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Abstract—Advantages of operating portions of a power system
at frequencies different from the standard 50 or 60 Hz have been
demonstrated in the low frequency AC (LFAC) and high voltage
DC (HVDC) literature. Branches constrained by stability or
thermal limits can benefit from increased capacity and flexibility.
Since advances in power electronics enable the choice of an
operating frequency, tools are needed to make this choice. In
order to quantify the advantages as functions of frequency,
this paper provides models for steady state calculations with
frequency as a variable and validates the modeling assumptions.
It then introduces an analytical quantification of the power flow
capacity of a transmission branch as a function of frequency,
demonstrating different active constraints across the range of
frequency. The modeling and power flow calculations are demon-
strated for a practical transmission line using manufacturer data.
The models presented here provide a foundation for system level
studies with variable frequency using optimal power flow.

Index Terms—Low frequency AC transmission, multi-
frequency power flow, transmission line utilization

I. INTRODUCTION

Ever since AC power systems won the initial war of the
currents, the use of a single standard frequency has been
a central tenet in the planning and control of large power
systems. Accordingly, the modeling and analysis techniques
employed in these fields have developed based on the assump-
tion of a single, fixed frequency of 50 or 60 Hz. With recent
developments in power electronics, this assumption is being
undermined by the increasing prevalence of transmission at
various frequencies, most notably high voltage DC (HVDC)
and the emerging applications of low frequency AC (LFAC).

This creates two needs. First, to analyze system operations
at different frequencies, it is necessary to develop a steady
state system model which explicitly accounts for frequency
dependence in the component parameters. While this model
may build upon existing power system models, it is important
that the underlying modeling assumptions are validated across
the full range of frequencies under consideration. Second,
given the above model, it is possible to develop a quantitative
understanding of the advantages that can be gained by varying
the frequency. In this paper, we aim to fill these needs by
discussing the frequency-dependent model parameters, provide
a validation of the power flow model and apply it to show how
the benefits vary over a range of frequencies.

This material is based upon work supported by the New York Power
Authority (NYPA), the New York State Energy Research and Development
Authority (NYSERDA), and the National Science Foundation Graduate Re-
search Fellowship Program under Grant No. DGE-1747503.

Many of the advantages of transmission at frequencies lower
than 50 Hz were demonstrated in [1]–[3] with a focus on
the advantages of low frequency AC (LFAC) for power flow
capacity. The lower branch reactance achieved by lowering the
frequency improves the operation of both overhead lines [1]
and cables [2] by easing limits related to transient stability,
voltage stability, and thermal considerations. For more than a
century, low frequencies, especially 16 2/3 and 25 Hz, have
been used for transmission of railway traction power [4],
[5] and for industrial purposes [6], applications which have
benefited from the use of modern power electronics [7], [8].
Recently, offshore wind [9]–[11], and long distance overhead
transmission [1], [12] have emerged as promising applications.

The steady state analysis of networks with nonstandard
frequencies has been the subject of recent work. In [13],
Nguyen and Santoso formulated a power flow problem for a
60 Hz network with a single branch at 10 Hz, with frequency
conversion at each end. The authors used the Π equivalent
model for the low frequency branch. In [14], this power flow
model was extended to accommodate networks composed of
multiple areas with frequency conversion at the area interfaces,
allowing for distinct frequencies, including DC, in each area.
In [15], an optimal power flow problem was formulated with
multiple areas of distinct frequencies. The frequency was not
considered variable in the formulation but fixed before the cal-
culation. This work helped demonstrate the benefits of LFAC
and the potential of tools for planning and operating networks
with multiple frequencies. However, existing work does not
answer what would be the optimal choice of frequency, nor
does it discuss potential limitations of typical models such as
Π equivalent transmission line model which may no longer be
valid when the frequency changes significantly.

In this paper, we aim to address these gaps. We first
discuss the frequency-dependent components of transmission
line models and analyze the Π equivalent model in detail to
discuss how the definitions of “long” and “short” transmission
lines change as we vary the frequency. This allows us to
verify that typical modeling assumptions remain valid as we
lower the frequency and to provide an analysis that extends
to frequencies above 60 Hz or to the limiting case of 0 Hz.
We then use an optimization-based framework to analyze how
the maximum power transfer capacity of a transmission line
varies with frequency. Finally, we investigate how changing
the frequency changes the admissible combinations of active
and reactive power transfer.

To summarize, the contribution of this paper is to analyze

ar
X

iv
:2

10
1.

11
11

3v
1 

 [
ee

ss
.S

Y
] 

 2
6 

Ja
n 

20
21



the behavior of transmission lines across a range of different
frequencies. Specifically, we introduce (i) a variable frequency
Π branch model with analytical validation as well as models
for capacitive and inductive bus shunts, and (ii) analytical
means to analyze power transfer across a line for different
frequencies, including DC.

Section II establishes assumptions for frequency-dependent
parameters. Section III then introduces the frequency-
dependent Π branch model with variable frequency and an-
alyzes the range of validity for the different line model
approximations. The validated model is used in Section IV
to demonstrate the power flow capability of the branches as a
function of frequency. Conclusions follow in Section V.

II. FREQUENCY-DEPENDENT MODEL PARAMETERS

This section discusses the frequency dependence of param-
eters in models for transmission lines, cables and bus shunts.
We do not consider how variations in frequency would affect
generators or loads, since we assume that such components
would be connected to parts of the grid with standard AC
frequencies. Furthermore, we omit discussions of transformers,
as we assume that LFAC would most likely be designed within
a single voltage level or if not, that power electronic converters
would be used for voltage conversion to avoid the need for
very large transformers.

A. Frequency-dependent line and cable parameters

Transmission lines and cables are traditionally modeled
as circuits with four parameters: series inductive reactance
X ′, series resistance R′, shunt capacitive susceptance B′,
and shunt conductance G′ [16] [17]. These parameters are
distributed throughout the length of the line and are given as
values per unit length, denoted with the prime (′) symbol.

While the line parameters are typically assumed to be
constant, when the system frequency varies, as in the design
or operation of LFAC systems, the line parameters start to
change. Most significantly, the inductive series reactance X ′

and capacitive shunt susceptance B′ depend on the product
between frequency and the inductance L′ or the capacitance
C ′, respectively,

X ′(ω) = ωL′, B′(ω) = ωC ′. (1)

The series resistance, R′, and the shunt conductance, G′, do
not have significant frequency dependence and are modeled as
fixed for the full range of frequencies considered here.

We note that while the linear frequency dependence of the
series reactance X ′ and shunt susceptance B′ is by far the
most dominant dependence, there are also other frequency-
dependent effects. Both the skin effect and proximity effect
are dependent on frequency and contribute to lowering both
the series resistance and inductance as frequency is reduced
[16] [18]. Manufacturer data for series resistance at 60 Hz and
DC for typical aluminum conductor steel reinforced (ACSR)
transmission lines shows the DC resistance to be about 2-
3% less than at 60 Hz [19]. In [20], an analytical model
showed the skin effect to contribute to a 0.25% change in the
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Fig. 1: Lumped-parameter Π model of a branch, with series
impedance Z and shunt admittance Y sh.

resistance between these frequencies. These effects contribute
to a reduction in the series resistance and reactance as the
frequency decreases, and in some cases highly accurate models
may need to incorporate them. However, these effects are
insignificant in typical steady state power flow calculations
and are omitted from our subsequent analysis.

B. Frequency-dependent bus elements

A shunt element, capacitive or inductive, can also be directly
connected to a bus. These elements are represented as a
resistance and either capacitance or inductance connected in
parallel between the bus and ground. In the same way as
for the transmission line, we assume that the shunt resistance
Gsh
i = 1/Rsh

i is independent of frequency, while the shunt
susceptance is given by

Bsh
cap,i(ω) = ωCsh

i or Bsh
ind,i(ω) =

−1

ωLsh
i

(2)

for a capacitive shunt Bsh
cap,i or an inductive shunt Bsh

ind,i,
respectively, at any bus i.

III. VALIDITY OF THE LUMPED-PARAMETER Π MODEL

In power system modeling, it is very common replace
the exact transmission line model based on the distributed
parameters with the lumped-parameter Π model. This approx-
imation is typically assumed to be valid for medium-length
transmission lines. In this section, we investigate how changes
in the frequency change the definition of “medium length”.

A. Π equivalent branch model

Transmission branches are commonly represented as a
lumped-parameter Π model, as shown in Fig. 1. From this
model, the terminal quantities at the origin (o) and destination
(d) sides, phasors Io, V o, Id, and V d, are given byV o

Io

 =

 1 + Z · Y
sh

2 Z

Y sh
(

1 + Z · Y
sh

4

)
1 + Z · Y

sh

2


V d
Id

 , (3)

where Z = R + jωL and Y sh = Gsh + jωCsh. The lumped-
parameter Π model is obtained by approximating the lumped
parameters as the distributed parameter multiplied by the
length of the line, R = `R′, L = `L′, Gsh = `G′ and
Csh = `C ′ where ` is the length of the branch.



B. Exact transmission line model

While the lumped-parameter model is a common approxi-
mation, the exact transmission line model provides the termi-
nal quantities exactly in terms of the distributed parameters
and line length [18],V o

Io

 =

 cosh(γ`) Z0 sinh(γ`)

1
Z0

sinh(γ`) cosh(γ`)


V d
Id

 . (4)

Here, γ =
√

(R′ + jX ′) · (G′ + jB′) is the propagation con-
stant, and Z0 =

√
(R′ + jX ′)/(G′ + jB′) is the characteris-

tic impedance of the line.

C. Relationship between the Π model and the exact model

The lumped-parameter Π model is an exact representation
for the terminal quantities when the elements of (3) are equal
to those in (4). Setting the lumped parameters to match (4)
we find Y sh

2 and Z in terms of the distributed parameters:

Y sh

2
=

1

Z0

tanh

(
γ`

2

)
, Z = Z0 sinh(γ`). (5)

If |γ`| � 1, the arguments of the tanh and sinh functions are
small and the functions can be approximated as the values of
their arguments. With this approximation, we have that

Y sh

2
≈ 1

Z0

·
γ`

2
=
G′`

2
+ jω

C ′`

2
(6)

Z ≈ Z0 · γ` = R′`+ jωL′`. (7)

Thus, for sufficiently small |γ`|, the lumped-parameter Π
model is a good approximation of the exact model.

D. Validation of |γ`| � 1 for varying frequencies

The accuracy of the lumped-parameter Π model depends
on the quantity |γ`| having a sufficiently small magnitude. In
typical power system models, the line length is the only vari-
able quantity and the lumped-parameter Π model is assumed
to be valid for lines that are shorter than < 250 km. However,
when the frequency is no longer fixed, we need to assess the
validity of the approximation as a function of both length and
frequency. We expand the quantity |γ`|:

|γ`| =
∣∣∣`√(R′ + jωL′)(G′ + jωC ′)

∣∣∣ (8)

= `
√
L′C ′ω

√√√√(( R′

ωL′

)2

+ 1

) 1
2
((

G′

ωC ′

)2

+ 1

) 1
2

.

At very low frequencies, the ω-dependent terms of (8) ap-
proach the limit

√
(R′G′)/(L′C ′). This holds when the fre-

quency is much smaller than the ratios R′

L′ and G′

C′ , i.e.,

|γ`| ≈ `
√
R′G′, if ω � R′

L′
and ω � G′

C ′
. (9)

As ω increases, the expression under the square root decreases
monotonically to the limit of 1. Thus, at frequencies much

larger than R′

L′ and G′

C′ , the ω-dependence is nearly linear and
|γ`| is dominated by `ω

√
L′C ′:

|γ`| ≈ `ω
√
L′C ′, if ω � R′

L′
and ω � G′

C ′
. (10)

At intermediate frequencies, the ω-dependence remains ap-
proximately linear as shown in our numerical example below,
and the effect of the frequency on the Π model approximation
is comparable to that of line length.

From the analysis above, and in particular from (10), we
observe that for any branch with a given length and any
impedance and admittance parameters, the lumped-parameter
Π model represents the line with equal or better accuracy as
the frequency decreases.

E. Numerical example

To illustrate the effect of frequency dependence, we con-
sider a typical three phase overhead transmission line with
ACSR conductors. Manufacturer data [19] gives the following
distributed parameter values:

R′ = 0.05709 Ω/km C ′ = 9.497 nF/km

L′ = 1.214 mH/km G′ = 0 Ω/km

We assume that the origin side voltage is fixed at 1.0 p.u.
and that the line is operated under surge impedance loading
conditions, Id = V d/Z0, and consider frequencies from 0 to
80 Hz and line lengths from 100 to 700 km. To demonstrate
how the approximation quality varies for different frequencies,
we compute (i) the value of |γ`| and (ii) the error of the
lumped-parameter Π model approximation as the difference
between the terminal voltage Vd obtained by solving (3) and
(4), respectively. We also compare how the obtained values
compare with the values for a 250 km line at 60 Hz, which
has |γ`| = 0.321 and an error of 2.21 · 10−3 p.u.

The value of |γ`| is shown in Fig. 2a, and the lumped-
parameter Π model error in p.u. is plotted in Fig. 2b. We
observe that the magnitude of |γ`| increases linearly with
frequency, which is similar to the linear dependency on the
line length. As a result, the error will also depend similarly on
the frequency and length, although it increases exponentially
as either parameter increases. We conclude that the approxi-
mation holds quite well for low frequencies, short lines, and
combinations of the two. Specifically, comparing with the
errors deemed acceptable for a 250 km line at 60 Hz, it is
possible to use the lumped-parameter Π model for lines as
long as 700 km at a frequency of 18 Hz.

IV. POWER FLOW AS A FUNCTION OF FREQUENCY

In this section, we analyze the power flow on a transmission
line as a function of frequency.

A. Power flows with frequency as a variable

We first provide the frequency-dependent power flow equa-
tions for an AC line and discuss how the equations generalize
to 0 Hz DC transmission.
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Fig. 2: Frequency dependence of approximation validity and error for
example line parameters at various line lengths.

1) AC power flow with frequency as a variable: To express
the power flow on a transmission line, we write the active and
reactive power injected at the origin bus, Po and Qo, in terms
of bus voltage magnitude and angle:

Po=V 2
o (G+Gsh)−VoVd (G cos(θod)+B sin(θod)) (11)

Qo=−V 2
o (B+Bsh)−VoVd (G sin(θod)−B cos(θod)) . (12)

Here, Vo and Vd are the origin and destination bus voltage
magnitudes, and θod = θo−θd is the angle difference between
the buses. The series conductance G and the series susceptance
B are derived based on the lumped-parameter Π model in the
last section. Their frequency-dependent values are given by

G(ω) =
R

R2 + ω2L2
B(ω) =

−ωL
R2 + ω2L2

,

while the capacitive shunt susceptance Bsh is given by
Bsh(ω) = ωCsh.

2) Generalization of power flow equations to 0 Hz: The
behavior with variation of frequency continues to the limit of 0
Hz. Approaching 0 Hz, the voltage and current waveforms are
sinusoidal with an increasingly long period, but in the case of
zero frequency, the circuit becomes quite different. The voltage
and current, defined in AC by their root-mean-square (RMS)
magnitude, become constant DC waveforms. The choice of

DC voltage on each conductor is non-trivial, depending on the
number of conductors involved and on several factors related
to insulation [21]. We represent the effects of these factors
on the power flow with a constant k. For example, for a 3-
conductor circuit with the DC pole to neutral voltage equal
to the AC RMS phase to neutral value, this constant is k =
2

3
√
3

. In addition, the voltage angle difference, θod, loses its
significance and becomes zero. The value of G becomes 1

R
and both B and Bsh become zero. This gives the power flow
equations in the 0 Hz limit:

P dc
o = k

(
V 2
o

(
1

R
+Gsh

)
− VoVd

R

)
(13)

Qdc
o = 0. (14)

3) Constraints on power flow: The solution to the power
flow equations is subject to several system constraints. First,
the branch conductor has thermal limits imposed as a maxi-
mum apparent power magnitude Smax injected to the branch
by each connected bus i,

|Si| =
√
P 2
i +Q2

i ≤ Smax, ∀i ∈ {o, d}. (15)

Next, the voltage magnitude at each connected bus i must also
lie within the limits V min and V max,

V min ≤ Vi ≤ V max, ∀i ∈ {o, d}. (16)

Finally, the voltage angle difference θod across the branch has
limits for system stability with a maximum angle θmax,

− θmax ≤ θod ≤ θmax. (17)

B. Maximum Power Transfer

We next provide a method to assess the maximum power
transfer capacity for a given transmission line as a function of
frequency.

1) Maximizing the power flow: To more thoroughly exam-
ine the utilization of the branch, we consider the maximum
power flow that is possible, dependent on the frequency. For
simplicity of presentation, we fix the origin bus voltage to
1.0 p.u. We maximize the utilization of the branch for active
power flow, subject to the power flow equations and limits:

Pmax
o = max

ω,Vd,θod
Po

s.t. (11, 12) power flow equations
(15), (16), (17) thermal, voltage, angle limits
Vo = 1.0 origin end voltage

Here, the frequency ω is treated as an optimization variable,
and the problem can be solved using a standard non-linear
optimization solver. However, it is also possible to treat ω
as a parameter and perform a parameter sweep to analyze the
dependence of Pmax

o over a range of frequencies. For the latter
case, the maximum power flow can be found analytically over
a range of frequencies by solving the power flow equations,
while assuming that different sets of constraints are active (i.e.,
satisfied with equality).



2) Illustrative example: As an example of the solutions of
this problem and their dependence on frequency, we consider
the overhead line with parameters given in Section III-E with
Smax = 9 p.u. apparent power limit (345 kV, 100 MVA base).
The destination voltage, Vd is allowed to vary between V min =
0.9 p.u. and V max = 1.1 p.u, and the angle limit is set to
θmax = 40◦. We solve the problem for frequencies ranging
between 0 and 60 Hz and plot the results in Fig. 3.
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Fig. 3: Maximum active power flow on the branch, subject to the
limits on angle, apparent power, and voltage magnitude.

We observe that there are five distinct regions:

1) Angle and voltage constrained: As the frequency de-
creases from 60 Hz down to 41.24 Hz, the angle limit
is always active, and the destination voltage, Vd, is at
its upper limit. Reducing the frequency has a dramatic
effect in this range as the reduction in impedance allows
us to transmit more power at the same angle difference.

2) Angle and thermally constrained: At 41.24, the apparent
power Smax reaches its limit. The angle constraint
and the destination voltage are also still at their upper
bounds, θod = θmax and Vd = V max. Below this
frequency, Vd is no longer at its limit, and the apparent
power and angle are the active constraints until 39.79
Hz, at which the angle constraint becomes inactive.

3) Thermally constrained: In the range of 15.48 Hz to
39.79 Hz, the maximum power flow is achieved as the
reactive power flow becomes zero and Po is constrained
only by the apparent power limit, with Po = Smax.

4) Lower voltage limit: At frequencies below 15.48 Hz, the
lower voltage limit becomes active and nonzero reactive
power flows on the line. This limits the active power
flow further as frequency decreases.

5) DC power flow: At the 0 Hz limit, the power flow is
constrained by the voltage magnitude and power flow
for the DC case, (13,14), and we take k = 1. This results
in a slight decrease in the active power capability. We
see from this example that decreasing the frequency to
53 Hz, we can achieve higher power flow than at DC.

An important conclusion from this example is that lower fre-
quencies may not always be optimal for achieving maximum
power transfer capability. As a result, it is important to have
a proper process for choosing the optimal frequency.

C. Flexibility of power flow

While changing the frequency can allow for a higher maxi-
mum power transfer, decreasing the frequency also allows for
a larger set of feasible combinations of active and reactive
power transfer, giving additional flexibility to the system.

D. Power circles

We can visualize the power flow flexibility by plotting the
power flow equations (11,12) on the axes of active and reactive
power injection from bus o, in the form of a power circle
diagram [18]. For any values of Vd, the solutions to the power
flow equations trace out concentric circles, or “power circles,”
as θod varies. When the frequency changes, the power circle
experiences both translation and scaling.

1) Translation: The location of the center of the power
circle, (P 0

o , Q
0
o), is given by

P 0
o = V 2

o

(
G(ω) +

1

Rsh

)
(18)

Q0
o = −V 2

o

(
B(ω) + ωCsh

)
(19)

From (18), we observe that the power circle moves in the
positive direction on the Po axis as frequency decreases.
According to (19), the circle also moves on the Qo axis. As
the frequency decreases to R

L , the series susceptance B(ω)
decreases and circle moves upwards. Below this frequency,
B(ω) increases and the circle moves downward. The shunt
capacitance Csh also moves the circle downward as it produces
reactive power, though its contribution becomes smaller as
frequency decreases. At 0 Hz, Qo = 0.

2) Scaling: The power circle also experiences scaling (i.e.,
a change in the radius) as the frequency varies. Its radius
r depends on the magnitudes of the voltages and of the
admittance, i.e.,

r(ω) = VoVd
√
G(ω)2 +B(ω)2 (20)

The radius grows monotonically to VoVd

R as frequency de-
creases towards 0 Hz, where it becomes k VoVd

R by (13,14).

E. Power circle visualization with constraints

We next visualize the feasible active and reactive power
power transfer by plotting both the power circles defined by
(18-20), as well as the limits imposed by the constraints (15-
16) as varying frequencies. In Fig. 4, each subfigure shows the
power circle at a different frequency, starting from 60 Hz (top
left), 41.24 Hz (top right), 15.48 Hz (bottom left) and 0 Hz
(bottom right). We show the power circles for Vd = 0.9 p.u
and Vd = 1.1 p.u (blue lines) for the example line, and also
include the angle constraints (black lines) and thermal limits
(red lines). By allowing Vd to vary within the feasible range
between 0.9 and 1.1 p.u. and considering the angle and thermal
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limits, we can define a region of feasible power transmission.
This feasible region is marked in green.

At 60 Hz (top left), the boundaries of the feasible region
(in green) is restricted by angle limits (in black). As the
frequency is lowered, the feasible region grows, and when
the frequency reaches 41.24 Hz, the line can be used to its
thermal potential. Throughout this transition, the maximum
power transfer happens at the maximum voltage Vd = 1.1
p.u. (i.e., the outer power circle).

As the frequency continues to decrease, the feasible region
rotates clockwise, as is seen clearly at 15.48 Hz. This results
in increasingly negative reactive power transfer accompanying
the maximum active power transfer. The maximum power
transfer happens at the lower voltage limit. Finally at 0 Hz,
the feasible region is a line on the Po axis, with active power
controlled only by the voltage magnitude.

Across the range of frequencies, we observe significant
differences in both the power flow capacity and the flexibility.
In the design of a system where frequency can be selected,
it is important to understand where these frequency ranges
lie. This section demonstrates that the frequency regions can
be determined analytically as intersections of the power flow
equations (11,12) and engineering constraints (15-16), depen-
dent on branch parameters and constraint values. With these
analytical solutions, appropriate selection of frequency can be
combined with the utilization of existing branch conductors
and design of new components to achieve optimal utilization
of the transmission system.

V. CONCLUSIONS

This paper discusses the frequency-dependent behavior of
power lines and the validity of the model we use to describe
them. We first discuss how important modeling parameters
depend on frequency. We then show that the lumped-parameter

Π model, which is a frequently used, approximate model of
transmission lines becomes more accurate as we decrease the
frequency. Finally, we show that the maximum power transfer
for an individual transmission line is typically achieved at
intermediate frequencies, and that the set of feasible com-
binations of active and reactive power transfer also vary
significantly with frequency.

The presented work provides important insights into
frequency-dependent power transmission, and it demonstrates
that finding the optimal frequency for power transmission is a
non-trivial task. Furthermore, it lays the foundation for further
developments such as variable frequency optimal power flow,
which we plan to explore in future work.

ACKNOWLEDGMENT

The authors would like to thank our project partners at New
York Power Authority (NYPA) and in particular Greg Pedrick
and Shayan Behzadirafi, as well as Giri Venkataramanan at
University of Wisconsin–Madison for the discussions that
helped develop and improve this work.

REFERENCES

[1] X. Wang and X. Wang, “Feasibility study of fractional frequency
transnission system,” IEEE Trans. on Power Systems, vol. 11, no. 2,
pp. 962–967, 1996.

[2] T. Funaki and K. Matsuura, “Feasibility of the low frequency ac
transmission,” in IEEE PES Winter Meeting, vol. 4, Jan 2000, pp. 2693–
2698 vol.4.

[3] S. A. P. Meliopoulos, D. Aliprantis, Y. Cho, D. Zhao, A. Keeli,
and H. Chen, “Low frequency transmission,” PSERC, Arizona State
University, Final Project Report. PSERC Publication 12-28, Oct 2012.

[4] A. Steimel, “Power-electronic grid supply of ac railway systems,” in
2012 13th International Conference on Optimization of Electrical and
Electronic Equipment (OPTIM), 2012, pp. 16–25.

[5] J. Laury, L. Abrahamsson, and M. H. J. Bollen, “A rotary frequency
converter model for electromechanical transient studies of 16 2

3
hz

railway systems,” 2018.
[6] T. J. Blalock and C. A. Woodworth, “25-hz at niagara falls [history],”

IEEE Power and Energy Magazine, vol. 6, no. 2, pp. 78–82, 2008.
[7] H. Bawa, “ABB power technologies to support expansion of swiss rail

network,” Jan. 2018, [Online; posted 18-Jan-2018].
[8] “Rail SFC Light,” ABB Switzerland Ltd FACTS, Technology Note,

2018.
[9] W. Fischer, R. Braun, and I. Erlich, “Low frequency high voltage

offshore grid for transmission of renewable power,” in ISGT Europe,
Oct 2012, pp. 1–6.

[10] E. Olsen, U. Axelsson, A. Canelhas, and S. Karamitsos, “Low frequency
ac transmission on large scale offshore wind power plants - achieving
the best from two worlds?” in 2014 13th Wind Integration Workshop,
Berlin, September 2014.

[11] J. Ruddy, R. Meere, and T. O’Donnell, “Low frequency ac transmission
for offshore wind power: A review,” Renewable and Sustainable Energy
Reviews, vol. 56, pp. 75 – 86, 2016.

[12] X. Wang, C. Cao, and Z. Zhou, “Experiment on fractional frequency
transmission system,” IEEE Trans. on Power Systems, vol. 21, no. 1,
pp. 372–377, Feb 2006.

[13] Q. Nguyen, T. Ngo, and S. Santoso, “Power flow solution for multi-
frequency ac power systems,” in 2016 IEEE PES T&D Conference and
Exposition, May 2016, pp. 1–5.

[14] Q. Nguyen, G. Todeschini, and S. Santoso, “Power flow in a multi-
frequency hvac and hvdc system: Formulation, solution, and validation,”
IEEE Trans. on Power Systems, vol. 34, no. 4, pp. 2487–2497, July 2019.

[15] Q. Nguyen, K.-W. Lao, P. Vu, and S. Santoso, “Loss minimization with
optimal power dispatch in multi-frequency hvac power systems,” 2019.

[16] J. Zaborszky and J. W. Rittenhouse, Electric Power Transmission; The
Power System in the Steady State. New York: Ronald Press Co., 1954.



[17] P. Kundur, N. J. Balu, and M. G. Lauby, Power System Stability and
Control. New York: McGraw-Hill, 1994.

[18] A. R. Bergen and V. Vittal, Power Systems Analysis, 2nd ed. Upper
Saddle River, NJ: Prentice Hall, 2000.

[19] General Cable Corp., “Electric Utility: Products for Power Generation,
Transmission, and Distribution,” Highland Heights, KY, 2017.

[20] T. Ngo, M. Lwin, and S. Santoso, “Steady-state analysis and perfor-
mance of low frequency ac transmission lines,” IEEE Trans. on Power
Systems, vol. 31, no. 5, pp. 3873–3880, Sep. 2016.

[21] D. M. Larruskain, I. Zamora, O. Abarrategui, and Z. Aginako, “Con-
version of ac distribution lines into dc lines to upgrade transmission
capacity,” Electric Power Systems Research, vol. 81, no. 7, pp. 1341–
1348, 2011.


	I Introduction
	II Frequency-dependent model parameters
	II-A Frequency-dependent line and cable parameters
	II-B Frequency-dependent bus elements

	III Validity of the lumped-parameter Pi model
	III-A Pi equivalent branch model
	III-B Exact transmission line model
	III-C Relationship between the Pi model and the exact model
	III-D Validation of |gl| for varying frequencies
	III-E Numerical example

	IV Power flow as a function of frequency
	IV-A Power flows with frequency as a variable
	IV-A1 AC power flow with frequency as a variable
	IV-A2 Generalization of power flow equations to 0 Hz
	IV-A3 Constraints on power flow

	IV-B Maximum Power Transfer
	IV-B1 Maximizing the power flow
	IV-B2 Illustrative example

	IV-C Flexibility of power flow
	IV-D Power circles
	IV-D1 Translation
	IV-D2 Scaling

	IV-E Power circle visualization with constraints

	V Conclusions
	References

