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Abstract. We present a self-contained analysis of a particular family of metrics over the set of non-
negative integers. We show that these metrics, which are defined through a nested sequence of optimal
transport problems, provide tight estimates for general Krasnosel’skii-Mann fixed point iterations for
non-expansive maps. We also describe some of their very special properties, including their monotonic-
ity and the so-called convex quadrangle inequality that yields a greedy algorithm for computing them
efficiently.
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1. INTRODUCTION

This paper studies a special family of metrics over the set of non-negative integers, in which
the distances d,, , between m,n € N are defined recursively through a nested family of opti-
mal transport problems. These metrics were first introduced in a remarkable paper by Baillon
& Bruck [1] with the aim of establishing convergence rates for the Krasnosel’skii fixed-point
iteration, although their metric nature and the connection with optimal transport were not no-
ticed at that time. The metric properties of the dy, ,’s were studied extensively in Aygen-Satik’s
thesis [2], with a tour-de-force that required very long and highly technical proofs. Several of
these results were revisited in [3, Bravo & Cominetti] with a much simpler approach based on
optimal transport. The goal of this paper is to complete this program by presenting a full and
self-contained analysis of these metrics, and their implications for fixed point iterations. In do-
ing so, we expand the scope of [1, 2, 3] by considering a much larger family of iterations and
metrics.

To get into the matter, throughout this paper we consider a fixed sequence (7"),cn wWhere
each " = (") e is a discrete probability distribution on the set of non-negative integers, with
support included in {0,...,n} and with 7" # @™ for m # n. Some results assume in addition
that these distributions gradually drift their mass towards larger integers, namely (see Figure 1)

(H) (Vn>1) a'>0and0< ' <z !fori<n.
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FIGURE 1. The distributions 7" and " (m = 20,n = 25).

1.1. Recursive optimal transports. Starting withd_; j=d; | =1for jeNandd_; =0,
we consider the double-indexed family of reals d, , defined recursively for m,n € N through
the optimal transport problems

m n
€Fmn i=0j=0

where %, , is the polytope of transport plans sending 7" to 7", that is, the set of all z =
(2i,j)i=0,... m;j—0,..n Such that z; ; > 0 and

Z?:()Zi,j =n" foralli=0,...,m;

Yozj=m forall j=0,...,n
w(O——O%
) : @ﬂj”
X

FIGURE 2. The optimal transports for d, ,,.

Each sequence (7"),cn produces a different set of dy,, ,’s. In particular we have do , = 1 — 7],
though in general the other d,, ,’s do not admit a simple explicit formula. We observe that a
simple induction yields the symmetry d,, , = d, ,» so it suffices to compute d,, ,, for m < n. Also,
since the transports z; ; add up to one, the cost Gy, »(z) is a convex combination of the previous
di—1,j—1’s and inductively we get d,, , € [0, 1] with d,, , = 0.

1.2. Fixed point iterations. The optimal transports d,, , arise in connection with fixed point
iterations. Namely, let 7 : C — C be a non-expansive map on a bounded convex domain C C X
of a normed space (X, || - ||). Notice that when 7 : X — X is defined on the full space and has
some fixed point x* = Tx*, one may take C = B(x*,r) as any ball centered at x* with radius
r > 0. On the other hand, by rescaling the norm by a factor 1/diam(C) we may assume without
loss of generality that diam(C) = 1, which we do from now on.
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Starting from 1°,y° € C, and setting by convention Tx~! = y°, the general Krasnosel’skii-
Mann fixed point iteration (see [4, Mann] and [5, Krasnosel’skii]) recursively builds a sequence
x"* as a convex combination of the images of the previous iterates

(KM) K=Y i Tx ! Vn > 1.

The following straightforward result brings forward the connection with the recursive optimal
transports, showing how they provide bounds for the distance between the (KM) iterates and for
the fixed point residuals.

Theorem 1.1. For all m,n € N we have ||x" —x"|| < d,, , and
[ = TH"|| < Ry £ YLy l'di—y - (1.1)

Proof. Let us first show that |[x” —x"|| < dy, . The cases m = 0 and n = 0 follow directly from
|x% —x"|| < diam(C) = 1 = d_1,,. For the general case, we observe that each transport plan z
from 7™ to 7" yields the estimate

[l = ] IEo 7 T — ”:oﬂ}?Tlel

~1 i—1
| Z2 0K g (Tt =T
i—1

Mooz jlITx " =T/ ~H|
Yo Xj=0%i.jdi-1,j-1
where the last inequality uses the non-expansivity of 7 and assumes inductively that we already
have ||x~! —x/=!|| < d;_y j_ for the previous iterates (for i = 0 or j = 0 use the convention
Tx~! =" and the coarse estimate |[y° — Tx*|| < diam(C) = 1 = d_; 4_1). Minimizing over z

we get ||x" —x"|| < d,, , and then the proof is completed by induction. The bound (1.1) follows
directly from the triangle inequality and non-expansivity, namely

" = T2 = | T (T2 = T") | < T A'di1 - O

IA A

We emphasize that the bounds d,, , and R,, are universal in the sense that they only depend on
the sequence (7"),cy and not on the particular map T being considered. Moreover, the estimate
|x™ —x"|| < dp » turns out to be tight and cannot be improved unless we restrict the class of
maps or spaces. In addition, we will show that under (H) the bound ||x* — Tx"|| < R, is also
sharp, in which case R, captures the exact convergence rate of (KM).

The recursion (KM) is very general and includes among others the Krasnosel’skii iteration
(see [5, Krasnosel’skii] and [6, Bruck])

XK= (1—op) X" 4o, T, o, €(0,1),
as well as Halpern’s method (see [7, Halpern] and [8, Lopez et al.])
W= (1-B )0+ BT, Bue(0,1),
and the 2-step iteration of Ishikawa (see [9, Ishikawa])

2n+1 (l_ﬁ)2n+ﬁT2n
X n )X nd X

The Krasnosel’skii iteration is the case where 7" = (1—0t,) "'+ @, 8" with §” a Dirac at n,
for which we have explicitly ;' = o; [T;_;, ; (1 — o) with o9 = 1 and 7} = o, Its convergence



4 M. BRAVO, T. CHAMPION, R. COMINETTI

rate was studied in a series of papers [1, 2, 3, 10, 11]. A first result in [1, Baillon & Bruck]
for a, = o showed that ||x" — Tx"|| ~ O(II}n). Shortly after, in [10, Baillon & Bruck] this rate
was improved to ||x* — Tx"|| ~ O(ﬁ), with an explicit upper bound recently extended to non-

constant ¢,’s in [11, Cominetti ef al.]. The papers [1, 10] are two gems among the many lasting
contributions of Professor Ronald E. Bruck to the field of fixed point theory. A more detailed
discussion of these previous results, as well as for Halpern iteration, is postponed to section §4.

1.3. Summary of results. This paper investigates the metric properties of the optimal transport
bounds d,, ,. Section §2 shows that (m,n) — d,, , defines a distance on N = NU{-1}, which
in turn leads to an alternative characterization via Kantorovich-Rubinstein duality.

This dual characterization is exploited in section §3 to prove that the estimates ||x" —x"|| <
dmn in Theorem 1.1 are the best possible, by building a particular non-expansive map 7 and a
corresponding (KM) sequence that attains these bounds with equality. Moreover, we prove that
under (H) the bounds ||x" — Tx"|| < R, for the residuals are also tight.

Section §4 illustrates these bounds in some specific iterations. For Halpern with 3, = ”1 we

obtain R, = ”T+1‘ ~ O(22) with H, = ¥7_, # the n-th harmonic number, while for 3, = i we

have R, =~ +1 (1— #*22) ~0(1), both rates being tight for the corresponding f3,s.
In section §5 we show that under (H) the d,, ,’s enjoy two relevant additional properties: the

monotonicity as m and n get farther apart, and the so-called convex quadrangle inequality
(Q) d,'J‘f’dj?dei?k—f—dj?l foralli < j<k<lI.
Note that for j = k this is just a triangle inequality.

//\\

FIGURE 3. The convex quadrangle inequality.

A remarkable consequence of (Q) is the existence of optimal transports that are nested in the
sense that the flows do not intersect. This yields an efficient greedy algorithm to compute dyy, ;.
This algorithm is used in §6 for various examples, revealing some particularly intriguing struc-
tures in the d,, ,’s. We mention that the quadrangle inequality is closely related to the inverse

Monge property [12], and arises in various contexts with relevant algorithmic implications (see
[13, 14, 15, 16, 17]).

2. THE RECURSIVE OPTIMAL TRANSPORT METRIC

Let us start by proving that the d,, ,’s define a distance. This extends a result by [2, Aygen-
Satik] proved for the special case of the Krasnosel’skii iteration with 7" = (1 — o) a4 o, 8"
The original proof was highly technical, though it was greatly simplified in [3] for the special
case where o, > % for all n € N. This simpler proof is reproduced below, suitably adapted to
the more general class of 7"’s considered here.

Theorem 2.1. The map (m,n) — dy, is a metric on N=NuU{—1}.
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Proof. We already observed that d,, , = dp, , and d,, = 0, so we only need to establish the
triangle inequality and that d,, , > 0 for m # n. We show inductively that these properties hold
for m,n < ¢ for each ¢ € N. The base case £ = —1 is trivial. Suppose that both properties hold
up to £ — 1 and let us prove them for /.

For m,n < { with m # n we have d,, , > 0: Let z be an optimal transport for d,, ,. Since 7" #
n" we can find i # j with z; ; > 0 and the induction hypothesis implies d;, , > z; jdi—1,j—1 > 0.

Form,n,p < {we have dy, , < dpy p+d, »: Let 2" and zP"* be optimal transports for d,, , and
dp » respectively, and define

(Vi=0,....m)(Vj=0,...,n) zij=Yh o®ik;

with mp pn
Zik ko
[ TR
Wik, j = 7
0 otherwise.

A straightforward computation shows that

m _ pn

Yilo®ikj = 2 2.1

n o mp @D
Zj:O Oikj = Zik

from which it readily follows that z € ., ,. Using the induction hypothesis and (2.1) we get
dnn < YioXi—oZijdi-1,j-1
= YooY Yr o jkdio1j1
< YloXioo Yr 0@ ji(di1 k-1 +di—1,j-1)
= LoXio%is di-vk-1+Lj—oXi=0%; dk-1.j-1

dm,p +dp,n |:|

Now, part of the demand 7}’ can be fulfilled at zero cost by shipping as much as possible from
the corresponding supply node i. This suggests the following type of simple transport plans.

Definition 2.1. A transport z from 7 to n”* with m < n is called simple if z; ; = min{7"*, "}
foralli=0,...,m.

Remark 2.1. If z is a simple transport from 7™ to 7", then when 7" > 7' we have z;; = ;' and
therefore z; ; = 0 for j # i. Similarly, if 7" < 7" then z;; = ;" and z; ; = O for k # i.

As a consequence of the triangle inequality, it turns out that we may always restrict ourselves
to transports that are simple.
Proposition 2.1. Each d, , admits a simple optimal transport.

Proof. Let z be an optimal transport. If z; ; < min{x", 7'} we must have z; ; > 0 for some k # i
and z;; > 0 for some j # i. Decreasing z;; and z;; by € while increasing z;; and z;; by the
same amount (see Figure 4), the modified transport is still feasible and the cost is reduced by

di1i1+dj—1j—1—dj—1i-1—di—13-1]€ <0

so it remains optimal. Thus we can increase each z; ; up to min{z", " }. O
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FIGURE 4. Redistribution of flow for simple optimal transports
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FIGURE 5. Residual demands 6™ = " — ™ (m = 20,n = 25).

A further consequence of the fact that the transport cost (i, j) — d;—; j—1 is a distance, is
the following Kantorovich-Rubinstein dual characterization for all m < n (see e.g. [18, Villani,
Section 1.2]) where 5;”” = 7r}1 — n;” denote the residual demands (see Figure 5)

_ mn oL g C
(D) dmn = urerﬁﬁﬁl { ;?:0 g <uitdioy o Vi j = O,...,n}.
This is a refinement of linear programming duality, and each pair of primal-dual optimal solu-
tions ™" and u™* satisfy the complementary slackness

—u;nn) :Z?}ndi_hj_] for all i,ij,...,n. (2.2)

mn

zij (i

Remark 2.2. Every feasible ()7 in (Zn,») can be extended by setting u; = 0r<nki£1 U+ di—1 i1
SKsn
for i > n, so that the triangle inequality yields
lui —uj| < di_y j—1 foralli,j e N. (2.3)

This is a special case of the MacShane-Whitney extension of Lipschitz functions. In particular
all the u;’s are within a distance at most 1 and, since the objective function in (%, ,) is invariant
under translation, we may further assume that u; € [0, 1] for all i € N.

Remark 2.3. Under (H) there is a unique simple optimal transport from 7" to 7"*! with Zij=

7rl-”+1 and zjpq1 = Ef—nl“l for 0 <i < n. Moreover, setting u; = 1 —d;_1, € [0, 1] for all
0 <i <n+1, the triangle inequality implies that u is a feasible solution for (%, »+1) which is

also optimal because

1 gn,n+1
Y 8wy =Y o zin1dioi 0 = dppt.
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3. TIGHTNESS OF THE OPTIMAL TRANSPORT BOUNDS

Exploiting the dual characterization of the distances d, , we proceed to establish that the
optimal transport bounds in Theorem 1.1 are the best possible estimates for the Krasnosel’skii-
Mann iterates. Our results build upon similar ideas in [1, 3], suitably adapted to the more
general 7'""’s.

Theorem 3.1. Let .7 be the set of all pairs of integers (m,n) with 0 <m <n, and consider the
unit cube C = [0,1]7 in the space ({=(.%), || - ||). Then, for each sequence (&"),cx there exists
a non-expansive map T : C — C and a corresponding (KM) sequence with ||x" —x"||c = dipn
for all m,n € N. Moreover, under (H) we also have the tight bound ||x" — Tx"||« = R,.

Proof. For each (m,n) € .% consider an optimal solution u™" for (%, ,) and its extension as in
Remark 2.2 so that /" € [0, 1] and (2.3) hold for all i, j € N.
For every integer k € N define y* € C = [0,1]” as

yl,‘mn =uy" Y(m,n) € 7, (3.1)
and a corresponding sequence x* € C for k > 0 given by
=Yk  mkyl (3.2)
so that in particular x* = y% = (uG"™) (mn)e.7-
We claim that ||y ! — y""1| < dpyn = ||¥" — x"||e for all m,n € N. Indeed, from (2.3) we
get \u%/fl— Z‘f{ | <dpypforall (m',n') € .7, which implies
1 1 /. /]
™ =" oo = Nl ety — w4 )) ot ). oo < -

Also, selecting an optimal transport z”" for () and proceeding as in the proof of Theorem
1.1 we have

X=X =Y Y02 (O =) (3.3)
so that the triangle inequality yields
X" = x|l < Lo X0 di-1,j-1 = dmyn (3.4)

while considering the (m,n)-coordinate in (3.3), the complementary slackness (2.2) gives

= XYo@ (Vin — V)|
= X0 Xjozy (u™ —uj™)]
= LitoLj=0%jdi-1,j-1=dmn
which combined with (3.4) yields ||x” —X"||« = dy 5 as claimed.

Define T : S — C on the set S = {xk :k e N} C Cby TxF = y**1 5o that T is non-expansive.
Since ¢*(.#) as well as the unit cube C are hyperconvex, by Theorem 4 in [19, Aronszajn &
Panitchpakdi], 7' can be extended to a non-expansive map 7 : C — C and then (3.2) is precisely
a (KM) sequence which attains all the bounds ||x”" — x"||c = d}, » With equality.

It remains to prove that under (H) we have ||x" — Tx"|| = R,,. The upper bound follows from
(1.1) or by direct computation

W' = T = | T O =) o < T Wi 1 = R

m n
|xm7n Xm,n
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For the reverse inequality, let «"*" ! be chosen as in Remark 2.3, so that WL et

for each 0 < i < n, and therefore ! K o
" =Tl = (Xm0 =" )]l
= VR A et
VAU
= Yiom'di1n=Ry
which completes the proof. 0

At this point we do not know if R, is still a sharp bound for the residuals when (H) fails,
or whether a tighter bound might hold in that case. On the other hand, we observe that the
unit cube C = [0, l]j is not only hyperconvex but also bounded so that, from a result by [20,
Sine] and [21, Soardi], the map T in Theorem 3.1 has fixed points, that is, Fix(7") is nonempty.
For a survey of the extremely rich structure and results on hyperconvex spaces we refer to [22,
Espinola & Khamsi].

4. KRASNOSEL’SKII AND HALPERN ITERATIONS

Let us illustrate the previous tight estimates for the classical Krasnosel’skii and Halpern iter-
ations. For the Krasnosel’skii iteration

X'=(1- Oc,,)x"_1 +a, TX !, o, € (0,1)

we have 7" = (1 — o))" ! + 0, 6" and (H) holds automatically. In view of Remark 2.3 the
unique simple optimal transport from 7 to £+ gives

1
dn,n+l = Z?:O(nln - n,'n+ )difl,n = Op+1 Z?:() TEZ'ndifl,n = an+an

which yields a simpler expression for the fixed point residual bound

d,
X = Tx"|| < R, = 2L
Oyt
This coincides with the tight bound established in [3, Bravo & Cominetti]. Moreover, in view

of [11, Cominetti et al.] (see also [10, Baillon & Bruck] for the case when oy = o), we have

Onr1 — /Y or(1—oy)
which converges to 0 as soon as Y ;| o (1—0y) = co. In particular, for o, = o we recover the
rate R, ~ O(1/+/n) proved in [10].

Let us mention that for oy = o ~ 1 the bound (4.1) becomes asymptotically tight and the pro-
portionality constant 1/+/7 is the best possible (see [3]). Recall also that when X is uniformly
convex with Fréchet differentiable norm, the property Y7 | o (1—0y) = oo implies weak con-
vergence of the iterates x” to a fixed point, provided Fix(T') is nonempty (see [23, Reich]).

R, =

4.1

Let us consider next Halpern’s iteration
= (1=B )Y +B. T, B, (0,1).
In this case we have the simpler structure 7y = 1 — f8, and 7, = B, so that
Ry =Yl om'di1n = (1= Pn) + Budn—1,n- (4.2)
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Here (H) amounts to 3, being non-decreasing, in which case Remark 2.3 yields

dn—l,n — (ﬁn - Bn—l) + ﬁn—ldn—Z,n—l-
This combined with (4.2) implies R, = (1 — B,)? + B.R,_1 which has an explicit solution: let-
ting B} = [Tj_; Bx with Bp =0 and B}, | = 1, we get
Ry =Yio(1—Bi)*B}, .
For the particular case f3, = ;17 a direct calculation gives

X" = TxX"|| <R, = % ~ O(lnn) (4.3)

with H, =Y}, % the n-th harmonic number. From Theorem 3.1 we know that this bound is
sharp and cannot be improved. However, [24, Lieder] recently proved that when (X,|-|) is a
Hilbert space and T : X — X has a fixed point x* = Tx*, the choice B, = 7 yields the faster
rate

2|x0 — x*| |
"—TX' < ——~0(-).
-1 < 2= o
In order to compare with (4.3), consider the rescaled norm || - || = %| -| with rg = 2|x® — x*| so

that C = B(x*, |x" — x*|) has diameter 1. Then Lieder’s bound reads ||x" — Tx"|| < # which is
clearly smaller than (4.3). This does not contradict Theorem 3.1: it simply shows that the tight
bounds are attained in a non-Hilbert setting such as the space £*(.%).

On the other hand, a minor modification of Halpern with B, = ;%5 yields the faster rate

R, = %(1 — ;1’_‘:22) ~ 0(%) in general normed spaces. This bound is also tight and slightly
improves the estimate ||x" — Tx"|| < % established in [25, Sabach & Shtern, Lemma 5]. For the
record, we observe that although 3, = .7 achieves a faster rate than f3, = ., the slow growth
of H, implies that for small n both sharp bounds coincide within a moderate multiplicative
factor (less than 2.5 up to n = 10.000).

In general it remains open to find conditions under which R,, — 0. The forthcoming paper [26,
Contreras & Cominetti] further investigates various algorithms that fit the general framework
(KM), and determines the optimal choices for the weights 7" that guarantee the faster rate

R, ~ O(1/n) with the best proportionality constants.

5. MONOTONICITY, CONVEX QUADRANGLE INEQUALITY, AND THE INSIDE-OUT GREEDY
ALGORITHM

In this section we discuss some further properties of the optimal transport metric under the
additional assumption (H). A first consequence is that the distances d,, , increase as m and n
get farther apart: for any fixed m the map n > d,, , decreases from a value of 1 at n = —1 down
to 0 at n = m, after which it increases for n > m. Intuitively, this comes from the fact that the
distribution ©”* drifts gradually towards larger integers, so that for n > m it is more expensive
to transport 7™ towards 7! than it is to satisfy the demands 7" which are located somewhat
closer to #'™. A similar argument can be made for n < m. We formally prove this monotonicity
by exploiting both the primal and dual caracterizations of d,, ,.

Theorem 5.1. Assume (H). Then in the region m < n we have that d, , decreases with m and
increases with n.
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FIGURE 6. Redistribution of flows to prove monotonicity.

Proof. Let us first show that d,, , < dy,—1,, for 0 < m < n. Since for n = 0 this holds trivially, we
proceed by induction assuming that these inequalities hold up to n — 1. To establish the property
for n we make a second induction on m. For m = 0 we clearly have dy, < d_1, = 1. Now,
take z a simple optimal transport for d,,_1 , so that for i = 0,...,m — 1 we have z;; = 7' with
the excess supply 7rl.m*1 — 7t/' shipped to nodes j > m. We transform z into a feasible transport
for d,, , while reducing the cost. To this end, foreachi =0, ...,m—1 with 7" < 7rl.m*1 we take
some positive flow z; ; > 0 with m < j < n, from which we remove € > 0 and increase z,, j by
the same amount (see Figure 6). Sincei —1 <m —1 < j—1 <n—1, the induction hypothesis
implies that the cost decreases by [dy,—1, -1 —di—1,j— 1]€ < 0. We repeat these flow transfers
until the outflow Z?:o zj,j is reduced to 7/". At this point a fraction Ef"*l — 7" of the excess
suply of each i < m — 1 has been fully transferred to m and therefore

-1 -1 -1
Yicozmj=Xitg (M —m")=1-Y", n" = m,.

Hence, the final flow is feasible for d,, and since the cost was decreased at every step we
conclude dy, s < Cpn(2) < d—1 -

We now use the dual characterization (%nn) to prove dy, , < dpy 1 by induction on n. This
holds trivially for n = m. Assume that it holds up to n — 1 and let us prove it for n. Take u""
optimal for (%, ,) and consider the vector u with u; = u"" fori =0, ...,n and u,, | = u?" where

Jo

u'?" is the maximal coordinate in ™. By construction lui—uj| <di_qj—1forall0 <i,j<n

while the induction hypothesis gives
i — tpr | = [ —u"| < diy jo—1 < dim1p

so that u is feasible in (2, ,+1). On the other hand, 5]'."’" = 5;”’"“ +¢&; withe; =7} — n;?“ >0
for j =0,...,n from which we get

. n mn_ = n mn+1 ) n 17 .
dmp = j:05j uj= j:05j uj+Y_o€juj.
Since uj < u,41 this last sum can be majorized by Z?:o €juty41, which combined with the

equality Y.7_o&; = ,’:Ill = ﬁ’i“ implies

n+1
dm,n < Z?i(l) 5Jm " Uj < dm7n+l .
completing the induction step. UJ

REMARK 4. The informal argument just before Theorem 5.1 might suggest that monotonicity
could hold under the weaker condition of first order stochastic dominance 1" < 7!, that is
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FIGURE 7. Recirculation of € along the cyclei — 1 — j — k —i.

ST < Yo 71 for all k € N. It turns out that this is not always the case as shown b
i>k ‘Y i>k ‘Y y y

' = (41,0,0,...)
7= (30300,

= = (1,1,0,1,00,..)
z*t = (0,4,4,0,1,0,0,..))
z = (0,0,1,0,0,1,0,0,...)

for which we have d375 = % and d475 = % so that d375 < d475.

We next show that under (H) the distances dy, , satisfy the convex quadrangle inequality (Q).
The proof proceeds inductively, by considering the quadrangle inequality up to n, namely

(Qn) di,l+dj,k§di,k+dj,l forall -1 <i<j<k<I[I<n.

A key consequence of the latter inequalities is the existence of optimal transports that are not
only simple but also nested in the sense that the flows do not intersect.

Definition 5.1. A transport plan z is called nested if there are no i < j < k <[ with z; ; > 0 and
zj1>0.

Proposition 5.1. Assume (Q,—1). Then each d,, , for m < n admits an optimal transport that is
both simple and nested.

Proof. Let z be a simple optimal transport for d,, , and suppose that z;; > 0 and z;; > 0 for
some 0 <i< j<k<I<n. Removing &€ =min{z;,z;;} from z;; and z;; while increasing z; ;
and z; x by the same amount (see Figure 7), the modified transport remains feasible and (Q,_1)
implies a cost reduction of

[di—1g-1+dj_1 -1 —di—1j—1—dj—1,-1]€ <O0.

Hence, the modified transport remains optimal with z;; = 0 or z;; = 0. Inductively we can
eliminate all flow intersections and obtain an optimal transport that is simple and nested. U

Under (H) the properties of being simple and nested determine a unique transport plan
through the following greedy procedure. Imagine the supply nodes as a set of buckets Sy, ..., Sy
initially filled with volumes 7" for 0 <i < m, and a set of empty demand buckets Dy, ...,D,
with capacities Jt;l for 0 < j < n. Considering the supplies S, Si—1 - - ., S0 in reverse order, we
use the volume 7" in each §; to fill D; and distribute the surplus 0; = 7" — 7] among the unmet
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demands Dy for k > m in increasing order. Thus, S,, fills Dy, Dyt 1,...,Dy, where Dy 1is the
bucket at which the volume 7, is depleted. Next S,,—; fills D,,—; and resumes at the bucket
Dy, partially filled in the previous round and up to some Dy, at which 7’ , is depleted, and
SO on.

More formally, the procedure is as follows:

Algorithm 1 Inside-Out — input 7™, 7" with m < n

1: Foreachi=0,...,msetz;; = n' and z;; = 0 for j # i, and compute the residual supply o; = ;" — 7"

2: Use 0, to fill the demands 7, |, 7 . ,,... up to the node k,, at which 6, is depleted with nkm only
partially filled. This sets the flows z,, ; = 7} for j € {m+1,.. —1} and z 4, = O — le‘.’gnarl .

3: Use 0,,— to fill any unmet demand at k,, as well as the subsequent demands up to a node k,,—; at
which 6, is depleted. This determines the nonzero flows z,,—1 j for j € {ku,... ,km—1}-

4: Proceed sequentially using o; for i = m—2,...,0 to fulfill the unmet demands at the nodes j €
{kit1,...,k;}, which determine the corresponding flows z; ;.

As it turns out, the validity of the quadrangle inequality and that of the inside-out algo-
rithm are closely related, and will be proved simultaneously. For the special case where 7" =
& [T (1 — o), the optimality of this algorithm was conjectured in [1], and later confirmed
in [2] with a long and technical proof. Below we present a simpler argument that exploits the
optimal transport structure of the dy, ,,’s, and which applies to the more general distributions
7"’s considered here. The proof uses Proposition 5.1 inductively to show that (Q, ) — or more
precisely, its equivalent form (Q,,) below — holds for all n € N.

Lemma 5.1. Let A, | = dm,j+1—dm,j. Then (Qy) is equivalent to
(On) Forallm < j < nwe have Ay j < Api1 ;.

Proof. The inequality in (Q,) can be written as d;; —d; < d;;—d; k which amounts to the fact
that d,,, ; — d,, i increases with m (for m < k <1 < n). Slnce dmz —dpi = Z Ay, j this is in
turn equivalent to (Q,). O

Theorem 5.2. Assume (H). Then, the recursive optimal transport metric dy, , satisfies the con-
vex quadrangle inequality (Q), and therefore the inside-out algorithm computes an optimal
transport for all m < n.

Proof. Since (Qp) holds trivially, it suffices to prove that (Q,,) = (Q,+1). In view of the in-
duction hypothesis (Q,), in order to prove (O, 1) it suffices to consider j = n and to show that
Ampn < Ay forallm <n.

Using (Q,,), and according to Proposition 5.1 and Lemma 5.1, it follows that the four prob-
lems dyi 10415 dmns1,0s dmnt1> dmp, admit simple and nested optimal transports given by the
inside-out algorithm. Let z and 7’ be such optimal transports for Ay p1 and dy 1, TESpEC-
tively. We will modify z and z’ simultaneously, in such a way that A, , decreases and the
transports are progressively transformed into simple and nested transports for dy, ,+1 and dy, .
By Proposition 5.1 these modified transports are optimal for d, ,+1 and d,, ,, which yields the
conclusion Ay, , < Apypy g g

The modiﬁcation of z and 7’ is done in a sequence of stages. The informal idea is as follows.

Since 7rm+11 > 7, ; =0, the initial transport z has a surplus of flows z,,1,; shipped out from
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FIGURE 8. Phase 1 of redistribution of flows.

m+ 1, so that to regain feasibility for d,, ,41 these must be substituted with flows z; ; from
sources i < m. The same is needed to transform 7’ into a feasible transport for dmn. We do
this in a series of flow shifts that progressively eliminate the outflow surplus at the tail supply
nodes, pushing the imbalance towards sources closer to O and iterating until all nodes dispatch
the correct supplies 7;". Along the process we make sure that the transports remain simple and
nested, while the quantity A, , is reduced at each step.

In order to formalize this idea, let V; = Z;{”jil 7t,'(”+1 be the cumulative supply from i to m+ 1.
Then the node k; > m+ 1 at which V; is depleted in the inside-out procedure for dy, 1,41 is

characterized by the inequalities

ki—1 ki
IERTE W
j=i j=i

Similarly, the corresponding node k; > m + 1 for d,, 1, is such that

K1 K,

n g n
E 7rj<Vl§ Z ;.
J=i J=i

From this it follows that kl’~ < k;. Indeed, this inequality is trivial if k; = n+ 1, whereas if k; < n

we may use the inequalities n;‘“ < n}“ to obtain

ki—1 ki ki

n - n+1 n
Y m<Vis) mt<) (5.1)
Jj=i Jj=i Jj=i

from where we deduce that k; — 1 < k;, and therefore k. < k; as claimed.
In a first phase of the transformation of z we consider the supply 717,’,’11111 that is shipped from
m—+ 1 towards the demand nodes m+-1, ...k, 1. We transfer a small amount € from m+1 tom
(see Figure 8), which implies a change in the cost of [dy,—1 «,, 11— A _1)€. An analog flow
transfer in 7’ induces a corresponding cost change of [dmfl,k’mﬂfl — m»k’mH*I]E' Both changes

combined imply that A, , is decreased by
1 k1 =1 = Dy =1 =1 g, 1+ dpp  —1]€ <0

where negativity follows from (Q,) since m —1 < m < k., 41— 1 <kpy1 — 1. Let ze, Z, and

Av 1 = Cnt1.01(2e) — Cnt1.n(2;) denote the modified transports and value.
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As we proceed with these flow transfers the residual supply 7 ’"H — & of node m+-1 decreases

and as a consequence the nodes k1| and &/, ; at which this res1dua1 supply is depleted will
eventually decrease (or move upwards in Figure 8). However, the same argument as in (5.1)
with V.1 replaced by V11 — €, implies that they remain ordered as &/, +1 < km+1. Hence,

m+l

we can continue the flow transfers until the full supply ;" is moved from m + 1 to m. This

completes the first phase, along which A , decreases.
At this point, the supply at m has been 1ncreased toV,, = 7t'”+1 + nmj:ll, and is being shipped
to j=m,... .kyinze and to j =m,... k,, in z,,. We further observe that
m—1 m—1
m+l+nmj_—11 —1_ Z n.lm-&-l >1— Z 7Tz'm:
i=0 j=

We then start the second phase in which we reduce the supply 7/"*! 4 Jt'”“ down to ) by
transfering some flow € from node m to m — 1. As we proceed with these ﬂow transfers once
again the nodes k;, and k/,, will decrease, but remain in the order &, < k,, as it follows from (5.1)

with V,, replaced by V,,, — €. As in the first phase, these flow transfers further reduce A2
m+l

m+1.,n°

The second phase stops as soon as the supply 7! + 7, has been reduced to 7,

At this point, the supply of m — 1 is 717’"+1 + a4 Jth m!, which is larger than T, as
it follows from

m—2 m—2

e T R R D ML T ) W/ AR
i= i=0

We note that the sum of the modified supplies of m — 1 and m continues to be equal to V,,_; and

is shipped tom —1,...,ky_1 inze andtom —1,...,k,,_, in z;. We may then proceed as before

by moving a flow € from m — 1 to m — 2, until the supply of m—1isdecreased to 7.

We continue in this manner with i = m —2,m —3,...,0 until the transport plans z. and z; are
shipping the correct supplies 7;" from each source node i = 0,...,m. This is possible since at
the end of each phase the supply of node i is equal to Z’"“ ’"“ | 7 which is larger
than 7" as it follows as before from the inequality

m
j=i+

m+1

1
Z nm“ =1— Zn’"“ > 11— Zn}":in}"
=0 =i

The final transport plans z. and z, are therefore feasible for dmpni1 and dy, , respectively.
Since they are also simple and nested, it follows from the induction hypothesis (Q,) and Propo-
sition 5.1 that these transformed flows are optimal, so the final value of A; “ln coincides with

Ap,n and therefore A, = Af | n < A1, completing the induction step. 0

REMARK 5. The example in Remark 4 also shows that the convex quadrangle inequality does
not hold in general, not even under stochastic dominance. In that example (Q) fails for several

combinations i < j < k </, for instance with dy 5 +d> 4 = %gg > %(3)8 dy4+dys.

6. SOME FINAL EXAMPLES AND COMMENTS

This section presents some interesting examples that expose the (sometimes) surprisingly
convoluted structure of the bounds d, ..



OPTIMAL TRANSPORTS BOUNDS FOR FIXED POINT ITERATIONS 15

Example 6.1. The case where each 1" = §" is a Dirac mass at n € N, induces the trivial distance
Ay = Lpytn in N,

Example 6.2. The next simplest case is probably when 7" = (1—)8" ! +a§" with a > %
Since 7, = 1 —o < @ = 7, condition (H) is satisfied and we may run the Inside-Out algo-
rithm from §5 to obtain dy, (o) as polynomials in ¢. Figure 9 shows these polynomials for
m = 7. An interesting feature is that in the range |m/2| <n < 2(m+ 1) with m # n the poly-
nomial d,, ,(o) has degree min{m,n} + 1 with some peculiar integer coefficients, while oustide
this range d,, , = 1. Naturally, for o = 1 we recover dy; , = 1,4, as in the simple Dirac case of
Example 6.1. However, it is amazing how a minor tweak in the 7"’s induces a drastic change in
the structure of the recursive bounds d,, ,.

1
1
1
40— 602 + 40’ — o
—3430a — 9002 + 1300 — 900t + 24a°
4—100 — 3502 + 2000 —350a* +2720° — 800t®
4— 430+ 17802 — 3400 +2800* +2a° — 1440 + 640/
0
370 — 28902 + 93103 — 15100* + 11800 —2040° — 2727 + 128¢a®
18 — 1940 + 82102 — 16360 + 1255a* + 814> — 235700 + 172807 — 44808
—20+ 147a — 25202 — 6860 436750 — 68250 + 656600 — 327607 + 67208
—14 1120 — 95202 + 36400 — 7770a* + 99120 —75320° 4+ 3152a” — 56008
20— 2450 + 129502 — 374503 4+ 65450* — 71190 + 472500 — 175507 + 28008
—15+ 1680 — 75602 + 190403 —29400* 428560 — 170800 + 576" — 8408
7 —560 + 22402 — 50403 +7000* — 61607 +336a° — 10407 + 1408
8a —28a% 4 560 — 70a* + 560> —28a° + 8a — a®
1
1
1

FIGURE 9. {d7,(a)}o<n<is for 7" = (1 —)8" ' + ad", a >

D=

Example 6.3. Let us consider next the classical Krasnosel’skii iteration with constant o, =
a and 7" = (1 — o)n" ! + a8". Since (H) holds automatically, Theorem 3.1 and §4 imply
the tight estimate |[x" — Tx"|| < R, = dyn+1/0, which can be computed by the Inside-Out
algorithm. For o > % the algorithm takes a particularly simple form, and yields a polynomial
expression for R,. Figure 10 shows some of these polynomials as a function of o > % Again,
we know very little about these polynomials R, (o), except that the first two leading terms can
be proved to be 1 — na, while the quadratic and cubic terms seem to be n?a? and (n> — ).
On the other hand, by considering a family of sub-optimal transport plans in (%, ), [11]
established a non-trivial bound expressed in terms of Gauss’ hypergeometric function

Ry(t) <2F (—n,5;2;4a(1—a)) foralln> 1.

Interestingly, the following observation hints at a possible underlying combinatorial structure
of the polynomials R,,. The sequence of degrees of R,

{2,4,7,10,14,18,23,28,34,40,47,54,62,70,79,88,98, 108, 119,130,... }
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Rl = l1l—a+ o2

R, = 1-2a+40?—40+20*

Ry = 1-3a+9a?—18a’+25a* —21a° +90° — o

Ry = 1—4a+160%—48c®+1120* —192a +230a® — 18007
+840% — 200 4210

Rs = 1-50+25a%—100a3+331a* —876a° + 179500 — 27620’
+31060® — 24820 + 1366!0 — 500a!'! +117a!2 — 16a!3 + a4

R¢ = 1—60+36a%—1800° +7750* —28060° + 832400 — 1977807

+37023a8 — 539480° + 60623010 — 52122¢!! + 34044012 — 1677003
+61630! — 16520 +30801 — 36017 42018

R; = 1—To+49a%—29403 +15620* — 72220 4284080 — 931870’
+2513650% — 5526780 + 98564310 — 1422448 + 16601350112
—1567511a!3 +1198337a!* — 74191405 + 371352016 — 14944317
+47802a'® — 119090!? + 2233020 — 29702 4+ 25022 — 23

FIGURE 10. R,(a) for Krasnosel’skii iteration with &, = o >

rl—

coincides with | (n> +6n4-1) /4] at least up to n = 40. This matches the sequence A014616 in
the Online Encyclopedia of Integer Sequences (oeis.org), which is the solution of the postage
stamp problem with n stamps and k = 2 denominations. The postage stamp problem is as
follows: an envelope can carry at most n stamps with values chosen from k possible denomina-
tions {ay,...,a;}. The problem is to find denominations that allow to make up all consecutive
postage values p =1,2,...,N with N as large as possible. For instance, when n =3 and k = 2
the solution is N = 7 and is attained with a; = 1,ap = 3 as follows

1,14+1,14+1+1,143,1+1+3,34+3,14+3+3.

Example 6.4. Another interesting common case is when 7" is chosen as a uniform distribution
over {0,...,n} with n/' = % for all 0 <i <n. This is again a classical Krasnosel’skii iteration
since /' = (1 — o)+ o, 8" with a, = % Explicitly, in this case the iteration (KM) reads

Xt = %x”’l + nl?Tx”*I, n>1.

The matrix below presents the exact values of d, , for 0 <m,n < 6.

ol 2 3 4 s 6
2 3 4 5 6 7
1o L 3 1 19 9
2 4 8 15 36 168
21 o 23 47 1 A1
34 44 180 3 120
d,.= |33 2 (g 329 1681 1733
mn 48 14 2880 8640 6720
4 7 47 329 o 7609 7793
5 15 T80 2880 86400 50400
519 1 1681 7609 (3 257219
6 36 3 8640 86400 3628300
6 97 47 1733 7793 257219
7 168 120 6720 50400 3628800
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Regarding the bounds R, = dj, n+1/ 01, from (4.1) we readily obtain
Ol — /YL ox(1—o0y)

Now, as mentioned earlier, the tightness of the inequality (4.1) proved in [3] occurs with
o, = o0 =~ 1, and since here ¢, = ﬁ — 0 one could expect a faster rate for R,. However,

Inn

numerical calculations suggest that this is not the case and the bound O <1 /V lnn> seems to

capture accurately the asymptotic behavior of R,. Figure 11 displays ¢, = R,+/In(n+ 1) for
1 < n <500. For the sake of comparison we also include ¢, = R,In(n+1).

Pn

2i

n

FIGURE 11. The quantities ¢, and ¢,, 1 <n < 500.
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