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Stability and Super-resolution of MUSIC and
ESPRIT for Multi-snapshot Spectral Estimation

Weilin Li, Zengying Zhu, Weiguo Gao, and Wenjing Liao

Abstract—This paper studies the spectral estimation problem
of estimating the locations of a fixed number of point sources
given multiple snapshots of Fourier measurements collected by
a uniform array of sensors. We prove novel stability bounds
for MUSIC and ESPRIT as a function of the noise standard
deviation, number of snapshots, source amplitudes, and support.
Our most general result is a perturbation bound of the signal
space in terms of the minimum singular value of Fourier
matrices. When the point sources are located in several separated
clumps, we provide an explicit upper bound of the noise-space
correlation perturbation error in MUSIC and the support error
in ESPRIT in terms of a Super-Resolution Factor (SRF). The
upper bound for ESPRIT is then compared with a new Cramér-
Rao lower bound for the clumps model. As a result, we show
that ESPRIT is comparable to that of the optimal unbiased
estimator(s) in terms of the dependence on noise, number of
snapshots and SRF. As a byproduct of our analysis, we discover
several fundamental differences between the single-snapshot and
multi-snapshot problems. Our theory is validated by numerical
experiments.

Index Terms—Multi-snapshot spectral estimation, stability,
super-resolution, MUSIC algorithm, optimality of ESPRIT al-
gorithm, Cramér-Rao lower bound, array imaging.

I. INTRODUCTION
A. Problem formulation and motivation

This paper studies the spectral estimation problem of es-
timating the locations of a fixed number of point sources
given multiple time snapshots of Fourier measurements col-
lected by a uniform array of sensors. Let S be the number
of point sources which we assume are located in the set
Q= {w}y_, < T, where T := [0,1) is the torus. We denote
the source amplitudes at time ¢ > 0 by the complex-valued
vector x(t) = {a:j(t)}f:l e C5. At time ¢ > 0, a uniform
array of M > S sensors collects a noisy measurement vector

y(t) := dx(t) + e(t) e CM, (L1)

where ® := ®,,(Q) € CM*S is the Fourier sensing matrix
with entries
@k)j —e T UJ]’

for k =0,...,M —1and j = 1,...,5, and e(t) € CM
represents a noise vector at time ¢. The sensing matrix ® 7 (€2)
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only depends on 2 and M, and is independent of time ¢. It
does not necessarily contain orthogonal columns unless €2 is
a subset of {k/M};";".

Typically in practice, samples of y(t) are collected at L
times t; < --- < t1, and each y(t,) is called a snapshot. This
paper studies the multi-snapshot spectral estimation problem
of estimating the source locations €2 from these L snapshots:
{y(te)}L_,. This problem appears in many interesting imaging
and signal processing applications, including inverse scattering
[15)], Direction-Of-Arrival (DOA) estimation [22], [38]], [45]
and spectral analysis [48].

Various methods have been developed by the imaging and
signal processing communities for multi-snapshot spectral
estimation [1]], [20], [40], [44], [45]. A class of algorithms
commonly referred to as subspace methods are widely used in
applications due to their impressive empirical performance, es-
pecially in the context of super-resolution imaging where some
point sources are close together. In particular, MUSIC [45] and
ESPRIT [44] are among the most popular subspace methods.
MUSIC and ESPRIT are applicable in multi-dimensions as
well [43]. The success of MUSIC and ESPRIT has been
demonstrated in many simulations and applications [S3].

Despite great developments in numerical methods and ex-
tensive empirical studies, there are many open theoretical ques-
tions regarding the stability and super-resolution of subspace
methods. This paper focuses on the fundamental performance
analysis question: What is the stability of MUSIC and ESPRIT,
as a function of the noise standard deviation, the number of
snapshots, source amplitudes, and the support set?

Prior theoretical work on related super-resolution problems
[L3], [30], [31] suggest that the stability of the multi-snapshot
spectral estimation problem crucially depends on the locations
of the point sources. The minimum separation of € is

A:=A(Q):= min

| nin_ |w; — wilT,

where |w|r := min,ez |w — n|. Since M consecutive Fourier
coefficients are collected during each time snapshot, the stan-
dard imaging resolution is 1/(M — 1), which is referred to as
the Rayleigh Length (RL) in optics [10].

We expect the stability of this problem to be different
depending on the relationship between A and 1/(M — 1).
In this article, we are particularly interested in is the super-
resolution regime where A < 1/(M — 1), so that there exist
w; and wy whose distance is smaller than 1 RL. When this is
the case, we define the super-resolution factor (SRF) by
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B. Main results

The main contribution of this paper is a detailed per-
formance analysis of MUSIC and ESPRIT in terms of the
fundamental model quantities: the number of snapshots, noise
standard deviation, support set, and source amplitudes.

(a) Our most general upper bounds for the perturbation of
MUSIC (Theorem and ESPRIT (Theorem
show that their average errors can be controlled by a term
that is linear in

1 " Noise
os(®)\/As(X) VL'
where Noise represents the noise standard deviation to be
specified in Assumption (IL1), os(®) denotes the S-th
largest singular value of ®, and A\g(X) is the minimum
eigenvalue of the amplitude covariance matrix X to be
defined in ([LI). This inequality not only captures the
correct dependence on the number of snapshots and noise,
but it also highlights how the stability of both algorithms
implicitly depends on the configuration of the support set
Q through the quantity og(®).
To give a more transparent upper bound in the super-
resolution regime, we consider a specific scenario where ()
consists of separated clumps and the point sources in each
clump can be close together. Our upper bounds for the
stability of MUSIC (Theorem[V.3) and ESPRIT (Theorem
are proportional to

SRFM! Noise

As(X) VL

where A is the cardinality of the largest clump. This
indicates that, for challenging super-resolution problems
where SRF* is large, additional snapshots or higher
quality samples must be taken for compensation.

(¢) We prove a new Cramér-Rao lower bound (Theorem [VI.3)
under a specific separated clumps model in Theorem [VIL.3
This lower bound matches our upper bound for ESPRIT
in terms of the dependence on noise, L and SRF, thereby
certifying that the performance of ESPRIT is comparable
to that of the optimal unbiased estimator(s) for this model.

1.3)

(b)

C. Comparison and connection to other works

Prior resolution analysis of subspace methods for multi-
snapshot spectral estimation [[16], [41], [S8] focused on a
special case where there are only two closely spaced point
sources. The papers [16], [S8] analyzed the probability that
two sources are correctly detected instead of being misspeci-
fied as a single source. It was shown in [41] that the ESPRIT
support error is upper bounded by a term on the order of
SRF/(v/ M L x SNR) for certain Signal-to-Noise Ratio (SNR)
defined in the referenced article.

To our knowledge, there are no other theoretical works
that address more complicated situations beyond two closely
spaced point sources, e.g., when the support contains multiple
clumps of point sources and the point sources in each clump
can be closely spaced. A theoretical analysis for more com-
plicated situations could be valuable. For example, a recent

article [34]] empirically compared the performance of several
numerical methods, including MUSIC, for DOA estimation
of several point sources arranged in complicated ways. Other
models have been considered, see [9], [57]], but this direction
is beyond the scope of this work.

In literature, many existing works have addressed the sen-
sitivity of multi-snapshot MUSIC [17], [18], [28], [52] and
ESPRIT [28]], [37], [S1]. Many of these works focus on
sensitivity to model errors, which arise from antenna array
perturbations, sensor gain and phase errors, diagonal noise
covariance perturbations, etc. A first-order perturbation analy-
sis is given in [17], [L8], [27], [28], [41], [52] for MUSIC,
in [28]], [37], [51] for ESPRIT, in [43] for tensor-ESPRIT
in the multidimensional case, and in [[12] for the estimation
of a damped complex exponential. The results in [27], [41],
[43] and many others prove that, the sensitivity of MUSIC
and ESPRIT is proportional to Noise/+/L. However, they are
implicit for a super-resolution analysis since the dependence
on SRF is often hidden in some matrix eigenvalue.

When MUSIC and ESPRIT are used in applications, many
interesting techniques have been developed to improve its
performance. Spatial smoothing [39], [42]], [46] is widely used
when some sources are coherent, or if only a small number
of snapshots is available. A first-order perturbation analysis
with spatial smoothing is given in [39], [42] and in [46] in the
multi-dimensional case. When the source amplitudes are non-
circular, some analysis can be found in [46]. Mathematical
theories on the sensitivity of MUSIC and ESPRIT usually
assume that the number of sources S is known. In practice, an
accurate estimation of S is an interesting problem. We refer
to [23], [33], [S3], [56], [S9] for some interesting techniques
and statistical analysis on the estimation of S.

The classical Cramér-Rao Bound (CRB) [8] provided a
lower bound on the variance of any unbiased estimator of the
support, and was extensively investigated in [21]], [26], [49],
[SQ]. The paper that is most relevant to us is [26], which gave a
Cramér-Rao lower bound when all S point sources are almost
equally spaced in a small interval. This result is summarized
in detail in Section

In recent years, spectral estimation has been extensively
studied in the single-snapshot scenario where L = 1, and
primarily from a deterministic viewpoint. Performance guar-
antees of a convex optimization algorithm were established
in [6], [14] for sufficiently separated point sources and in
[4], [36] for super-resolution. On the other hand, MUSIC
and ESPRIT are non-convex methods, and their stability and
super-resolution limits were addressed in [29]—[31]. A detailed
review for the single-snapshot setting can be found in [30].
There are fundamental differences between the single-snapshot
and multi-snapshot problems, which we discuss in Section
[VITIl Due to these differences, the results in this paper can
not be directly deduced from the ones in [29]—[31].

A key quantity in the mathematics of super-resolution is
os(®), which crucially depends on the support geometry.
Explicit lower bounds for og(®) were derived in [2], [3], [L1],
[24], [25], [30], [32], [35] for various support models. This
paper uses the lower bound under the separated clumps model
in [30].



D. Organization

This paper is organized as follows. We introduce assump-
tions and define important terminology in Section[[ll We define
the signal space associated with this problem and derive an
error between the true and empirical signal spaces in Section
I We present our stability analysis for MUSIC and ESPRIT
in Section [[V] and then consider a separated clumps model in
Section [Vl To understand the fundamental limits of spectral
estimation, we deduce a new Cramér-Rao lower bound under
a specific separated clumps model in Section [VI] and compare
it to our upper bound for ESPRIT. We present numerical
experiments in Section[VIIand discuss the differences between
the multi-snapshot versus single-snapshot problems in Section
All proofs are contained in Section XII

E. Notation

We use R and C to denote the set of real and complex
numbers respectively. For z € C, we denote its angle by
arg z € [0, 27). For a vector x € C*, we denote the diagonal
matrix with = on the diagonal by diag(z) € C¥*°. We let
|x| denote the Euclidean norm of « and x* be its conjugate
transpose. Let I;, be the k x k identity matrix and d; 5 be the
Kronecker delta; that is, §; s = 1 if ¢ = s, and ;s = 0 if
t# s.

For a matrix A, we use 01(A) > 02(A) = - - to denote the
singular values of A listed in non-increasing order, and each
singular value appears according to its multiplicity. If A has
real eigenvalues, we use A\;(A) > X\a(A) = --- to denote its
eigenvalues of A. We use | A|2 and | A||r for the spectral and
Frobenius norms of A, respectively. Let A* be the conjugate
transpose of A. We use © to denote the Hadamard (pointwise)
product of two matrices of equal size. For a linear operator
A, we denote its range by R(A). For any subspace U, we
let Py be the orthogonal projection onto U. Slightly abusing
notation, we let P4 be the orthogonal projection onto R(A).

We use Z ~ G, . to specify that Z € R is a random
variable such that EZ = 0, var(Z) = v2, and Eexp(uZ) <
exp(tv?u?) for all u € R. For a complex Z, we write
Z ~ G, . to mean that the real and imaginary parts are
independent G, I\ random variables. If () is an event, then
Q¢ denotes its complement and 1 is the indicator function
of Q.

We use the notation A <, 5, B to mean that there exists
a C > 0 depending only on m,n,p such that A < CB.

Throughout the paper, we assume that the noise vectors e(t)
are random, and the expectation E is taken over the probability
distribution of the noise e(t).

II. ASSUMPTIONS AND COVARIANCE MATRICES

Our performance guarantees for MUSIC and ESPRIT re-
quire the following standard assumptions.

Assumption IL.1. (Model assumptions) Fix positive integers
L,M,S such that S < M and S < L.

(a) Q < T has cardinality .S and does not depend on t.

(b) The amplitude covariance matrix,

1

X = (IL1)

il

L
>, ate)z(te),
=1

is strictly positive-definite.

(c) There exist v,7 > 0 such that for any ¢ > 0, the
entries of e(t) € CM are independent complex G, .
random variables. For ¢t = s, assume e(¢) and e(s) are
independent. These assumptions imply that

Ee(t)e(s)* = V25t75[1w.
(d) Foreach ¢ =1,...,L, we are given
y(te) := Px(ty) + e(ty).

(e) The noise level satisfies the following assumption

v < 05(P)v/As(X).

Assumption[ILTlis standard in spectral and DOA estimations
[22], [45]], [49]. This assumption can be justified as follows:

Assumption [[LT(a) is necessary from a statistical viewpoint.
If Q is allowed to change over time, then there might be
no relationship between y(t;) and y(t;) for k = £, so
collecting additional snapshots might not be beneficial. Under
this assumption, ® := ®(Q) € CM*9 is a special type of
matrix, often referred to as a non-harmonic Fourier matrix or
Vandermonde matrix with nodes on the complex unit circle,
and by the celebrated Vandermonde determinant theorem, ®
has rank S and og(®) > 0.

Assumption [[I.TI(b) on the strictly positive-definiteness of
the amplitude covariance matrix is standard in array imaging
and DOA estimation [22], [45], [49]. This assumption is
equivalent to the requirement that x(¢1), ..., x(tz) € C° span
C*. If this assumption is void, both MUSIC and ESPRIT
can be modified as the single-snapshot scenario by utilizing a
Hankel structure. This is a technical point to be discussed in
Section

For example, Assumption [[I.I(b) can be used in models
where x(t) evolves over time according to a physical law.
Many stochastic models of x(t) fulfill Assumption [L1(b).
For instance, if x(t1),...,x(ty) are independent Gaussian
vectors with N (0, uz) 1.1.d. entries, then X has full rank with
probability one. More generally, if x(t) is sub-Gaussian and
the population covariance of x(t) is strictly positive-definite,
then X has full rank with high probability, see [S4][Theorem
4.71 and Exercise 4.7.3].

When L snapshots of measurements are taken, we define
the matrices

I1.2)

XL = % [z(t1) x(t)],
EL = % [e(tl) e(tL)] y (H3)
YL = = [y(t1) y(tr)].



The empirical covariance matrices are

Sk
1=

X = x(ty)x(t)* = X X} e 99, (I1.4)
=1
. 1 &
Y=o Dlyltoy(te)* = VoY e CMXM, (IL.5)
=1
Defining Y := ® X ®*, one can verify that
EY =Y + 121y. (1L6)

III. SIGNAL SPACE AND ITS EMPIRICAL ESTIMATION
A. Signal and noise space

A signal space plays an important role in a class of
subspace methods [22]], including MUSIC and ESPRIT. These
algorithms first compute an empirical version of the signal
space by a truncated eigen-decomposition, and then extract
the source locations based on this signal space.

Definition III.1 (Signal and noise spaces). The signal space
is defined to be the column space of ®, and the noise space is
defined to be the orthogonal complement of the signal space.

Although the signal and noise spaces do not depend on
the specific choice of orthonormal basis, we pick particular
bases purely for convenience. Throughout this paper, we let
U e CM*S and W e CM*(M=5) guch that U*U = I and
W*W = I be matrices whose columns form an orthonormal
basis for the signal space and the noise space, respectively.
Due to identity (IL6) and Assumption[[.Ib), the signal space
is the eigenspace associated with the S largest eigenvalues of
Y (= dXP*,

With L snapshots of noisy measurements, the signal and
noise spaces can be estimated from the empirical covariance
matrix Y as follows. Let [U, W] € CM*M be a unitary matrix
whose columns are eigenvectors of }A/, and the columns of
U e CM*9 are the eigenvectors corresponding to the S largest
eigenvalues of Y.

Definition IIL2. We refer to U and W as the empirical signal
space and the empirical noise space, respectively.

B. An accurate perturbation bound for the signal space

In this paper, we establish an accurate perturbation bound
for U. Roughly speaking, if the number of snapshots is
sufficiently large, and everything else is fixed, the empirical
signal space U is a good approximation of the signal space
U. We first quantify the distance between U and U by their
canonical angles.

Definition IIL3. Suppose U,U € CM*S and U*U = U*U =
I. The canonical angles between U and U are defined to be
0; = arccos o;(U*U), for j =1,...,5. Let

y Sin(es)).

The (Euclidean) sin ¢ distance between U and U is

sin@(U,U) := diag (sin(64), -

dist(U,U) := | sin (U, U)|. (IIL1)

This definition extends the notion of an angle between two
vectors to subspaces, and it is invariant to the particular choice
of basis. It follows from [47, Chapter I, Theorem 5.5] and [7,
Lemma 2.1.2] that

dist(T,U) = (T = Pg) Pul»

(IL.2)
=||(I — Pu)Ppyl2 = [Py — Pgll2-

Itisa consequence of [58l Theorem 3] that the sin  distance
between U and U satisfies the following expectation bound.
See Section for the details.

Theorem IIL.4. Under Assumption[[I ]} there exists a constant
C; > 0 depending only on T such that

. T 19 C:M v?
E(dist(U,U)?) < (2@ L
Remark IIL5. Note that X defined in is normalized by
L, so we can interpret Ag(X) has a normalized quantity. Since
® has S columns each with Euclidean norm \/M , We can
also interpret /M /os(®) as a normalized quantity. Hence,
Theorem tells us that the average squared sin ¢ distance
between U and U tends to zero proportional (at least) linearly
in v2/L.

Remark IIL.6. Throughout this paper, we will provide upper
bounds for the average squared sinf distance. We can use
Jensen’s inequality, (I[idist(ﬁ,U))2 < E(dist(ﬁ, U)?), to
convert them into an upper bound for the expected error if
desired.

IV. StABILITY OF MUSIC AND ESPRIT

A. Review of MUSIC and ESPRIT

In signal processing, MUSIC [45]] and ESPRIT [44] have
been widely used in applications due to their impressive
numerical performance and super-resolution phenomenon.

We first introduce some important notations. We define the
signal vector at w € [0,1) as

¢(w) = [1 e2miw  pdmiw eeri(Mfl)w]* eCM.
The columns of @ in (L) exactly consist of the signal vectors
at the sources locations:

® = [p(w1) dwa) Pws)] .

In the noiseless situation, MUSIC amounts to finding the
noise space, forming the noise-space correlation function and
identifying the zero set of the noise-space correlation, which
is necessarily the support set. When M > S + 1, we have the
following observations regarding the Vandermonde matrix ®:

o rank(®) =S5

o rank ([®,¢(w)]) = S + 1 if and only if w ¢ Q.

These observations imply that, w € Q if and only if ¢(w) €
R(®). Since the signal space U is exactly R(®), the condition
of ¢(w) € R(P) can be quantified by a noise-space correlation
function or an imaging function.



Algorithm 1 MUSIC and ESPRIT

Input: Measurements {y(t/)}/_, and sparsity S.
1. Form the empirical covariance matrix Y according to

equation (IL3). R R

2. Compute the eigen-decomposition of Y to obtain U, the
empirical signal space.

MUSIC: Compute the empirical imaging function

[¢(w)]
|(T = P)é(w)]

and identify its .S largest local maxima as {@j}f:l.

ESPRIT: Let (70 and U 1 be two submatrices of U contain-
ing the first and the last M — 1 rows respectively. Compute

J(w) = , we0,1),

= Ul
and its S eigenvalues A1,..., Ag. Set ©; := — 2224,

Output: Q = {&;}7_.

Definition IV.1 (Noise-space correlation (NSC) and imaging
functions). For any w € [0,1), the noise-space correlation
function is defined as

= Pr)é@)]| = Po)é)]
[éw)] N7

The imaging function is defined as
J(w) :=1/R(w).
The MUSIC algorithm is based on the following lemma:
Lemma IV.2. Let M > S + 1. Then

R(w) :

welle= Rw) =0 <= J(w) = .

Lemma[[V.2limplies that, the source locations can be exactly
identified through the roots of the noise-space correlation
function, or the peaks of the imaging function.

When L snapshots of noisy measurements are taken, we can
compute the empirical signal space U.

Definition IV.3 (Empirical NSC and imaging functions). For
any w € [0,1), the empirical noise-space correlation (NSC)
function is defined to be

N [y v
Rw) = ")

The empirical imaging function is defined to be
J(w) := 1/R(w).

An estimate for the support set is obtained by extracting the
S largest local maxima of 7, or equivalently, the S smallest
local minima of R. MUSIC is summarized in Algorithm [1

ESPRIT reformulates the support estimation step as an
eigenvalue problem. We first discuss the noiseless situation. By
definition, the signal space U is the column space of ®, and so
there exists an invertible matrix Q € C5*° such that U = ®Q.
Let Uy and U; be two submatrices of U containing the first and
the last M — 1 rows respectively. Denote ®;_, € C(M—1)xS

as the submatrix containing the first M — 1 rows of ®. Letting
Dq := diag(e™2mw1 . e2mws) e C5*9, we have

Up = ®pr—10,

Setting M — 1 > S guarantees that Uy and U; have rank S.
It follows that

Ur = ®p—1D0Q.

U= UlU, = Q7'DoQ e C5*5.

Hence, the eigenvalues of W are exactly {e~2"s}9_,. The
ESPRIT algorithm amounts to finding the support set
through the eigenvalues of .

When L snapshots of noisy measurements are taken, ES-
PRIT follows the same steps but with the empirical signal
space U instead of U. It is summarized in Algorithm [1l

To quantify the error between 2 and (2, we introduce the
support matching distance.

Definition IV.4. The matching distance between {2 and Q is

md(Q, Q) := I%n max |Gy — wil

where ¢ is a permutation on {1,...,S}.

B. Stability of MUSIC and ESPRIT

The stability of MUSIC depends on the perturbation of the
NSC function from R to R, which can be measured as
IR —R|w := sup |R(w)— R(w)|.
we(0,1
Theorem IV.5. Let M > S + 1. Under Assumption and
with C. > 0 being the constant in Theorem we have
~ C:M v?
E(|R-R|%) € —m=——-
Theorem is proved in Section [XI-Bl
Unlike MUSIC, ESPRIT is an explicit algorithm since it
reformulates the main question as an eigenvalue problem. For
ESPRIT, we have the following estimate for the matching
distance between the true and recovered support.

Theorem IV.6. Let M > S + 1. Under Assumption let
C, > 0 be the constant in Theorem and ) be the output
of ESPRIT.

(a) Moderate SNR regime. We have

aV.1)

N C 16S+283M2 1/2
E(md(Q,Q)?) < =~~~
(md (.07 < S50ty T

(b) Large SNR regime. Define
oL(@)As(X) L 1 45+20%(2)A
M v?’ V6 o SM

There is a sufficiently large D, > 1 depending only on T
such that if

=

1 1

¢ > D, max (1,—,—2), (IV.2)
p’p

then it holds that

E(md(Q,Q)?) <,



Due to the considerable length of the proof of Theorem
we split the proof into two parts. Parts (a) and (b) are
proved in Sections and respectively. Part (a) holds
for all possible values of L and v. On the other hand, part
(b) requires that ¢ (which can be interpreted as a scaled and
squared signal-to-noise-ratio) is sufficiently large depending
on the model parameters.

V. SUPER-RESOLUTION OF MULTI-SNAPSHOT MUSIC AND
ESPRIT

A. Minimum singular value of Fourier matrices

In this section, we consider a general model of €2 where the
point sources are clustered into separated clumps.

Assumption V.1. (Separated clumps model). Let M and R

be a positive integers and 2 < T have cardinality S. We

say that Q) consists of R separated clumps with parameters

(R, M, S, a, p) if the following hold.

(a) € can be written as the union of R disjoint sets {A, }T 15
where each clump A, is contained in an interval of length
1/(M -1).

(b) A = a/(M —1) with maxi<r<r (Ar — 1) < 1/a where
A, is the cardinality of A,.

(c) If R > 1, then the distance between any two clumps is at

least 5/(M — 1).

B
Ay Ao Ar—1 i Agr
— 00— 000— - — oot %00 —
% % % %
[e] [e] (o7 [e]
M1 M1 M1 -1

Fig. 1. © = uU,A, where each A, contains 3 equally spaced points with
spacing /(M — 1). The clumps are separated at least by 3/(M — 1).

An example of separated clumps is given in Figure
There are many types of discrete sets that consist of separated
clumps. Extreme examples include when (2 is a single clump
containing all S points, and when {2 consists of S clumps
containing a single point. While our theory applies to both
extremes, the in-between case where ) consists of several
clumps each of modest size is most interesting. A super-
resolution theory of single-snapshot MUSIC and ESPRIT for
this separated clumps model is developed in [29]-[31]. This
paper focuses on the multi-snapshot scenario. The difference
between the single-snapshot and multi-snapshot cases is dis-
cussed in Section

Under this separated clumps model, o5 (®) can be estimated
as an 2 aggregate of R terms, where each term only depends
on the “geometry” of each clump [30, Theorem 2.7].

Theorem V.2. Let M > S?+1. Assume ) satisfies Assumption
V1 with parameters (R, M, S, «, B) for some o > 0 and

2051/2 )%/
pz max, —on D

Then there exist explicit constants B, ..., Br > 0 where B,
only depends on M and )\, such that

R 1

os(®) = VM —1( Y (Ba™*1)") .

r=1

An explicit formula for B, is given in [30, Theorem 2.7, Eq.
(2.5)]. In particular, B, only depends on A, and M (although
B, can be further upper bounded in terms of only A, if
desired) and importantly, B, does not depend on c.

The main feature of this theorem is the exponent on «,
which depends on the cardinality of each clump as opposed
to the total number of points S. Let A be the cardinality of
the largest clump:

A= max A\, V.2)

1<r<R
Since the inequality holds for any  that is a (R, M, S, a, )
set, then it holds for « = A(M — 1). Defining the super-
resolution factor SRF as equation ([2), Lemma [V.2] implies

> CvVM —1 SRF (V.3)

Umin(q))

B. Super-resolution of MUSIC and ESPRIT

In this section, we combine our stability analysis for multi-
snapshot MUSIC and ESPRIT in Section with the mini-
mum singular value estimate in Theorem[V.2]to derive a super-
resolution theory for multi-snapshot MUSIC and ESPRIT.

For MUSIC, we obtain an upper bound for the perturbation
of the noise-space correlation function by combining Theo-

rems and

Theorem V.3. Suppose M > S + 1, Q satisfies the sep-
arated clumps model in Assumption [V with parameters
(R, M, S,«, B) such that holds. Under Assumption
let C;- and B, be the constants in Theorems and V2] re-
spectively, and let R be the perturbed noise-space correlation
function of MUSIC. Then we have

E(|R —R|3) < a= )

P L . (V4

Theorem provides a perturbation bound for the noise-
space correlation function in multi-snapshot MUSIC under
the separated clumps model. The terms that appear in the
upper bound in Theorem [V.3] can be interpreted as follows:
1?2 is the noise variance, 1 /L is the usual stochastic factor,
and the quantity in front of »?/L can be interpreted as
the condition number of super-resolution recovery of multi-
snapshot MUSIC. Letting A be the cardinality of the largest
clump defined in (V.2), Theorem [V.3] shows that

SRF>* 2 2

As(X) L°
Notice that the right hand side only depends on the cardinality
of the largest clump instead of the total number of point
sources S. This perturbation bound on MUSIC is verified by
numerical experiments in Section

As for ESPRIT, we provide a bound for the support error
by combining Theorem and Theorem

Theorem V4. Suppose M > S + 1, Q satisfies the sep-
arated clumps model in Assumption [V with parameters
(R, M, S, a, B) such that (V1) holds. Under Assumption [[L1]
let C; and B, be the constants in Theorems and
respectively, and let () be the output of ESPRIT.

E(Hﬁ - RHEO) SM,S\ T (V.5)



(a) Moderate SNR regime. We have
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(b) Large SNR regime. Define
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Theorem [V.4] provides an estimate of the support error in
multi-snapshot ESPRIT under the separated clumps model. Let
X be the cardinality of the largest clump defined in (V.2). If the
assumptions in part (b) hold, then we can provide a simpler
estimate,

/\T )\S

SQREF2A2 2

(md(Q Q) ) SM,S AT Wf

This perturbation bound on ESPRIT is verified by numerical
experiments in Section

In comparison, classical perturbation bounds on MUSIC and
ESPRIT usually depend on some eigenvalues and eigenvectors
of the noiseless covariance matrix Y, such as (29a, 29b) of
[41]. If we know the true source locations and amplitudes,
we can compute the eigenvalues and eigenvectors, and then
plug them into (29a) of [41]. In real applications, we do not
know the true source locations and amplitudes. Therefore,
those bounds can not be directly evaluated.

In the special case of two sources, (33a) of [41] shows
that the squared source localization error is proportional to
(1/A)? = SRF? (A is referred as the one defined in [41]).
The two-source scenario is a special case of our clumps model
where the support consists of a single clump with two point
sources: R = 1 and A = 2. Therefore, (33a) of [41] is
a special case of our Theorem and Theorem Our
results consider a more general class of support, and such
generalization is highly nontrivial.

(V.6)

VI. CRAMER-RAO LOWER BOUND
A. Background

The classical Cramér-Rao bound (CRB) [8] expresses a
lower bound on the variance of any unbiased estimator of the
support 2. In literature, the Cramér-Rao lower bound has been
derived for various models of the support set, and we review
some important contributions further below.

Before we proceed, let us recall some old definitions and
define some new ones that will be used in this section and
Section Let £ T.

o ¢(&) € CM denotes the vector whose k-th entry, for 0 <
E<M—1,is e 2mike,

« For each £ > 0, we let ¢ € CM be the vector whose
entries are the /-th derivative of ¢(¢). Hence, ¢(*) (&) :=
(—2mik)te2mike,

« For convenience, we let ¢(&) := ¢ (¢), which will play
an important role below.

« Given Q, we let ®, & € CM*S be the matrices whose
columns are of the form ¢() and 1(#), respectively, for
each 0 € Q.

The CRB for spectral estimation has been extensively
studied [21], [26], [38], [49], [50]. We briefly review some
important results. A fundamental result in [49, Theorem 4.1]
implies that, under appropriate assumptlons for any unbiased
estimator {) := {@; }J 1 of Q= {w;}5_;, not necessarily just

MUSIC or ESPRIT, we have
O A * v? -
E((Q-)(@-9)") > 2 (Re(W*(I - Po)¥© X))
L VL1

To simplify the notation in this section, we always assume
that the elements of {2 have been re-indexed to minimize its
matching distance to ().

While inequality already gives the optimal depen-
dence on the noise variance 2 and the number of snapshots
L, the matrix that appears on the right hand side implicitly
depends on €2, so it is unclear how (Re(U* (I —P3)¥OX)) ™!
behaves as a function of €2 and M. One would hope for an
explicit bound depending on the geometry of ().

The paper [26] considered a situation where 2 consists of
S points approximately spaced by €. The main result in the
aforementioned paper provided an expansion of the right hand
side of in the asymptotic limit € — 0. In particular, it
was shown that

j=1

OV2€725+2

L
where C' > 0 is independent of €, v, L but is allowed to depend
on the other parameters.

E(md(Q, Q)?) > +O0(E723), (V1)

B. New CRB for clumps model

The geometric results in Section[V] as well as prior work on
super-resolution [30], strongly suggest that inequality
is unnecessarily pessimistic and is achieved in the worst-case
scenario where all point sources are located in a single clump.

This section provides a new CRB for the separated clumps
model, under the additional requirements that each clump has
A elements that are equally spaced by a small parameter e.
We will derive a CRB on the order of £~ 222, which is much
improved since it is possible that A « S.

We consider a situation where there are R clumps that are
far apart, and each clump contains A points separated by e.
This is a more specific model than the one considered in
Assumption

Definition VI.1. We say Q. < Tis a (g, R, \, {6, }F*
e < A lmin,— |0, — 0|1 and Q. can be written as

1) set if

R
Q. = U{@T,9T+a,...,t9r+

r=1

(A= 1)e}.



Note that this implies 2. consists of R disjoint sets each
supported in an interval of length (A — 1)e and 2. has
cardinality S' = RA.

We also require the following assumptions on the noise and
amplitudes.

Assumption VI.2. Fix any positive integers L, M, S such that

M>=Sand L>=S.

(a) Fix M, R, A and distinct 64, ..
(&, RN {0, 3E ) set.

(b) The amplitude covariance matrix X is strictly positive-
definite.

(c) Foreach ¢ > 0 and 1 < j < M, e;(t) is a Gaussian
random vector with independent entries such that e;(t) ~
N(0,2?). Also assume that e(s) and e(t) are independent
for s =t.

(d) For each 1 < ¢ < L, we are given

y(te) = D(Q)x(te) + e(te).

Theorem VL3. Under Assumption there exists g <
(27 A (M — 1))~ depending only on M, \, and {0, }F_, such
that the following hold. For all ¢ € (0,e9), any unbiased
estimator ﬁs of Q. satisfies the lower bound

.,0r < T and let €. be a

C (e(M — 1))—2>\+2 2

LM =13 X2

E(md(Q,Q)?) = (VL3)
where the implicit constant C' > 0 does not depend on L, M,
X, &, and v.

Theorem is proved in Section

The right hand side of can be made more explicit
by using the super-resolution factor. Since ¢ is the minimum
separation of ). and M is the total number of Fourier
measurements, we see that e(M — 1) = SRF~'. Note that
the assumption on £y in Theorem necessarily implies
SRF > 1, and (VL3) becomes

C SRF?'~2 2

E(md(Q, 2)?) > ——
(nd(2e, 9)%) > T Ty,

(VL4)

C. Comparison of our CRB and the classical CRB

In order to explain the main improvement of Theorem [VI.3|
over classical the CRBs, consider the support set shown in
Figure 2] For the 2 depicted in Figure 2] the classical CRB,
such as (VI2), yields the prediction that for any unbiased
estimator €,

06_101/2

E(md(ﬁ, 0)?) > + lower order terms.

On the other hand, our CRB in Theorem yields

Crie*

-_ V1.5
or—yrx;

E(md(Q,Q)?) =
In the super-resolution regime, € can be much smaller than

1/M, so our CRB provides a significant improvement over
the classical CRB.

Ay well separated
0@
<
€

As
00
iy
£

Fig. 2. A comparison of the classical CRB and our new CRB for clumps. €2
consists of 2 clumps where each clump contains A = 3 equally spaced points
with separation .

D. Near optimality of ESPRIT

ESPRIT is one of the most popular subspace methods
for spectral estimation. To compare our upper bound for
ESPRIT and our new CRB, we consider a situation where
the assumptions to both Theorems [V.4] and hold.

o Suppose 2 consists of separated clumps with parameters
(R, M, S,«, 3) where (3 satisfies the relationship (V.I).
Moreover, we further impose that each clump has car-
dinality A\ and are equally spaced by «/(M — 1). Then
Qis also a (g, R, A\, {0,-}[*_,) set where ¢ = /(M — 1)
and each 6, is the left most point in the r-th clump. An
example is depicted in Figure [l

« Assume that the amplitude covariance matrix X is strictly
positive-definite.

o Assume that for each ¢t > 0 and 1 < j < M, e;(t) is
a Gaussian random vector with independent entries such
that e;(t) ~ N(0,v?). Also assume that e(s) and e(t)
are independent for s = t.

If L/ is sufficiently large so that the assumptions in Theorem
part (b) hold, then the output of ESPRIT satisfies

SRF2)\—2 1/2

E(md(Q, 0)?) < o 7
(m( ) )) M,S,\ /\S(X) I

On the other hand, for any unbiased estimator Q, Theorem

and (VI4) demonstrate that

R QRF2A\2 2
2) > i
E(md(Q,Q) ) < M,S,\ HXH2 I .
Notice that these statements are not contradictory since
X2 = A (X) = As(X).

Thus, we observe that ESPRIT has the same dependence
on the noise level v, the number of snapshots L, and the
super-resolution factor SRF compared to the optimal unbiased
estimator(s).

VII. NUMERICAL EXPERIMENTS

In this section, we perform systematic numerical simulations
to validate our theory, under the separated clumps model. We
consider the support {2 consisting of 2 clumps of point sources,
ie., R = 2. Each clump contains A\ equally spaced points
separated by A for A = 2 and A = 3 respectively. Each
amplitude is i.i.d. complex normal CN (0, 1) such that the real
and imaginary parts are independent normal, i.e. N(0,1/2).
With such amplitudes, As(X) ~ 1. Each noise is an i.i.d.
CN(0,v?) random variable whose real and imaginary parts
are independent normal, i.e. N (0, 2?/2). We take L snapshots
of M = 100 noisy Fourier measurements according to (LI).
Our upper bounds are proved for the noise-space correlation



(NSC) function perturbation in MUSIC and the support error
in ESPRIT. When A = 2 and A = 3, we conduct 100 and 2500
trials of experiments respectively, and display the average NSC
function perturbation in MUSIC and support error in ESPRIT,
as well as the standard deviation in Figure 3] - [6l The standard
deviation is represented by the error bar.

Our numerical experiments in Figure [3] - [f] are to validate
the NSC perturbation in MUSIC and the support error in
ESPRIT versus the noise standard deviation v, the number of
snapshots L, ocg(®) and SRF. For MUSIC, the perturbation of
the NSC is proved in Theorem and Theorem [V.3] where
the dependence on v, L, 05(®), SRF, M can be summarized
as:

E(|R = R|w) < VMY _ VMSRE™ 'y
VAs(X)os(@)VL m\{\;n )

For ESPRIT, the support error is proved in Theorem [IV.6 and
Theorem [V.4] where the dependence on v, L, og(®), SRF, M
in the large SNR regime can be summarized as:

E(md(Q,Q)) S \/MV S \/MSRF)‘*lu'
VAs(X)os(®)VL \/)\S(X)\gnz)

Finally, we show phase transition figures for ESPRIT that
validate our perturbation analysis for ESPRIT.

A. Error versus Noise

We first test the NSC perturbation in MUSIC and the
support error in ESPRIT versus Noise. We set SRF = 5,
L = 1000 and 25000 for A = 2 and 3 respectively. Figure
[3] (a) shows the NSC perturbation in MUSIC as a function of
noise v in log,, scale. Figure [l (b) shows the support error
in ESPRIT as a function of noise v in log; scale. The slope
for all curves is close to 1, which demonstrates that the NSC
perturbation in MUSIC and the support error in ESPRIT is

linear in noise as predicted in (VILI) and (VIL2).

MUSIC Perturbation of NSC versus Noise ES3PRIT Matching Distance versus Noise

O -15
o) 3
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8 25 £ Sr=csh
5 I ; T
= T 5 T:
g -3 Iz =
S " [+ =2 slope =~ 1.00 =1 + )\ =2 slope ~ 1.03
% EA= ~ 2 A= =
_g) 35 j ) =3 slope ~ 1.07| 85 A =3 slope =~ 1.07|
-1.5 -1 -05 0 05 -15 -1 -0.5 0 0.5

lleo Noise log 10 Noise

(a) Sensitivity of MUSIC to Noise (b) Sensitivity of ESPRIT to Noise

Fig. 3. (a) Noise-space correlation (NSC) function perturbation in MUSIC
versus noise v in log;q scale for A = 2 and A = 3; (b) Support error in
ESPRIT versus noise v in logyq scale for A = 2 and A = 3.

B. Error versus the number of snapshots L

We next test the NSC perturbation in MUSIC and the
support error in ESPRIT versus the number of snapshots L,
when v = 0.1 and SRF = 5. Figure M (a) shows the NSC
perturbation in MUSIC as a function of L in log;, scale.
Figure [ (b) shows the support error in ESPRIT as a function
of L in log;, scale. The slope for all curves is close to —0.5,

which is consistent with (VILI) and (VIL2).

1 g/IUSIC Perturbation of NSC versus | 3ESPRIT Matching Distance versus L

]
2 +A=2 slope ~-050| 8 + =2 slope ~-0.52
5 2by +)\ =3 slope ~-0.50 < £\ =3 slope ~-0.51
S. o4 -
5] =
kel <
S =]
= © -5
2 } =
e L
S 4 2
2 3 4 5 2 3 4 5
Iog10 L Iog10 L

(a) Sensitivity of MUSIC to L (b) Sensitivity of ESPRIT to L

Fig. 4. (a) NSC perturbation in MUSIC versus L in logq scale for A = 2
and A = 3; (b) Support error in ESPRIT versus L in log; scale for A = 2
and A = 3.

C. Error versus os(®) and super-resolution factor (SRF)

Finally we test the NSC perturbation in MUSIC and the
support error in ESPRIT versus og(®) and SRF respectively,
when L = 1000 and v = 0.1. While R and \ are fixed, we
vary A such that og(®) and SRF vary.

Figure [5 (a) shows the NSC perturbation in MUSIC as
a function of og(®) in log;, scale. Figure [§] (b) shows the
support error in ESPRIT as a function of og(®) in log;, scale.
The slope for all curves is around —1, which is consistent with
(VILI) and (VIL2).

Figure [6] (a) shows the NSC perturbation in MUSIC as a
function of SRF in log,, scale. Figure @l (b) shows the support
error in ESPRIT as a function of SRF in log,, scale. The slope
for all curves is around \ — 1, which is consistent with (VILI)

and (VIL2).
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-35 T

Q  2— [}
2 +\=2 slope ~-0.99 2 +)\ =2 slope ~-0.94
5 [+A =3 slope ~ -1.06 % A =3 slope ~ -1.10
5 a -4
3 -2.5 E’
2 <= T
£ g 45 \
o} = i i
a . .
5 3 g
g g s i
- -1.5 -1 -0.5 0 0.5 -1.5 -1 -0.5 0 0.5
|0g100$(<1>) Iogloas(q))

(a) Sensitivity of MUSIC to og(®) (b) Sensitivity of ESPRIT to og(®P)

Fig. 5. (a) NSC perturbation in MUSIC versus og(®) in log;, scale for
A =2 and X = 3; (b) Support error in ESPRIT versus og(®) in log; scale
for A\ =2 and A = 3.
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(a) Sensitivity of MUSIC to SRF  (b) Sensitivity of ESPRIT to SRF
Fig. 6. (a) NSC perturbation in MUSIC versus SRF in log scale for A = 2
and A = 3; (b) Support error in ESPRIT versus SRF in log; scale for A = 2
and A\ = 3.



D. Phase transition figures for ESPRIT

Finally we show the phase transition figures of ESPRIT in
Figure[7l Figure [7] shows the average log,[md(€2, 2)/A] with
respect to: (a,b) log;o L and log;, v when A = 2 and A = 3;
(c,d) logyy L and log;, SRF when A = 2 and A = 3; (e,f)
log;, SRF and log,, v when A = 2 and A = 3. We observe a
clear phase transition phenomenon, and a blue phase transition
curve is extracted in each figure. According to (VIL2), we

expect the phase transition curve follows
(A —1)log;, SRF + logv ~ 1/21og L. (VIL3)

After numerically fitting the phase transition curves, our em-
pirical slope is consistent with our theoretical one in (VIL3).

log,(matching distance

log,(matching distance | minimum separation)

(a) Noise-L Phase transition when (b) Noise-L Phase transition when
A = 2, slope ~ 0.50 A = 3, slope ~ 0.49

log(matching distance / minimum separation) log, (matching distance I minimum sey paration )

25 3 3s a a5 5 25 3 35 4 45 s
log L 10g,,L

(c) SRF-L Phase transition when (d) SRF-L Phase transition when
A = 2, slope ~ 0.50 A = 3, slope ~ 0.25

og, (matching distance / minimum separation) og  (matching distance  separation)

(e) Noise-SRF Phase transition when (f)
A = 2, slope ¥ —0.98

Noise-SRF  Phase
when A\ = 3, slope ~ —1.93

transition

Fig. 7. Color plot for the average logs[md(£2,€2)/A] for ESPRIT with
respect to: (a)-(b) v vs L, (c)-(d) SRF vs L, (e)-(f) v vs SRF when A\ = 2
(left column) and A = 3 (right column). The slope in (a,b) is about 0.5; the
slope in (c,d) is about 0.5/(A — 1); the slope in (e,f) is about —(\ — 1),
which is consistent with (VIL3).

VIII. MULTIPLE VERSUS SINGLE SNAPSHOT

This paper focuses on the multi-snapshot spectral estimation
problem where Fourier measurements of x(t) and Q are
collected at L different time instances. Since information is
collected at different times, it is natural to impose statistical
assumptions, which is what we and many other papers have
done.

MUSIC and ESPRIT are still applicable for the single-
snapshot spectral estimation problem (the L = 1 case),
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with proper modification. Instead of forming the empirical
covariance matrix Y in the first step of Algorithm[ll one forms
the Hankel matrix of a single-snapshot [31], [32]. From a
theoretical perspective, the single-snapshot problem is usually
treated from a deterministic point of view.

Single-snapshot MUSIC and ESPRIT enjoy theoretically
provable robustness properties in the super-resolution regime,
as shown in [30], [31]]. The main results there show that for
MUSIC and ESPRIT,

v 2(A—1)
—U% @) < SRF v,
where the implicit constants do not depend on the noise
standard deviation v, the support set €2, and SRF. This upper
bound matches, up to implicit constants, the minimax lower
bounds [2]], [30].

A naive guess is that the error incurred by multi-snapshot
MUSIC and ESPRIT would be 1/ \/E times that of the single-
snapshot setting. Perhaps surprisingly, our results show that
this naive guess is incorrect. Indeed, the main results of
this paper for MUSIC (Theorems and [V3) and ESPRIT
(Theorems and [V.4) show that on average,

v - SRF* 1y
os(®)VL =~ VL
where again, the implicit constants do not depend on the noise
standard deviation v, the support set €2, SRF, and L.

Comparing the upper bounds for single-snapshot and multi-
snapshot errors, we see that not only does collecting multiple
snapshots provide us with the extra 1/ +/L cancellation, but it
also enjoys an additional square root in the 1/0g(®) and SRF
terms. In other words, the condition numbers of multi-snapshot
MUSIC and ESPRIT are significantly better than their single-
snapshot counterparts.

The improvement can be explained by the strictly positive-
definite assumption on X made in Assumption [L[1l To see
why, consider the deterministic setting where x(t) is fixed
throughout time, so x(t;) = --- = x(t1). Then the collected
snapshots are of the form,

y(te) = (D) (t1) + e(te).

Hence, collecting multiple snapshots does not provide us with
any new information about the range of ® since x(t) is
constant, and the best that can be done is to average all L
such snapshots,

single-snapshot error < (VIIL1)

multi-snapshot error < (VIIL.2)

LS ste) = D@t + L Y e(to)
- ty) = P(V)x(ty) + = e(ty),
L;ye L;e

in order to reduce the variance of the noise by a factor of L
and feed this averaged signal into single-snapshot MUSIC and
ESPRIT. In this highly degenerate situation, the naive guess for
the stability of multi-snapshot MUSIC and ESPRIT is correct.

We also explain how the strictly positive-definite assumption
on X changes the inherent geometry of the problem. For the
sake of this discussion, assume that e(t) = 0 for all ¢ > 0.
Since €2 does not change in time, y(t;) € R(®) for each
1 < ¢ < L.If X is strictly positive definite, then {x(t¢)}_,
spans a S-dimensional subspace, so the span of {y(t,)}L_, is



precisely R(®). On the other hand, if X does not have full
rank, then {y(¢,)}%_, only contains partial information about
the range of ®. In which case, multi-snapshot MUSIC and
ESPRIT would fail and we would need to use their single-
snapshot versions.

IX. CONCLUSION AND DISCUSSION

This paper analyzes the performance of MUSIC and ES-
PRIT, and identifies some key quantities that control their
stability: number of snapshots, noise variance, amplitude co-
variance matrix, and the smallest singular value of Fourier
matrices (which can then be further estimated in terms of
SRF). Our results accurately quantify intuitive phenomenon.
For instance, if many point sources are closely spaced then
we expect recovery to be sensitive to noise — this is precisely
captured by our results since in this case, og(P) would be
small, and SRF* would be large. Likewise if the amplitudes
of x(t) vary slowly over time, then we expect inversion to
be challenging — this is again captured by our results since
in that case, Ag(X) would be small and lead to instability. If
As(X) = 0, then multi-snapshot ESPRIT and MUSIC would
fail, but we can instead use their single snapshot versions.

The upper bound for ESPRIT matches a Cramér-Rao lower
bound in terms of SRF and max clump cardinality. This proves
that no unbiased algorithm can be fundamentally better than
ESPRIT for this imaging problem in the large SRF regime
— any improvements can only be made in terms of other
model parameters such as S, M, and \. These are valuable
results for practitioners, as they provide an accurate and solid
theoretical footing for discriminating between favorable and
unfavorable imaging situations. While this paper only focuses
on a one dimensional scenario with plain MUSIC and ESPRIT,
we believe the techniques here are also relevant for the analysis
of their multi-dimensional counterparts and variations.
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XI. PROOFS
A. Proof of Theorem

Proof. Recall that Y, = ®X; + E;. To put this in the
framework of [S], we rescale the problem so that

VE, VI I

—YL = —(I)XL + —EL,

so that now E7, \F/V is a M x L matrix with i.i.d. G; . entries.
This scaling does not change the singular spaces of Y, and
®Xy. Applying [S, Theorem 3], which extends to complex
matrices without issue, there is a C; > 0 only depending on
7 such that

C-M (203 (2Xy) + 1)

Lok (X))

Since X, is full rank and assumption holds, we have

E(dist(U,U)?) < (XL1)

Us(q)XL) = 0'5((1))0'5(XL) = 0’5(‘1)) /\5(X) = V.
Using this inequality in (XL.1) completes the proof. O
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B. Proof of Theorem [[V.3

Proof. We start with a deterministic inequality that links the
perturbation of R to the distance between U and U. For any
€[0,1), we have

IR(w) — R(w)| < | Py — Py = dist(U, U),

where the last identity follows from ([LL2). This shows that
E(|R - RI%) < E(dist(U, 0)?).
Using Theorem completes the proof. O

C. Preparation and proof of Theorem [V part (a)

The stability of ESPRIT relies on several deterministic
perturbation results for the perturbation of ¥ from U, that
can be estimated by matrix perturbation theory.

Lemma XL1. Suppose M > S + 1 and dist(U,U) <
2=(5+2) Then

|0 — Wy < 225+ dist (U, U). (X1.2)

Proof. Before we proceed to the stability analysis, we need to
point out an important feature of ESPRIT. ESPRIT is invariant
to the specific choice of orthonormal basis for the column span
of U. In other words, the eigenvalues of ¥ remain the same if
one uses different orthonormal basis for the column space of
U [31, Section III]. According to [7, Lemma 2.1.3], we can
properly choose an orthonormal basis for U such that

|U = Ul < V2dist(U,U). (X1.3)

According to [31, Lemma 3], o05(Up) is lower bounded such
that

min (05(Up), 05(U1)) = 275. (XL4)
Combining (XL3), (XL4) and the assumption of Lemma [XL.1]

implies

0o = Uollz < |U = Ull2 < v2dist(T,U) < 505(Uo).

This enables us to apply [31, Lemma 6], and obtain

5 10 -Uls _ 72
U —Ul, < < dist U U
I 2 I (T0) () (U,U),
which further implies (XI.2) due to (XL4). O

We next provide a deterministic bound between 1T — T,
and md(€), Q), with [31, Lemma 2].

Lemma XIL.2. On the condition that M > S+1, the following
statements hold:

(a) Moderate perturbation regime. We have

SB 2\/7
os(P)

(b) Small perturbation regime. If additionally,

o3(®)A
S2M

md (<,

Q) < —— |V - ¥[,.

|9 - ¥, <

then md(Q, Q) < | — |5,



Proof of Theorem [[V.Q part (a). Assume for now  that
dist(U,U) < 27(5+2), Combining Lemmas and
part (a), we obtain the deterministic inequality,

R S+2¢3/2. /T
md(©, Q) < 4STVM
os(®)

If dist(U,U) > 27(5+2) then the same inequality still holds
since

dist(U, U). (XL5)

2542 9|
os(®)

45+298/2 /AT
< - - Y7

os(®)

where we used that the Frobenius norm of ® is v/ M .S %
Hence, (XL3) holds regardless of the value of dist(U, U).
Squaring both sides of (XL3), taking the expectation, and

applying Theorem completes the proof of part (a) of the
theorem. (|

md(Q,Q) <1< dist(U, U)

dist(U, U),

D. Preparation and proof of Theorem [[V.6] part (b)

We begin by recalling two lemmas, and are essentially
immediate consequences of [J5].

Lemma XIL3. Suppose Assumption holds. Define the
events

81 = {U%(YikU)B U%((I))As(X)+V2},

Wl =Wl N

&y = {ongl(YL) < =03 (P)As(X) + 1/2}.

There exists a sufficiently large D, > 1 depending only on T

such that the following hold. Suppose

€ e Log(®)As(X)
o Muv?

1) There is a ¢ > 0 depending only on T such that

P((&1 N &)°) <7 exp(—cME).

> D,. (XL6)

(XL.7)

2) There are C,c > 0 depending only on T such that for all

u =0,
P(IPy o2 ULl > )
< exp (C’M — cmin (uQ,u«/Mﬁ)) + exp ( - cM{)

(XL8)

Proof. The proof essentially follows from Lemma 4 in the
supplement of [5]]. For ease of notation, let 1 := +/L/v. To
use the mentioned lemma, we first rescale by 7 and take the
conjugate transpose of Y, = ®X + Ep, to get,

nY; =n(®Xy)* +nE}, (X1.9)

Notice that the L x M matrix n£} has entries that are i.d.d.
G1,- random variables. The the right singular vectors of nY}*
are the left singular vectors of Y7, and the conjugate transpose
does not alter the singular values or their ordering.

In this proof, C,c are constants that depend only on T,
and their values may change from line to line. Now we apply
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Lemma 4 in the supplement of [3] to (XL9) to get that, for
all U, U2, U = 0,

P(n%g(YL*U) < (Po(®XL) + L)(1 — ul))

< Cexp (OS — c(n?0%(®X L) + L) min(uy, uf))),
P(n%gﬂ(m > L(1+ ug))

< Cexp (CM — cLmin(ug, u%))

P(nll Py (Y2 *UL)2 > u)

<r exp (C’M — c¢min (u2, ur/n?oE(PX L) + L))

+ exp ( —c(n?od(®XL) + L))
(XL.10)
For the first bound in (XLI0), we pick

2 2
wy e Lo os(@Xy) 1
3020%(®X )+ L 3

Hence, min(uy,u?) = u2. The noise condition (IL2) implies
that

n?og(®XL) + L < 200 (@)As(X), (XL.11)

We also have S << M. So for sufficiently large D, depending
only on ¢, C (which only depend on 7), condition (XL8) and
inequality (XI.IT) allow us to say that
7740'§ ((I)XL)
n?o%(®Xp) + L
> S0P03(XL) — OM > 1rPo3(®)As(X),

- CS
(XL.12)

Inserting this value of u; into (XLI0), and using the above
observations, we see that

P(EF) < P(n%g(YL*U) < gn%g(@)@) + L)
< Cexp (— en’od(®)As(X)).
For the second bound in (XLIQ), we pick
1 n?og(®Xp) 1 o%(®Xp)

Ug =

3 L 3 V2 ’
Notice that
1 fod(PX
Lmin(u, u3) > = min (n20§(<1>XL), M)
9 L
1 n'oy(®X1)

~9n20%(®X,) + L

Using the same argument as in (XL.12), for D, sufficiently
large, we see that

cL min(us, u2) — CM > 3—6677203(@»5()().

Combining these observations shows that
1
P(£5) < B(n?0%,1(Ye) > L+ 30’0} (0X.))
< Cexp (— en’og(®)As(X)).

Combining the above with a union bound argument completes

the proof of (XL7).



Finally, we proceed to simplify the probability bound
for  |Pysy(YL*UL)[2.  Since n O'S((I)XL) +L =
7720%((1)))\5()() and HQUg(QXL) + L = 77 S((I))As(X),
we can use (XLI0) to get (XL.8). O

The next lemma is a deterministic bound. It is Proposition
1 in [3] applied to equation (XL.9).
Lemma XI.4. Suppose Assumption [l holds. If os(Y;*U) >
os+1(YL), then

d(ﬁ )2 < U%(YEU)HPYL*U(YL*UL)H%
’ (05 (YZU) = 08,,(Y2))?

Proof of Theorem part (b). In this proof, we let C >
0,c > 0 be constants that only depend on 7. Their values
may change from one line to another. Let £; and & be the

events defined in Lemma [XI[3] and set £ := & n &;. Define
the event

45+252(H)A ~
5273(4)} = {d0.0) < Vop}.
In this proof, we consider the three events &€ N H, & N HE,
and £¢. The first event £ N H is a good event where we
will be able to apply Lemma XTIl The third event £¢ can
be readily controlled using Lemma [XI.3l The majority of the
proof pertains to the second event £ N €, and to do this, we
will estimate P(H¢|E).
Under event &, the inequalities in Lemmas [XI.3] imply

H o= {d(ﬁ, U) <

1
o§(YEU) = 0841(Y) = 505(2)As(X) > 0.
This allows us to use Lemma [XI.4] when £ occurs. Using
the inequalities in Lemmas [XL3 again, os(Y*U) < 05(Y1)
since U has orthonormal columns, and v? < o%(®)As(X)

from (IL.2), under event &,

A0, U)? < 3(05(2)As (X)4+V2)2HPY*U(YL ULl
Us(‘b)A (X)
6HPY*U( U)l3
o5 (2)As(X)
This inequality implies,

P(H?IE) <

P(| Py (Y2 UL) |2 > pos (@ WasE )€
= P(IPpu (ViU > py/ME T | €)

P(| Py (Y2 *UL) |2 = py/M —)—
The 1/P(€) term can be safely ignored, since by Lemma [XL3]
and (IV.2), we have
P(E°) <7 exp(—cM§) <

For D, sufficiently large depending only on 7 (since the
implicit constants in this inequality only depend on 7), we
have P(£¢) < 1/2 and P(€) = 1/2.

Let us continue with our goal of bounding P(H¢|E). We
use Lemma [XT.4] to see that

POHIE) < 2P (| Py (VUL > py/IE)
<r exp (CM — cmin (p?, p) M¢€) + exp(fch).

exp(—cD;).
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Condition ([V.2) implies that £ >
sufficiently large D, we have

P(#|E)

D, /min(1, p, p?), so for
p*) M)

We use the inequality, e %" < 1/u? for all u2/log(u?) > 1/b,
with u = 4/€ and b = cmin(1, a,a?)M, which is justified by
(IV.2), to finally see that

< exp ( — cmin (1,p7

Muv?
o5 () As(X)
Now we are ready to finish the proof. Recall we have the
trivial upper bound md (2, 2) < 1. When event £ n H holds,

we can employ Lemma [XL1l and part (b) of Lemma XL.2] to
see that md (€, Q)1¢~y < 4572 dist(U, U)lg~y. Then

E(md(Q, Q)?)

= E(md (2, Q)%1¢) + E(md(, Q)%1¢:)
E(md(Q, Q)% 1g %) + E(md(Q, Q)2 1g ) + P(E°)
E(165+2 dist(U, U)?1gnp) + P(E 0 HE) + P(E°)
16572E (dist (U, U)?) + P(HE|E) + P(E A HE).

P(HC|E) <- (XL13)

N CININ

We use Theorem[[IL.4] to deal with the first term, and inequality
(XT.13) for the second term. For the third term, by Lemma[XI.3|
2
and the inequality e~ < 1/u? with u = /€ and b = cM,
we have
M2

P(gc) <, exp(—cMﬁ) S W

E. Preparation and proof of Theorem [VI.J

The proof of the Cramer-Rao lower bound for clumps stated
in Theorem [VI.3] requires several technical lemmas. While our
approach is similar in spirit to that of [26], we need to extend
the ideas in the referenced paper to several clumps.

We introduce several functions of a single complex variable
z. We typically use upper-case letters to denote functions of
a single complex variable. The m-th Laurent coefficient of
a F: C - C (expanded at z = o0) is denoted by b, (F).
Throughout, we fix a positive integer n and 0 < ¢ < 1. We
define the functions

n—1 0
1 b (G
@)= 2= ) =9
- men (X1.14)
= 1
and G.(z) :=
o 2T ek
For each 0 < j < n, let
F, . (z):= - = -
e el e
(XI 15)

Notice that F ; has simple poles at ke for each k = j and
a pole of multiplicity 2 at je. We have the partial fraction
expansion of I} ;,

1 n—1

Cs J.k
—_— —=. (XI.1
(z—aj)2+l;02—ks (XL16)

Foj(2) [ [ (e = ke) =

k=j



Lemma XL5. For each ¢ € (0,1), positive integer n, and
0 < j < n, the coefficients {C: ;,}}Z} defined in (XII6)

satisfy the system of n equations:

n—1

Z (Vo) Ce o

£=0

— k(je)k = 0<k<n, (X1.17)

where V is a Vandermonde matrix with real nodes,

1 1 1 1

0 « 2¢e (n—1)
Vei= : :

0 en !t (2)77! ((n— 1)5)"71

Proof. Recall the following Laurent series expansions at z =
oo: for any w € C, we have

1 1 _iwm—l

z—w  z(1—w)/z) _m:1 P

1 d - wm 2
(z—w)2: dz( ) 7712:12

Fix 0 < j < n. Using these expansions in (X[.13) and (XL.16),
we see that
o0
. b (Fs,j)
1_[(]8 — ke) Z o
k=j m=n+1
0 m 2 n—1 0 m—1
—1)( jE (ke)
-y Ce,jik Z
m=2 k=0 m=1

Examining the 2™ terms for 1 < m < n in this equation,

we see that
n—1
0= 2 CE,jJﬁ
k=0

and that for 2 < m < n, we have

n—1

0= (m—1)(je)™ >+ ) Cejnlke)
k=0
This is precisely the system of equations in (XL.19).
O

The following lemma bounds the growth rate of the coeffi-
cients {C: ;x}7—4 that were defined earlier.

Lemma XI.6. For each € € (0,1), positive integer n, and
0 < j < n, the coefficients {C- ;;}iZs defined in (XII6)
satisfy

max: |Ce k] <27 Hn — 1)L

0<k<

Proof. For 0 < ¢ < n, let 7, denote the circle in the complex
plane oriented counter-clockwise with center ¢ and radius
/2. Integrating both sides of equation (XLI6) over -y, we

see that
2 Ce gt = (J F.;(2) dz) [T (e - ke).

Ye k=j
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Here, we used that (z — ke)~! for each k = ¢ is holomorphic
in an open disk containing -y, and that Sw (z—tle)™2 dz = 0.
Since 7, has circumference 7e, the above imply

1 .
Cejel = g’ LZ F. n je — kel
k=j
n_

c;(z) dz
M(sup |F8J(z)|>

Z€7e

S

Observe that for each z € vy, we have |z — fe| = /2 and

2 — ke| > €]t — k|—— /% if k= 0.
Hence,
1 2n
sup P, (2)] = sup (17— )<
ZEYe =7 ZEYe |Z*j5| IQ) |Z*€k| £
Combining the above inequalities completes the proof. o

One of the key results is a following Taylor-like approxi-
mation of ¢ by linear combinations of ¢. It will be clear in
the proof of Theorem [VI.3] why this is helpful.

Lemma XL7. Fix £ € T, positive integers n and M, and
0 < j < n. For all sufficiently small € > O depending only
on M, &, and j, there exist coefficients {B. jr}}_, S R and
{Ac j.e}esn S C that do not depend on { such that

n—1 0 )
(€ +7g) = Y Bejrd(E +ke) + D) Ac s 120
k=0 l=n

4
Moreover, we have that
|Ac gl < L5 +ntH127  (n — 1)1

Proof. We first fix 0 < j < n. Using that the collection of M
functions, £ — e2™*¢ for 0 < k < M — 1, are analytic, for
sufficiently small € depending M, £ and j, we have

O 50
s(e+ie) = 3, )

£=0

(X1.18)

(je)*,

where the above series converges absolutely. Differentiating
each term, we see that

“e)
1

0(je) .

18
ASH

Y€+ je) =

14

1
We define {B- ;x}7—) as the unique solution to the system
of equations:

n—1

3 (Ve)keBe jie,

£=0

k(ke) = 0<k<n, (X1.19)
where V, is a Vandermonde matrix as defined in Lemma [X].5|
The {B- ;x}?Z4 are well-defined because V. is Vandermonde.

Note that B ;. is independent of £. By definition, we have
n—1 £) n—1
&) - e <z5
ZZO é' é(]‘g) - Z €3,k Z

k=0
”i o®
=0

3 (e(ja)f—l - Z Bs,jyk(ka)f) = 0.
k=0




Using this equation, we see that

P(& + je)
n—1
) ¢(f) B
_y ;@MEE s 3 990 e
£=0 ’ l=n
n—1 n—1 0
SOENS) - 31 e
k=0 £=0 ' l=n
n—1
= D, Bejn 6 + ke)
k=0
0 (0) n—1
+ Z ¢ (f]é ¢ Z B ik )
l=n k=0
Defining the quantity
n—1
Ac = 05" 1752 B. 1k
k=0

proves the first statement of the lemma.

Observe that the system of equations (XI.17) and
are identical up to a negative sign, and so B, ;r = —C. j k.,
where C. j j, is defined in (XL16). Using the upper bound for
Ce, ;i given in Lemma [XL.6 provides us with (XLIS). O

Proof of Theorem [VI.3l Using that the maximum of a finite
set exceeds its average and inequality (VIL1), we see that

E(md(Q, Q)?) >3 Z El@.; — we|?

i=1 (X1.20)

> o Tr((Re(\IJ*(I — Py)U @X))_l).

Next, we use basic properties of the trace and spectral norm
and that for any matrices A and B, we have |Re(A)]2 < A2
and |[A ® B| < |Al2| B]2, see [19, Theorem 5.5.1]. Hence

Te((Re(*(1 - Py)¥ O X)) )
> | (Re(W*(I — P © X)) '],
> [Re(W*(1 — Po)¥ © X),
> X7 o (1 - oyl

(X1.21)

Since (I — Pg) is a projection matrix, we have

[W*(1 — Pa) |, = | (T P)T)" (I — Pa)¥)]
< |z - o).

(X1.22)

Each column of WU has the form (6, + je). Let us fix any
1<r<Rand 0 < j < A Applying Lemma [XI7 (with
& =06, and n = XA > 0), for all sufficiently small £ depending
on M, 6, and j,

I Py (ﬁ( ) 0,
E 4 iy El 2' ( ),

where the above series converges absolutely and we used the
crucial observation that (I — Pg)¢(0, + ke) = 0 for all 0 <

(I*P{))U) 9 JrjE
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k < A. To make some the resulting expressions simpler, we
set My := M — 1. A direct calculation shows that

[(1 = Pa)e'(0:)], < |61 0]

Mo 24 1/2
)< entugt

- (X
(X1.24)

It follows from equation (XL.23), inequality (XI.24), and the
upper bound for | A, ; ¢| given in Lemma [XI7] that
|1~ Pq>)w(9 +7e),
g ) (27T)gMZ+1/2

Z e f

< MY (eMp) Z | A j el
=X

(_27T,L'm)ée—27rim9T

(2m)f(eMp)*—>
4

g 27) ¢ (e My)“=>

(bt 3 B M
l=X\ ’

where we have defined Cy ) 1= (A1 4 X121\ — 1)L,
By making € even smaller if necessary, the series on the right
hand side of converges to some value that can be upper
bounded by a C' > 0 that depends only on A. Note that from
this equation, a necessary condition is that e < (2rAM)~*

Recall that € also depends on 6, and j. Making € even smaller
if necessary so that holds for all #, and j < ), we see
that

(X1.25)

R X\—1
9 2
H( ®) HF rgljgo H( w ) ( jE)HQ (X1.26)
< C2RAM§ (eMo) ™72

Combining inequalities (XL.20), (XTL.21), (XI.22), and m

completes the proof.
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