 7.
When t =s,...,T — 1 (if s = T, skip this part), we have
_ = = - _ 2

E }f (t + 15X§+151/;56+1) Zt6+1aut+1) - f (t + 13Xt+151/;5+15 Zt-‘rlaut-‘rl)}
= 2 -2 - 2

< CE[|Xty1 ~ ewr + Vi1 ~ Ve + 12500 — Zew ]
-2 - 2

< CE ||V = Vo[ + | 261 = Zena|*] + C1eE |2l

It yields that
E|Yy — Yt|2 < CE hytaﬂ - 17t+1‘2 +|Z5 - Zt+1H2} + Ce’E | Auf”.



Similarly, we have
B2 -z
<CE [‘Ytsﬂ - Yt+1‘2 + HZtE+1 - ZtHHQ} +Ce’E |AU|2-

When ¢t = s — 1, by similar analysis,

E|Y7 - Y

IN

CE [|¥gs — Yors|* + | 2641 — Zona||*] + C=2E Ao,

[|12 - 2]

IN

CE (Vg1 — Vors|* + | Z24s — Zen|[*] + OB Al
If s =T, it shows like
E|Yi , - Vra|? < Ce2E|Av)?,
E[|25_, - Zral’] < CE|aof.

When t =0,...,s — 2, we have

E[Ys -’

IN

CE thH — Y|+ (1251 - Zt“”ﬂ ’

IN

Bz -zl < CE[Va) - Fioa + 1281~ Zinn|].

Thus, there exists C' > 0, such that for any ¢t € {0,1,...,T},

Elvg -%]° < C22E|A)?,

B2 - 2|"] < ceE|aof.
This completes the proof. m
Let (n,¢, V) be the solution to the following BSAE,
Any = —fo(t+1) &1 — fy (E+ 1) mep1 — Spqnysfu (t+ 1) eAv

S e (1) e + GAW, + AV,

nr = 0.

Notice that f, (T) = fa (T, Xr, Yp, ﬁT) since f is independent of Z, also as f, (T), fu (T).
It is easy to check that

sup E|ne)® < C2E|Av]?,
0<t<T

sup B¢ < Ce%E|Avf?.

0<t<T—1

and we have the following result:

10



Lemma 3.4 Under Assumption[Z.8, we have

sup E|V7 — Vi —mif* = 0(c?),
0<t<T

sup E||Z5 - Zi— G| = 0(e?) .
0<t<T—1

Proof. Whent =T, Y5 — Yr — nr = 0.
When t € {0,1,...,T — 1}, we have

YE—Y —m
= EYS +/0t+1) =Y —ft+1) —ng — fo (E+1) &
—fy (D) mer — S0 For (1) Cerrer — Sgernysfu (E+ 1)5AU|ft}
= B[V — Yoo+ Fo (04 1) (X2 — Kea) + 5, (641 (Y — Vi)
A Fo 6+ 1) (Z51 = Zesr) €i + Ogysfu (E+ 1) €A — fo (E+1) &

_fy (t + 1) N1 — 2?21 Iz (t + 1) Gtr1€i — 5(t+1)sfu (t + 1) EAvl}—t} )

where

1
fu(t):/ Fult, Ko+ N (XE = X0) Yot MN(YE —Y0) 2o+ A2 — Z0) iy + A (5 — ) dA
0
for p =z, y, z; and u. Then,
. o 2
E|Yt *Yt*77t|
- 2
<CE UYtEH — Y1 — eg|

+ }2

e (t+1) (X7 — X1 — &41) ‘2 + } [fz t+1)—fu (t+ 1)} &1

~ _ 2 ~ 2
£ (4 1) (¥ = Vo =) |+ |[F 6+ D = £, (64 )] e

d
>
=1

+0(141)s

d

S| ) - R4 D] e

i=1

_ _ 2
fo 1) (Z50 = Zepr — ) €

]

[Fut+1) = fu(t+ 1) eaw

11



and
E|Z -2 -’
<CE [‘Yf_‘_l — Y — 77t+1‘2

2
' |

~ _ 2 ~
Fo(t+1) (Xfp = Zevr = &)+ [ 0+ D) = fa (4 1)]

~ = 2 ] ’
Fot+1) (thirl_n_,’_l—nt_,_l)‘ +ny(ﬁ+1)_fy(t+1)} 77t+1‘
5>

=1

+0(141)s

+

d 2

+ Z ‘ [J?Zw (t+1) = fo, (t+ 1)} Cir16i

i=1

~ _ 2
fo @+ 1) (25 — Zigr — G €

[fu (t+1)— fu(t+ 1)} EA’U‘Q] )

Notice that f, (£) — fo () — 0, fy (£) — fy (£) = 0, fo, (£) = f=, () = 0, fu(t) = fu(t) = 0 as e — 0. We
obtain that

. = 2
im0 SE|VE Vi —ne|” = 0,

lim. o SE||Z - Z— | = o

This completes the proof. m
By Lemma and Lemma [34] we have

J (@ () = T (@())
= B [ (8,60 + Uy (0)m0) + Xy (1 (1), Gea) + 0 (1 (), 200}

+E (hy (X1) ,&7) +0(e).

Introducing the following adjoint equation:

Apy = —bi(t+1)per — Sy 0fy (E+1) gegres

+fo (t+ 1) ke + 1 (E+ 1) + @ AW + AQy,

Ak = fr () ke +1, (8) + 0 [f2 () ke + L, (8)] AW, (3.8)
pPr = _hz (XT) 3
ke = O,

where W and @) are square integrable martingale processes and @ is strongly orthogonal to W.

Obviously the forward equation in (3.8) admits a unique solution k € M? (0, 7;R"). Then, based on
the solution k, according to Theorem 24 the backward equation in (38) has a unique solution (p,q,Q) €
M2(0,T;R™) x M? (0,7 — 1;R™*%) x M2 (0,T;R™). So FBSAE has a unique solution (p, ¢, @, k).

We obtain the following maximum principle for the optimal control problem (LII)-(T2]).

12



Define the Hamiltonian function

H (w,t,u, 2,9, 2,p, ¢, k) = b* (w,t,2,u) p+ S0 0F (w,t,2,u) ge;
7f* (wvtazayvzv’('L)k fl(w,t,z,y,z,u).

Theorem 3.5 Suppose that Assumption (Z8) holds. Let @ be an optimal control of the problem (I1))-(I2),
(X,Y,Z) be the corresponding optimal trajectory and (p,q,k) be the solution to the adjoint equation (3.3).
Then for any t € {0,1,...,T}, for any v € Uy, we have

(Hy (t ae, X4, Ye, Z,pe, e k) v — Ug) <0, P—as. (3.9)
Proof. For t € {0,1,...,T — 1}, we have
A (&, pr)
= (&+1,Ap) + (A&, pr)
(3.10)
= <§t+1, —b% (t+ 1) per1 — Sy 0y (4 D) qeprer + f3 (¢ + 1) kogr + Lo (4 1)>
(S0 (00 () &+ o2y (8) Av] AWF, AW, ) + (b (£) & + Susbu (£) A0, i) +
where
O, = (& + by ()& + Gusba (1) eAv, G AW,) + <z§:1 (04 (1) & + Sescou (1) Av] AW, pt>
(6 b (8) €0+ Busbu (8) £0, AQu) + (S [0 (8) & + Srse 0 () Av] AWF, AQy ).

It is obvious that E [®¢] = 0. We have

B 05 (0 &AW, AW, ) = E(S5_, 0y () &GAWY, L, ares AW )

E [2?21 <§ta Y1 0 () qreiE {AW;AWAE} >}

— E[S, (ot O aed)]

and
d _ d
E <Z Ots€0ju (1) A’UAWtj,thWt> =E 5,5552 (0ju (t) Av, gre;)
j=1 j=1
Similarly, it can be shown that for ¢ € {0,1,...,7 — 1}, we have
A <ntakt>
= <—fz (t+1) &1 — fy (E+ 1) s — S0y fo, (4 1) Gerres — Sprnysfu (E+ 1) eAv, k’t+1>

+(GAWL S [ (O ke + L (D) AW ) + (e, £ (8) e+ 1y (1) + B,

13



where
U= (GAWL ke £ (k4 )+ (0 S (12 (6 e+ L, (0] AW )
(kb L (ko by (0, AV + (ST [ (0 ke + L, (6] AW, AV,

It is easy to check that

d
<<tAWth ktAWt> Elz fa (8) Ges, kt],
d

<CtAWt Zz AWt> E [Z Cees ]
Then we have
E [A (& pe) + (e, ke )] (3.11)
=E[(~bs (t+ 1) &q1, pev1) + (ba (8) &by 1)
d

d
=D (G 0f (D gerae) + ) (& ot (8) ares)
=1

i—1

= (fy (E+ 1) megr, ko) + (fy (2 )77t )

d
Z<fz (t+1) G166, kegr) JFZ fa (8) Ceeiy ke)

=1 1= 1d
+(le (E+ 1), &q1) + (e, Ly (1) + Z (L2, (1), Ges)

+e <6ts u ( )AU pt + 515552 Ulu AU Qt€z>
=1

—& (Otq1)sfu (t+ 1) Av, kiyr)] .

Therefore,

-E <hz (XT) 5§T>
= E[{&r,pr) + (1, k1) — (€0, P0) — (N0, ko))
= S EA (& pe) + (e ki)
(3.12)
= E |:<b:n (0) &0, po) + Z?:1 (€0, 0%, (0) goes) + (fy (0) mo, ko) + Zle (f=: (0) Coeis koﬂ
+ ZtT:_ol E [<lz (t) ;&) + (ly (&) ,me) + 2?21 (L (1) a<t€i>:|

g BuscE (6% () puy Av) + 3L, (07, (1) e, ) — (7 (1) by o)

14



Since &y = 0 and kg = 0, we deduce

B (e (8,60 + by (0 ) + S, (e (1), Gedd | +E (ha (%) &)
= —<E [(5 () pa + X0, 0 () res — £ () b A0 .

By lim. o £ [J (u® (-)) — J (@ (-))] > 0, we obtain

E <0.

d
<b:; (5) s+ 32 i (5) st = £ () b = 1 (5) Av>

Thus, it is easy to obtain equation ([B.9) since s is taking arbitrarily. This completes the proof. m

Remark 3.6 In the introduction we point out that we need a reasonable representation of the product rule.
When we calculate A (&, pe) in (310), A (&, pe) is represented as (§g41, - ) +---. Combining the formulation
of the BSAE mentioned in the introduction, this representation will lead to the terms such as (O, Ot) —

(Ot41,Qt41) in (FI1). By summing and rearranging these terms in (312), we obtain the dual relation

(213).

When g =0 and f = 0, our control system (II)-([T2]) degenerates to the classical discrete control system
which only contains a forward stochastic difference equation as in [I4]. For this special case, the adjoint

equation becomes

Apy = —=bi(t+1)pig1 — 2?21 of, (t+ 1) gpie; + 1o T+ 1) + AW, + AQy, (3.14)

pr = 7hz (XT) 9

and the Hamiltonian function becomes

d
H (w,t,u,z,p,q) =b* (w,t,x,u)p—i—Zaf (w,t,x,u)qe; — L (w,t,x,u).
i=1

The adjoint equation has the following explicit solution

pr-1 = —E[hs (X7)|Fr_1],
gr-1 = —E[he (X7) (AW)" |Fp_1],
pe = E [[I‘Fb; (t+D]pey1 — b (t+1)+;d:10§} (t+1)Qt+1€i|ft] ;
@ = E H[I + 05 (t+ 1) pip1 — L B+ 1)+ Zi of, (t+1) thei] (AW,)" |-Ft:| .

which coincides with the results in [14].
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4 Maximum principle for the fully coupled FBSAE system

In this section we suppose W to be one-dimensional driving process. Let u = {ﬁt}tT:O be the optimal control
for the control problem ([3)-(T4]) and ()_( Y, Z) be the corresponding optimal trajectory. Note that the

existence and uniqueness of ()_( Y. Z ) is guaranteed by the results in [I5]. The perturbed control u¢ is the

same as ([ and we denote by (X, Y*, Z¢) the corresponding trajectory.

Let

Xi=X; - Xy, i =Yf =Y, Z, =2 — Zy, Ny = Nf = N,

Using the similar notations ([B:2)) in section 3, we have

AX, = 0 () =b(0) + (0% (1) — 7 (1) AW,
AY, = —f(t+1)+F(t+1)+ZAW, + AN,
(4.1)
5(:0 = Oa
Yr = 0
Lemma 4.1 Under Assumption[Z8 and Assumption[2.7, we have
T, Ty T-lo
]E(Z‘Xt MDY ‘Zt ) < Ce’E|Av]?. (4.2)
t=0 t=0 t=0

Proof. By (@),

E <)?T, ?T> _E <)?0, %>
Y A (X 1)
EX [(Re=r20+T®) + (%t () =5 1) + (Zr0* (1) =7 (1))
EY {5 (A5 0) — A (R u) A

B (Xr, —f° (1) + J* (1)) +
+EY L, (K PO+ T ()

BT (A A7 u5) = A (6 X))

<

+E (X, —f (1) + 2 (1) +

+E [<f( —F () +7(s)> n <?'5 () 5(s)> n <25 () E(S)H .
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By the monotone condition, we obtain

E (Ko —J* (&) +7 () + (V0 (5) =B (5)) +(Z05° () 7 (s))

(4.3)
T o |? T |52 T-1]|7 |?
> aE |35, ‘Xt‘ + 20 ‘Yt‘ + 20 ‘Zt‘ :
On the other hand,
E( Xy~ JF () + 7 (s))
< %e[&[ + E[f ) - F )|
2| T 1V °
[0 C 2
<& L 2
QIE’XS + 5=c"E|Av|
and similarly,
E[(Xe=F5(5) 4+ T(5)) + (Vb (5) = B(s)) + (20,5 () =7 (5))] )
4.4
12 2 a2
< 2oF UX + Ys| +|Zs ] + Ce2E |Av).
Combining (£3) and (£4), we have
T, T, T-1o
EY ‘Xt‘ +3 ‘Yt‘ +3° ‘Zt‘ < O |Av].
t=0 t=0 t=0
This completes the proof. m
Next we introduce the following variational equation:
AL = by (1) & +by (8) me + bz (1) G + Sesbu () eAv
=+ [Uz (t) gt + oy (t) N+ 0 (t) Ct + 0ts€0y, (t) AU] AWt;
A = —fo(t+1) &1 — fy(t+ D) nr — f2 (8 4+1) G
(4.5)
=0t 1)sfu (t+1)eAv + GAW; + AV,
60 = 0)
nr = 0.
By Assumption and Assumption 27 when ¢ € {1,...,T — 1},
_fz (t) _fy (t) _fz (t)
be () by (t) b (1) < —als,, P—a.s; (4.6)



when ¢t = 0,

< —als,, P—a.s.; (4.7)

when t =T,
— fo (T) < —al,, P—a.s. (4.8)

Thus, the coefficients of (L5 satisfy the monotone condition and there exists a unique solution (£,n,(, V)
to ([@H). Similar to the proof of Lemma [L] we have

T T T-1
|3l + S+ 3 f | < cotmia (49)
t=0 t=0 t=0
Define
1 — — — — — —
6# (t) :/ QO'ut,Xtﬁ’)\(XtE*Xt) ,}/,54’)\(}/;*}@) ,Zt+)\(ZtE*Zt) ,ﬂt+)\(u§—ﬁt)d)\
0
where ¢ = b, 05, g, f, [, h and u =z, y, z; and u.

Lemma 4.2 Under Assumption[2Z.8 and Assumption [2.7, we have

T R 2 T R 2 T-1 N 2
e3[%- o 3l D[] o)
t=0 t=0 t=0
Proof. Note that
p= () =% (1)
=& () (X7 = Xo) + 6y (1) (V7 = Y2) + 8- (1) (27 = Zi) + 61550 (1) v

Set

Xt:)?tfft, ﬁ:f”t*m, Ztizt*@, Nt:ﬁt*vt-
Then,

AX, = by () Xi4by ()Y +b. () Ze + Ay (£)
+ 0w () Xi + 0, ()Y + 0. (t) Zy + Ao ()| AW,
AY, = —folt+1)Xp1 = fy (0 +1)Yigr — fo (8 +1) Zepa
(4.10)
—As (t+1) + Z,AW; + ANy,

Xo = 0,

Yy = 0,
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where

Ma(t) == (Fo () = £:0) Ko = (£, ()= £, (1) T

According to (@10,
0= E <)~(T, 37T> —-E <Xo, }70>

= EX A(XT)

where

bx () = (ba (£) , by (2) , b= (1))
ox (t) = (0 (t) ;04 (1) ;0= (1))
(@)= (fa(8), £y (1), f= (1))

Combining (£0), [@T) and @8], we have

EXT o [(Ke A5 @)+ (Ve A () + (Ze, A0 ()]

~ |2
> ok | [%[ + 5L,

S vind A4}
Note that
E (X0, s (1))
= E(X (F0-£0) X)+E(X, (£, - £,0) T:)
V(X0 (B ()~ 1)) Z0) + E (Ko 0us (Fu(6) — fu (1)) 00
i

)}t )?t

IN

2 ~ 2
SE + |7 0= £, 0

zel|Ro-rof

~ 2 2
+25 ][50~ 0] [2] + 8

RORAC N
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When ¢ — 0,

J?u (t) — fu (t)H — Ofor 4 =z, y, z and u. Then, by Lemma 1]

E<)~(t,fA3 (t)> < %]E})Zt . 0(c?).

Similar results hold for the other terms in (@IT]). Finally, we have

T 2 T 2 T—1 2
s[RI Sl <o,
t=0 t=0 t=0

This completes the proof. m
By Lemma [£2] we obtain

= EXy [ (8) &) + Iy (1)) + {12 (8) 1) + bus (L (5) s eA0)] + E (ha (X1) ,€1) +0(e).

Introduce the following adjoint equation:

Apy = =bi({t+1)pe1—os(t+1) g
+fEt+1) ki + 1 (4 1) + AW + AQy,
! ! ! ! (4.12)
+ 2 () ke = 0% (t) pe — 0% () @ + 1 ()] AW,

pr = _hm (XT) )

ko = 0.

Define the Hamiltonian function as follows:

H(watauaxayazapaqa k) =0b" (wataxayazau)p + Z?:l 0’; (wataxayazau) g€
_f* (wataxayazau)k: _l(w’taxayazau)'

Theorem 4.3 Suppose that Assumption[Z.8 and Assumption[2.7 hold. Let @ be an optimal control for (L3)-
(L3), (X.Y,Z) be the corresponding optimal trajectory and (p, g, k) be the solution to the adjoint equation
(Z12). Then, for anyt €{0,1,....,T} and any v € Uy, we have

<H’u (taataxtaz) Ztaptaqta kt) U — ’at> S Oa P—a.s. (413)
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Proof. From the expression of &, p; for ¢t € {0,1,...,T — 1}, we have

Al&e,pr) = (G+1, Ape) + (A&, pr)
= (G4, =03 (E+ D) pryr —0p (E+1) e + f7 (E+ 1D Fega + 1 (E+ 1))
+([oz (1) & + oy (t) 0 + 02 (1) G + Orse0in (1) Av] AW, g AWY)
+ (by (t) & + by (£) e + b (t) Gt + Opsby () eAv, pr) + Dy,

where

O, = (& Hba (0)& 4 by (£)ne + b2 () G + Osbu () eAv, ¢t AW)
+ ([0 (t) & + Oy () me + 04 (t) G + Ses0in (t) Av] AWy, pe)
+ (& + be () & + by (8) me + b (t) G + Oesby (B) eAv, AQy)

+ [z (t) & + 0y (B) e + 02 () G + Seseoin (t) Av] AWy, AQy)

Since W and @ are square integrable martingale processes and @ is strongly orthogonal to W, we have

E [®;] = 0. Similarly,

A, ke) = (Ang, k) + (e, Aky)
= (—fo(t+ 1) &1 — fy (E+ D nepr — fo (04 1) Grr — Sgegysfu (E+ 1) A0, kg )
+ (G AW, [f2 () ke — 0% () pr — 0% () g + 1 (8)] AW)

+ (e, fy (8) ke = 0 (8) pe — 0 () qe + 1y (8)) + P,

where
Uy = (GAWi ke + f3 (0 ke = by (8)pr — 0 (8) g + 1y (£))
+ (e, [£2 (8 ke = b2 (8 e — 02 () qu + L= (8)] AWY)
+ (ke + i (0 ke = b () pe — 03 () a1 + 1y (1), AV)
+{[f2 (0 ke = b2 () pe — 0% (8) g + 1 ()] AW, AV;) .
Furthermore,

E [UI (t) gt + oy (t) N+ 0, (t) Ct + 0ts€05u (t) A'U] AWt; QtAWt>
=E(0u (t) & + 0y () i + 0= (t) Gt + Srseoiu (1) Av, B [AWP|F])
d

§t5 Oix tel

=1
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and

EA(GAW:, [f (t) ke — b, (1) pe — 0 (1) @ + L. ()] AW)
E (Ce, [f7 (8) ke — 0% (t) pe — 0% (t) g + 1. (1) E [AWZ|F])

d
= <ZCteJAWt Zf ktAWt>
d
Z t) Cei, kit 1 .

i=1

Then, we obtain

E[A (& pe) + (ne, k)]
= E(=by (t+1) &1, pe+1) + (0o () &) — (G, 05 (E+ 1) qear) + (€ 05 (8) qr)
— (fy (E+ D) megas kea) + (fy @) 1o, k) — (Fz (B4 1) Gy Fs) + (F2 (8) G )
+ (o (t+ 1), Eern) + (ly () ,me) + (L (), o) + € (esbu (8) Av, pe) + drse (0w (1) Av, qr)
—e {8sysfu (t+1) Av kg

Therefore,

—E (h (Xz) . 2)
= E[{&r.pr) + (nr k1) — (€0, p0) — (10, o))
= Y0 EA (& pe) + (ne, k)
= E (b (0) 0. p0) + X0 (607 (0)do) + (fy (0) 7m0, ko) + (£ (0) Go, ko)
+ im0 B{Le (6) &)+ (ly (1) sme) + (1= (1) ,Go))
+ 00 Ous B (b (£) pe, Av) + (07 (£) ar, Av) = (f7 (£) ke, Av)].
Notice that & = 0, ko = 0. So
E X0y [l (1), 60) + (by (1) ) + {1 (), C)] + B (ha (Xr) , 6r)
= —eB[(b] (5)ps + 07 (5) @ — [ (5) s, A)].
Since lim. o L [J (u® (-)) — J (@ ()] > 0, we obtain
E (b5, () ps + 07 (5) s — £ () ko — Lu (5) . Av)] <0

Then, ([@I3]) holds due to that s is taking arbitrarily. This completes the proof. m
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