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FUNCTIONS HOLOMORPHIC OVER FINITE-DIMENSIONAL COMMUTATIVE ASSOCIATIVE

ALGEBRAS 1: ONE-VARIABLE LOCAL THEORY 1

MARIN GENOV

ABSTRACT. We study in detail the one-variable local theory of functions holomorphic over a finite-dimensional commuta-
tive associative unital C-algebra A, showing that it shares a multitude of features with the classical one-variable Complex
Analysis, including the validity of the Jacobian conjecture for A-holomorphic regular maps and a generalized Homological
Cauchy’s Integral Formula. In fact, in doing so we replace A by a morphism ¢ : A — B in the category of finite-
dimensional commutative associative unital C-algebras in a natural manner, paving a way to establishing an appropriate
category of Funktionentheorien. We also treat the very instructive case of non-unital finite-dimensional commutative
associative R-algebras as far as it serves above agenda.
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NOTATIONS & CONVENTIONS

By abuse of notation, we shall denote by the same letter both a curve v : [0,1] — X (as a continuous map) and its
image (support as a cycle), e.g. f7 w. Moreover, loops v : S — X will always be parametrized for notational simplicity

as y(t) with ¢ € [0, 1].

In the presence of tensors, we will try to always denote free indices by i, j, k, ¢ and summation indices by r, s, t, unless
we forget to do so.

N: the natural numbers {1,2,3,...}.

Np: the extended natural numbers, i.e. NU {0}.
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R: a ring, often times commutative, with unit, and of characteristic char R = 0.

K: arbitrary field, usually char K = 0 or perfect, unless explicitly stated otherwise.

k: arbitrary algebraically closed field, usually char x = 0, unless explicitly stated otherwise.

K: the field R or C.

C*: the multiplicative group of the complex numbers.

C*: the additive group of the complex numbers.

G, the additive (affine) group (scheme).

Gyt the multiplicative (affine) group (scheme).

S™: the n-sphere.

T™ := (SY)™: the standard n-torus.

Vecty: the category of K-vector spaces.

CRing: the category of commutative rings with identity element.

fdAlg,: the category of finite-dimensional associative unital algebras over K.

fdCAlgy: the category of finite-dimensional commutative associative unital algebras over K.

BanAlgy: the category of Banach algebras over K.

CBanAlgg: its subcategory of commutative Banach algebras over K.

A, B, C: finite-dimensional, commutative, associative, unital algebras over R, K or K.

2, B, ¢: finite-dimensional commutative associative, but not necessarily unital algebras over R, K or K.
M, N: connected finite-dimensional commutative associative non-unital K-algebras, maximal ideals of some A.
A* = U(A): the group of units (=multiplicative group) of A.

J(A): the Jacobson radical of A.

JxF': the (K-)Jacobian of a map F.

Mat, xm (R): n X m-matrices over some ring R.

M,,(R) := Mat, (R): the ring of n X n-matrices over a ring R and an associative R-algebra if R € CRing.
FE,,: the identity matrix of size n.

I certain idempotent element.

AT transpose of a matrix A.

Int(+y): the interior of a closed plane curve v C C.

=]

~(20): the open disc with radius r around zg € C.
(

=]

*(2p): the punctured open disc with radius r around zy € C.

g

open polydisc of radius r around z € C".

P

rlZ

r(2):
(2): closed polydisc of radius r around z € C™.

=

2)
2)

Z(f): the zero set of a function f whenever that makes sense.

(2): open ball of radius r around z € K.
(

==l
3

closed ball of radius r around z € K".

Ck(U,V): space of k-times continuously differentiable functions on U with values in V, k € Ny U {o0, w}.
[/l = supzex [|f(z): the uniform norm over (usually a compactum) K, e.g. || f|ly .-

o (ST, U): space of piece-wise continuously differentiable curves.

{pt.}: the one-point space.

A: a proverbial solid triangle with boundary 0A.
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[: a proverbial solid rectangle with boundary o0J.
Y%¢: a star-shaped open set.
&Z: a leaf from a tree or a bush.

: piece-wise smooth path.

1. INTRODUCTION AND OVERVIEW

Starting with the definition of complex differentiability of a function f : U — C for an open U C C,
f(z0 +h) — f(20)

h )
given the ubiquity of Complex Analysis throughout mathematics, it is a natural question if it can be generalized to

K-algebras A other than C itself and, if yes, to what extent. For example, if U C A is open and f : U — A some
function, one may want to define
f(Zo + H) — f(Zo)

H=0 H ’

F'(z0) = lim (L1)

(1.2)

whenever the limit makes sense, or
f(Zo+H) = f(Zo) + f(Zo)H +o(H) as H — 0, H € A. (1.3)

A moment’s thought shows that such a generalization and its usefulness would depend in an essential way on the basic
properties of A such as associativity, commutativity, or unitality. If A is both commutative and associative, then a
function f satisfying 1.3 is often called A-differentiable at Zy. To reasonably formalize such generalization attempts,
borrowing from the German language, we shall henceforth call any one-variable theory of functions that exhibits the

following broadly understood properties a (generalized) Funktionentheorie®:

(i) presence of generalized Cauchy-Riemann equations (CR);

(ii) presence of generalized Cauchy and Morera Integral Theorems (CIT & MIT);
(iii) presence of generalized Cauchy Integral Formula(s) (CIF);
(iv) presence of Analyticity (AN).

Furthermore, since we are in practice working within an entire category of algebraic objects, namely (finite-dimensional)
commutative associative (Banach) K-algebras, it makes sense to adopt a relative point of view and consider a morphism
@ : A — *B of such algebras instead of restricting ourselves to a single fixed object 2. This should serve as a first hint at
the underlying categorical flavour of the theory. Picking a morphism ¢ turns 9B into an 2-algebra in the usual way via
VA e AVB € B : AB = p(A)B, and the appropriate generalization of 2-differentiability reads as follows: for U C 2
open we define a function f: U — B to be p-differentiable at Zy € U iff

F(Zo+ H) = f(Zo) + (Zo)p(H) + o(0(H)) = f(Zo) + f'(Zo)H + ol[|o(H)||) as H — 0 in 2 (1.4)
for some element f'(Zy) € B, which is then the (¢)-derivative of f. For example, if ¢ : C — C, z — Z, is the complex
conjugation, then the ¢-holomorphic functions are precisely the anti-holomorphic functions. If A is complex and unital
and ¢ : C — A is the canonical inclusion of the scalars, then (-holomorphic functions are the same as .4-holomorphic
functions when viewed as functions of Several Complex Variables (satisfying additional conditions). More generally,
p-differentiable functions for some ¢ : 2 — B can be viewed as certain B-valued functions of Several (usually, however,
non-free) A-Variables. Finally, note that we recover 2-differentiability by simply setting ¢ = idy.

In the present series of papers including [MGO02, MG03] we study in detail and optimal generality the local theory
of p-differentiable functions in the finite-dimensional setting, having at our disposal the basic structure theory of
finite-dimensional commutative associative algebras and the apparatus of (finite-dimensional) differential geometry and
algebraic topology. The two key facts we use are that these algebras, when unital, are Artinian and hence decompose into
a finite direct sum of local Artinian K-algebras with nilpotent corresponding maximal ideals and that their group of units
A* is path-connected iff the algebra carries a compatible complex structure, in which case they are also triangulable
since C is algebraically closed.

While the notion of A-differentiability for a (finite-dimensional) unital commutative associative (Banach) K-algebra
is rather old?, its generalization to (-differentiability for a morphism ¢ : A — B of (not necessarily unital) finite-
dimensional associative commutative K-algebras and the study of the thus resulting function theory together with the

1(ger.) function theorys;
2the first article on the subject was published already in 1893 by Scheffers [Sch93]. While a survey on A-differentiability would be too
ambitious for the scope of this introduction, we give an overview of relevant references on the subject at the end of the article.
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possibility of a category of Funktionentheorien are to our best knowledge very much new. To unpack the definition, in
Section 3 we give a discussion of various aspects, pitfalls, and consequences of ¢-differentiability, using the aforementioned
algebraic structure theory. In particular, we demonstrate that for many purposes of a local function theory as a
consequence it suffices to consider morphisms of connected algebras, or even only inclusions of connected algebras.
A byproduct of this discussion is the fact that a Lp—dlfferentlable function f : U — B automatically extends to a
p-differentiable function f U— B, where the precise meaning of U is given in Definition 3.0.4.

Furthermore, in Lemma 3.0.6 we establish the relationship between the abstract 2A-derivative of an 2-differentiable
function f and its Jacobian Jk f over K when seen as a function of several K-variables. As a consequence of this and the
structure theory of finite-dimensional commutative associative K-algebras we show in Corollary 3.0.7 that the Jacobian
Conjecture easily follows for A4-holomorphic regular maps, where A is unital. The validity of the Jacobian Conjecture
in the case of A-holomorphic regular maps as well as the easiness of its proof serve in our opinion as a philosophical
affirmation of the view that A-holomorphic functions are much closer in spirit to the function theory of one complex
variable than of Several Complex Variables, both locally and globally, and hence provide a middleground between
both realms that presents a suitable opportunity to test statements known in one complex dimension, but unknown or
difficult in higher complex dimensions. We finish Section 3 by verifying that the collection of (-differentiable functions
actually yields a sheaf O, of 2-algebras with a distinguished derivation. In [MGO02] we study among other things further
properties of O, for ¢ : (A, m) — (B,n) a morphism of local C-algebras and show in particular that (U, O 4|v) for U C A
open is a locally ringed space. Later on, in [MGO7] we shall use O 4 to model global 1-dimensional analytic spaces over
A, i.e. A-analytic curves with singularities.

In Section 4 we move on to state various versions of the corresponding generalized Cauchy-Riemann Equations for
p-differentiable functions and give a discussion of the various angles of the local coordinate formulations, including
answering some inverse questions such as the extent to which an abstractly given collection of 2A-differentiable functions
determines 2l uniquely. We finish Section 4 with the introduction of certain differential operators d;; = ai% — aj%,
where {ai,...,a,} is a K-basis of 2, that actually play the analogous role of the Wirtinger derivatives, and state the
analogous critaria for ¢-differentiability. Later on we will show in Proposition 5.0.6 that d;; f are in fact the coordinates

of d(f(Z)dZ) in the case K =R or 9(f(Z)dZ) in the case of K = C.

In Section 5 we routinely but carefully verify for completeness sake that certain standard facts about integrals over
closed contours from the Complex Analysis of One Variable transfer almost verbatim to the case of a morphism of not
necessarily unital commutative associative K-algebras, including the Cauchy-Goursat Integral Theorem. These concern
-primitives and @-integrability of a function f : U — 9B, which are the obvious analogues of the corresponding notions
in the Complex Analysis of One Variable. Most of the proofs turn out to be just like in the case of one complex
variable and can therefore be skipped. However, some of the consequences are topologically more interesting due to the
fact that we now find ourselves in three or more real dimensions. At the heart of the matter lies the fact that for a
p-differentiable function f the B-valued 1-form w := f(Z)dZ is d-closed, which is also central to the later theory by
ensuring the homotopy-invariance of (the integrals of) w

This is pretty much as far as one can model the classical theory of one complex variable in the case of non-unital
commutative associative K-algebras. To take the theory further, we need to consider contour integrals of dZ/Z and
related 1-forms, and thus it becomes abundantly clear that one cannot dispense with the path-connectedness of A*,
which is shown in Section 2.4 to be the case if and only if A is in fact a C-algebra. Triviality of mo(A*) turns out
to be the only obstruction to obtaining all the features of a Funktionentheorie as Section 6 demonstrates. Thus, from
here on out we will suppose ¢ : A — B to be a morphism of complex unital finite-dimensional commutative associative
algebras.

In Section 6.1 we introduce some conventions and objects of purely technical nature that will reoccur throughout and
that allow us to state the integration theorems in their full generality. A key feature governing the Funktionentheorie over
finite-dimensional commutative associative unital C-algebras A is the algebraic fact that if Spm.A = {9MMy,..., My}
is the (maximal) (ring-theoretic) spectrum of A, then the quotient (spectral) projections o : A — A/ = C,
1 < k < M, are not only algebra epimorphisms, but also projections onto 1-complex-dimensional subspaces of A and
moreover o(Z) = {01(Z),...,0m(Z)} is precisely the (eigenvalue) spectrum of Z € A as suggested by the choice of
notation.

In Section 6.2 we introduce Ind, (T, Zo) for Zp € U and T' € Z;(U, Z), which is the appropriate analogue of the index of
a l-cycle around a point in the complex plane suitable for the purposes of the theory of p-holomorphic functions. While
some ad hoc lower-dimensional cases of Ind,, in disguise have already been computed explicitly in the literature, we give
a general treatment and computation in full, showing that it reduces in an appropriate way to the usual C-indices of
the spectral projections of the said 1-cycle in the respective complex planes. While the generalized index depends in
principle very much on a choice of an algebra structure on the underlying vector space A, it turns out to be invariant
under algebra endomorphisms. Another interesting feature of the generalized index is the fact that it is B-valued in a
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natural way, hinting that it is also useful to consider 1-cycles I' € Z;(U, R) with values in a commutative ring other
than Z like R = A or R = B. This point of view will be pursued in detail later in [MGO04].

In Section 6.3 we prove the analogue of Cauchy’s Integral Formula with index for ¢-holomorphic functions. A consequence
of this, most easily stated for a morphism ¢ : (A, m) — (B,n) of local C-algebras, is that, if f : U — B is a ¢-holomorphic
function on some open U C A, then f extends p-holomorphically to cylinders D,.(0 4(Z)) xm, where o4 : A - A/m = C
is the canonical projection, Z € U is a point, and r > 0 is a small enough radius such that D,.(c4(Z)) C c4(U). In
fact, we show a little later that f extends to the whole U= oA(U) x m.

Section 6.4 is entirely dedicated to questions of analyticity. Let A = (A, m) be alocal C-algebra. If f(Z) = > A, Z" €
A{Z} is a convergent power series, we define as usual

1

R:=Ry: 7 € [0, 0] (1.5)

~ limsup || A, |
n— oo

to be its radius of convergence. If p4 denotes the spectral radius of elements in A (in fact, we have in this case
pa = || oo.4), we show that the precise domain of convergence of f is the spectral ball of radius R, that is, f(Z) is
convergent for all p4(Z) < R and divergent for all p4(Z) > R. While the first part is no surprise at all, the second
part is specific to finite-dimensional commutative (local) C-algebras. If we did not suppose commutativity or finite
dimensionality, divergence of f(Z) outside of the spectral ball would be in general false since in that case we could
have for example zero divisors with positive spectral radius. The convergence behaviour of f(Z) for a general finite-
dimensional commutative C-algebra A then follows from the Artin property of A and the decomposition of A into a
direct sum of local Artin C-algebras. We remark that the spectral ball of a local finite-dimensional C-algebra around
Zy € A is actually a spectral cylinder as it has the form Dg(c4(Zp)) X m.

We then go on to prove a version of the Cauchy-Transform for B-valued measures and a certain class of A-valued
measurable functions satisfying “more-width-than-depth”-type of a condition. When applied to the generalized Cauchy’s
Integral Formula, this shows that o-holomorphic functions are locally analytic of the class B{p(Z — Zy)} and gives a
generalized Cauchy’s Integral Formula with index for the (p)-derivatives of f. This in turn leads to generalized Cauchy’s
Inequalities and a generalized Liouville’s Theorem specific to p-holomorphic functions. We remark that we study the
properties of the algebras A{Z} and other related objects much more closely in [MGO02], while in [MGO05] we take a
purely algebraic approach to generalized holomorphy that is applicable to a much wider class of commutative associative
R-algebras for some R € CRing of char R = 0 by considering subalgebras A[[a1 X7 + - - - 4+ a, X, ]] C A[[X71, ..., X,]] and
related objects and establish properties of ¢-holomorphic functions valid already on the level of formal power series. In
particular, this treatment includes arithmetic holomorphy which concerns itself with the case of number fields and rings
of integers. For example, in this context the classical holomorphy is the one associated to the field extension C/R.

In the other direction, the local form of analyticity in the shape of B{¢(Z)} has several important implications, some
of which we list here. For starters, it is immediate that, if for example ¢ : A < B is an inclusion (C-linear ring
extension) of C-algebras, then a p-holomorphic function f : U — B, U C A open, is locally a restriction of a unique
B-holomorphic function, regardless of the dimension difference between A and B. Another important consequence is
that, if ¢ : (A, m) — (B,n) is a morphism of local C-algebras, then f has the canonical form

v—1 (k) .
F2) % e x) = L@, (1.6)

!
— K

where z € C, X € m, f(*)|g4(U) — B simply are C-holomorphic functions with values in the finite-dimensional Banach
space B, and v = h(¢) := min{h(A),h(B)} is called the height of the morphism, i.e. the minimum of the degrees of
nilpotency of the maximal ideals m and n. This in turn leads to the promised automatic extension of f to U and goes to
show by separating the scalar variable from the nilpotent variable that the theory of ¢-holomorphic functions is, locally
at least, quite literally a combination of the complex analysis of one variable and the multiplicative structure of finite-
dimensional commutative connected C-algebras. Conversely, above formula prescribes a way to create w-holomorphic
functions, and so we obtain a full characterization of p-holomorphic functions for ¢ : A — B being a morphism of unital
C-algebras. It is not difficult to take this a little further and show that an A-biholomorphism f : U = V automatically
extends to an A-biholomorphism f: U = V.

Finally, a key consequence of this form of analyticity is the ability to derive at nilpotent elements®: if (A, m) %> (B, n)
is a morphism of local C-algebras and Zy € U and X € m = nil A, then the limit
Zo+ H) — f(Z

H—X H
HoX @(H)

(1.7)

3for a lack of a better term;
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exists and gives rise to a function f:m x U — B, (X, Z) — f(’ X)(Z), polynomial in X and g-analytic in Z. This has in
turn the important implication that the function g : U x U — B, given by
I T2 it W - Ze AXNU

9(Z,W) :={ pws

: , (1.8)
Fow_p(Z), W —ZemnU

is ¢-holomorphic both in Z and W (see Lemma 6.4.19). This plays a key role in the proof of the generalized Homological
Cauchy Integral Theorem (6.5.2), which we state here only for the case of local C-algebras for notational simplicity: if
¢ : (A,m) = (B,n) is a morphism of local C-algebras, o4 : A - A/m = C the canonical quotient projection, U C A
path-connected and open, f € O, (U), and I" € Z;(U, Z) a 1-cycle such that (c4)xI" € B1(c(U),Z), then

£(Z2)Ind, (T, Z) = 217Tz'/p<p(IJ;§VK)Z)dW (1.9)

whenever the integral is well-defined. A similar result has been shown by Giovanni Battista Rizza (1952) [Riz52] for
1-cycles T" in a local finite-dimensional C-algebra A = (A, m) under the condition that [I'] = 0 in H;(U,Z). Clearly, our
result makes use of a much weaker topological assumption.

Thus, in summary, to every morphism of finite-dimensional complex commutative associative unital algebras one as-
sociates a Funktionentheorie. We mention that already in complex dimension 7 there exist infinitely many distinct
isomorphism classes of local commutative associative unital C-algebras [see Poo08, Sup56, ST03, ST68|, which attests
to the richness of the theory. In [MGO03] we shall continue this line of thought in conjunction with the philosophy of
[Sch82] and [SZ82] towards constructing an “analytic” category fdCFkth of finite-dimensional commutative Funktionen-
theorien. In [MGO6] we will study the A-analogue of Riemann Surfaces, i.e. smooth A-curves, of which there exist
many examples, towards constructing a “smooth geometric” version of fdCFkth, while in [MGO07] we will also allow for
singularities.

2. PRELIMINARIES

2.1. The Structure Constants of a K-Algebra. Let K be an arbitrary field and let 2 be a finite-dimensional K-
algebra with a choice of basis {ay,...,a,}. We shall denote by A : 2 — Endvect () = M, (K), a — (A, : @’ — ad’), the
left regular representation of 21. Notice that, unless 21 = A is unital, X is not necessarily faithful, e.g. take 2y := Ce
with €2 = 0, but one can obtain a faithful representation of 2 by adjoining a unit and then removing the scalars from
the regular faithful representation of the unital algebra.

Definition 2.1.1: The structure tensor (structure constants) (Oéj-k)lgi,j,kgn of A with respect to the choice of basis
{a1,...,an,} is given by

V1<jk<n:aja, = Za?kar. (2.1)

r=1

In other words, we have '

V1 < ] <n: aj(al, e ,an) = (0,1, I ,an)(a;k)1§i7k§n. (22)
Thus A(a;) = (aék)1§i7k§n = A; € M,(K), 1 < j < n, are precisely the representation matrices of the basis vec-
tors.

Furthermore, if 2 = A is unital with unit 14, we define

n

la=> €a, (2.3)

r=1
to be the coordinates of the unit.
Lemma 2.1.2 (Basic Relations for the Structure Tensor of 2):

(1) A is unital with unit 1o if and only if (€ )1<r<n € K" V1 < i,k <n:

n n

ZeTafﬂk = Zerafw = 0L, (2.4)

r=1 r=1

Moreover, in the special case ay = 14, we have V1 < i,k < n:

ol = gy = 0. (2:5)

(2) A is commutative if and only if V1 < i, j,k <n:

oy = g (2.6)
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(8) A is associative if and only if V1 <i,j, k.l <n:
Z a?kaiz = Z 042504;7". (2.7)
r=1 r=1

Proof: To (1): this is a coordinate restatement of V1 < k < n:14ar = apla = ag.

To (2): this is a coordinate restatement of V1 < j,k < n: ajar = aga,.

To (3): this is a coordinate restatement of V1 < ¢, 7,7 < n: (a;a;)ar = a;(a;jag). O
2.2. The Structure Constants of a Morphism of K-Algebras. Let 2 = B be a morphism of K-algebras with

bases {a1,...,a,} and {b1,..., b, } and corresponding structure tensors (a§k)1§i,j,k§n and (ﬁ;‘k)lgi,j,kgm, respectively.
Then B is a left 2A-module via Ya € A b € B : ab == p(a)b.

Definition 2.2.1: The (left) structure constants (ng)lgi,kgm,lgjgn of the morphism @ with respect to the bases
{a1,...,a,} and {by,..., by} are given by

VI<j<nVI<k<m:ajb=» b (2.8)

r=1

There are many relations one could state, but for the moment we shall need only the following two:

Lemma 2.2.2: Let B be associative. Then:

(1) We have V1 < j<nV1<ikl<m:
Zﬁiﬂ;k = Z%ﬁﬁ/@f- (2.9)
r=1 r=1

(2) Multiplicativity of ¢ implies V1 < j, k <n V1 <i,l<m:
Zviea;k = 27;5720 (2.10)
r=1 s=1

Proof: To (1): V1 <j<n, V1 <k, 0 <m: (ajby)be = a;j(brbe).
To (2): VI < j,k <n, V1 <l <m: (ajar)be = a;j(arbe). O
2.3. Some Commutative Algebra. In the following subsection all rings (incl. algebras) are assumed commutative,

associative, and with unit, unless explicitly stated otherwise. Moreover, in this chapter we will be using U(R) to denote
the group of units of any R € CRing instead of R*, e.g. U(R|[[T1,...,Ty]]) instead of R[[T1,...,Tm]]*.

Since commutative algebras are central in what follows, it is prudent to discuss some general facts from Commutative
Algebra. If A is an n-dimensional K-algebra, then, by virtue of finite dimensionality, A is Artinian, that is, every
descending chain of ideals stabilizes (becomes stationary). We summarize the most important facts about Artinian
rings in the following

Lemma 2.3.1 (Artin Rings): Let A be an Artinian Ring. Then:

(1) A possesses a composition series of ideals A =: ay 2 ay_1 2 2 ag 2 ag =0 of length L4(A) =€ < o0, i.e. A
1s of finite length as an A-module.

(2) A is Noetherian.
(8) A has Krull dim A =0, i.e. Spec A = Spm A as sets, and moreover they are finite.
(4) J(A) =nil A, and moreover it is a nilpotent ideal.

(5) A can be written uniquely up to index permutation as a finite product of Artin local rings A = @jﬂil(Aj,mj),
where we have a bijection

{my,...,mpy} < Spm A = {My,..., DM},
grven bymj:A1X~“XAj_1ijXAj+1 X"'AM, ].SJSM

Proof: We refer the reader to [AM69]. O
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Thus let us additionally suppose that (A, m, k) is local. In particular, m = J(A) = nil(A) is nilpotent of order
< n. By finite dimensionality, x/K is a finite field extension and A = k @ m as vector K-spaces, hence we have
dimg A = [k : K|+ dimg m.

Lemma 2.3.2: Let (A, m, k) be a local ring and M a simple A-module. Then M = k.

Proof: Let 0 # x € M and define a homomorphism of A-modules f: A — M, a +— ax. Then f # 0 since f(1) =z # 0.
Hence im f C M is a non-trivial submodule. By simplicity of M, it follows that f is surjective, thus M = A/Xker f,
which is then also simple and therefore ker f = m by the correspondence for ideals of quotient rings. In other words,
M= A/m=k. O

Corollary 2.3.3: Let (A, m, k) be a local n-dimensional k-algebra. Then £4(A) = dim,, A =

Proof: Since A is Artinian, take a composition series of ideals A = ay 2 m = as_1 2 --- 2 a1 2 ap := 0. Then by

definition a;/a;11 is a simple A-module and therefore a 1-dimensional k-vector space. In particular, so is a;. O

Lemma 2.3.4: Let K be a perfect field and let (A, m, k) be a finite-dimensional local K -algebra. Then A is automatically
a k-algebra, extending the K-algebra structure.

Proof: Since A = k @ m as K-vector spaces, it suffices to show that m is a vector space over k, extending the K-linear
structure. Since K is a perfect field, the finite extension /K is separable. Thus, by the Primitive Element Theorem
we have £ = K[f] for some 0 # 6 € A/m = x. Now, pick a representative ¢ € 0, 0 € U(A), and define a K-linear action

kK xm — mvia § -z = fz. This defines a x-linear structure on m, depending on 6 and clearly extending the K-linear
one. (]

For the special case of K = C, we include here a second proof* that does not require finite dimensionality of A:

Lemma 2.3.5: Let (A, m,C) be an Artin local, not necessarily finite-dimensional, R-algebra. Then A is automatically
a C-algebra, extending the R-algebra structure.

Proof: Since A is Artin, we have nil(A) = m. We are going to plug nilpotent elements into formal power series

to construct a root of T2 + 1 in A. As k is algebraically closed, there exists a € A such that a> = —1 in &, i.e.
a? +1 = x € m is nilpotent. Therefore, —a? = 1 — x has an inverse 1 +y = 1+ 2 + 22 + ... for y € m, which in
turn has a square root 1+ 2z = 1 +y/2 — 4?/8 + 43/16 — ... for some z € m. Now set a’ = a(l + z), and we get
a? =a*’(1+2)? =a*(1+y) = a®/(1 — x) = —1 as desired. O

So far, for an n-dimensional local Artinian K-algebra (A, m, k) we have established the following important quanti-
ties:

(i) the dimension of A as a K-vector space: dimg A = n (by definition);

(ii) the Krull dimension of A (the supremum of the lengths of all strictly ascending chains of prime ideals of A, i.e.
the “geometric” dimension of A): dim.A = 0;

(iii) the length of A as an A-module: £4(A) = dim, A.

But there are several other important quantities one can associate to an n-dimensional local Artinian K-algebra (A, m, k)
that will play a role.

Definition 2.3.6:
(1) Height® of A: h(A) is the smallest v € N such that m¥ = 0, m*~! # 0, i.e. the “order of nilpotency” of m;

(2) Width(s) of A: d; = dimgmi/mitt 1 < i < h — 1, in particular, d == dy is the dimension of the Zariski
cotangent space m/m?, also called width of the local algebra A;

(8) Define n, =2 +Z:;11 di, 1 <r < h and notice that ny =2, nyy1 —np. =d. > 1, and np, — 1 = n.

Definition 2.3.7 (Height of a morphism): Let (A,m) %> (B,n) be a morphism of local Artinian K-algebras. Then
h(y) := min{h(A),h(B)} is called height of the morphism .

Remark: We have VX € m: o(X)P%®) = o(XP#)) = 0 in any case.

Since each m’ is a finitely generated .A-module, each choice of k-basis for m’/m?*! lifts to a generating set (over A) of
m’. In the case of m/m? such a generating set for m is also called pseudo-basis of m.

4due to Jeremy Rickard, see [MSEO01];
5should not be confused with the hetght of a prime ideal, which coincides with the Krull dimension of its localization;
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Lemma 2.3.8: Let (A, m, k) be an n-dimensional k-algebra. Then A has a basis {e1 = 14, ea,...,e,} with structure
tensor (O‘;‘k) such that:

(i) V1 Si,kgn:oﬂik:ail :511‘6 and
(ii) Vj,k > 2 Vi < max{j, k} : ol = af, = 0.

Proof: Since A is an algebra over its residue field, there exists a composition series of ideals of length n, A =: a; 2 m=

Gy 2 --- 20, 2 apy1 :=0. Picke; =14 € a1\ az, e2 € az \ a3, ¢; € a; \ @41, 1 < i < n, and notice that the choice of

e gives (i).

Now without loss of generality suppose that 2 < j < k. Then e;e; € ag, hence Vi < k : 0‘3‘1@ = 0. We are left to check
the case i = k. We have

n
(ej — a?k)ek = Z Qjpei € Opq1.
i=k+1
If afk # 0, then e; — a?k € U(A), therefore ey, € ajy1, a contradiction. This proves (ii). O

Remark: In particular, if n > 2, then e = 0, and if n > 3, then e,,_1e, = 0.

One criterion for niceness of a basis choice is the number of zero structure constants. In this regard, the choice in
Lemma 2.3.8 is not necessarily the most optimal one. To improve on this number one might use the following

Lemma 2.3.9: Let (A,m, k) be a local n-dimensional k-algebra. Then A has a k-basis {e1 = la,ea,...,en} with

structure tensor () such that:
(i) V1 <ik<n:ai, =ai, =0 and

(i) V1<r,s <h—1Vj>n, Vk>n, Vlgignmin{r_‘_s,h}fl:aék:O.

Proof: Consider the descending chain of ideals A 2 m 2 m* 2 ... 2 m"~! 2 m" = 0. This is a decreasing chain of

=
vector k-subspaces of A, therefore we can pick a basis e; == 14 € A\m, €,,,...,€n,—1 EM\M2, €,,...,€p,—1 € M?\m?
etc. Let r,s > 1 and let e; € m" and e € m®, that is, j > n, and k > n,. Then eje; € m” ¢ therefore V1 < i <
Pmin{r4s,h} — 1 aék = 0, where the min condition comes from the fact that e;e;, = 0 whenever r + s > h. O
Remarks:
(1) We still have €2 = 0if n > 2, and e,_1e, =0 if n > 3. In fact Vj > n, Yk > nj_, : ejep = 0, since e; € m” and
h—r
e EmM .

(2) Tt is not always possible to improve on the number of zero structure constants by means of Lemma 2.3.9, e.g. if
di =dy =+ =dp_1 =1 like in the case of A,_1 = K[t]/(t" ).

Lemma 2.3.10 (Triangular Form): Let x be algebraically closed and A = (A, m, k) local k-algebra of dim,; A = n. Then
A is triangulable, i.e. isomorphic to a (commutative) k-algebra of matrices of size n of the form

x *
0 x
Proof: Identify A with one of its faithful representations into M, (k). Since  is algebraically closed, all elements of
A are triangulable as their minimal polynomials split, and in fact they are simultaneously triangulable since they are
mutually commuting [see HK71, p.199-204], hence A is triangulable. Next notice that any local ring is connected: if

Ry, and Ry are commutative rings together with m; € Spm R; and mo € Spm Rs, then m; X Ry and Ry X my are two
distinct maximal ideals of Ry x Ro. Put together, this forces A to have the above form. O

Remark: It is easily seen that the regular representation of a commutative upper-triangular algebra is the transposed,
lower-triangular one (see also Lemma 2.3.8 (ii)), which we will occasionally also call the stable lower-triangular repre-
sentation due to the fact that it coincides with its own regular representation. We will often use the lower-triangular
representation as the more canonical one.

Corollary 2.3.11: Let k be algebraically closed, let A = @Qil(Ak,mk,ﬁ) be a finite-dimensional k-algebra decom-
posed into Artinian local k-algebras and let ny = dim, Ag, 1 < k < M. Identify A with its stable lower-triangular
representation and let Z = @kle(zk @ Xi) € A, where z, € k and X, € my, 1 <k < M. Then:

(1) We have tr(Z) = 212/1:1 ngzx and det(Z) = Hkle zZ".
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(2) The spectrum of Z is given by 0(Z) = {z1,...,2zm}, where each eigenvalue zy, has algebraic multiplicity ny,.

O

Finally, let us mention a result of Schur and Jacobson:

Lemma 2.3.12 (Schur-Jacobson): If K is an arbitrary field, then the mazimal dimension of a commutative K-algebra
of matrices of size n is |[n?/4] + 1.

Proof: We refer the reader to [Jac44] for the classical source or to [Mir98] for a more modern and proof-efficient
treatment. O

Let us now determine the structure of morphisms A 2 B of finite-dimensional commutative K-algebras. Let B =
EBévzl By be the decomposition of B into Artin local K-algebras. Then ¢ is the same as an N-tuple of morphisms
@r : A — By, where py = pr¥ op and pr¥ : B — By is the canonical projection, 1 < £ < N, i.e. p(a) = (¢1(a),...,pn(a)).
Therefore it suffices to assume that B is local, in particular connected. We have:

Lemma 2.3.13 (Ring morphisms and decomposition): Let R %5 S be a non-zero morphism in CRing. Then:

(1) R= @2/[:1 Ry, decomposes as a finite direct product (sum) of non-trivial rings (M > 2) if and only if R contains
a non-trivial complete system of M distinct mutually orthogonal idempotents {e1,...,en}, i.e. Z,I:I:l er = 1p
and V1 < k0 < M : e, #0,1, exeg = Sieer. In this case we have V1 < k < M : Ry, = Rey.

(2) If R = @24:1 Ry and S is connected (for example if S is local), then there exists exactly one 1 < k < M such
that ¢ factors as ¢ = @ o pr;, for some ring homomorphism ¢ : R — S, where pr;, denotes the k-th canonical
projection. That s, we have a commutative diagram

R 2

7
Pry, .
TP

Ry,

Proof: To (1): This is well-known. For example, it follows by induction from [AM69, Prop. 1.10], since any sum of
distinct non-trivial mutually orthogonal idempotents is again idempotent.

To (2): First of all, notice that ¢ # 0 implies S # 0. Put fr == ¢(ex), 1 < k < M. Then V1 < k, £ < M : frfe =
o(exer) = Opefr and 224:1 fe = 90(224:1 ex) = lg. Thus we only need check the conditions f; € {0,15}. Suppose
that V1 < k< M : f, = 0, then 0 = 22/1:1 fi = 1g, i.e. S =0, a contradiction. Hence not all f; are 0. Therefore,
if no f is 1g either, we obtain a non-trivial complete subsystem of distinct mutually orthogonal idempotents, which
is a contradiction to S being connected. Thus at least one fj is 1g. Now suppose that there are two of them, i.e.
that there exist indices k # £ such that fr = f; = 1g. Then 1g = firfr = 0, again a contradiction. Therefore
there is exactly one 1 < k < M such that fr = 1g. Without loss of generality let that be f; = 1g. We have
V2<k<M:0=fifx = fr = ¢(er), hence es,...,epn € ker p. Thus, if we put I = 22422 Rey, C ker ¢, then ¢ factors
through R/I = (@2/[:1 Rey)/ ZQIZQ Rey, = Re; = R; as desired. O

Corollary 2.3.14 (Canonical Factorization of Homomorphisms of Artinian Rings): Let A % B be a homomorphism
of Artinian rings and let A = @kle(Ak,mk) and B = @éVZI(Bg,I‘L[) be their respective decompositions into Artin local
rings. Then up to index permutation there exists a uniquely determined mapping T =7, : {1,...,N} = {1,..., M},
£ 7(0), such that we have a commutative diagram

@Q/[:l Ay — @é\]:l By

-7
- 2.11
H£ T ( )
N
Sy Az (o)
where 11 = II, = (prf(l),...,prf(N)) (a1, ...,an) = (ar), .- a-(n)) is the obvious ring epimorphism and ¢ =

®N @ for some local homomorphisms @y : (Arey,mrpy)) — (Beyng), 1 < £ < N, of local Artinian rings, that is,
p=(p10 prf(l), ..., PN O prf(N)). Moreover, if ¢ € Mor(fdCAlg ), then also @ € Mor(fdCAlg ).

Proof: This follows from the previous discussion, so we only need to show that @, are local, 1 < ¢ < N. Indeed, more
generally, if ¢ : (R,m) — (9,n) is a homomorphism of local rings with maximal ideals of nilpotent elements, then 4 is
necessarily itself local: one clearly has ¢(m) C n since Vo € m : ¢(x) is nilpotent. K-linearity of @ follows directly from
the proof of Lemma 2.3.13 if we suppose K-linearity of ¢ there. O
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Remarks:
(1) Conversely, any mapping of indices 7 : {1,..., N} — {1,..., M} together with a family of ring homomorphisms
e Arpy = By, 1 <L < N, gives again a morphism ¢ = (¢ o PLr(1)s- - PN oprT(N)) A= @24:1 A — B =

N L
D,_, B¢ of commutative rings.

(2) If A is a non-unital finite-dimensional commutative associative K-algebra, then we recover all of the above
structure theory by adjoning a unit. In particular, 2l decomposes as 2 = Echvzl 2 into connected K-algebras,
some of which may be unital, and 2 has stable lower-triangular representation. Moreover, if 2 is a connected
non-unital K-algebra, then by adjoining a unit one obtains a local A = (A, m) with m = 2L.

(3) If ¢ : (R,m, k) — (S,n, \) is a morphism of local rings with maximal ideals of nilpotent elements, then ¢ induces

a well-defined extension 1 : kK < X\ of residue fields, and we have a commutative diagram

(R,m) AN (S,n)

W

K —> A

where 7 and 7g denote the canonical quotient projections. In particular, if ¢ : (A,m, K) — (B,n,K) is a
morphism of local K-algebras with maximal ideals of nilpotent elements, then we have a commutative diagram

(AvmaK) L (B,ﬂ,K)

UN %B (2.12)
K

where o4 and op denote the canonical quotient projections.

2.4. The Structure of U(A). For any finite-dimensional associative unital K-algebra, U(A) is an affine algebraic group
(and a rational variety). If K = K, then U(A) is also a Lie group, open and dense in A. Since we are only interested in
the commutative kind, we can take an elementary, ad hoc approach in determining U(A). If A is a finite-dimensional
unital commutative associative K-algebra, then A decomposes as A = A; x --- x Ay of commutative Artin local
K-algebras, hence U(A) 2 U(A;1) X --- x U(Ap). Therefore it suffices to assume that (A, m, k) is a finite-dimensional
(Artin) local K-algebra. Note, however, that in general the Ag-s can have different residue fields.

Proposition 2.4.1: Let (A, m, k) be a local finite-dimensional commutative associative unital K-algebra. Then
UA) S 5% x (m,+), u+ x> (u,log (1+ f)) ,
U
which is a rational map. O

Proof: By Lemma 2.3.4, the K-algebra structure of A extends to a xk-algebra structure and A = k®m as vector k-spaces.
In particular, every unit in A can be uniquely written as u +x = u (1 + %) for some u € k\ {0} = k* and z € m
(nilpotent). Moreover, the natural epimorphism o4 : A - A/m = & induces a short exact sequence of abelian groups:

1=214+m—=>U(A) - k" =1,

which splits non-canonically: we have an isomorphism of (abelian) groups U(A) = X & (1+m, x), u+z +— (u, 1+ Z),
induced by the algebra structure. Next we show that (1 + m, x) = (m,+) as groups. We use a little trick involving
formal power series and nilpotents. Recall the formal power series

el k+1

def o~ T aef o= (—1) k
exp(T) = Y o+ € K[[T]] and log(1+7) = > — T e K[[T]],
k=0 k=1

which are formal inverses to each other. Then clearly Vo € m : log(1 + z) € m and exp(z) € 1 + m are well-defined as =
is nilpotent, and we get homomorphisms exp and log of abelian groups such that exp(log(1 + z)) = 1 + . O

Corollary 2.4.2: Let k be an algebraically closed field and let A be a finite-dimensional commutative associative unital
k-algebra. Then U(A) = (5*)M x (k)N for some M € N and N € Ny, where M = # Spec A = # Spm A. O

Definition 2.4.3: U(A) is called for short of type (M, N) if U(A) = GM x GY.

Conversely, any (M, N)-type occurs as the group of units of some A € fdCAlg, , for instance®
A=rM x r[X1,..., XN]/(X1,..., XN)?
In particular, there exist finite-dimensional local k-algebras (A, m, k) with an arbitrary (finite) dim, m.

6example due to Julian Rosen, see [MOO01]
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Proposition 2.4.4 (Path-connectedness of U(A)): Let A be a finite-dimensional commutative associative unital R-
algebra. Then wo(U(A)) is trivial if and only if A has a complex structure, extending the real one.

Proof: “«<": Clear by Corollary 2.4.2.

“=": By Artin decomposition and Proposition 2.4.1 we have

U(A) = HU(-Ai) = H(f@f X m;),

where £, is either R or C and the isomorphism is of topological groups (it is even given by rational functions). Since
U(A) is assumed path-connected, no copies of R* can occur in above representation. O

2.5. Matrix Analysis: Norms and Spectral Radius. Our main reference for this chapter is the book [HJ13]. By
a vector norm on M, (K) or any finite-dimensional associative K-algebra 20 we will mean a norm |-|| that turns the
underlying vector space structure of 2l into a normed space, hence a Banach space over K by finite dimensionality.
By a matrix or an algebra norm on 2 we will mean a vector norm ||-|] on 2 that is also submultiplicative, that is,
VA,B e A: [|[AB| < ||A]| ||B]], i-e. it turns 2 into a Banach K-algebra.

A vector norm ||-|] on A € fdAlgy is called normalized or unital iff |1 4]| = 1. Notice that for an arbitrary submultiplicative
norm on A we only have ||14]| > 1. Finite-dimensional associative K-algebras 2 usually enjoy various (automatically
topologically equivalent) submultiplicative norms, for example inherited from M, (K) along a faithful representation
p: A — M, (K). Despite being topologically equivalent, some algebra norms are more equal than others, depending on
the application. We list some. One particularly close to geometric intuition is given by:

Lemma-Definition 2.5.1 (¢3-norm, Frobenius / Schur / Hilbert-Schmidt norm): For A € M,,(K) the expression
n 1
2 2
4 = (3 )
Q=1

defines a matriz norm on M, (K), called the Frobenius norm. o

Indeed this coincides with the Euclidean norm on the vector space M, (K) (with the usual basis). However, in general
there is no reason to expect that it restricts to the Euclidean norm on the vector space A = K", e.g.
2

G 2l

A sometimes technical disadvantage of “geometric” (read f£,-related) algebra norms is that, somewhat ironically, they
are usually not normalized: for example if F,, is the identity matrix of M, (K), then ||E, | = v/n.

2 2 2 2
= 22" + [w|” # 2" + [w]”.

Lemma-Definition 2.5.2 (Induced Operator Norm): Let (V, ||-||) be a finite-dimensional normed K-vector space. Then
the induced by ||| operator norm on Endg (V) = M, (K) given by

4 = sup 1221

up
vev o]

is a normalized submultiplicative norm. O

For the moment we are only concerned with the existence of normalized norms, and the above lemma grants us
that.

Perhaps the most essential drawback of algebra norms is the fact that they can be only submultiplicative, which breaks
many of the standard proofs in complex analysis as we shall see.

Proposition 2.5.3 (Gelfand-Mazur): Let A be a normed division C-algebra. Then A= C isometrically. O

Corollary 2.5.4 (Most C-algebra norms are only submultiplicative): Let (A, [|-|| ,) € BanAlge such that ||-|| 4 is multi-
plicative. Then A= C isometrically.

Proof: This is well-known, so we only sketch the proof. One shows that, if we have Vo € A* : ||m’1 || < |lz|| 7", then A%
is closed in A\ {0}. But clearly it is also open in A\ {0}. Since A is complex, A\ {0} is connected, hence A* = A\ {0},
i.e. A is a division algebra and one can apply Proposition 2.5.3. O

There is also a real version of Gelfand-Mazur:
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Proposition 2.5.5 (A “Frobenius Theorem” for normed algebras): Let (A, [|-]| ) be a normed division R-algebra. Then
AR C, or H isometrically. O

However, for a (A, -] 4) € BanAlgg with a multiplicative norm the proof of the last corollary does not apply since
A\ {0} need not be connected, and it no longer follows that A € {R,C,H}. Indeed, there are infinite-dimensional
real Banach algebras with multiplicative norms (also termed “absolute values”) [see UWG60]. On the other hand, in
the finite-dimensional setting the full list of all real unital, but not necessarily associative algebras with multiplicative
norms is rather short, being given by {R,C,H, O} as shown in [Alb47]. But in that setting at least all norms are
equivalent.

Often times any sufficiently abstract statement involving some algebra norm is automatically valid for all algebra norms
(finite dimensionality assumed). With the help of the next proposition this suggests that the correct notion to consider
in many instances instead is the spectral radius, even though it itself is not a norm.

Definition 2.5.6 (Spectral Radius): Let A € M,,(K) and let o(A) denote its spectrum. Then
p(A) = max{|2| : 2 € o(4)}
is called the spectral radius of A.
Proposition 2.5.7: Let ||-|| denote an algebra norm on M, (C). Then:
(1) YA € Mo (C) : [ A]l 2 p(4);
(2) VA € GL,(C) : A7 > p(A)
(3) VA € My (C) Ve >0 3-[| : p(A) < [|A]} < p(A4) +¢;
(4) VA € M, (C) : p(A) = inf{||A] : [|-|| matriz norm} = inf{||Al|,, : [|[|,, induced operator norm}.

Proof: These are Theorem 5.6.9 and Lemma 5.6.10 in [HJ13]. O

Notice that ||-]| in (3) depends not only on € but also on A € M, (C). The following is a trivial consequence of (3) that
we record here because it will often be used in one form or another:

Corollary 2.5.8 (Principle of spectral comparison): Let A, B € M,,(C).
(1) If for all matriz norms ||A]| < ||B||, then p(A) < p(B).
(2) Conversely, if p(A) < p(B), then there exists a matriz norm such that || A|| < || B

Proof: To (1): take inf).; on both sides.

To (2): Let £ > 0 such that p(A) +¢& < p(B). Then by Proposition 2.5.7 there exists an algebra norm ||-||, depending on
both A and e, such that |A|| < p(4) + & < p(B) < ||B|. O

Corollary 2.5.9 (Spectral radius is algebra-norm-like): Let A, B € M,,(C) such that [A, B] = 0, then:
(1) p(En) = 1;
(2) V2 € C: p(24) = |2] p(A);
(3) p(A+ B) < p(A) + p(B);
(4) p(AB) < p(A)p(B); O

The only norm property that p lacks here is due to the fact that p(X) = 0 does not imply X = 0.

Lemma 2.5.10 (Spectral radius in fdCAlgy): Let A € fdCAlge and identify A with its stable lower-triangular matriz
representation. Let ||-|| be an arbitrary algebra norm on A and denote pa = p|a the restriction of the spectral radius
function. We have:

(1) If A= (A,m) is local and 04 : A - A/m = C is the canonical projection, then pa = |-|oo.4.

(2) If A= (A,m) is local, then m ={Z € A: ps(Z) =0} and U(A) = {Z € A: pa(A) > 0}. In other words, pa
is “pseudo-valuative”.

(3) Let A = @szl Ak be a decomposition of A into Artin local C-algebras and let Z = @szl(zk @ Xi) € A,
where z, € C and Xy, € my,, 1 < k < N. Then pa(Z) = 1r<1}€a<xN|zk|. In particular || Z|| > 11<1}€a<xN|zk| and

-1 1
||Z || 2 min |zg|°
1<k<N
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In particular, p 4 is multiplicative if and only if A is local.

Proof: All of that follows directly from the lower-triangular representation of A and the previous discussion. O

Because of submultiplicativity of algebra norms, it is generally difficult to estimate norms of inverses from above. The
following standard fact helps:

Lemma 2.5.11 (Upper Bound of the Norm of an Inverse): Let ||-|| be a unital matriz norm on M, (C) and let A € M,,(C)
with || A|| < 1. Then:

< = < =

< < . 2.1
T Al < [ T=a| S Topa) (213)

O

In fact, when A = (A, m) is local, we can do better:

Lemma 2.5.12 (Upper Bound of the Norm of Inverses in local A): Let A = (A, m) be a local C-algebra equipped with
a unital submultiplicative norm ||-||. Write Z .= 2 ® X € A* with z € C* and X € m and let v € N be the smallest

integer such that X¥ = 0. Then:
X
|2~ 1||7| |<1 ||+Z(” ”) ) (2.14)

In particular, if ||-|| is unital, we have:

Iwﬂ<1i(m0 SRS 1 A X [N i 0a(2) £ 1X] 2.15)
=Tl & o, i ol = 1X1 e if pa(2) = |1 X]|.
Proof: Since X € m = nil A with X¥ = 0, we have:
-xX\\' 1& [ -xY
Z—l _ —1 1— o _ - o
20-(5) 2xE)
7=0

from which both claims follow. O

Remarks:
(1) Note that v € N can instead be chosen uniformly for the whole m, since m itself is nilpotent, though this is of
course less optimal than choosing for an individual X € m.

(2) Indeed the estimate in Equation (2.15) is not only valid for || X|| > |z| unlike Equation (2.13), but it is also
tighter than Equation (2.13) for the case ||.X|| < |z|: since | X|| < |z|, we have 1 — (|| X|| / |2])¥ < 1, hence

LX)/ 1
2l = 1X] 2l = 1X1
the latter being the estimate of HZ‘1 H obtained by means of Equation (2.13).

When the “depth” of Z € (A, m) is less than its “width”, we even have:

Lemma 2.5.13: Let A = (A,m) be a local C-algebra and let Z = z ® X € A*. If v € N is the smallest integer with
XY =0 and || X|| < |z|, then

14 def 14

pa(Z)

1271 < [ (2.16)

Proof: By Lemma 2.5.12 it suffices to show that
I P WIE

Izl =1X1 1

whenever || X|| < |z|. Indeed, putting ¢ := B ” , this is equivalent to

p(t) =t —t+v—-1>0

for t € [0,1]. We have p(0) =p(1) =v —1>0asv > 1 and p/(t) = vt*~' — 1. If v is even, then to := (1/v)/ =1 is
the only critical point of p(t), and ¢y € (0,1) since v > 2. In this case p”(t) = v(v — 1)t*~2, hence p” (to) > 0, and thus
to is a local minimum of p(t). Moreover, we have 1/v € (0,1) = (1/v)"/#=1 € (0,1) = (1/v)Y/=1 > (1/v)¥/=1 ¢
0,1) = (1/v)/=1 — /V)”/(” RS (O 1) =pte) =v—1—(1/v)"/¥ D — (1/v)/»=D) > 0 since v —1 > 1. Tt
follows that V¢ € [0,1] : (t)
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If v is odd, then without loss of generality v # 1 since for v = 1 we have p(t) = const = 0. For v > 3 odd p/(¢) has two
roots tg > 0 as above and (—tp). But t € [0, 1], hence the same discussion as above is applicable as v > 1. O

Lemma-Definition 2.5.14 (Direct Sum Norm): Let A € fdCAlge and let A = @27:1 Ay be the decomposition of A

into Artin local C-algebras (Ax,my), 1 < k < N. Let each Ay be equipped with a normalized submultiplicative norm
[l4,> 1 <k <N (we already know this to be possible). Then

N
B2
k=1 o)

defines a normalized submultiplicative norm on the direct sum A. O

= 1l

Definition 2.5.15 (Spectral Balls and Spectral Annuli): Let A € BanAlgg, Zo € A, and R > r > 0. Then:

(1) Spectral ball: BY (Zo,R) :={Z € A: pa(Z — Zy) < R} and BY(Zo, R) :={Z € A: pa(Z — Zy) < R} are called
the open and the closed spectral R-balls of A respectively.

(2) Spectral annulus: A} (Zo,r,R) = {Z € A :r < pa(Z — Zy) < R} and A} (Zy,r,R) = {Z € A:r <
pA(Z — Zy) < R} are called the open and the closed spectral r-R-annuli of A respectively.

Remark: Let A € BanAlgg and R > 0. Then A%} (Zy,0, R) S BY (Zo, R).

3. THE NOTION OF ¢-HOLOMORPHY

Unless explicitly stated otherwise, in the following all algebras are assumed finite-dimensional, commutative, and asso-
ciative, but not necessarily unital, and also equipped with some (any) submultiplicative norm. By a K-algebra 2 we
will always mean to take the maximal possible coefficient field K for 2. Morphisms of unital algebras are automatically
assumed to preserve the unit. K™ will always have the standard basis. Furthermore, we make the following notational
conventions: A, B, € will always denote possibly non-unital algebras, whereas A, B, C will be reserved (strictly) for
unital ones.

Even though we are mostly interested in complex unital finite-dimensional commutative associative algebras, it is in-
structive to try and develop the basic theory for real, not necessarily unital finite-dimensional commutative associative
algebras as far as possible in order to see where exactly unitality and the complex structure enter in a decisive man-
ner.

Rather than working inside a single algebra 21, our starting point is a morphism” of K-algebras 2 %5 8. Such a morphism
turns B into an A-algebra the usual way via Va € A Vb € B : ab := ¢(a)b, and multiplication by B-elements on 2l gives
rise to a K-linear map 24 — B of K-vector spaces. Note that there exist non-trivial morphisms of finite-dimensional
K-algebras:

Example: Let A = C[X,Y]/(X? + Y3 XY2 Y*). Then A is a local C-algebra of dimc.A = 6, and the quotient
projection -
g A= A/(V9) = C[X,V]/(X2, XY, Y9) = B
with dim¢ B = 5 is a non-trivial (necessarily local) homomorphism of local C-algebras. O
Definition 3.0.1 (Fréchet ¢-differentiability): Let A 2> B be a morphism of K-algebras, U C 2 open, Zy € U a point,
and f:U — B a map. Then:
(1) f is called (Fréchet) p-differentiable at Zy if there exists B € B such that
f(Zo+ H) = f(Zo) + Byp(H) +r(H), (3.1)
where ||r(H)|| = o(|[e(H)||) as H — 0. In this case (Df)(Zo) = f'(Zo) :== B is called the derivative of f at Zy.
(2) f is called p-differentiable if it is p-differentiable everywhere in U.

(8) [ is called p-holomorphic at Zy if there exists an open neighbourhood V' > Zy such that [ is @-differentiable
everywhere in V.

(4) [ is called p-holomorphic if it is p-holomorphic everywhere in U.
(5) The space of p-holomorphic functions on U will be denoted by O, (U).
(6) f will also be called A-differentiable/-holomorphic (at Zy) if ¢ =idg : A — A. In this case Oy (U) = Oiay (U).

7follovving Grothendieck’s point of view that one should look at morphisms instead of objects;
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Example: Let Z := 21 + €25 € Ay and define f(Z) = f(21, 22) = f1(21, 22) + €f2(21, 22), where

fl(Zl,Zg) = 2::13 — Z% + 1,

fQ(Zl, Zg) = 22% + 32%22 + Z% — 22’122 + 3.

Then f is A-holomorphic: f(Z) = (1+2€)Z% + (=1 + €)Z% + (1 + 3¢) with f'(Z) = (3 +6€) 2% + (-2 + 2¢)Z.

Definition 3.0.2 ( p-differentiability classically): Let A 25 B be a morphism of unital K-algebras, U C A open, Zg € U
a point, and f: U — B a map. Then:

(1)

(2)

f s called classically p-differentiable at Zy if the limit of the difference quotient

F(Z) = lim f(Zo+ H) - f(Z)

H—0 H
He_;\X w(H)

(3.2)

exists.

Classical p- and A-differentiability/-holomorphy (at Zy) are defined in an analogous way as above.

Remarks:

(1)

(®)

Fréchet -differentiability is indeed a special case of Fréchet differentiability, that we also call inner Fréchet
differentiability because the linear operator Lp : % — B, H — Bp(H), is given by inner® multiplication in 8.
In particular, the differential Df = Lp is 2-linear (with respect to the 2-module structure on 9B induced by ¢)
due to the commutativity (and associativity) of the involved operations. If 2 = A is unital, then all A-linear
maps are given that way because L(H) = ¢(H)L(14) = ¢(H)B, where B := L(1 4). However, if 2 is not unital,
this is no longer the case, and inner Fréchet differentiability is stronger than mere -linearity of D f: for instance,
take the local algebra As := K[X]/(X?) with maximal ideal m = (X), put 2 := m, and define the m-linear map
L:m—m X — (1+X)X = X + X?, given by multiplication with an element 1+ X € A* = A\ m. Moreover,
since 2 is non-unitial, YA-linearity of D f does not in general guarantee K-linearity of D f.

(Non-)Uniqueness of the ¢-derivative”: while the Fréchet derivative is always unique as a linear operator in
Homg (2, 98), an inner linear map between non-unital K-algebras is itself usually not uniquely represented. For
instance, consider the algebra 2y := Ce with €2 = 0, then 0 : %y — 2 can be represented by multiplication
with any ze, z € C. More generally, if 9t is a connected non-unital K-algebra, hence nilpotent, and » € N is
the smallest integer such that 91” = 0, then 0 : 9T — 91 can be represented by multiplication with any element
from 9“1, On the other hand, if ¢ : A — B is a morphism of unital K-algebras, then f'(Z) = B € B in
Equation (3.1) is uniquely determined as an element of B: if we have f(Z + H) = f(Z) + Bi1,2p(H) + r1,2(H)
for two elements By, Ba € B and two o(||¢(H)||)-functions r1,72 as H — 0, then putting B := Bs — By and
r(H) == ri(H) —ro(H) we get Bo(H) = r(H), where again r(H) = o(||¢(H)||). Now taking H € K* C A,
H — 0, we conclude that

p(H) H |H| ’
where we have chosen ||-|| to be itself normalized for convenience. Notice that the assumption of unitality of

the algebras is essential to guarentee inclusion of the scalars and unconditional computation of the norm of the
fraction.

We remark that, since ¢ is bounded (being a linear operator between finite-dimensional K-vector spaces), one
also has ||7(H)|| = o(||H||) as H — 0. On the other hand, requiring only ¢(H) — 0 instead of H — 0 would be
insufficient, even though ||r(H)| = o(||¢(H)||), since ker ¢ need not be trivial.

If f:U — B is Fréchet p-differentiable at Zj, then, clearly, f is totally K-differentiable at Zy: even in the
non-unital case, f'(Zy) being represented by an element B € ‘B rather than being merely 2-linear ensures that
it is itself K-linear. In particular, if K = C, then a p-holomorphic function at Zj is also analytic at Zy. We are
going to show later that if ¢ : A — B is a morphism of unital C-algebras, then the analytic expansion of f is
in fact of the special form B{y(Z)} via an approach similar to the one used in the complex analysis of a single
variable.

Notice that the expression in Equation (3.2) makes sense because A* is dense in A. If ¢ is a morphism of unital
K-algebras and f is Fréchet ¢-differentiable at Z;, then restricting H to A* in Equation (3.1) shows that f/(Z)
can be computed using Equation (3.2).

Scfg. the inner automorphisms of a group are those given by conjugation with an element from the group;

9functions that have a unique derivative are sometimes called monogenic, though the term “monogenic function” has varying meaning
throughout the literature;
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(6) In [Wat92] it is claimed that f is (Fréchet) A-holomorphic at Zy if and only if f is classically A-holomorphic
at Zy. The previous point shows that “=" is trivially valid already at the level of A-differentiability at Z.
However, the converse direction “«<” requires (classical) A-differentiability in a neighbourhood.

(7) If A is infinite-dimensional, using Definition 3.0.1 is in fact the only sensible approach (also used in [Lor43]) as
one can no longer expect A* to remain dense in A [see DF02].

(8) However, since in general there also exist non-zero non-units, Definition 3.0.2 together with denseness of A*
suggests that it is natural to try and extend the definition of (classical) ¢-differentiability to other non-units: if
X € A\ A%, define

fo ()= i Gt ) = 1(20)

Ho X H ’
HoX @(H)

provided the limit exists. It turns out that such limits exist when f is ¢-holomorphic at Zy and play a role in
the proof of a generalized homological version of Cauchy’s Integral Formula.

(9) Somewhat differently than the usual notions of differentiability, ¢-differentiability of f is entwined in both the
domain and the codomain for it depends on a choice of a morphism . This becomes apparent once we state
the generalized Cauchy-Riemann equations for the morphism ¢ (see Equation (4.1)). In contrast, the Cauchy-
Riemann equations for holomorphic functions taking values in, say, any Banach space f : C — E are always the
same.

(10) Essentially, the definition of y-differentiability uses only the fact that 9B is a topological 2-module. So, how
does the algebra structure of B come into play? An important feature of the definition is that if f: U — 9B
is a @-holomorphic function, then the derivative f’ is again a function U — 9. This is in contrast to the
situation when 20 and B are only K-vector spaces. Thus one might suggest that a better analogy would be to
take holomorphic functions with values in Banach spaces f : C — E, since their derivatives retain the same
domain and target ' : C — E. Unfortunately, in general these cannot be composed with each other without
further ado. One can overcome this defi(ni)ciency by introducing holomorphic functions between Banach spaces
f+ E1 — E5 (via Fréchet derivatives) which then can be composed E; — Eo — FEj3, but their derivatives have
targets again different than the original ones, f’: By — BL(FE1, E3). We have come a full circle.

(11) It is a natural question whether the inclusion of a morphism ¢ in the definition is trivial for whatever reasons.
There are two possibilities for this. Perhaps a @-differentiable function f : A — 9B is always given as a
composition ¢ o g for an A-differentiable function g : U — 2 for some (open) U C 2A? The answer is negative:
f(Z) == Bp(Z) for B ¢ im clearly cannot be written that way. The second possibility is that f : U — B
perhaps lifts to a B-differentiable function h : o(U) — B with f = h o p. Notice that unless ¢ is surjective,
which requires dimg B < dimg 2, ¢(U) is not open. At least locally we are going to give a positive answer to
the lifting question as a consequence of analyticity.

Definition 3.0.3 (Canonical Projections):
(1) Let 2 = @szl A be the decomposition of a not necessarily unital K-algebra 2 into connected K-algebras. Then

pry, == pra : 2A — 2y,

will denote the k-th canonical projection, 1 < k < N.

(2) Let A = @gil Ay be the decomposition of a unital K-algebra A into Artin local K-algebras (A, my), where
Ay = Ky © my, as vector spaces and Ky, denotes the k-th copy of K. Then

O = 0';;4 A P A A, A /my, & K(k)

will denote the k-the canonical (“spectral”) quotient projection.

Remark: If A is unital and Z € A, then 04 (Z) is precisely the k-th eigenvalue of Z. Moreover, oy, is an epimorphism
of K-algebras, projecting onto the scalars.

Let us fix some further notations. Let 2 = @iw:l A and B = @?:1 B, be two not necessarily unital K-algebras
decomposed into connected K-algebras and let ¢ : A — B be a morphism of K-algebras. Then by Corollary 2.3.14 there
exists (up to index permutation) a unique mapping of indices 7 : {1,... N} — {1,..., M} and a unique morphism of
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K-algebras ¢ = @é\]:l(ﬁg with @g : o) = By, 1 < £ < N, such that we have a commutative diagram
M ® N
Do U —— D=y Be
H& ,/”7
77 The
N
D=1 A0

where Il =11, = (przl(l), . ,prf‘(N)) 2y Zy) v (Zeqys - -+ Ze(ny) I8 the obvious epimorphism of K-algebras.

Definition 3.0.4 (Projection Closure and Polycylindrical Closure): Let I C {1,..., M} be an index subset.
(1) Projection closure of U with respect to I: we shall denote by

M .

U =0 - U), ifkel

U=Ur = L U)) = pry(U),
G H{m ) ke

the biggest subset of A containing U and satisfying Vk € I : pry,(Ur) = pr(U).
(2) Spectral polycylindrical closure of U with respect to I: if A = (Ag,mp), 1 < k < M, and By = (Be,ne),
1 < /¢ < N, are unital local K-algebras, then we shall denote by

M .
U:=U - U)xmy, ifkel
U:=U; = 1 U)) = or( ,
' ;Q[Uk (o601 kl;[l {Ak, otherwise
the biggest subset of A :== A containing U and satisfying Vk € T : O'k(ijl) ——

(8) If A 55 B is a morphism of K-algebras, we define

G im0, i O
Moreover, if A = A and B = B are unital, then
F e 0y O

Remarks: R _ IR
(1) Clearly, if U is open, then so are U and U. Moreover, we have U CU C U, U=U,U=U,and U =U =U.

(2) Let A = @2/[:1 2, and B = @évzl B, be two K-algebras decomposed into a direct sum of connected K-algebras.
Let 7:{1,...,N} — {1,..., M} be an arbitrary mapping, let ; : %, — B, be a morphism of K-algebras,
1 <¢<N,andlet f;: Ury — B¢ be a pp-differentiable function on an open subset U,y C 2,4, 1 < < N.
Then
© = (P1OPrr(1)s--vseee N ODPI () A =B
is a morphism of K-algebras and

N
f=fropr )y [N oD (n) : ﬂ pr;(lg)(U'r(é)) — B
=1
is a @-differentiable function.

Conversely, all p-differentiable functions can be written that way and then some:

Lemma 3.0.5: Let ¢ = (¢1,...,0on) : A = @iw:l A = B = @i,v:l B, be a morphism of K-algebras that are decomposed
into connected K-(sub)'%algebras Ap,, 1 < k < M, and By, 1 < £ < N, respectively. Let U C A be open and let
=01, fn) : U— B be a p-differentiable function. Then:

(1) f is p-differentiable if and only if V1 <€ < N : f; : U — By is pe-differentiable.
(2) Furthermore, V1 < ¢ < N 3 f; : P, (0)(U) = By @e-differentiable function such that the diagrams

A2 B, v—7T .,
7
Pwmi /iﬂ == prﬂ% griad
7 P -7 fe
DI Pr(g)(U)

are commutative.

105 the category of non-unital algebras we have canonical inclusions of algebras 2y 2 — 21 @ As;
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(3) Automatic extension: thus, if f == ®N_,fi, then f = (fi oper(1 o fN OprT(N)) = fOHT, where f is a
p-differentiable function, that is, the following diagrams
A —2 5B U _r D4 il 7 %
/’7 7
I A e
Bl A I (U) IL, (U)

are commutative. In particular, f extends uniquely to a p-differentiable function f: U — B in a natural way.
(4) Reduction to inclusions of connected K-algebras: if a <2 is such that a C ker o and gq : A — A/a denotes the
canonical quotient projection, then 318, : A/a — B morphism of K-algebras 31 fq : qo(U) — B pq-differentiable:

® f

A —— B U—— B
7 -7
Qu$ ///;7 — Qn$ ///:
.7 Pa -7 fa
2A/a 7a(U)
are commutative diagrams. In particular, if a = ker ¢ and q := Qer, we have commutative diagrams
A—F 5B v—L -
7 24
A = o
P T F
A/ ker ¢ q(U)

Proof: To (1): Tt is immediate that f is ¢-differentiable at Z € U iff every fy is pp-differentiable at Z, 1 < ¢ < N.

To (2): Without loss of generality suppose for notational simplicity £ = 1 and 7(1) = 1, i.e. @1 : %Ay — B; and
@ = 1 O pry. Writing H=H ®HecAand Z =7, ® Z € L, it follows from (1) that f1(Z + H) = f1(Z) + Bp(H) +
o([lp(H)||) = f1(Z) + Be(Hy) +o(||¢(H1)|), hence letting H; — 0 yields f1(Z+ H) = f1(Z), in other words f; depends
only on Z;. Thus f; canonically gives rise to a function f(Z;) := f1(Z) that is clearly ©;-differentiable at Z;. Notice
that pr, (U) is open since pr; is an open map.

To (3): f = f oIl follows from (2), while @-differentiability of f is immediate from the Pe- differentiability of f, for all
1 < ¢ < N. Extension to f U — B follows from the diagram and ¢-differentiability of f follows from the discussion in
the last remark.

To (4): If H € a C keryp, then f(Z + H) = f(Z) + Bp(H) + o([|¢(H)||) = f(Z). In other words, if ¢(Z) = (W),
then also f(Z) = f(W). Thus f induces a well-defined function f4(Zmoda) := f(Z) that is readily verified to be
pq-differentiable. Notice that ¢4(U) is open since ¢, is a projection. U

Remarks:
(1) In the case of K = C and A = A and B = B being unital, we will later show that f € O,(U) extends

p-holomorphically further to U in a natural way.

(2) Successive application of (1), (2), and (3) reduces the problem of studying ¢-differentiable functions to the case of
¢ : 2 — B being an inclusion of connected K-algebras. In the presence of units, this means ¢ : (A, m) < (B, n)
is an embedding of local (unital) K-algebras, which itself is automatically a local morphism. This suggests that
the only interesting morphisms for the purposes of a function theory and our conjectural category fdCFkth are
inclusions of local C-algebras, not unlike the category of field extensions'! over a given base field.

(3) Thus the question of whether a ¢-differentiable function f : U — 9B, U C 2 open, has the form f = gop for a
$B-differentiable function g turns into a question of whether f is always a restriction of a B-differentiable function
g, and in particular, if every 2-differentiable function f admits an extension to a B-differentiable function g
along an inclusion 2 C 9B of K-algebras. For a morphism ¢ : A — B of unital C-algebras, this will become clear
once we establish analyticity (Proposition 6.4.10) in . In other words we will have the following commutative
diagram:

A<«—U 1.8
7

W\[ W\[ ,’/;19

B<«<—V

Even though A can be a subspace of B of an arbitrary codimension, the ¢-holomorphic function of several
complex variables f extends locally in a unique fashion to a B-holomorphic function g.

Hy bad, bad category with nice morphisms;
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(4) A version of the decomposition of A-differentiable function f into Ag-differentiable components fi, 1 < k < M,
where A = @,iw:l Ay, is the decomposition of A into Artinian local K-algebras, is given in [Wat92], but we are
not convinced of his argument'?: he proves this first for the case of products of copies of R and C, where he uses
the multiplicativity of the absolute value on K in an essential way, and then later states that the same proof
applies to the case of products of local K-algebras. However, algebra norms are in general only submultiplicative,
which breaks the argument used in the first case.

(5) Lemma 3.0.5, reducing to inclusions 20 C B, raises the question as to why one should still bother with (general)
morphisms of K-algebras at all. Here are some conceptual reasons for doing this:

(i) As soon as one has 2-holomorphic functions f : U — 2 available, one realizes in particular that we have
ridden ourselves of C being the inevitable choice of a codomain that appears when studying complex spaces
by means of the holomorphic functions f : X — C or f : X — P! defined on them. In other words, there
is no longer a canonical choice of a codomain, and ¢ enables the only necessary compatibility condition
between domain and codomain while simultaneously also giving a notion of 2(-holomorphy with values in
some (but certainly not all) finite-dimensional A-modules B.

(ii) Continuing the previous point: tautologically, without introducing ¢-holomorphy, we cannot even speak of
¢ being “A-holomorphic with values in B” (since it takes values in a different algebra, for one), even though
it seems intuitively so, being a linear map and all, or, by extension, that a composition of a B-holomorphic
map f with ¢ also has nice, holomorphy-like properties. After all, in general, one does not expect (and
rightly so) that a holomorphic map when composed with some “arbitrary” map would still remain equally
well-behaved.

(iii) While C has exactly two continuous R-linear automorphisms, Autg (2l) can be trivial or very rich; in fact, in
the spirit of the previous point, Homajg, (2, —) is never boring. Thus ¢-holomorphy is a vast generalization
of anti-holomorphy, but not as involutive.

(iv) Finally, as we shall see, the basic theory works seamlessly right away for p-holomorphic functions, so there
really is no point in always proving two separate versions of each result (or for a fact in even remarking so).

Lemma 3.0.6 (The Jacobian of f): Let U C 2 be open and let f: U — A be A-differentiable at Zy € U. Then:
AN f'(Zo)) = (Jef)(Zo), (3.3)

where A : A — M, (K) denotes the regular representation of A. Thus, if we identify A with its regular matriz represen-
tation, we have f'(Z) = (Jxf)(Z).
Proof: Let {ay,...,a,} be a K-basis for 2 and let f = (f!,..., f*) be the components of f. We have V1 <i <n :

/ _d_efaf_anr_ 9 n\T
f(Z)a’Z_ 621_82172f aT_(alw"van)aZl'(f 7"‘7f) 9

hence putting them all together we get f'(Z)(a1,...,an) = (a1,...,a,)(Jxf)(Z), i.e. (Jxf)(Z) is the representation
matrix of the multiplication by f/(Z) in 2 as required. O

Remark: If ¢ : 2 — 9B is a morphism of K-algebras with dimg 2 # dimg 8 and f is ¢-differentiable, then f’ and Jk f
have different sizes.

Corollary 3.0.7 (Jacobian Conjecture for .4-holomorphic regular maps): Let A = @,ivzlflk be a fully decomposed
unital K-algebra such that V1 < k < N : Ap/m; = K and identify A = K" as vector spaces. Then the Jacobian
Conjecture holds trivially for A-holomorphic regular maps: if P = P(z1,...,2n) = (P1,...,P,) : K® = K" is a reqular
and A-holomorphic map with det Jx P = const # 0, then P is biregular.

Proof: Since Ag/my; = K for all 1 < k < N, we can identify A without loss of generality with its lower-triangular
representation: a change of basis for A translates into a composition of P with invertible linear maps; in fact, even the
value of the constant det Jx P itself does not change. Then det P'(Z) = det(JxP)(Z). Let P(Z) = @2;1 Qr(Zy) with
respect to the decomposition of A. Then also P'(Z) = EBkN:1 Q. (Zx), hence
N
det P'(Z) = [ [ det Q(Zx) € KX = U(Klz1, ..., 2n))
k=1

12e are confident to mention this in here since at any time an arbitrary master thesis is read only by a very few selected people, and

moreover, almost no one reads footnotes;
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Therefore it suffices to assume that A = (A,m) is a local K-algebra with A/m = K. By lower-triangular form
(Lemma 2.3.10) of the local A we get:

.. 0P . oP;, 0P
Vi<j: =0andVl<i<n: =1
! J aZj an =t=n 821 821
ie. V1<i<n:P, = Pyz,...,2;) is a polynomial depending only on the first ¢ variables. Furthermore
opP oP\"
0 # const = det(JgP)(Z) = det P'(Z) = det —(Z) = [ =— ) = Pi=cz +d
82’1 821
for some ¢ € K* and d € K, and more generally, P, = cz; + p;(21,...,2;—1) for some p; € K[z1,...,2_1]. Setting
w; = P;, one can now write the inverse map recursively as follows:
1 1
z1= —(wy —d), z; = —(w; —pi(21,...,2i-1)), 2<i<n
c c

O

Remark: Note that K is allowed to be R under the additional assumption that V1 < k < N : Ay /m; = R. In general,
however, the Jacobian conjecture is known to be false over R. Moreover, this is a special instance (the main diagonal
consisting of the same element) of the case when det Jx P has triangular form, which is dealt with in a similar fashion.
Note also that there exist examples of biregular maps with non-triangulable Jacobians.

Lemma 3.0.8: Let A % B % @ be morphisms of K-algebras and b € B. Let f, f1, fo : U — B p-differentiable and
g:V — € be y-differentiable such that f(U) C V. Then:

(1) Linearity: (bf)" =0bf', (bg)" = by, and (f1 + f2)" = fi + fos

(2) Leibniz Rule: (f1f2) = fifa+ f1f5;

(8) Chain Rule: go f is 1 o @-differentiable and (g o f)(Zo) = ¢'(f(Z0)) [ (Z0);
(4) Constants: if B = B is unital, then ¢ is p-differentiable with ¢’ = 15.

Proof: To (2): We have:
f1(Zo + H) f2(Zo + H) = (f1(Zo) + f1(Zo)p(H) + o[le(H)|)) (f2(Zo) + f2(Zo)p(H) + o([le(H)])) =
= f1(Zo) f2(Z0) + (f1(Z0) f5(Z0) + [1(Z0) f2(Z0)) p(H)
+ f1(Z0) f3(Zo)p(H)? + (1(Z0) + fa(Z0) + (£1(Z0) + f3(Z0)) ¢(H)) o([lp(H) ) +o([[o(H)|)?

o(lle(F)1) o(lle(H)1)

as H — 0.
To (3): We have:
9(f(Zo + H)) = g(f(Z0) + f'(Zo)p(H) + o([o(H)|))) =

—0 as H—0

9(f(Z0)) + 9'(£(20)) (f'(Zo)o(H) + o(lle(H)I)) + o (ILf(Zo)p(H) + o (H)IDI)) =
= 9(£(20)) + g'(f(Z0)) f'(Zo)p(H) + g' (f (Zo))o(lle(H)]) +o (lf'(Zo) e (H) + oIl (H) D) -

o(lle(H))

For the last term we get:
i O U Zo)e(H) + ol (H)IDI) _ . ollf"(Zo)e(H) + olle(H) DI [I/'(Zo)p(H) + o[l (H)ID]

H—0 le(H)| =0 |[f"(Zo)p(H) + o([[o(H))] lo(H) -0
bounded as H—0
Le. o(|lf"(Zo)e(H) + o(lle(H)II) = o(lle(H)|) as H — 0.
To (4): p(Zo + H) = ¢(Zo) + 1 p(H). O

Corollary 3.0.9: O, is a sheaf of A-algebras with a distinguished derivation.

Example (Sanity check): Let 2 be connected and non-unital. Then v e NVZ € 2 : Z¥ =0, but 3Z; € A : Z(l)’_1 £ 0.
In particular, for f(Z) := Z*~! we have f # 0. On the other hand, 0 = (Z¥) = vZ"~! = vf(Z), even though
char?l = 0. This seeming paradox is resolved by the fact that idg : % — 2 is actually not 2-differentiable since 2 does
not possess a lg, so Leibniz’ rule does not apply successively to the function Z™ on 2. On the other hand, if A € A,
then g(Z) := AZ is 2-differentiable with ¢'(Z) = A. O
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4. THE GENERALIZED CAUCHY-RIEMANN EQUATIONS

We will need at first to make a superficial distinction between the real and complex case. This is most easily done away
with by making the convention 0 := d whenever K = R. Note that if K = C, this relation is actually implied since
d=0+0and 0f =0 as f is in particular holomorphic in each of its (complex) variables. Let (A, ai,...,a,) and
(B, b1,...,b,) be based K-algebras, not necessarily unital.

Lemma 4.0.1 (ngeralized Cauchy-Riemann-Scheffers'® Equations): Let 2 2y B be a morphism of K-algebras with
structure tensor (Yjx)1<j<n,1<ik<m, U C A open, Z = zlay + -+ 2"a, € U a general A-variable, Zy € U a point,
and f = floy + -+ f™b,, : U = B a map.

(1) General form of p-differentiability: f is @-differentiable at Zy if and only if f is totally K-differentiable at Zy
and there exists a function g = g'by + --- + g™b,, at Zy with values in B such that V1 < j <n V1 <i<m:

afl = i 8

in Zy. In this case, f'(Zy) = g(Zy).1*

(2) Generalized Unital Cauchy-Riemann Equations (GUCR): Suppose that A = A is unital. Then f is p-differentiable
at Zy if and only if f is totally K-differentiable at Zy and V1 < j<n V1 <i<m:

Loy e (4.2

r=1s=1

i Zgy. In this case:

= T Z 4.3

; ¢ o (Z) (43)

(3) Generalized Cauchy-Riemann Equations with Unit (GCRU): Suppose that A = A is unital with a; = 14. Then
[ is p-differentiable at Zy if and only if f is totally K-differentiable at Zg and V2 < j<nV1<i<m:

aft - 8f5
57 Z Ts (4.4)
i Zy. In this case:
of
(Zo) = 9% =1 (Zo) (4.5)
In particular, if o =idy, then V2 < j<n V1 <i<n:
8]” 0
079 821 (4.6)

at Zo.

(4) Generalized Cauchy-Riemann-Scheffers Equations (GCRS): If f is @-differentiable at Zy, then f is totally K-
differentiable at Zy and V1 < j,k<nV1I<i<m:

<Z %kazr> fr= <Z Visl® ) (4.7)

in Zy. The converse holds if A = A is unital.

(5) Cauchy-Riemann-Scheffers Equations (CRS): Let (a;'k)lgi,j,kgn be the structure tensor of A. If f : U — A is
A-differentiable at Zy, then f is totally K-differentiable at Zg and V1 < i,j,k <n:

S ) 7= o () s
(T_l %0z > 9zF \ — J
in Zy. The converse holds if A = A is unital.

Proof: To (1): Recasted in differential form(s), inner Fréchet differentiability (Equation (3.1)) is equivalent to
df =0f =g9(2)dZ

13in honour of Georg Scheffers, who was the first to generalize them equations;

14The functions g*, 1 < k < m, will be the coordinates of the derivative, which should not be confused with the derivatives of the
coordinate functions f¢, 1 < i < n.
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(at Zy) for some function ¢g(Z) defined in Zy, and then f'(Zy) = g(Zp) by definition. We have:

af:ibsafS—ZZ b,z

s=1 s=1r=1
On the other hand:

- <gbtgt>(gardzr> :gé ta,bydz" —ZZQ Z%tb dz" —ZZ(Z%tg>b dz".

t=1r=1 s=1 s=1r=1

Now, a direct comparison of the coefficients yields the desired result.

To (2): By definition, we have V1 <i <n:
of
0z

= f’(Z)al
Using Equation (2.3), we get:

n

- Zf )ear = f'(2) = 9(2).
r=1

Therefore taking the j-th component gives

, O

J(7) =

9’ (2) € 5o

r=

for all 1 < j < m. Now substituting this in Equation (4.1) proves both directions.
To (3): Special case of (2). Notice that for j = 1 the system is vacuous since i, = &¢

re

To (4): “=": Using Equation (4.1) and Equation (2.10), we get:

Z Jkaz, Z%k ng *Zg Zm%k —Zg Z%gm S A gt = Z”J@azk'
s=1 t=1

We note that this only uses the multlphcat1V1ty of o and the associativity of the 2A-operation on ‘B.

<”: If 2A = A is unital, we can use Equation (2.4) to obtain:

n Z af n a m ; ) n n ., a ; ; af,L
S-St (o) -5 (S ) - (S0 ) -

t=1 s=1 t=1 r=1

as required.
To (5): Special case of (4) with 2 9

Remarks:

23

(1) Regardless of K, total K-differentiability implies existence of the partial K-derivatives, so it is in any case
sufficient. Depending on K, however, the assumption of total differentiability can be weakened appropriately.
If K = C, then by Hartogs’ theorem partial complex differentiability (on an open neighbourhood) implies total
complex differentiability there. If we write 2/ = 27 ++1/—1y7, then one can impose weaker conditions on % and

oyJ

9t ensure (partial) complex differentiability, cfg. Loomen-Menchoff theorem. For a nice discussion on the

topic of sufficient conditions ensuring that the Cauchy-Riemann equations imply holomorphy in the complex
plane the interested reader can consult [GM78]. In the case of 2 being a K-algebra other than C, it would be
interesting to know if there exists an analogue of Loomen-Menchoff or of other results in the aforementioned

article that extend to K-algebras .

(2) If K = C, the (G)CRS-equations are PDEs of holomorphic functions in several complex variables with possi-
bly complex coefficients unlike the classical CR-equation which has only real coefficients. Thus, implicitly, f

additionally also satisfies the usual real CR-equations for each of its complex variables.

(3) More generally, recall that any morphism 2 %5 9B of K-algebras gives a choice of scalars via the 2-module
structure it induces on B. The K-(G)CRS-equations correspond to the K-module structure on 8 (when existent),
which, however, does not arise from a morphism 9 : K — B, unless 2 = A is unital. In this sense, p : A — B
together with @-linearity of D f also gives rise to (G)CRS-equations in Several (usually not free) 2A-variables,

but for the moment we shall not pursue this perspective here.

(4) All of the above PDEs can be written down for arbitrary structure constants (aé x) and (v5;), even though the
different versions of the equations will no longer remain equivalent. It is an open question if these equations

still enjoy as a meaningful interpretation in the case of noncommutative and/or non-associative 2 and B.
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On the other hand, if the family of solutions of a linear PDE of the form
57 = 2 kgt

is to be stable under composition, then (a§ &)1<i.j,k<n is the structure tensor of a left-unital associative C-algebra.
Indeed, a comparison of coefficients in

o _$h 5 0fF

i, 2
0z1 — k9,1

implies V1 < i,k <n:al, =4, ie. the basis vector a; is a left unit. Furthermore we obtain for two solutions
f and g with h := f o g also being a solution:

Oh; 0 = =

T Yo _ = 61' 8gs - s % .
aZ] - azjfl(glaagn)_szzgazs 7"'agn 32’ Z(Z Sfa (gla'-'7gn)><zajkazl> -

s=1 k=1
_ - S i 8 6f@ agk
= Z Zase%k 67%(917--~79n)3721

k=1 *s=1
and
ahi_ iahs_ - , 0 . . i - afs agk_
321 - aj8621 _Zajsa f(gla"'7g'l'7,)_ZOéj‘SZaZk(glw"agn)az1 -

n

a;sZ(Zak£6 91,...,9n)) 9k _ Z <Z%sak£> gl,...7gn)8—zl:,

s=1 =1 k=1

n
s=1 s=1 s=1 k=1
n

Hence a comparison of the coefficients yields V1 < 4,5, k, ¢ < n:

n n

7 s 7 s
E Qg = § Qs
s=1 s=1

which is precisely Equation (2.7).

If 2 is not unital, it is not clear in how far the Scheffers’ form of the (generalized) Cauchy-Riemann equations
(4.7) fails to characterize 2-differentiability of f when compared with Equation (4.1). Heuristically at least, if
2 = m is the maximal ideal of a local K-algebra A = (A, m), then all the structure of A is contained in m.

A short comparison between the different forms of generalized Cauchy-Riemann equations is in order. The
PDE system in Equation (4.4) gives an explicit expression for each partial derivative of each component as a
linear combination of the “free parameters”, played by the %—derivatives, and thus consists of only (n — 1)m
equations, which is optimal. In comparison, Scheffers’ PDE system (Equation (4.7)) consists of n?m equations,
which is an order of magnitude more than in Equation (4.4), and thus inevitably contains some “garbage” as
can be illustrated already in the case K =R, n = 2, A = C. Indeed, for the structure constants of C/R one has

1 2 1 1 _ 2 _ 2 _ 1 _ 2 _
ayjy =L af; =0,a7, = a5 =0,aiy = a3 =1, ass = —1, a5, =0

and only two equations by (4.4) as follows:
8f1 L Oft L Of ofr of? 5 Of1 , 0f%  Of!
g, 57 ta BT = 57T A3 a5 5 4 By W
822 ox Oxt Oxl’ Ox? Ox? ozl Or
These are precisely the classical Cauchy-Riemann equations. In comparison, the PDE system (4.7) additionally
yields several vacuous or repeated equations:

ei=1,j=1,k=1:0=0;
ei=1,j=1k=2 9, =9/

Ox? ox?)
o i=1,j=2k=1: 2 — 2.
e i=1;7=2k=2: —%Z—%ﬁ;
e i =2 57=1k=1: g‘—ﬁ:g—ﬁ;

i=2,j=1k=20=0;
. . 2 el
i=2j=2k=1 9, =29,

¢i=2j=2k=2 -2 -
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(8) The PDE system (4.4) can also be written in the form
ofT 0 T
7021 02

. def ; . ;

for 2 <j <n,where f = (f1,..., fm) and I'; = (v} )1<ik<m- I o =ida, then I'; = A; = (o} )1<ik<n = Aay)
is the regular representation of the basis vector a;, 1 < j < n. Thus, if for example A = (A, m) is local with
a choice of basis a1 = 14, ag,...,a, € m, we have V2 < j < n : det(A4;) = 0, so there is no a priori reason to
expect the matrices I'; to be invertible. Thus it is not always possible to express f/'(Z) = % via the remaining
%, 2 < 7 < n, as shown by the next two examples below. Nevertheless, it might be possible to paste together
different parts of the PDE systems for different 2 < j < n to obtain a full rank linear system for the vector %]; ?
In any case, it is dependent on the choice of basis for A. In fact, since A* is open, it contains a basis for A,

(4.9)

and for any such choice of basis ay,...,a, € A* we have A4;,..., A, € GL,(K) and hence
of af = _
; — _ _ INT
If we start with a basis a; = 14 and ag,...,a, € m, then we can obtain a new basis a} = 14,4a},...,a, with
the property that aj € A* for some 2 < j <n as follows: let e3,...,e, € {0,1}, not all of which are 0, and set
aly 1 00 ... 0 ay
0,,2 €2 1 0 ... 0 a9
aé .— | €3 01 ... 0 as
an, e, 0 0 ... 1 an

This is clearly again a basis for A, since the transition matrix has det = 1, and a; € A* for all 2 < j <n with

g5 = 1.
Examples:
(1) If A := Cle] with €2 = 0 (dual numbers), then a}; =1, a2, =0, aly, =al; =0, a2y =a3; =1, ady = a3, =0,
thus:
oft _0 af? B oft
022 7 022 0217
In particular, we have no expression for g—]j. On the other hand, if we choose basis a1 =14 and as = 1 + ¢,
then al; =1, a?, =0, aly =ad; =0, a2y = a3, =1, aly = —1, a3, = 2, thus
oft _, 01 of2 _of  ,of* _oft  of
022 "0z 922 02! 0z 020 922’
hence

f(Z)_azl_ 022 022 2 0227

L Of  [(0f2 0f'\  1+cdf!
21 (822 822)+ 922

(2) If A == C[j] with 52 = 1 (hyperbolic aka. split-complex numbers), then a}; =1, a2, =0, aly, = ad; =0, o2, =
% =1, aly =1, ad, =0, thus:

ot orr ofr ot

922 9217 022 92

Lemma 4.0.2: Let U C K" be open, let f = (f',...,f™7T : U — K™ be a partially K-differentiable function and
g= (g, ..., g™ : U — K™ a function, satisfying the PDE system

afl - i S

92 ;%sg
for some constants ('y;k) CK,1<j<mn,1<ik<m. Furthermore define G : (K")™ — M,,(K)
9" (%) ... 9"(Zm)

G(Zh. . ,Zm) = (9(21)7 .. 7g(Zm)) =

a(Z) o ™7
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Then (7;-,6) are uniquely determined if and only if spangg(U) = K™. In this case

9'(Z1) ... 9" (Zm)
: : 9" (Z1) ... 9" (Zm)
iy = det | 9L (Z1) o 9 Zy) — k-th row | / det : : — const (4.10)
: 9"(Z1) .. 9"(Zm)
gm(Zl) 9" (Zm)

whenever the denominator is non-zero.

Proof: We have spang im g = K™ if and only if there exist points P, ..., P, € K" such that the vectors g(P),...,g(Py)
are K-linearly independent. For each 1 < j <m and 1 <i <n we get a system of m linear equations with m variables

1 1
N R A o
(V15 -+ Vjm) : : - (azj (Pr)--os 55 (Pm)> ,
g"(P) . g™ (Pn)
hence the row (’Y;khgkgm is uniquely determined if and only if tk G(Py, ..., P,) = m. Conversely, the m unknowns
('}’;‘k)lgkgm for each fixed 4, j are uniquely determined if and only if we can find m points P,..., P, with the above
property. O

Corollary 4.0.3: Let A =2 K" be a finite-dimensional commutative associative K-algebra, let U C K™ be an open subset
and f:U — K" 2 an A-differentiable map.

(1) If spang f'(U) = K", then 2 is uniquely determined by f. In particular, if B is another algebra structure on K"
such that f is also B-differentiable, then A = B.

(2) If A > A with A%2 # 0, then 2 can be recovered from Oy (U) for an arbitrary open U C .
(8) If spang f/(U) = K", then commutativity of 2 is equivalent to

"z ... fH(Zn) 'z ... fH(Zn)
det gg;?(zg gf;(Zn);k-throw = det gf,ikzl) %(Zn);j-throw (4.11)
) ) ZY )

forall1 <i,5,k <n and any Z1,...,Z, € A with f'(Z,),..., f'(Z,) K-linearly independent.
(4) If spang f'(U) = K", then associativity of 2 is equivalent to

iz ... f(Z) 'z ... Yz,
Z det g’; (Zy) ... gf; (Z,) — k-th row gf,ﬁ (Z1) ... gf,« (Z,) — L-th row | =
[z ... fm(Zn) ™z ™ (Zy) (4.12)
Yz ... 'Y(z,) Y(zy) ... Yz, '
Zdet gﬁ,: (Zy) ... g—’zc,:(Zn) — {-th row gz; (Zl) g; (Zp) — r-th row
[z ... f(Zn) f’"(Z1) ™ (Zy)
forall1 <i,5,k, 0 <n and any Zy,...,Z, € A with f'(Z1),..., ' (Z,) K-linearly independent.
(5) If spang f'(U) = K", then unitality of A is equivalent with the existence of (€;)1<r<n C K such that
Nz . (Zy) 2z .. 1 (Zn)
512 = Zdet € gg: (Zl) cee Ep gg: (Zn) — k-th row [ = Zdet er Zl) ET%(Z”) — r-th row (4'13)

) F(Z0) f’”(Zl) . F7(Z0)
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foralll1 < ik, <n and any Z1,...,Z, € A with f'(Z1),..., f'(Z,) K-linearly independent.

Proof: To (1): Since f is 2A-differentiable, after a choice of basis we have V1 <4, j < n:

6fz S 7 s
027 - Zaij/ ’

s=1
hence V1 < i, 5,k < n:
iz ... f(Zy)
E | : N2y o N (Z)
by =det | 2L (7)) ... 2L(Z,)—kthrow |/det [ 1 .
: : ™z [ Zn)
™z ... F™(Zn)

To (2): Consider the globally defined 2-differentiable map f : 2 — A, f(Z) = %Z2, f #0. Then f/(Z) = Z, ie.
/' = idgy, and the claim follows with f ‘U € Oy (U) since every open set U C K" contains a K-basis. Notice that f’ itself
is not necessarily 2-differentiable.

To (3): This is simply a restatement of Equation (2.6) using the expression from the proof of (1).
To (4): This is simply a restatement of Equation (2.7) using the expression from the proof of (1).
To (5): This is simply a restatement of Equation (2.4) using the expression from the proof of (1). O

Remarks:

1) In particular, this suggests that if a function f : U — K" (e.g. a polynomial or an analytic function) can be
written as an -differentiable function over some 2 and f(Z) = O(Z?), then it can be written so in an essentially
unique way up to Autg(2A). This in turn is also suggestive as to what the morphisms of Funktionentheorien
should look like.

(2) The 1-dimensional non-unital nilpotent K-algebra 2y := {(§ Z) : € K} is a pathological case that oftens needs
to be excluded. It is also the only connected commutative associative non-unital K-algebra with the property
that VZ € 2y : Z2 = 0.

(3) If tk(f'(Z1),..., [(Z,)) < n or even varies, we get parametric families of candidates (a?k) to be structure
constants of n-dimensional K-algebras (commutativity or associativity does not follow a priori), and it might
be possible to write f non-uniquely as a function over different or isomorphic K-algebras. It is not immediately
clear that there is an algebra in the parametric space that is valid for the whole U.

Finally, we consider a certain differential operator that lies at the heart of the theory of ¢-differentiable functions:

Definition 4.0.4: Let A 2 B be a morphism of K-algebras, U C 2 an open subset, and f : U — B a p-differentiable

function. If {ay,...,a,} is a K-basis of A and Z = ztay + -+ + 2"ay,, then we define the linear operators
. 0 0 der 0 0 .
dij = aig 5 —aj55 = ¢la) g5 —@laj) 55, 1<ij<n (4.14)

Furthermore, if A %5 B is a morphism of unital K-algebras with a1 = 14, then we also put

def 87,]0 af

dj i=dy; = 97 g1 2<j<n. (4.15)
Remarks:
(1) Clearly, V1 <i,j <n:dy; =0, djj = —dj;.
(2) If (a4, ..., ap,) = (a1, ..., an)(u})1<ij<n is a change of basis for 2 with Z =: w'a) + - -- +w"aj, and one defines
0 0

7= Gt~ R
with respect to this new basis, one checks immediately that V1 < k,¢ < n:
n
e =Y ujuidi;. (4.16)
i,=1

Lemma 4.0.5: Let A 2 B be a morphism of K-algebras, U C A an open subset, and f : U — B a totally K-
differentiable function.
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(1) If f is p-differentiable, then V1 <i < j < n:d;;f = 0, where the last condition is independent of the choice of
basis for A.

(2) If A% B is a morphism of unital K-algebras, then the converse of (1) is true. In fact, if a1 = 1, then it suffices

def

to have only V2 < j <n:d;f = dy;f = 0 satisfied.

Proof: The independence of the condition V1 <4 < j < n :d;;f = 0 of the choice of basis for 2 follows directly from
bilinearity (Equation (4.16)) of the operators d;;.

@ . def .
=" clear, since g—zfi(Z) = f'(2)a; = f'(Z)p(a;), 1 <i<n, and a;a; = a;a;.

“<”: We show that f satisfies the Generalized Cauchy-Riemann Equations with Unit (Equation (4.4)). Writing
f=flor+-+ fmbm, we have:

8](.5 m r m 8f5
ot =3 Fietopn =3 5o =3 (.55
On the other hand,
of _of
0z 0217
since d; f = 0 for all 2 < j < n. Therefore V1 <i <m V2 <j<n:
af' <~ of
0z ;’Y]‘s 021
as desired. O

5. FUNCTION THEORY OVER NON-UNITAL K-ALGEBRAS

Most of the proofs in this section are routine verifications that the given classical theorems from the Complex Analysis
of One Variable transfer almost verbatim to our setting and can therefore be safely skipped by the reader.

Definition 5.0.1: Let A 2> B a morphism of not necessarily unital K-algebras, U C 2 open, and f € €°(U,B). Then
[ is called @-integrable if f has a p-primitive, i.e. if there exists F € O,(U) such that F' = f.

Recall that continuous functions can in general be integrated over rectifiable paths. However, in many of the following
statements we will need for technical reasons slightly stronger regularity assumptions for the paths, namely piece-wise
smoothness.

Lemma-Definition 5.0.2: Let Ay : A — M, (K) be the stable lower-triangular representation of U, let ||-||o be a
submultiplicative norm on A, and let v € ‘51} (I,20) be a piece-wise smooth path, where I :=[0,1].

(1) Lo (v fo 17/ (t)]|g dt is the length of v with respect to ||-||y-
(2) If ||l = |I"lg, then Ly(7y) L o) fo IV ()|l dt is the Euclidean length of v in M, (K).
(3) If A = Ais a unital K-algebra and v is a scalar curve, then La(y) = ||1al| Lx(y). In particular, if [|-|| 4 = [|||¢,

then L A(y) = v/nLg(y), where n = dimg A.
(4) If A £ B is a morphism of not necessarily unital K-algebras, then Les () = Lo (p 0 7) fo le(y'(t))] 5 dt.

(5) If A % B is a morphism of unital K-algebras and ~ is a scalar curve, then so is ¢ o~y and Lp(p o) =
1185 Lx (7). In particular, if |||z = ||||g, then Lp(p o~y) = /mLk(y), where m = dimg B.

Proof: To (3): 7 being scalar in A implies |7/ (¢)|l = |7 ()] |1 1allg = |7/ ()] V7.
To (4): Since ¢ is R-linear in all cases, (¢(7(t))) = o(¥'(1)).
To (5): Clearly, ¢ o is a scalar curve since ¢ is K-linear. We have |[o(v'(t))l|z = [V ()| lle(La)llg = 1V )] 118llz- O

Remark: When 7 is a scalar curve, it is more convenient to choose a unital norm.

Lemma 5.0.3 (“p-integrable functions have § = 0”): Let A 25 B be a morphism of not necessarily unital K-algebras,
U C A open, f e €U, B) p-integrable, and v € €, (S',U). Then

ffwmzza
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Proof: Let F be a p-primitive of f, then

1 1 1
ff(zmz - yf F(2)dZ = / F/ () (t)dt & / F/ (7)o (£))dt = / d(F 0~) = F(y(1)) — F(7(0)) = 0.
[

Lemma 5.0.4: Let A 25 B be a morphism of not necessarily unital K-algebras, v € %I}W(Sl,m), and f € €°(v,B).
Then:

Proof: Using the submultiplicativity of the norm, we obtain

‘]{f(Z)dZ =‘/ Fr®)e(y' ())dt S/ IF (@)l (' (8)l] g5 dt < sup IIf(Z)II%/ lo(y' ()|l dt
Y B 0 B 0 Zey 0

as required. O

fg f(2)dz

< fll 5 L ()-
B

Lemma 5.0.5 (Pre-Morera: -integrability of continuous functions): Let 2 ~» B be a morphism of not necessarily
unital K-algebras.

(1) Let U C A be open and path-connected and let f € €°(U,B) be such that for any rectifiable loop v € €°(S*,U)
%f(Z)dZ =0.
~

Then f is (globally) p-integrable.

(2) Let 5% C 2 be open and star-convex with center x € ¢ and let f € €°(5%,B) be such that for any triangle
A C Y% with vertex at *

f(2)dz =o.
[7AN
Then f is w-integrable in S with a @-primitive given by

Z
F(Z) = / FOV)AW.

It follows in particular that ¥y € €, (S, ¥%):

f £(2)dz =o.
-
(3) Let U € 2 be open and path-connected and let f € €°(U,B) be such that VO C U:
f(Z2)dz =o.
od

Then f is p-integrable with primitive
F2)= [ pomaw
Zo 7

where the integral is taken along a stairway from Zy to Z with sufficiently small stairs. It follows in particular

that vy € 6, (S',U):
f £(2)dz = 0.
-

Proof: To (1): By assumption, the function

z
F(Z)= fW)dw
Zo
is well-defined for any fixed Zy € U as it is independent of the choice of an integration path. We are going to show that
F'is a @-primitive of f. For a fixed Z we have:
Z+H Z+H

Z+H Z+H
FOV)AW = £(2) / aw + / g(W)AW = f(Z)H + / g(W)aW,

F(Z+H)—F(Z):/ ; i i

zZ

where g(W) = f(W) — f(2) W=7z by continuity of f. Since U is open, for sufficiently small H we can take an open

ball around Z, which is convex!'®, containing Z + H and the R-line segment [Z, Z + H], which we also take to be the

15fnite-dimensional K-vector spaces are locally convex TVS
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integration path. Now, using Lemma 5.0.4, we can estimate:
Z+H
[ awaw

2 < ”9”%7[2724_11] Ly([Z,Z + H)),
where (|9l 17,74 229 0 because g(W) =2, 0. Since ¢ is in any case R-linear,

B

def

Ly([2, 2 + H]) = Las(#([2, Z + H])) = L ([¢(2),¢(2) + ¢(H)]) = [|o(H)l|g -
Therefore F(Z + H) — F(Z) = f(Z)H + o(||¢(H)|| ) as required.
To (2): For H small enough we have A = [«,Z + H,Z] C %, and 0A = [x,Z + H|+ [Z + H,Z] + [Z,«]. Since
Fop F(W)AW =0, we get:

Z+H

F(Z+ H) — F(Z) = / FOV)aw,
7z

from where one proceeds analogously to (1).

To (3): It suffices to prove the claim for a single stair 1. Let H; and Hy correspond to the sides of 1 := Z.(Z + H), i.e.
Hy + Hy = H. Then Ly (¢() < [¢(H1)llg + |0(Ha)llg > [9(H) |55, and we proceed as in (1):

the latter being again o(||p(H)||q) as desired. O

/ g(W)dWH% < ol L) < llgls., (loCDl + o(E2)lls)

Proposition 5.0.6 (d-closedness of ¢-holomorphic forms): Let A %5 B be a morphism of not necessarily unital K-
algebras, U C A open, f:U — B a totally K-differentiable function, and define w := f(Z)dZ. We have:

(1) If f is also p-differentiable, then w is O-closed.
(2) If o : A — B is a morphism of unital K-algebras, then the converse of (1) also holds.
(8) If K =C and f is also p-differentiable, then w is also d-closed.

Proof: To (1) & (2): Let {a1,...,a,} be a basis of 2 and write Z = z'a; + - -+ + 2"a,. Since dz’ A dz/ = —dz/ A dz?,

we have:
N O g NSO (N ) SR O
&U_;azidz /\dZ_;azidZ A (;ajdz ) = Z 8zi<‘0(aj)dz ANdz =

1,0=1
9 ) , 4 . ‘
= Z (82,]290(aj) - 62{;80(611'))(2122 ANdzd = Z (dijf)dzz Adz

1<i<j<n 1<i<j<n

from which both claims follow by Lemma 4.0.5.

To (3): If K = C, claim follows from (1), since d = 9+ 9 and dw = i, ngi dz® AdZ =0 as f is holomorphic (in each
variable). O

Remarks:
(1) Much of what follows hinges upon the fact that w = f(Z)dZ is d-closed. The proof of (1) shows that to this
effect it suffices for f to only be directionally ¢-differentiable in directions of some basis of 2. Another byproduct
of the proof is the interpretation of d;; f as the coordinates of 0(f(Z)dZ).

(2) Recall that if w is a d-closed 1-form, then it is locally exact by Poincare’s lemma. This is one way to show that
p-holomorphic functions admit local ¢-primitives. We will give another proof of this based on a generalized
Cauchy-Goursat theorem.

(3) The existence of local primitives in turn enables the integration of w along continuous paths [see BG91, Ch.1,
§7]. In the same vein, homotopy arguments about [w work in the continuous category, so we won’t always
have to take extra care of path regularity. Thus the next proposition is stated for continuous paths, but for the
purpose of obtaining another proof of the existence of local primitives without appealing to Poincare’s lemma
one should assume the paths to be rectifiable or € -regular.

Proposition 5.0.7 (Cauchy-Goursat Integral Theorem over A): Let 2 %y B a morphism of not necessarily unital
K-algebras, U C A open and path-connected, and f € €°(U,*B).
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(1) Homological Cauchy-Goursat: if f € O,(U), where additionally f' is assumed continuous in the case K = R,
and I € Z1(U,Z) is a 1-cycle with [I'] = 0 in H1(U,Z), then

/Ff(Z)dZ =0. (5.1)

(2) Homotopical Cauchy-Goursat: in particular, if f € O,(U), where additionally f' is assumed continuous in the
case K =R, and 71 (U) = 0, then for any v € €°(S*,U):

]ff(Z)dZ = 0. (5.2)
.
(3) Cauchy-Goursat minus a point: if f € Oy(U \ {pt.}), then VA C U:
£(2)dZ =o. (5.3)
on

(4) Minus a finite number of points: if f € O,(U\{p1,...,ps}), then VA CU:

) H(z)az 0. (5.4)

Proof: To (1): If K = C, then w := f(Z)dZ is ¢'-regular (in fact, €“-regular), so we can apply Stokes’ theorem: since
I’ € B1(U,Z), there exists O € Z5(U, Z) such that I' = 90J. But w is closed by Proposition 5.0.6, therefore

/w:/ w:/dw:O.
T o0 O

To (2): Since 71 (U) = 0, any v € €°(S', U) is homotopical to a point, hence null-homologous in particular. Alternatively,
use homotopy-invariance of closed 1-forms.

To (3): We adapt Goursat-Pringsheim’s approach following Rudin’s exposition, which is applicable to K without the
need of additional ¢-regularity of w. First suppose that p ¢ A and let A = [a,b,c]. Let a’,V’, ¢’ be the mid points
on the opposite sides and let A, 1 < j < 4, be the respective newly formed triangles by connecting a’,b’, ¢’ with each

other. Then
4
J ::7{ w= Z]{ w
YN i Jony

$ w
on

for certain fixed 1 < j < 4. Repeating the same procedure for A;- in place of A, we get a sequence of triangles
ANy, Doy ooy Nk, ... osuch that A DAy D Ag D ... with Ly (0Ag) = 27kL91(3A) and

$
[sJANA

Since ¢ is R-linear in any case, we also have Ly (0A) = 27¥Ly(0A). By Cantor’s “nested intervals theorem”, it
follows that there is a (unique) point Zy € (,cnArx € A, and f is p-differentiable at Zy. Therefore Ve > 0 3§ >
OVZ = Zollg < 0: || f(Z) = f(Zo) — [ (Zo)(Z — Zo)|leg < €llo(Z — Zo)|lg- There exists k € N such that VZ € Ay, :
|Z — Zo|ly < 6. Then also ||o(Z — Zy)|y < diamg p(Ag) < Les(0Dy) = 27*Les (0A). Now, since faAk dZ =0 and

5§8Ak (Z — Zy)dZ = 0 (they have the obvious p-primitives), we have:

and therefore

17l

4
8

1] < 4" ke

B

§ w=d (@ -1~ 1E)2 - 7))z
[eZANN AN

whence

1]l < 4*

]{ (£(2) = [(Zo) = '(Zo)(Z = Z0))dZ|| < 4" sup ||f(Z) — [(Zo) = ['(Zo)(Z = Zo) || Lsn (D)
ISJAN Dy ZedNy

< 4k Sup ¢ lo(Z — Zo) || Los (001) < 4727 ¥ Loy (OA) Loy (021,) = eLog (OA)?
S

k

for all € > 0. Thus J = 0.
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Now suppose without loss of generality that p = a is a vertex of A. If a, b, ¢ are colinear, then the claim is trivial. If
not, choose x € [a,b] and y € [a, c] both close to p = a. Then

RV TS A
A Ola,z,y] Olz,b,y] alb,c,y]

the last two being 0, since they do not contain p = a. Therefore:

feos (Lo L)

Since f is bounded on A, letting x,y — p = a we get the desired result. Finally, if p € A arbitrary, then apply the
above to the triangles [a, b, p|, [b, ¢,p] and [c, a, p].

To (4): follows from (3) (or its proof). O

Remarks: Let 2 % 9B a morphism of not necessarily unital K-algebras.
(1) fU CAis open and f € O (U\{p1,...,ps}), then VO C U : §, f(Z)dZ = 0, because O = A + V.

(2) If U C A is open and 1-connected and f € O,(U), then f is p-integrable, i.e. f has a ¢-primitive. This is more
general than what Poincare’s lemma delivers because simply connected domains are not necessarily contractible,
e.g. S™ for n > 2, or better yet, B \ {pt.} for n > 3.

(3) In particular, if U C 2 is an arbitrary open set and f € O, (U), then f is locally ¢-integrable, i.e. for every
p € U there exists an (open) neighbourhood V,, > p inside U such that f[y; has a ¢-primitive. This follows also
from Poincare’s lemma.

(4) For instance, if dimg2 > 3, U C A path-connected, and ) # S C U such that 7 (U \ S) = 0, then all
f€0,(U\S) are (globally) ¢-integrable, e.g. take U open with 71 (U) = 0 and S := B a topological ball inside
U. This is in stark contrast to the complex plane, where removing even a single point breaks global integrability,
cfg. 1/z on C.

(5) If ¥¢ C 2 is star-convex and f € €° (%, B) such that f € Oy(¥¢ \ {p1,...,ps}), then f has a @-primitive. O

6. FuNcTION THEORY OVER UNITAL C-ALGEBRAS: THE CORNERSTONES

6.1. Admissible Points and 1-Cycles. We have reached the point where both the real and complex and the non-unital
and unital theory diverge from each other. Let us first fix some notations.

Definition 6.1.1: Let A € fdCAlgy. Then Aging = A\ A* is called the singular cone of A.

Let A be a unital C-algebra and let Spm A = {9y, -+ , M} be its (maximal) spectrum. In particular, # Spm A = M
and Aging = 21:1 M. Accordingly, the decomposition of A into local Artin algebras gives a vector space decomposi-
tion

A=A x - x Ay = ((C(l) @ml) X oo X ((C(M) @mM),
where C(; are indexed copies of C and in this notation My = Ay X --- x A1 X my X Apyr X - x Ay, 1 < k< M.
As a topological space A* sits coordinate-wise inside said vector space in the form of

AX = (Cfy xmy) x - x (Cfyyy x mag).

Notice that here we make no use of the structure of A;, 1 <k < M, as a Lie group, but only as a topological space. Let
us denote by I == (0,...,0,14,,0,...,0) € A, 1 < k < M, the canonical idempotents for said decomposition. They
satisfy the usual relations Il = gely, 1 < k, 0 < M, and Zkle I = 14. Every Z € A can be uniquely written as
7 = @iw:l 7y, = Zi/il I Zy, for some Zy € Ap. Recall the projections pry, : A — Ag and o3 : A — Cpy, 1 <k < M.
In particular, Z, = pr,(Z), and for a given v € €°(S*, A) we shall also write v = pry(y) = pryoy : St — Ay, and
V= op(y) = or oy : S = C(y = C. Moreover, if i’ : C(y < A and 1 : Ay — A are the respective canonical
inclusions of wvector spaces, we shall also consider ;" 04" = I;7;" and ¢4 o pry(y) = Ixyk, where by slight abuse of

notation (I, k’y,(:p))(t) = Ik%(:p) (t). Furthermore, for the homotopy classes of closed curves in A* we have

M M
s A% = [T[s% €,y x mi] = TT[S%C s
k=1 k=1

where namely v ~ ZkM:1 Vel =~ 211:4:1 VP I; in 71 (A*). Being projections, pr, and oy are continuous and open.
Therefore, if U C A is open and 0-connected, then so are pr,(U) € Ay and ox(U) € Cyy = C, 1 < k < M. Let
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117 € Z1(U,Z) be a 1-cycle. Then pr,, and o}, induce chain maps
(pre)g = Z1(U, Z) = Zi(prg(U), Z), T := (pry) 4T = Y pry(v;)
j=1
(0k)% : Z1(U,Z) = Zy(ox(U),Z), T} = (ox)4T = > njow(yy),
j=1

which in turn induce as usual maps in homology (pry, )« : H1(U,Z) — H;(pr(U),Z) and (o)« : H1(U,Z) — Hy(o(U),7Z)
respectively, 1 < k < M. Like in the case of loops, we shall use the same letter to denote both the cycle and its support
in order to avoid unnecessary additional notational clutter. Furthermore, if A = (A, m) is local, we shall write o := oy,
AP =P, TP =T := 0, and 2 := 2! = 0(2).

Definition 6.1.2 (Admissible points, sets, and 1-cycles): Let A 2 @Qil(Ak,mk) and B = EBéV:l(ang) be decomposi-
tions of A and B into local Artin C-algebras.

(1)

(2)

(3)

(4)

Let I C{1,..., M} be an index subset and let v € €°(S*, A). Then the set

M
)= ot () = {(zk © Xk € [[Cop@m | Ikel:ze y,jp}
kel k=1

is called the I-restricted set of forbidden points (forbidden zone) for 4. In the special case I = {1,..., M} we
shall also write F(v) = Fa(y) for the full forbidden zone of . Its complement

Admr(y) = A\ §1(0) = {7 € A | Vh € T+ oy (7 }_H{C(k)\vk)ka, ifkel

Ay, otherwise

is called the I-restricted set of admissible points for v. In the special case I = {1,..., M} we shall also write
Adm(y) := Admy () for the full admissible set of ~.

Let I C{1,..., M} be an index subset, let U C A be open and path-connected, and let T := Z;"Zl n;y; € Z1(U, Z)
be a 1-cycle. Then

U ) E{Z e Al Jkel:on(2) e}

is called the I-restricted farbzdden zone of the 1-cycle T'. In the special case I = {1,..., M} we shall also write
F(T) == Fa(l) for the full forbidden zone of T'. Its complement

(C(k) \U;n=1 7;};) xmg, if kel def

Ay, otherwise

Adm(T) == A\ §(T ﬂ Admy(y;) = H {

j=1 k=1

wet 14 [(Coy \TP) xmy, ifkel
Pt A, otherwise

is called the I-restricted set of admissible points for I'. In the special case I = {1,..., M} we shall also write
Adm(T) := Adm(T") for the full admissible set of T.

Ifo=9¢p0ll; : A= Buwitht =1, :{1,...,N} = {1,...,M} is a morphism of C-algebras in canonical
factorization form, U C A is open and path-connected, and T' := Z;n:l n;v; € Z1(U,Z) is a 1-cycle, then
So(l) = Fimr, (I') is called the set of p-forbidden points for T'. Its complement Adm, (") := Admiy -, (') is
called the set of w-admissible points for I

A subset V. C A is called @-admissible for T' if all its points are p-admissible, that is, if V. C Adm,(T).
Symmetrically, given a subset V. C A, a 1-cycle I' € Z1(U,Z) is called p-admissible for V if V is a p-admissible
set for I'. One defines analogously @-forbidden subsets of A with respect to a given 1-cycle and @-forbidden
1-cycles with respect to a given subset of A.

Remarks: Let A = @114\4:1 Ay 5 B = @é\,:l By be a morphism of fully decomposed C-algebras with corresponding
index subset I :=im7, C {1,..., M}, let U C A be open and path-connected, and let I" := Z;nzl n;y; € Z1(U, Z).

(1)

(2)

Clearly, if I C J C {1,..., M}, then §;(I") C Fs(T), or equivalently, Adm;(I') 2 Adm(T"). In particular, one
always has §,(I') C F4(I") and Adm4(T') € Adm,(T).

If A= (A,m) is local, then F(I) = [P x m & f~is the cylindrical closure of (the support of) I'. In general, if
A is not connected/local, we only have F;(T") 2 T'y, i.e. Adm;(T") C A\ T;.
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(3) By definition, one has

Adm(T"
m(l) = Ay, otherwise Ay, otherwise ,

1 {Adm(Fk ifkel H {Adm P) s my, itk el
k=1
where Adm(I'y) and Adm(T}”) are taken in the (C—algebras Ay and C(y respectively, 1 <k < N.

(4) A ¢-admissible point means that the winding numbers of the k-th projections, k € I, are well-defined: the
projected points do not lie on the projected curves themselves. On the other hand, the condition (¢ o Ty, )xI" C
B* means that the integral of the B-valued differential form w = dZ/p(Z — Z;) is well-defined over T', and so
both notions are well compatible. We will see in a jiffy why this should not surprise us at all.

(5) &1(T") is a closed subset of A as a finite union of continuous preimages of closed sets, hence the set of admissible
points Adm;(I") is open. If I" consists of sufficiently non-pathological curves such that Cy, \’yJSI;€ is dense in Cy,
forall k € I and 1 < j < m, then Adm;(v;), 1 < j < m, are finite products of open dense sets, hence Adm;(T")
too is dense open in A as an intersection of the finitely many Adm;j(v;)-s. Thus, if V' C A is open and I is a
not too pathological 1-cycle, then V always contains admissible points for T'.

(6) Finally, if Z € Adm,(I") and keeping in mind that ¢ is in particular continuous, then ¢(Z) € Admp(p4I') since
Vee{L,...,N}:gu(AS,) C B/ O
6.2. The Index.

Definition 6.2.1 (Index over A): Let A 25 B be a morphism of unital C-algebras, U C A an open and path-connected
subset, and T :== Z;nzl njv; € Z1(U,Z) a 1-cycle. Then the index of T' around Zy is given by

1 A7 g~ 1 AZ et e
Indy (I, Zo) = Ind%(0, Zo) = o | ————~ =Y njo— ¢ ————~ =3 "n;Ind,(y;, 2
nd, (I, Zo) ndy(I', Zo) 27ri/pgp(Z—Z0) j:1n12m. 72 o7 — 7o) j:1ng ndy (75, Zo) (6.1)

where Ind%J indicates that I' has coefficients in Z. Moreover, we set Ind 4 = Indiq, for short.

Remarks:
(1) For example, if v € €°(S', C) is a loop and z ¢ -, then above notation says ind(v, z) = Indc (7, z) = Ind4(y, z) =
indc (7, 2), the latter being used to emphasize the fact that the index is taken in the complex plane.

(2) If A s B is a morphism of C-algebras, U C A open and path-connected, I' € Z1(U,7Z) a l-cycle, and Z; €
Adm(T"), then Ind 4(T', Zy) € A and Ind, (T, Zo) € B.

Lemma 6.2.2 (Periods of Cauchy’s Reproducing Kernel & Index Calculation over A): Let U C A be open and path-
connected and let T' € Z1(U,Z) be a ‘ng—regular 1-cycle.

(1) Index with respect to composition of morphisms: if A Y B % C oare morphisms of C-algebras, then VZ €

Admd,(l“)
Indgoy (T, Z) = Indy, (VI ¢(Z)). (6.2)
In particular, if ¢ = idg, then VZ € Admy(T'):
Indy (T, Z) = Indg (4T, ¥(2)). (6.3)

(2) Index over a local A: if A = (A,m) is local and 0 : A Zyeet C®m — A/m = C is the canonical “spectral”
quotient projection onto the scalars, then VZ € Adm4(T):

Ind4(T, Z) = Ind, (T, Z) = indc (TP, 2) € Z, (6.4)

def

where recall the notation z < o0(Z) and TP = o4 is the “spectral” part of the 1-cycle I'. It follows that if
¢ (A,m) = (B,n) is a morphism of local C-algebras, then VZ € Adm,(T") = Admy(T):

Ind, (T, Z) = Ind4(T, 2) = ind¢c(I®P, 2) € Z. (6.5)

(8) Index over a direct sum of morphisms: if ¢ == ®N o, : A = @évzl Ay — B = @évzl Be, Ty := (pry)xI, and
Z =aN | Z, then VZ € Adm,(T) = [T, Admy, (T'y) :

Ind,(T, Z) = &4 Ind,, (T¢, Z¢) € B. (6.6)

In particular, if @¢ @ (Ag, mg) = (Be,ng), 1 <€ < N, are morphisms of local C-algebras, then VZ € Adm,(T") =

Ind, (T, Z) = &)L Ind 4, (T, Z¢) = ®py indc (T3P, 00(2)) = p(Ind (T, Z)) € Z®V C B, (6.7)
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where recall that T';° &of (0¢)xT is the £-th eigenvalue part of the 1-cycle T

(4) Index over a general morphism: if p = (&) @) oIl : A @,i\il(Ak,mk) — B = @(JZ\[ZI(BZ,ng) is a general
morphism of C-algebras in canonical factorization form, then VZ € Adm,(T') :

Indy (T, 2) = @y Indg, (Tr(e), Zr(ry) = ©oly inde ) (T, 2r(0) = (Inda(T, 2)) € Z%N C B, (6.8)
provided Z € Admy (L) for the last part of the equality.

Proof: By Z-linearity of the definition of Ind,(—, Z) it suffices to verify the claims for a single loop v € €, (S', U).

To (1): Since 9 is linear, we have

) A O U 0 A S (CLE ()
Id*”"“”’z)‘/W(soow)(WZ) L St 5@ = sty @y = o1 v®)

as required.

To (2): First assume (without loss of generality) that Z = 0 € Admu(y). By Proposition 5.0.6, w = dW/W is a
d-closed 1-form over A*, hence its integral is invariant under continuous homotopy = ~ 4P there. Thus

1 [dW 1 dw 1 P (yRY(t)14 1 dz
Ind & — = — —:—/ I dt = — dc(7°P,0) = Ind, (7,0
N A(77 ) 27TZ 9 W 27ti v W 27i ’YSp(t) 2i - > = in (C( ’ ) 1 (’73 )
by (1). Next, substituting V :=W — Z and 6 := v — Z, we get VZ € Adm4(7):
1 aw 1 av

Inda(v, 2) < = indc(0 0 4,0) = inde(0(y) — 9(2),0) = inde(0(7),0(2)) = Ind, (7, Z)

wif W=7 m
as desired. Furthermore, if (A, m) RN (B,m) is a morphism of local C-algebras with corresponding canonical projections
oq: A—>» A/mand op : B — B/n, then
Indy(y, Z) = Indg(p 07, ¢(Z)) = indc(os 0 p 0 v,08(¢(Z))) = indc(04 07, 04(Z)) = Inda(v, Z)
by the previous discussion, (1), and Diagram 2.12.
o (3): We have

N
o 1 dw 1 d(el Wg 1 dW, def
Ind, (v, Z d:f—,?{i ?{ =1 7f7 Ind 2
#(1:2) 2mi J, p(W - 2) 2mi N v, DN oWy — 691 2ri Wi — Zy) 2691 o (V05 Z0),

where notice that the direct sum happens in B = 6915:1 By. If g are morphisms of local C-algebras, then the last
equality follows from (2) and the application of ¢ on Z~ C A to arrive in Z¥ C B.

o (4): Since A & EBQ/I:l(Ak,mk), we have Ind (v, Z) = &M, Ind 4, (v, Zi) by (3). Writing ¢ :== @&, ¢ and thus
@ = @oll., we therefore have:

@(IndA(’Yv Z)) = @(HT (GBQJ:I IndAk (’Wm Zk))) = @(@é\]—l Ind.A.,-(Z) (’YT(Z)a ZT(Z))) = Ind@ (@é\]:l’}/‘r(ﬁ)v @éV:lZT(Z)) =
= Indy (11 (7), 11:(Z)) = Indgorr, (7, Z) & Ind (v, Z)
by (3) and (1), as desired. O

Definition 6.2.3: If A is a C-algebra and Zy € A, then [Zy] == Zo+nil A € A/ nil A =2 C®M will denote the equivalence
class of Zgmodnil A as a subset of A.

Corollary 6.2.4: Let A 25 B be a morphism of C-algebras, let U C A be open and path-connected, and let T’ € Z1(U,Z)
be a 1-cycle.

(1) If Zy € Admy,(T") and Xo € nil A, then Ind, (T, Zo + Xo) = Ind,(Zy). Hence we have a well-defined map
Ind, (T, —) : Adm,(T)/nilA — ZN C B, [Zy] — Ind, (T, [Zy]), where notice that Adm,(I')/nil A C CM. In
particular, if 0 € Adm,(T"), then Ind 4(T', Xo) = Ind 4(T', 0).

(2) If (A, m) S (B,n) is a morphism of local C-algebras, then the Index of T is invariant under @, that is, for a
fized Z € Adm(T') the quantity Indg(pxI', 0(Z)) does not depend on ¢. In particular, if A = (A, m) is local,
then Ind 4 (T, Z) is invariant under C-algebra endomorphisms of A.

Proof: To (1): Since nil A = @24:1 myg, this follows from Equation (6.8), which depends only on the eigenvalues of
Zy + Xo-

To (2): This is immediate from the second part of Lemma 6.2.2 (2). O
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Remarks:
(1) Using Equation (6.8), Ind, can also be well-defined for merely continuous 1-cycles by means of the topological
degree since the projections always have well-defined topological degrees in the respective complex plane(s).

(2) Equation (6.8) makes it clear that, even though in the local case the Index is Z-valued like in the complex plane,
Ind, is more accurately seen as B-valued. This illuminates the fact that in our setting it is only natural to
consider 1-cycles with more general coefficients than Z, for example A or B, as we shall do in [MGO04].

(3) Let Zy == 0, then Inda(—,0) : v — Inda(v,0) = & ind(,",0) € ZM C A is only a one-way homotopy
invariant in A*. Indeed, if 7,0 € €°(S*, AX) with v ~ § in A%, then ~;" ~ &;" in (C(Xk), 1 <k < M, and hence
Ind 4(7,0) = Ind 4(d,0), but clearly the converse need not hold.

(4) Let V be a C-vector space and A = (A, m) a choice of a local C-algebra structure on V. Then Equation (6.4)
shows that, as expected, Ind 4 depends on this choice because it is determined by the choice of one-dimensional
complex subspace of V onto which v C V and Z; € V are projected. On the bright side, Ind 4 is at least
invariant under algebra endomorphisms by the previous corollary.

(5) By definition, we say that v : S! < AX is a simple loop around 0 or around the singular cone Asing iff
Ind 4(7,0) = 1. Likewise, v is a simple loop around a point Zy € A or around Zy + Aging iff Ind4(7y, Zo) = 1.

(6) Further notice that Indy, (v, Zo) = 0 if and only if Vk € I : ind(+;", 0%x(Zo)) = 0. Similarly, Ind, (v, Zo) € B* if
and only if V& € I : ind(v,”, 0%(Zo)) # 0.

Lemma 6.2.5 (Index is locally constant): Let U C A be open and path-connected and T € Z1(U,Z). Then the map

dWw
Ind,, (T, =) : Adm,,(T) = Z, Zn—>/7
So( ) LP() FQD(W*Z)

is locally constant. In particular, T' divides Admy(T") into two types of components: points with zero and non-zero Index.

Proof: This is a parameter integral with a continuously A-differentiable integrand, therefore:

d d 1 dw
—Ind,(I,2)= | =|———5|dW= ] ——5=0
w70~ [ 3 (o) = [z
since —1/p(W — Z) is a global primitive of the integrand in the variable W. O

Notice that the zero or non-zero component of Ind,,(I', —) is allowed to be empty. We can now determine them:

Corollary 6.2.6 (Components of T'): Let A = @11:1:1 A 5 B = EBéV:l By be a morphism of C-algebras with corre-
sponding index subset I :==1imt, C {1,...,M}, let U C A be open and path-connected, let I' € Z1(U,Z) be a 1-cycle,
and Zy € Adm,(T") a point. Then:

(1) Components of Ind, (T, —): each component of ' is of the form
ﬁ {Ck xmy, ifkel

i | Ak, otherwise,

where Cy, is a component in Cy = C of the locally constant function indc(I}°, —), k € 1.
(2) Invertible Index: Ind, (T, Zy) € B* if and only if for all k € I the component of I}’ containing the projection
o(Zo) is bounded in the respective complex plane Cy = C.
Proof: To (1): This is immediate from Equation (6.8).

To (2): Again by Equation (6.8) we have Ind,(T', Zy) € B* < Vk € I : ind(T'}?, 0x(Zo)) # 0 < the component of I'}” in
C containing o1 (Zp) is not the unbounded one. O

6.3. Cauchy’s Integral Formula over A and Consequences.

Proposition 6.3.1 (Cauchy’s Integral Formula: Cauchy’s Reproducing Kernel over A): Let A %5 B be a morphism
of C-algebras and let Zy € A. Let A == A.(Zy) be the open polydisc around Zy of radius r and let f € Oy,(A). If
v € €, (S', A) is an admissible loop for Zy, then

1

H(Z) (0. 20) = 5 § = 4z (6.9)

21 Z — Zo)

In particular, if Zg € nil A and v is a simple <KI}W-loop mn A* around Zy, then

f(Zo) = i% Zf(_Z;OdZ. (6.10)
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Proof: Tt suffices to prove the claim for Zy = 0, otherwise simply consider f(Z) = f(Z+Zy) and 7(t) := »(t)— Zo. Notice
that in general both f and Ind, take values in B. We first show the claim for a local morphism ¢ : (A4, m) — (B,n).
If we put d := dime m, we have AX :== AN A* = AN (C* x C?) = D:(0) x D,.(0)¢ as topological spaces, where D?(0)
denotes the punctured open disk with radius r and center 0 in C. Therefore A* has the same homotopy structure as
A*, namely mo(A%) = 1, [St; AX] = [S}; D%(0)], and hence 71 (A*) = Z, where explicitly v =~ 7. : [0, 1] = D*(0) X {0},
t s ee?™ ! for an arbitrary fixed 0 < € < r and some winding number v € Z. By Equation (6.5) we have:

! t o
® <z€ Eti) = p(2miv) = 2miv < 2riindc(qe, 0) = 2mi Ind,(v,0).

Since f € O,(A), the B-valued differential form
Z)— f(0
1250,
¢(2)
defined over A is d-closed, hence its integrals are invariant under homotopy inside A*. Let [|-|| 5 be any submultiplica-
tive norm on B. We can now proceed as in the proof of the classical Cauchy Integral Formula:

27m% ) 47— na #(7,0) £(0) mef ; H2) = 10) 1,

2 2mi ©(Z)
= ||Ind,(, )/O (f(e(t)) = £(0))dt
as desired.

B B

e — FO)
ZEA o) PN

< [Indy (3, 0)| [If = £(0)15.,, =0
B B

Next assume that ¢ has the form ¢ = @) o : A = @éV:l(Ag,mg) — @?:1(85711@). Writing Z = &), Zs, f(Z) =
@év_lf[(Zg) for ¢g-holomorphic fy, and () = @év_lw(t) one obtains:

N
dZ = @ fé ZZ) dZ = @f@ Indtpﬂ 757 (@ff ) (@Ind¢z(7€70)) = f(()) Indw(V,O)
27i y P 2mi )., ¢e(Ze) =1

by Equation (6.7) as required. Finally, if A %; B is a general morphism of C-algebras with canonical factorization
@ = @oll; as in Corollary 2.3.14, then by Lemma 3.0.5 it induces a corresponding factorization of f as

!

U——

g

11 (U)

for some f € O5(I1-(U)) of the form f = &), f,. Putting 7 := IL, o v and noting d¥ EA(IL, 0 ) = (I, 0 7)/ (t)dt =
(I1 o+')(t)dt as I, is linear, we obtain

102, 1 R ®) 1 (Tl @e )W) 1 [ W)W _
=) e L=l M = e e wicT el A= 15
= Indy(7,0)f(0) = Indy(v,0)£(0)
by the previous discussion and Lemma 6.2.2 as required. U

Remarks:
(1) A byproduct of the argument used in the proof of Proposition 6.3.1 is that every point Zy € A has an open
neighbourhood containing an admissible loop of an arbitrary integral index Ind, (v, Zo) € 7Z8M = 7.

(2) Putting J, = Ind, (7, —), it follows from Proposition 6.3.1 that f|, determines f in all components of the set
Adm(y) N 35((Z\ {0})Y), which contains stuff outside of A: in particular, this set is always unbounded as it
contains a copy of nil A. In other words, one obtains a -holomorphic continuation of f. More precisely:

Lemma 6.3.2 (Continuation to a local cylinder): Let (A,m) < (B,n) be a morphism of local C-algebras, let A =

A (Zy) C A be a polydisk, and f € Oy(A). Then for any loop v € €, (S',A) the function f has a @-holomorphic

continuation to AU (C, x m) given by VZ € AN(C, xm) VX € m:
o),

2miInd, (v, Z) J, (W - Z - X)

f(Z+X) = dw, (6.11)
where C,, = {z € C\ 7*? : ind(y*P, z) # 0} is the non-zero-index component(s) of v := o 4 0 7.

Proof: Firstly, notice that A N (C, x m) # 0 is open and for X = 0 the RHS agrees with f on AN (C, x m) by
Proposition 6.3.1. Secondly, since A is local, C, x m € Adm(y) and VZ € Cy x m : Ind, (v, Z) = ind(y*P, 2) # 0, and
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since X € m and Z € Adm(v), we have Z + X € Adm(y) and Ind, (v, Z 4+ X) = Indy (v, Z) # 0, so the RHS is well-
defined. In particular, if Z; + X; = Zy + Xy for some Z1 5 € U and X192 € m,ie. Zy =71 + X for X == X; — Xy € m,
then Z; € Adm(y) & Z3 € Adm(v) and Ind, (v, Z1 + X1) = Indy(7v, Z1) = Ind, (v, Z2) = Ind, (v, Z2 + X3), hence
f(Z + X) itself is well-defined. Finally, it is immediate that the so defined function is ¢-holomorphic since Indy (7, Z)
is locally constant and one can y-differentiate under the integral sign. U

6.4. Analyticity.

Definition 6.4.1: Let A 25 B be a morphism of not necessarily unital K-algebras and let U C 2 be open. A function
f U — B is called p-analytic at Zy € U if in a neighbourhood of Zy it is given by a convergent power series of the
form

Bz -2 Y Bz 2
£=0 £=0

for some By € B. The K-algebra of p-analytic functions at 0 will be denoted by Bu{Z} =B {Z} = B{p(Z)}.

Remark: If 2 % 9B is a morphism of not necessarily unital K-algebras, where 2 is connected and non-unital, then
JeNVZ e:Z¥ =0, and therefore B{p(Z)} = B[[x(Z)]] = Ble(Z)].

Definition 6.4.2 (Products of Spectral Balls and Annuli): Let A = @24:1 Ay be the decomposition of A into local
Artinian C-algebras and let Zg € A. Let r == (11, ... ,rM) €[0,00]™ and R = (Ry,...,Ry) €0, oo]M. Then:

(1) Spectral polyball (polycylinder): B (Zo, R) := [T,—, B} (br4(Z0), Ri) and B®(Zo, R) := [Ij—, B} (pry(Zo), Ri).
(2) Spectral polyannulus: AP(Zg, 1, R) == Hiwzl Ai{’k (pri(Z0), 7%, Ri) and A (Zy, 1, R) == szl Ai{’k (pry(Zo), Tk, Ri)-

Lemma 6.4.3: Let (a;(k))ken CR, 1 <i <mn, ben sequences of real numbers. Then

max lim sup a;(k) = limsup max a;(k)
1<i<n g0 k—oo 15i<n

Proof: To “<”: We have Vk e NV1 < j <n:a;(k) < max a;(k) = V1 <j<n:limsupa;(k) <limsup max a;(k) =
1<i<n k—s00 k—oo 1<i<n

max limsupa;(k) < lim sup max a;(k).
1<i<n koo k—s 1<i<n

To “>7: Put a(k) = [max a;(k) and a = limsupa(k) € [—o0,00]. Let I C N such that a = }Cig}a(k:). Clearly,
<i<n c—00

J1 < j < n:a(k) = a;(k) for infinitely many k£ € I, and denote their set by J C I. In particular, ,lciH}aj(k) =a
€

and a < limsupa;(k). Thus limsup max a;(k) = a < limsupa;(k) < max limsupa;(k), i.e. max limsupa;(k) >
k— o0 k—oo 15i<n k—o00 1<isn oo 1<i<n g oo

lim sup max a;(k). O

k—oo 1<5i<n

Lemma 6.4.4 (Root test in Banach spaces): Let (E,|-||) be a Banach space, let a ==Y, a, be a series in E, and

define o == limsup,, ||an||1/n

(1) If a < 1, then the series converges.

(2) If a > 1, then the series diverges.

(8) If o =1, then no conclusion can be drawn.

(4) o is independent of the choice of an equivalent vector norm ||-||".

In particular, if E is finite-dimensional, then « is independent of any choice of ||-|| on E.

Proof: One readily verifies that the comparison and the root test are valid in any Banach space (E,|-||) since the
proofs are the same and the (counter)-example(s) for the border case @ = 1 are the same after a suitable choice of
an identification R — FE with a 1-dimensional subspace of E. We only verify that « is independent of the choice of
an equivalent vector norm ||-||. So, let ||-||" and ||-||" be two equivalent vector norms on E and let ¢’ > 0 and ¢ > 0
be constants such that [|-||"” > ¢ ||-|" and H |” > ¢”|-|”. Since ¢'/™ — 1 as n — oo, it follows by symmetry that

limsup,,_, . lan |/ = limsup, . [lan]"/" =

Lemma-Definition 6.4.5 (Analytic Radius): Let (A, |-||) € CBanAlgg and let f(Z) = Y.~ A Z™ € A[[Z]]. Then
the analytic radius of the power series f is defined as

1
R=Rf=———  — €[0,x)] (6.12)
T limsup 4,7

n—0o0
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and is independent of the choice of an equivalent vector norm. In particular, if A is finite-dimensional, then Ry is
independent of the choice of any (submultiplicative or not) norm ||-|| for A.

Proof: The proof is the same as of the previous lemma. O
Lemma 6.4.6: Let (a;(¢))een € C, 1 < i < m, be n sequences of complex numbers, let «; = limsup,_, \ai(f)\l/z,
1 <i<n, and put o '= maxi<;<n ;. If there is exactly one 1 <ig < n such that o = oy, then

n 1/¢
> ai(t)
i=1

=«
Proof: Tt is more convenient to work with the radii r; = 1/a;,r == 1/a = minj<j<pr; € [0,00], 1 < i < n. The
proof is by induction on n. The case n = 2, where r; # 79, is well-known from the convergence properties of power
series in the Complex Analysis of One Variable. Now, let n > 3 and let ¢y be the unique index with r = r;,. Since
V1<j<mn,j#io:r; > i, the sequence a;(¢) := a;,(£) +a;(¢) has again a radius r;,. Now iterate the same argument
for the remaining indices 1 < j < n, j # ig. O

lim sup
{— 00

Remark: When n =2 and r; = r5 it is not possible to deduce r only from r; and ro without closer analysis of the sum
al(ﬁ) + CLQ([).

Proposition 6.4.7 (Analytic Radius and Polycylinder of Convergence): Let A € fdCAlge, let f(Z) = > 2, A(0)Z* €
Al[Z]], let ||-|| be an arbitrary submultiplicative norm on A, and put R := Ry. Then:

(1) If A= @,iw:l Ay, is the decomposition of A into Artin local C-algebras and A(¢) =: &L ay(¢) accordingly, then
R = mini<p<n Ry, where Ry, = limsup,_, . Hak(ﬂ)Hl/é, 1<k <M, are the individual radii.

(2) If R > 0, then for any choice of a submultiplicative norm ||| the series f is locally normally convergent on the
R-ball B (0) = {Z € A: 2| < R}.

(3) If R < oo, then for any choice of a vector norm ||-|| and any r > R there exists a point Zy € A with || Zo|| = r
such that f is divergent at Zj.

4) If R > 0, then f is locally normally convergent on B'5(0) = . B0 , where the union is taken over all
R I~ R
submultiplicative norms on A.

def

(5) In fact, we have Blz(0) =B} (0,R) = {Z € A: pa(Z) < R} is the spectral R-ball of A around 0.
(6) Cylinder of convergence: if (A, m) is local, then B (0, R) = Dg(0) x m.
(7) If A= (A,m) is local, then f is divergent'® everywhere outside of B} (0, R).

(8) Spectral radius of divergence: for a local C-algebra A = (A, m) define

1
DP = 0
timsup pa(A)77 < )

{—00

Then D®® > R and f diverges at any Zy € A with pa(Zy) > DP.

(9) Polycylinder of convergence: if A %5 B is a morphism of C-algebras and A = EBkle Ay is the decomposition
of A into connected C-algebras, then g(Z) € B{o(Z — Zy)} is locally uniformly convergent on some spectral

polycylinder
M M
s def s
B (Zo, R) < ] B, (bri(Z0), Re) = [ [ D, (0(Z0)) % e,
k=1 k=1

where R == (Ry,...,Rar) € (0,00]M, and is divergent outside of it.

Proof: To (1): Since R is independent of the choice of norm, we can pick ||-||. Applying Lemma 6.4.3, we get:
1 1 1

= = = = min
li ADONYE  limsup( max |lax(€)] 4, )2/* li Ot 1sksM
IEILS;I.}pH Ol Ul M, A A l?isol.jp”ak( )4,

Ry.

To (2): Let Zy € A be a point such that || Zp|| < R and choose || Zp|| < r1 < r2 < R. Since 1/ry > 1/R, there exists L € N
such that ¥ > L : |A(6)|| < 1/r5. Thus ¥¢ > L: | A0 2| < [|AD] | Z]° < g = (r1/r2)", hence 352, [|A(0)ZY]| < oo
on the open {||Z]| < r1} 2 Zy, majorized by the geometric series in gq.

16i¢ has been recently brought to our attention that a proof of this fact is essentially contained in [Ket28];
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To (3): For example take Z; := r and apply the root test. Notice that, unless A = C, f does not diverge for all Z; with
|| Zo]| = r because there exist nilpotent elements of arbitrary norm.

To (4): This follows from (2) since clearly any Z € B’,(0) has an open neighbhourhood, on which f converges normally.

To (5): By Proposition 2.5.7, for Zy € A there exists a norm ||-|| with ||Zo|| < R if and only if p4(Zp) < R. Indeed, if
1Zo]] < R, then pa(Zy) < ||Zo]| < R. Conversely, if pa(Zp) < R and € > 0 with pa(Zy) + ¢ < R, then there exists an
algebra norm |||, depending on Zy and ¢, with || Zy|| < pa(Zo) +e < R.

To (6): follows from the triangular form of (A, m).
To (7): In accordance with Lemma 2.3.8 choose a filtering C-basis {e; = 14,e3,...,e,} of A with corresponding

structure constants (v, )1<i jk<n such that V1 < i,k <n:vf, =4, = 6;, and Vj, k > 2 Vi < max{j, k} : v}, = 7}, = 0.
Write A(¢) = Y1, a;i(£)e; for a;(¢) € C, £ € N. Endow A with the maximum vector norm ||-||  and write Z = 26X € A

for z € C, X € m. Put o; = limsup,_, \ai(ﬁ)\l/z, o= maxlgign a;, and r; == 1/a;, 1 < i < n. By the same
argument as in (1) we obtain that R = minj<;<, 75, or equivalently, R = 1/o. Now assume that Z ¢ B’} (0, R), i.e
pA(Z) =|z| > R=1/a > 0. We are going to show that limsup,_, ., ||A(¢) Z[Hl/é > 1. We have:
o1/ ¢ E 1/¢
ez = A+ 0L = a1 | aw) (143 ) | =114 ( (1)) ) = ol A@u(]1Y',
oo k=1 o
—a(0)

where V/ € N : u(f) € A*. Write u(f) = Y7, u;(€)e;, where uy(¢) = 1. Moreover, if v € N is the smallest integer with

X7 #0, then V¢ > v:
0= 1+k2i1 (f;) (X) - ; (;;{i)) - guiw)ez

for some constants c¢;; € C, 1 <i<n,1 <k <w. Since (i) = O((’“) as £ — oo for fixed 1 < k < ¢, we have in any case
V1 <i<n:u(l)=0(*) as £ — co. Carrying out the multiplication with the filtering basis, one obtains

u(l)A(l) Z < Z ’Y]kug Ja( > =a (! Jrzez (Uz ai (€ Jrz (Z%k% > )+al(£)>
i=1  \jk=1

Now put of = limsup,_, ., |a1(€)\1/£ = oy and

i1 1/¢
V2 <i<n:al=limsup |u;(£)a; (£) + (ijkuj ) () + a;(0)
{— 00 =2
We need to show that
lim sup [|A(©u(0) |11 = max ] = a = max ai.
Assume to the contrary that o, ..., ], < « and let iy be the smallest integer such that o = «a;,. If ig = 1, then consider

a(f(2)) =Y 72, a1(£)zf, which has analytic radius rq ' 1/a; = 1/ = R. But now we have |z| > R =1, = o(f(Z)) =
o0 = f(Z) = oco. If ig > 2, then consider

gy (£)aq (€) + Z ( Z ’ijuj ) (€) + a;, (£)
k=2 j=

=0,0(0)

1/¢ io—1 1/¢

U (¢ )+ Z vy )+ aq, (€)

s def 1
;= lImsup

0 = lim sup
£— 00

£— 00

Since u;(£) = O(**') as £ — oo, we also have v}°(f) = O(£**') as £ — oo, hence limsup,_, . |ui, (E)a1(€)|1/é < o

1
and V2 < k < 49— 1 : limsup,_, ’vk ak(ﬁ)’ /e < ay. But by choice of iy we have a1,...,a;,—1 < aj,, hence by
Lemma 6.4.6 it follows that ago = oy, = a, a contradiction to our assumption. Thus

1
limsup || 4,2¢|| " = 2| limsup | A(Qu(@)| L > ~a =1
£— 00 ° L— o0 «
as desired.

To (8): For any submultiplicative ||-|| and any ¢ € Ny we have p4(A(€)) < ||A(¢)||, hence D% > R.
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To (9): If A s B is a general morphism of C-algebras, then by Corollary 2.3.14 we have a canonical factorization
¢ =@oll,, where p = &Y @, : @éV:l(AT(g),mT(g)) — @f:l(lgg,ng). Since each @, is C-linear and local, we have

N N
90_1([1:[1}])314 (UE(ZO)) X ‘ﬂg) = EDRT(Z) (UT(E)(ZO)) X M, (p),

and furthermore taking IT; " gives precisely B*P(Zy, R) for some R € (0, 00], where notice that B} (pry(Zo), o0) A,

Finally, locally normal convergence of g = f o € B{o(Z)} for f € B{W} follows from the locally normal convergence
of f and continuity of the morphism ¢. O

Remarks:
(1) The product spectral topology on A is the one generated by the open spectral polycylinders B*P(Zy, R), Zg € A,
R € (0, oo]M, as a subbasis of open sets.

(2) Given f € Oy(U), we shall also sometimes write for short BY(Zo) == B*(Zo, R¢(Zp)) to mean the (maximal)
open spectral polycylinder of convergence of f at the point Zy € U.

(3) Proposition 6.4.7 (7) is specific to connected finite-dimensional commutative associative Banach algebras. If we
drop commutativity and/or finite dimensionality, then we can have convergence outside of the spectral ball, for
example whenever there exist elements A, B € A with p(A), p(B) > 0 but AB = 0. Existence of such elements
is not possible in finite-dimensional local commutative C-algebras by the triangular structure. For an explicit
example consider the series

N~ (0 270
f(2) = ; <0 0 ) 7', Z € My(C).
Again all norms are equivalent and we have Ry = 2, but for Zy := (3 ) we have p4(Zy) =3 > R and f(Zy) = 0.
(4) Since D®P depends only on the behaviour of the first (unital) coordinate of A(¥), it is generally easier to compute
than R, but it can be an arbitrarily suboptimal estimate.

(5) Notice that the well-known estimate |zq + - - + zn|1/z < maxj<i<n |zi|1/e for z1,...,2, € C and £ € N does not
help with the proof of (7) in Proposition 6.4.7 as it gives the “wrong” direction of the estimate.

Definition 6.4.8 (Banach-space-valued measures): Let (X,X) be a measurable space and E a Banach space. An E-
valued measure on (X,X) is a map p: X — E such that

(i) p(@) = 0;
(ii) p(Upen Xi) = D pen M(Xk) for any countable disjoint family (X )ren C 2.
Remarks:

(1) The only difference to the usual notion of a measure is the lack of non-negativity, which per se does not make
sense in an arbitrary Banach space E. Moreover, the order of summation does not matter since the order of
set-theoretic union does not.

(2) If E= A € fdCAlg and {aq,...,a,} is a C-basis for A, then a measure u : ¥ — A can be uniquely written as
W=y p_y agpg, where pp : ¥ — C, 1 < k < n, are complex-valued measures (in the usual sense of functional
analysis).

Let B = EBév:l By be the decomposition of B into Artinian local C-algebras (B, ny, [|[|5,), 1 < £ < N, with unital
submultiplicative norms and let ||-|| := [|-[|;; = max;<¢<n ||-]| 5, be the direct sum norm on B. For Z € A = @]I:I:l(Ak, my)
we shall write Z = @24:1(21@ ® Zn, ), where z;, € C and Zp,, € my;, 1 <k < M.

Proposition 6.4.9 (Cauchy-Transform over A): Let ¢ = (&) @¢) oIl : A = @iwzl(Ak,mk) — B = @éV:l(Bg,nz)
be a morphism of C-algebras given in canonical factorization form. Let Q be a measurable space, p a finite B-valued
measure on §), G := @Qil(gk ® Gn,) : 2 = A a measurable function, and U C A open such that VZ € U V1 < { < N:

tlgffl (‘gT(Z) (t) - ZT(Z)‘ - ||¢E(Gmr(1) (t) - Zmr(e))HBZ) > 0. (613)

In particular, o(G(Q) —U) C B*. Then f:U — B defined by

_ du(t)
“@’lﬁ@m—m

f0(z) dpu(t)
m Aw@w—mﬂvkem'

1s p-analytic on U with derivatives
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Proof: Fix Z € U and set

R= min inf (|97(e>(t) — e ()] = [|@e(Gm, o (1) — Zm7<z>)||3[,> > 0.

By continuity of ¢ choose > 0 small enough such that IB%'L&” (Z;r) CU and go(IB%‘J‘iH (Z;r)) C IB%L';‘H (¢(2); R). By hypothesis
VI<E{<NVte:

H @Z(Gm.r(g) (t) - ZmT(z)) <1

grot) —z@ g,
hence Vt € Q:

’ 1 B GNB 1 def

@(G(t) - Z) B —1 (g‘r(é)(t) - ZT(@)) + @Z(GmT(z) (t) - ZmT(z)) ®

def a 1 a 1 1

= max = max 5

1N || (gr(0) (1) = 22(0) + Be(Gm, ) (1) = Zim, () LISN |gr()(8) = 2oy || 1 — P2Emriy Oy @)
By re) () =27 (0) By
1 1 1 1

< max

= - = max — <=
1<UEN [gr0)(t) = 200 | 1 | 2eCnry ©=2Zn ) 1SN g7y () = 20y | = |06(Cinyry () = Zan, )|, — B

gr (o) (£) =2+ (0

by Lemma 2.5.11. Thus YW € B!(Z;7) ¥t € 0 )
R s s 2

Hence for all W € Bw (Z;r) the geometric series

1 B 1 1 B i< o(W — 2) )’3
e(G(t)—W)  o(G(t)—Z)1 - %)—_ZZ)) (Gt - Z2) &= \p(G(t) - Z)

converges uniformly in ¢ € Q. Therefore, since p is finite, we can interchange summation and integration to obtain
YW e ]BL'H(Z;T):

_ du(t) — _p(W-2) Re dp(t)
= [ e 2w =, (; EEOE Z>f+1> W) =2, (L, oy~ zes ) ov = 2
as desired. O

Remark: Using Lemma 2.5.13 one can relax the hypothesis of Proposition 6.4.9 as follows:
VZ eUVI <UL NVEEQ: |gr0)(t) — 20| = ||Pe(Grm, ) (E) — ZmT(g))”Be ;

but keep

}25 |9-0)(t) = 220y | > 0.

Indeed, if we fix Z € U and choose R > 0 small enough such that | gro)(t) — Zr(e)| > vy R, where vy € N is the smallest
integer such that Vt € Q: @¢(Gm,,, (t) = Zm, )" =0, then by Lemma 2.5.13 we obtain

1 Uy 1
— S S o
Pe(Gr(o)(t) = Zr (o)) Be {gf(e) (t) — ZT(Z)’ R
from where one proceeds analogously as in the proof above. O

Proposition 6.4.10 (Analyticity & Cauchy’s Integral Formula over A for Derivatives): Let U C A be open and path-
connected and let f € O,(U). Then:

(1) For every open polydisk A = A.(Zy) € U with center Zy € U and every Zo-admissible loop v € €, (S', A) in
it there exists an open neighbourhood V> Zy in A such thatVZ € V:

|
P2 0, (3,2) = 3 § i, ke o (6.14)
vy

(2) f is p-analytic in U.

Proof: To (1): Let A := A,(Zy) C U be an arbitrary open polydisk in U with center Zy € U. Fix a Zy-admissible
loop v € €, (S',A) # 0 and put J,(Z) := Indy(v,Z). Define V := AN Admy,(y) 3 Zo, which is open. Then by
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Proposition 6.3.1 we obtain VZ € V:
[ W)
Z Z) = dw.
1(2)3,(2) 2mi J, o(W — Z)

Differentiating both sides gives us

1'(2)3,(2) + £(2)3,(2) = ['(2)3,(2) = 2%7{ <p(VfV(Vi/)Z)2dW7

since J, : Adm,(y) — Z®N C B is a locally constant map. Now the formula for the higher derivatives f(*), k € N,
follows in the same way by induction.

To (2): Without loss of generality we can assume Zy = 0. Following the argument in the the proof of Proposition 6.3.1
we know constructively that there exists a sufficiently small € > 0 such that the loop 7 := ~., defined by

M
= @562””, t € [0,1],
k=1

is contained in A and Zy-admissible with J,(Zy) = 14 (in fact, only the indices k € im 7 matter). Denote by C 3 Z
the connected open component of Zj, on which J, stays = 14. Then we have VZ € VN C:

o W) W)
1= g b s = o i ™

One immediately checks that © == I ' [0,1], G ==, and du(t) = f(y(t))e(+/(t))dt satisfy the hypothesis of Proposi-
tion 6.4.9. In particular, the “inf-condition” presents no problem because 2 is compact and + is continuous. Now the
claim follows since 37|Vmc = const = 1 4. O

Remark: It is seductive to conjecture at this point that if 2 is a connected non-unital C-algebra, then all 2l-holomorphic
functions at 0 are given by A{Z} = A[Z], and hence that 2[Z] contains in fact all 2A-holomorphic functions. However, this
is not true. Consider 2 := 9 being the maximal ideal of C[X]/(X?), i.e. & = Ce; ® Cey with €2 = eq, e1e5 = 0, €3 = 0.
Let f € C{z1} \ C[z1] and define F(z1e1 + 22€2) :=e1 + f(21)ea. Then F' is not polynomial, but it is A-holomorphic:
F(Z+H) = e+ f(z1+hi)ez = er + (f(21) + f'(z1)ha +7(h1))ea = er + fz1)e2 + f'(z1)hiea + r(h1)es =
= F(Z) + (f’(zl)el + weg)(hlel + h262) + T(h1)€27

where w € C is arbitrary and |r(h1)| = o(|h1]). But ||r(h1)ez||; = o||H]|;) because:

Ir(ho)eall, _ Ir(h)l _ Jr(h)l
[haer + haeally  [hal+ [ho| =[]
as H — 0. Notice once again the non-uniqueness of the derivative F’ for non-unital algebras. O

Corollary 6.4.11 (Cauchy’s Inequality over A): Let U C A be open and path-connected, Zy € U, f € O,(U), and
€ 6, (S, U) an admissible loop for Zy with Inda(v, Zo) = 1. Then Vk € Ny :

1 k+1
s, < 5 W1 Etsme | ot | (6.15)
In particular, we have the following two special cases:
(1) If y(t) == Zo +re*™ t € I, then
lro @], < S il (6.16)

(2) If (A,m) 5 (B,n) and ||-|| 3 is unital, then for Xo € m and v € N with ¢(X)*~! # 0 and p(Xp)” =0 inn and
v(t) = (Mo +71e*™), t € I, with \g € C we have Vk € Ny:

[#900+ X0, < k115, (Z (WO)”BHH (6.17)
j=0

r

Proof: We have
QELCIOICHLINY 1 o

(k) A — A7)
|5 z) T O <4 / 156D bt Nl | Sy —oz |

from which the desired inequahty follows. Now, (1 ) and (2) follow by direct substitution as ¢ preserves scalars, where
in (2) we also apply Equation (2.15). O

dt
HB o 7
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Corollary 6.4.12 (Liouville over A): Let U C A be open and path-connected and let f € O,(U). Suppose that there
exists a subset V.C U such that:

(i) flv is bounded and

(ii) for every Zo € U, V contains a collection of Zy-admissible simple loops {Vn }nen such that

{ sup 1 'n € N}
ter || (1) —¢(Zo) |5
s unbounded, but
1 n—oo
L Yn) SUP 0.
5O S | o0 ®) — (o) s

Then f = const. In particular, if (A,m) is local, U O C, and f|<c is bounded, then f = const.

Proof: By Cauchy’s inequality over A we have for k = 1
1
(1 (t)) — #(Zo) |l

as n € N varies, because || f|| , is bounded by assumption (no pun intended). Thus f is locally constant and hence
constant by path-connectedness of U. For the last statement it clearly suffices to take (scalar) loops in C. O

—0

1)l < 5 171, Lot sun |

Corollary 6.4.13 (Local form of ¢-holomorphic functions): Let U C A be open and A %5 B a morphism of C-algebras.
Let f € O,(U). Then:

(1) f locally factors analytically through ¢: for every Zg € U there exist an open neighbourhood of V'3 Zy and an
open neighborhood W 3 o(Zy) with o(V') C W such that 31gw € Og(W) : flv = gw o ¢, namely:

A« BY(Z,R) —— B

Cpl “"l ,//;:g
B <— By (¢(Z0), R)
(2) If U 50, then f extends polynomially to nil A.

Proof: To (1): This is immediate because locally at Zy we have f € B{x(Z — Zy)}.
To (2): Explicitly, if f is analytic at 0, then in a small open neighbourhood of 0 we have f(Z) = Z?io B;Z7 for some
Bj; € B. If X € nil A, then simply f(X) = Z;C:o B; X7, which is polynomial as X is nilpotent. O
Corollary 6.4.14: Let (A, m) LN (B,n) be a morphism of local C-algebras, U C A open with U 3 0, and f € O,(U).
If f(0) € n, then f(m) C n.

Proof: In a spectral neighbourhood of 0 we have f(Z) = 332, Bro(Z)¥, where By = f(0) € n by hypothesis. Since ¢
is automatically local for Artinian A and B, i.e. p(m) C p(n), the claim follows as n is an ideal. O

Proposition 6.4.15 (Canonical form of ¢-holomorphic functions): Let A %5 B be a morphism, let U C A be open and

fe0,U).

(1) Separation of the scalar variable from the nilpotent variable: Suppose that A = (A, m) and B = (B,n) are local
and let v :=h(p) be the height of ¢. If z® X € U with z € C and X € m, then

f(2)=fze X) }:fm k (6.18)

where notice that f*)|oA(U) — B simply are C-holomorphic functions with values in the finite-dimensional
Banach space B.

(2) If A= (A,m) and B = (B,n) are local, then f extends p-holomorphically to U. In other words, O,(U) = O¢([7)
canonically. In particular, if U O C, then f extends to a p-entire function.

(8) Conversely, if (A, m) = (B,n) is a morphism of local C-algebras with v :=h(p), V C C open, and g : V — B a
C-holomorphic function with values in B, then g:V xm — B,

gz @ X) Zg(k) k
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defines a p-holomorphic function.
(4) [ always extends p-holomorphically to U. In other words, O, (U) = OW(T}) canonically.
Proof: To (1) and (2): Lemma 6.3.2 ensures that locally f extends to some sufficiently small open cylinder V = V
with o 4(V) C 04(U) C C. Since f is analytic in V, Taylor expansion at some fixed Zy := z ® 0, z € o4(V), gives
Equation (6.18) valid in some open spectral cylindrical neighbourhood of z. But this is a globally defined expression on
o4(U) x m that agrees on all spectral cylindrical open neighbourhoods inside U. Notice that any open neighbourhood

of z contains in particular a basis of m, so the choice of v is necessary to ensure that for all z@® X in said neighbourhood
we have p(X)” = ¢(X") = 0.

To (3): Write 2! := z and X = 2%ay + --- + 2"a, for a C-basis {as,...,a,} of m. By Lemma 4.0.5 we only need to

check that V2 < 7 < n:
- 0 0 \.
0:%95(_%a&+ay>9

Indeed we have

o 9 V—lg(kJrl)(Zl) -1 (k)( ) B
— a5+ 5 :f%EZ——ﬁ—fmxﬁ+§jg7;—mxfIMU:
k=0 k=1
g(k+1) g(k+1)

— a4y Z bt aj Z )k = _W(aj)QD(X)V_l =0,

since v & h(¢y).

To (4): If f € O,(U), then f = f oIl where f is of the form f = @2, f; for some @,-holomorphic functions fy,. Now
applying (2) to each f;, 1 < /¢ < N, and taking IT-! yields the statement. O

Corollary 6.4.16:
(1) We have a bijection between m-tuples of C-holomorphic functions f*: V — C, V C C open, together with a
morphism A %5 B of local C-algebras, where m = dime B, on the one hand and p-holomorphic functions on
V x m on the other hand
[(F:V = Bg)} e O,(V x m),

where f = g+ f2by + ... f™b,, for a choice of C-basis {1,ba, ..., by} of B.

(2) Isolated Zeros in Scalar/Spectral Planes: let (A,m) 2 (B,n) be a morphism of local C-algebras, U C A open
and connected, and 0 # f € O,(U). Then¥Zy € A: Z(f) N (C+ Zy) is a countable discrete subset of U.

(8) Identity Theorem in Scalar/Spectral Planes: let (A, m) 2 (B,n) be a morphism of local C-algebras, U C A open
and connected, and f,g € Oy (U). If the incidence set Z(f —g) N (C+ Zy) has an accumulation point in U, then

f=g9
Proof: To (1): clear from Proposition 6.4.15.

To (2) & (3): We only prove (2). It follows essentially from Equation (6.18) and (1). We can assume U = U. Since o 4
is open and continuous as a projection, o 4(U) is also open and connected. We can assume without loss of generality
that Zo = 0, otherwise consider f(Z) := f(Z + Zo). Suppose that Z(f) N C has an accumulation point in ¢,4(U). Then
by the Identity Principle of Complex Analysis of a Single Variable f|,, @y = 0. But by Equation (6.18) we have

fze X) Zf(k) k7

where v = h(p). Thus f = 0. O

Remarks:
(1) Thus the local theory of ¢-holomorphic functions is in a sense about doing Complex Analysis of One Variable
with commutative nilpotents.

(2) Notice that (3) and (4) do not follow by simply applying the canonical projection o4 to the power series of f
since this only yields f; = 0 rather than f|c = 0. The reader is free to convince herself that the latter does not
necessarily follow from the former by means of the generalized Cauchy-Riemann-Sheffers equations for a local
C-algebra (A, m).

Definition 6.4.17: Let A= (A, m) be a local C-algebra, ||| an arbitrary vector norm on A, and e > 0. Then
m.={X em: | X[ <e}.
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Lemma 6.4.18 (Extension of bi-A-holomorphisms): Let A = (A, m) be a local C-algebra, U,V C A open subsets, and
f:u =V oan A-biholomorphism. Then [ extends to an A-biholomorphism f: USV:

—

Proof: Let g:= f~1:V — U, let f be the extension of f to U and g be the extension of g to V. We need to show that
f(ﬁ) C V: then likewise §(17) - ﬁ, and since go f = id on the open U, it follows by the identity principle of SCVs that
go f=1id on U. Now, if U = {J;; Ui is an arbitrary (open) cover, then U= Uier U;. Thus it suffices to show the claim
for bounded cylindrical neighbourhoods in U. Without loss of generality we can consider f(Z) = > p-, AxZ* € A{Z}
and g(Z) = 7o, BxZ* € A{Z} with A;, B; € A* inducing automorphisms on D,.(0) x m. for » < min{Ry, Ry} and a
sufficiently small € > 0. We need to show that then f(ID,.(0) x m) C D, x m. But if f; denotes the unital component of
fythenVz@® X € D,.(0) x m: pa(f(z® X)) = |f1(2)| < r since f(D,(0) x m:) C D,-(0) X m.. O

Lemma 6.4.19 (Analyticity and Nilpotents): Let (A, m) LN (B,n) be a morphism of local C-algebras, U C A open and
path-connected, and f € O,(U).

(1) For Zy € U and X € m = nil A the limit of the generalized derivative
fix)(Zo) = lim f(Zo+ H) — f(Zo)

H—X H
HoX o(H)

exists and gives rise to a function f:mx U — B, (X, Z) — f('X)(Z), polynomial in X and p-analytic in Z.
(2) The function g: U x U — B,

A2 W) = LORIE, W —Z e AU o [ fw—zea nU 619
0 fwen @), W -ZemnU FW—2,2), ifW-ZemnU '

is w-holomorphic both in Z and W.

Proof: To (1): First notice that the definition makes sense because A* is dense in A. Without loss of generality we can

assume U = U cylindrical. Fix Zy € U and let R := R(Zy) be the radius of convergence of f at Zy. By g-analyticity
we have R > 0 and VIV € B} (Zo, R):

< (k) s & 1R (2,
sy =3 T oy gy s T o gy
k=0 ' k=0 ’

for all H € B (0, R), where H := W — Z. Hence VH € B (0, R):

FOV) = J(%0) _ {(Zo+ H) = F(20) 5™ IO s g 2y S

k=1 k=0

(%)

%+Dlwwf%ﬁg

o(W — Z) o(H)
E froe(W = Zo, Z0).
Since the power series of a p-analytic function around a point converge on the biggest open disk cylinder that fits in,
there exist sufficiently small open subcylinders Vi C U for W, Vy € B} (0, R), Vo 3 0, for H, and Vo C U, V3 5 Zy, for Z
with Minkowski dvifference Vo D Vi —V5 D m, such that floc : Vo x Vo — Bis well-defined and Lp-holomorphicvin H and Z,
and respectively fioc(W—Z, Z) is well-defined on V; x V5 and ¢-holomorphic in both Z and W. Notice that fo. implicitly
depends on Zp, that is, on the small neighbourhood of definition V2 of Z (hence the notation). On the other hand, if
v € N is any integer with the property that VX € m: X = 0, then we also have VZ € U VH € B (0, R(Z)) N A*:

_ > £(k) v, fk+1) .

¥
H—X w(H) HoX = k! = (k+1)!

since p(X) = 0 < R, which in turn is globally defined in Z over m x U. Thus any fioe, when restricted to m = nil A in
the first argument, extends globally in the second argument to U. In other words, f : m x U — B is ambiently always
a restriction of some floc p-holomorphic in the first (both) argument(s).

To (2): First we show that for any Zy € U the function g(Zy, W) is @—hglomorphic in W. It suffices to prove this in a
neighbourhood of Zy + m. This follows directly from the proof of (1): fioe(W — Z, Z) exists ¢-holomorphically on an

open product Vi x Vo 3 (W, Z) with V5 5 Zy and Vi O Zy 4+ m and coincides with % outside of {W — Z; € m}.
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Next, fix Wy € U instead. The task at hand is similar, but slightly different in the way of choosing V; and V5. We need
to show that

o2 W) % WO L2 Wy~ Z € ANU g [ Lo it Wo— Z € AXNU
bl - ~ . —_— k+1
0 FWo—2.2), fWo—ZemnU ZkOE!ﬁ¢m6—@ﬂiﬂ%—ZEmﬂU

is p-holomorphic in Z € U. Again, it suffices to show this for Z in a small (cylindrical) neighbourhood of Wy + m.

For any Wy € U there exist small (cylindrical) neighbhourhoods V4 C U, Vi © Wy, and Vo C U, V5 2 Vi, such that

YW e Vi VZ € Va:

f k+1)( )
+1)!

is well-defined and ¢-holomorphic in both W and Z and by the proof of (1) coincides with % for (W, 2) €
(Vi x Vo) \ {W — Z € m}. Therefore g(Z,W)) is p-holomorphic for Z € V5 2V} O Wy +m. O

fioe(W = 7, Z) d‘*fz (W — 2)*

Proposition 6.4.20 (Morera over A): Let U C A open and path-connected and let f € €°(U, B).

(1) If for all simple rectifiable loops v in U
§ 1200z =0
-

then f € Oy (U).
(2) If for all A CU

f(2)dz =0,
oA

then f € O, (U).
(3) If for allOC U
f(Z2)dz =0,
o
then f € O, (U).
Proof: To (1): by Lemma 5.0.5 (1), f has a primitive F', which is analytic by Proposition 6.4.10, hence so is f.

To (2): Being finite-dimensional, A is a locally convex TVS. Therefore, U can be covered by (star-)convex open sets,
over which f has local primitives by Lemma 5.0.5.

To (3): by Lemma 5.0.5 (3). O

In the same spirit we obtain a slight variation of Proposition 5.0.6 (2):
Lemma 6.4.21: Let U C A be open and let f € €1 (U, B) such that w := f(Z)dZ is d-closed. Then f € O,(U).

Proof: w d-closed = w locally exact, i.e. f locally ¢-integrable = f locally y-analytic, i.e. f € O,(U). O

Proposition 6.4.22 (Weierstrafl Convergence Theorems over A): Let A % Bbea general morphism of C-algebras, let
U C A be open and path-connected, and let (fn)nen C Oy (U).

(1) If fo — f locally uniformly'™, then f € O,(U) and f, — f locally uniformly.
(2) If S"p_, fx — f locally normally'®, then f € Ou,(U) and Y ;_, fr. — f' also locally normally.

Proof: To (1): follows completely analogously to the case of A being the complex plane itself.

To (2): Fix Zyg € U and y € 6,,(S',U) a Zo-admissible loop with Ind,(y, Zo) = 1. Without loss of generality we can
assume that ||-|| 5 is unital. By translation with —Zy we can also assume without loss of generality that Zy = 0, which
allows us to take -y to be a scalar curve. Note, however, that for an arbitrary Zy the Ind, = 1-condition may prevent
us in general from choosing v to be a scalar curve, since A need not be a connected algebra. Now, let for instance
y(t) = re? i1 4, t € [0,1], for a sufficiently small r > 0, in particular Lg(y) = 27r. Fix 0 < & < r. As before, there
exists a neighbourhood V' 3 Zj = 0 of y-admissible points such that VZ € V : Ind,(v,Z) = 1 and ||p(Z)]| < € by
continuity of . By Lemma 2.5.11 we have VZ € V:

' 1

V(t) — ¢(2)
since A is locally compact, locally uniform convergence not only implies compact convergence, but is also equivalent to it;
18for the same reason, locally normal convergence not only implies compactly normal convergence, but is equivalent to it;

1 1

= < .
s r—lle@ls r—e

17
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Thus by Cauchy’s inequality over A (6.4.11) we obtain VZ € V:

170215 < 220

1 r
<
v(t) = Zo HB Sr—e Wolls.

which proves the claim. O

||fn||B,'y sup
tel

6.5. The Homological Cauchy’s Integral Formula over A.

Definition 6.5.1: Let A = @Qil(Ak,mk) be a decomposition of A into local Artin C-algebras, let U C A be open and
path-connected, and let I C {1,..., M} be an index subset.

(1) I-restricted spectral 1-homology: B (U,Z); == ﬂkel(ak);l(Bl(ak(U),Z)), H®U,Z); = Z,(U,2)/B*(U,Z);.

(2) Spectral 1-homology associated to ¢: if ¢ : A — B is a morphism of C-algebras, then Bf (U,Z) = B{* (U, Z)im r,
and .H-ip(U7 Z) = Hip(U7 Z)imrw-

Theorem 6.5.2 (Homological Cauchy Integral Formula over A): Let U C A be open and path-connected, let f € O, (U),
and T € Zy(U,Z). If [I'| =0 in Hf (U,Z), thenVZ € U N Adm(T):

£(Z2)Ind, (T, Z) = ﬁ : (p(‘{éW)Z)dW. (6.20)

In particular

/ FOW)dW = 0. (6.21)
T

Proof: We first prove the claim for a local morphism (A, m) < (B, m), which then easily translates to a general A 25 B.

We adapt the well-known proof of Dixon to our setting. Extend f:U — B to f: 7 — B and define 0 UxT B,
IW)—-f(2) : _ -~ y
g(Z, W) ={ #W=2) ifW—2e¢ [{mA
fW—-22), fW-ZeUnm.

def

We note that U 2 F(T') & I'" x m and

ﬁmmd:ef{m, lfO'_A(U)BO

(0, otherwise.

By Lemma 6.4.19 g is p-holomorphic in Z and W. Now put
hZ):

Then h € O, (U) as a parameter-integral over the compact I'. We have VZ € U N Adm(T):

S Z, W)dw.
5 Fg( , W)dW.

_ L (W)= f(2) L fw) . p
h(Z)—mASMdW—m Fmdw—f(Z)lndc(F ,Z),

where recall that z < o4(Z) and indc(T*P, z) = Ind,(T', Z). We are going to show that h = 0. By hypothesis, we have

Vz € 04(U)¢ : indc(T®P, 2) = 0. Therefore h € (’)ip(ﬁ) extends over U¢ = .4(U)¢ x m C Adm(T") to a p-entire function
via

. 1 f(W) rre
W2 =5 | g W Z€ 0"

Now consider h|c. Since I' ~ I'*P in ('_7, we obtain for z,w € C:
1
h(z) = — (w)

211 Jpep W — 2

dw—0as |z] =0

by the usual estimate, where notice that h(z) is simply a (C-)entire function taking values in B. Thus by Liouville
(Corollary 6.4.12) we have h = const = 0. In other words, VZ € U N Adm(T):

0=h(Z)= 271ri/pg0({/I§MZ)Z)dW — f(2)Ind, (T, Z)

as desired. Finally, using Equation (6.7), Equation (6.8), and the definition of Bf (U, Z), the result easily generalizes to
an arbitrary A % B in an analogous manner as in the proof of Proposition 6.3.1. O

Remarks:
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(1) Passing to U in the proof allows to contain F(I') entirely in the initial domain of definition of k, which makes
it easier to exhibit the holomorphic continuation of h to U°. If we didn’t extend f to U, we would have had to
prove that

2mi JT o(W—2)

hZ) = A [ AW _aw, if Z € U¢ N Adm(T)
“ o, if ZeUengI)

gives the analytic continuation of h, for example by using the somewhat cumbersome fjoc-yoga.

(2) A similar result has been shown by Giovanni Battista Rizza (1952) in [Riz52]. As of writing this, we have not been
able to obtain his paper, however the Zentralblatt review indicates that his proof uses much stronger topological
assumptions. Namely, in our language his main statement reads as follows: let A = (A, m) be local, U C A open
and path-connected, f € O4(U), and I' € Z1(U,Z) with [['] =0 in H1(U,Z). Then 3N € NVZ € U N Adm(T"):

aamins = ||

In comparison, we only require [IP] =0 in Hy(o4(U),Z).

(3) In order to illustrate the difference between the condition [I'] = 0 in H;(U,Z) and the condition V1 < k < N :
T3] = 0 in Hy(0k(U),Z), we give the following example'®: consider the set U := (C?\ {2} + 23 = 0}) N B,(0),
where B,.(0) € C? is an open ball of radius » > 0 around the origin. U is known to be diffeomorphic to
(S*\ K) x (0,7), where K denotes the trefoil knot. Then H;(U,Z) = Z, but Hy(p1(U),Z) = H1(p2(U),Z) = 0,
where p; 2 : C2 — C are the canonical projections, since p; 2(U) are open disks in C of radius 7.

It is now evident that the right choice of index-based 1-homology in the theory of ¢-holomorphic functions is given by
“spectral” ¢-1-Homology HY (U,Z):

Corollary 6.5.3: Let U C A be open and path-connected. We have a well-defined Z-B-bilinear pairing
51 HE(U,2) x Ou(U) = B, ([U1.5) > [ £(2)dz (6.22)
r

between p-1-homology and @-holomorphic functions. O

Proposition 6.5.4 (Homological Cauchy Differentiation Formula over A): Let U C A be open and path-connected and
let f € O,(U). Then for every open polydisk A = A (Zy) C U with center Zy € U and every Zy-admissible 1-cycle
I € Bi’(A,Z) there exists an open neighbourhood V'3 Zy, V.C A, such thatVZ € V:

F®(2)Ind, (T, Z) = Qiz/r(pmf(%dw, k € No. (6.23)

Proof: Same as the proof of Proposition 6.4.10. O

Corollary 6.5.5 (Cauchy’s Inequality over A for 1-Cycles): Let U C A be open and path-connected, Zg € U, f € O,(U),
and let T := Z;n:l njv; € BIP(U,Z), vi #v; Vi # j, be a Zy-admissible 1-cycle with Ind,,(T', Zg) = 1. Then Yk € Ny :

© il 1 k+1
f ZHg—’f Ls(T max‘ : 6.24
[r®@0)]|, = 5 190 e () o || s y (6.24)
where Lg(T) = E;"Zl |n;| Lg(y;) is the total length of the 1-cycle T
Proof: By Proposition 6.5.4 we have
m k+1
k
[z, < f2| wl [ 156l Ol | = o
m 1 k+1
g—'f ( n-L37->maX’ ,
271_ || ||B,F ;| ]| ( J) 1<j<m SO(PYJ(t)) _ QO(ZO) .1

since V¢ € I : || f(v; ()l g < [ fllg,r- o

Bgee [MSE02]
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