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In this text we outline the motivation for developping a quantum S-matrix approach for the
classical gravitational two-body scattering. As an application we briefly present the derivation
of black-hole metrics in various dimensions.

1 Motiviation

The detection of the first gravitational wave signal has opened an area of precision gravity. The
measurement of the gravitational wave signal is a formidable window on gravity at various scales,
involving the dynamics of black holes. This gives precious information on Einstein gravity and
possibly gravitational physics beyond it. Ultimately, this would tell us how good we understand
gravity both in the weak and strong coupling regimes. The binary mergers detected until now by
the LIGO-Virgo 1? collaboration are clean sources of gravitational waves and the gravitational-
wave signal is currently modelled by general relativity in vacuum, at accuracy close to second
order in the mass ratio parameter. The next generation gravitational-wave detectors, such as the
Laser Interferometer Space Antenna (LISA) will be sensitive to the environement of the sources
and the signal will be more “dirty” 3. The lack of clear predictions for nonlinearities (from the
accretion disk for instance) in the post-merger phase means that these could be confused with
modifications of the signal predicted by theories beyond general relativity.

For this we need to produce accurate theoretical gravitational waveform templates. We have
to clarify how much can be understood from exact theoretical computations. We have to answer
the questions about how much we understand about gravity in the weak and strong coupling
regime. And whether we can learn about gravitational physics beyond Einstein gravity, like
modified gravity scenarii (extra dimensions, massive gravity, ... ), or quantum effects.

In this context it is important to work with gravity effective field theories. Although the
status of the high-energy behaviour of quantum gravity is still open, considering effective field
theory of gravity at low energy does not pose a problem. One can safely extract low-energy
physics from the quantization of the gravitational interactions observables that are independent
of the high-energy behaviour. There are the classical contributions (post-Minkowskian expan-
sion) but as well infra-red effects which are only sensitive to low-energy degrees of freedom. As
argued by J. D. Bjorken® |[...] as an open theory, quantum gravity is arguably our best quantum
field theory, not the worst.
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2 Classical gravity from quantum S-matrix

Einstein’s theory of gravity is the first term of an effective field theory coupling gravity to

matter 56
R

167Gy

SEg = /d4x\/—g

+ guVT/I;/atter + £corrections . (1)

We assume that the effective field theory satisfies the standard requierements of locality, unitarity
and Lorentz invariance, and of course that the theory is diffeomorphism invariant (i.e. we have
the symmetries of General relativity). The low-energy degrees of freedom are the massless
graviton and the usual massive matter fields.

We are interested in extracting physical observables from the gravitational interactiond
between two massive body of masses m; and spin S; with ¢ = 1,2 interacting via the exchange
of massless spin-2 graviton ®%10:1112 " The two-body scattering matrix
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can be expanded in perturbation My ~ O(Gﬁrl). The quantum scattering matrix M(p1, p2, p}, ph)
depends on the incoming energy p; - pa/(mimsz), the momentum transfer (p; — p})? = ¢* and
h. At a given order in perturbation one gets the exchange of gravitons (curly lines) between
massive external matters (solid lines)
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From the limit 7 — 0 with ¢?/A held fixed of the quantum scattering amplitudes 141516

can extract the classical Hamiltonian Hpy(p,7) for the gravitational interactions between two
classical massive body in general dimensions
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The relativistic potential GﬁerLH,pM(p, r) = ano cL,nG]LVHv”, with p = p1 — p} = (E,v),
resums an infinite number of post-Newtonian contributions in the small velocity expansion
v/c < 1. The approach described here works in any space-time dimension and applies to
gravity in higher dimensions '"!8. We will see an illustration of this when discussing the black
hole metric in section 3.

By computing the two-body scattering in perturbation one derives a Lorentz invariant ex-
pression valid in all regime of relative velocity between the two interacting massive bodies.
The scattering amplitude approach completes the post-Newtonian computations by providing
information beyond its regime of validity, and leads to surprising results connecting the conser-
vative part and gravitational radiation effects 19.20,21:22,23,24,:25,26 Tt oives a new perspective on

®One could as well include electro-magnetic interactions as considered in” but in this text we will only consider
the exchange of the graviton and focus on the gravitational sector.



the traditional methods 2728:29:3031 ysed for computing the gravitational wave templates. This
approach allows to connect the resummed post-Newtonian results 323334 and the high-energy
behaviour 3224,

3 The Schwarzschild-Tangherlini metric from scalar field amplitudes

The Nobel prize citation for Roger Penrose states that “black hole formation is a robust predic-
tion of the general theory of relativity”. Subrahmanyan Chandrasekhar explained that they are
the most perfect macroscopic objects there are in the universe since the only elements in their
construction are our concepts of space and time. Black-hole solutions are a perfect play ground
to validate the formalism of deriving classical gravity from quantum scattering amplitudes. This
also opens new avenues for studying black holes in generalized theories of gravity.

In 1973 Duff analyzed 3¢ the question of the classical limit of quantum gravity by extracting
the Schwarzschild back hole metric from quantum tree graphs to G?V order. This was a con-
sistency check on the way classical Einstein’s gravity is embedded into the standard massless
spin-2 quantization of the gravitational interactions.

By evaluating the vertex function of the emission of a graviton from a particle of mass m,
spin S and charge @, in d dimensions
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with the action

one can extract the metric of physical black holes ®®

e Schwarzschild black hole: Scalar field S = 0, mass m 13:3937:38

e Reissner-Nordstrom black hole: Scalar field S = 0, charge @, mass m "’

e Kerr-Newman black hole: Fermionic field S = %, charge @, mass m 37"

At each loop order we extract the [-loop contribution to the transition density of the stress-energy
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where e”” is the polarisation of the graviton with momentum g = p; — po is the momentum
transfer.
The scattering amplitude computation is not done in the harmonic gauge coordinates g"” F//)V (9)
0 but in the de Donder gauge coordinate system ?:3%-40:41,42
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the metric perturbations g, = 7., + anl hff,l,) satisfy”

E)iAh;}(”) _ ;;xumm 0. (8)
The de Donder gauge relation between the metric perturbation and the stress-energy tensor
reads
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In this relation enters the classical contribution at [ loop order <T,Sl,,)>dass'(q2) defined by the

classical limit of the quantum scattering amplitude 415:16
59

and its application to black hole
solutions

In 38, the Schwarzschild metric up to G% obtained in four (d = 3), five (d = 4) and six
(d = 5) dimensions. The Schwarzschild-Tangherlini metric in the de donder coordinate system
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and to the first order the components of the metric are given® In four dimensions (d = 3!
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One notices that in this gauge the metric components contain finite-size powers of log(rCs /G nym)

where C'5 is the single constant of integration. These logarithms are generated by the cancel-

lation of the ultraviolet divergences of the scattering amplitudes in (6) regulated by the intro-
39,42,38

duction of higher-derivative non-minimal couplings These contributions are finite size
effects 39:13:29,44,45,46,47,48 = At the level of the metric components, they are reabsorbed in the co-
ordinate change from the de Donder gauge used for the amplitude computation to the standard
Schwarzschild-Tangherlini metric in spherical coordinates
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and the finite-size effects do not affect the static metric.

4 Discussion

General relativity can be considered in space-times of various dimensions. Gravity is richer
in higher dimensions as black-hole solutions develop non trivial properties in general dimen-
sions 49°0, Tt is therefore important to validate our current understanding of the connection

°The harmonic gauge linearized at the first order in perturbation gives (8) with n = 1. The higher-order
expansions of the harmonic gauge differ from these conditions.

4Similar results are obtained in higher dimensions where we matched the Schwarzschild-Tangherlini up to the
order G4.



between the quantum scattering amplitudes and classical general relativity in general dimen-
sions 718 By reproducing the classical Schwarzschild-Tangherlini metric from scattering am-
plitudes in four, five and six dimensions, we validate the procedure for extracting the clas-
sical piece from the quantum scattering amplitudes. The method can be applied to derive
other black-hole metrics, like the Kerr-Newman and Reissner-Nordstrém metrics by consider-
ing the vertex function of the emission of the graviton from a massive particle with spin and
charge. 7-37:51,52,53,54,55,56,

The scattering amplitude approach presented in this work can be applied to any effective
field theory of gravity coupled to matter fields. One can include quantum corrections in (9) and
examine the impact of quantum effects on the black hole solution 37. Or study the impact of
higher derivative contributions to the gravitational waves templates.

The amplitudes computations, being performed in general dimensions, lead to results that
have an analytic dependence on the space-time dimensions.

The higher order post-Minkowskian contributions should be obtained from higher-loop am-
plitudes in a direct application of the methods described here. Up to the third Post-Minkowskian
order one can extract the classical conservative potential and scattering angle of binary system
in pure gravity and maximal supergravity 57:32:33:34,22,35,24,26

We have improved our understanding of the relation between general relativity and the
quantum theory of gravity. This leads to many new exciting developpements leading to a better
understanding of the gravitational interactions in binary system. This provides new techniques
that can be applied to any gravitational effective field theories which have amplitude description
: opening the possibility to search for deviation from Einstein gravity.
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