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Complexity of the LTI system trajectory boundedness problem

Guillaume O. Berger and Raphaél M. Jungers

Abstract— We study the algorithmic complexity of the prob-
lem of deciding whether a Linear Time Invariant dynamical
system with rational coefficients has bounded trajectories.
Despite its ubiquitous and elementary nature in Systems and
Control, it turns out that this question is quite intricate, and, to
the best of our knowledge, unsolved in the literature. We show
that classical tools, such as Gaussian Elimination, the Routh—
Hurwitz Criterion, and the Euclidean Algorithm for GCD of
polynomials indeed allow for an algorithm that is polynomial
in the bit size of the instance. However, all these tools have to
be implemented with care, and in a non-standard way, which
relies on an advanced analysis.

I. INTRODUCTION

This paper deals with the computational problem of de-
ciding whether a Linear Time Invariant (LTI) dynamical
system with rational coefficients has bounded trajectories;
see Problems 1 and 2 in Section [l We show that this
problem can be solved in polynomial time with respect to
the bit size of the coefficients. We are interested in the exact
complexity, also called “bit complexity” or “complexity in
the Turing model”, which accounts for the fact that arithmetic
operations (+, —, X, <) on integers and rational numbers
take a time proportional to the bit size of the operands.

Rational matrices appear in many applications, including
combinatorics, computer science and information theory; for
instance, the number of paths of length r in a graph (involved
for instance in the computation of its entropy [12]) grows at
most as p” (p > 0) if and only if the adjacency matrix of the
graph divided by p has bounded powers. However, despite
its ubiquitous and paradigmatic nature for many applications,
it seems that the question of the complexity of the problem
of deciding whether the trajectories of a LTI system with
rational coefficients are bounded is unsolved in the literature.
The aim of this paper is to fill this gap by providing a proof
of its polynomial complexity.

The question of deciding asymptotic stability (rather than
boundedness of the trajectories) of LTI systems has received
a lot of attention in the literature [10], [11], [14]. Algorithms
with polynomial bit complexity have been proposed to ad-
dress this question for systems with rational coefficients. This
includes algorithms based on the Routh—Hurwitz stability
criterion [13] where care is taken to avoid exponential
blow-up of the bit size of the intermediate coefficients; or
algorithms based on the resolution of the Lyapunov equation
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Fig. 1. A naive way to decide the boundedness of the trajectories of
a LTI system described by a rational matrix would be to use the Matlab
function jordan and look at the eigenvalues and size of the associated
Jordan blocks. However, this method will not be efficient for two reasons.
Firstly, the complexity of the Matlab function jordan applied on symbolic
integer matrices seems super-linear. In the above plot, we have generated,
for each n € {1,...,12}, 50 random n X m matrices with 8-bit integer
entries (the bit size of the input is thus 8n?) and we measured the time
to compute the Jordan form (represented by the boxplots). The empirical
complexity is clearly super-linear. Secondly, the obtained Jordan form does
not contain explicitly the eigenvalues of the matrix, but rather expressions
of the form root (’ some polynomial’), so that extra computation is
needed to decide the (marginal) stability of each of the Jordan blocks. In
this work, we show that a more efficient implementation is possible.

[2], again taking care to avoid exponential blow-up of the
bit size of the intermediate steps of the resolution.
However, these algorithms focus on the asymptotic sta-
bility and do not extend straightforwardly for the problem
of deciding boundedness of the trajectories. For instance,
the Routh—Hurwitz stability criterion applied on the char-
acteristic polynomial of a matrix allows to decide whether
all eigenvalues of the matrix have negative real part. For
the problem of boundedness of the trajectories, the analysis
is more difficult because eigenvalues with nonnegative real
parts are also allowe(ﬂ provided they are on the imaginary
axis and correspond to Jordan blocks of size one in the
Jordan normal form of the system matrix. Extensions of
the Routh—Hurwitz criterion to compute the number of roots
with negative real part of a given polynomial have also been
proposed in the literature (see, e.g., [8, §15], [3], [4]), but
the analysis of the bit complexity of these algorithms remains

I'This holds for the continuous-time case, but a similar result holds for
the discrete-time case. Both cases are studied in this paper.



elusive. The situation is similar for the approach based on
the Lyapunov equation [2]. More precisely, while for the
study of the asymptotic stability, a solution of the Lyapunov
matrix inequality can be computed by arbitrarily fixing the
right-hand side term to —1I, this trick cannot be used for the
analysis of the boundednes of the trajectories, since the RHS
term is not guaranteed to be negative definite. One has thus
to solve a matrix inequality instead of a matrix equation, and
there is to the best of the authors’ knowledge no clear result
available in the literature on the bit complexity of solving
LMIs, so that an extension of the Lyapunov method for the
problem of trajectory boundedness is not straightforward.

Objectives and methodology. The discussion above never-

theless suggests an algorithmic procedure for our problem,
consisting in

1) computing the minimal polynomial of the system ma-
trix, which contains the information on the eigenvalues
and on the size of the largest associated Jordan block
in the Jordan normal form of the system matrix;

2) using an extension of the Routh—-Hurwitz criterion to
decide whether all the roots of the minimal polynomial
either have negative real part, or are on the imaginary
axis and correspond to Jordan blocks of size one.

We provide self-contained proofs that these two steps can be
achieved in polynomial time with respect to the bit size of
the matrix. In particular, we provide a careful analysis of the
extended Routh—Hurwitz criterion, showing that it provides
a polynomial bit-complexity algorithm for the second step.

Comparison with the literature. Algorithms with polyno-
mial bit complexity for computing the minimal polynomial
of a rational matrix have been proposed in the literature [6],
[7]E] While being aware of these results, we describe here an
elementary algorithm for this problem, based on the defining
property of the minimal polynomial (see Subsection [[V-A).
The proposed algorithm is likely to be less efficient than
those available in the literature, but its elementary nature
allows us to provide a simple self-contained proof of its
polynomial bit complexity.

As for the second step, several extensions of the Routh—
Hurwitz criterion have been proposed in the literature to
compute for a given polynomial the number of roots on the
imaginary axis and their multiplicity [3], [4], [8]. However,
no proofs of the polynomial complexity of these algorithms
are provided. In particular, since they are extensions of
the classical Routh—Hurwitz criterion, there is no guarantee
on the boundedness of the bit size of the intermediate
coefficients; see, e.g., [13, p. 321] for a discussion on the
“bit size growth factor” for the Routh—Hurwitz criterion.
The extended Routh—Hurwitz criterion proposed in this paper
draws on these results and combines them with techniques
introduced in the context of the classical Routh—Hurwitz
criterion to avoid “bit-size blow-up”. This results in a sound
elementary algorithm to address the second step, and for

Note that the Matlab function jordan would not have helped us for
this problem, as the complexity of this function seems to be super-linear in
the bit size of the instance; see, e.g., Figure E}

which we provide a simple self-contained proof of the
polynomial bit complexity.

Outline. The paper is organized as follows. The statement
of the problems and the main results are presented in Section
Some preliminary results, namely on the computation
of the determinant and the resolution of systems of linear
equations, are presented in Section Then, in Section [[V]
we present the proof of the main result for continuous-time
systems. Finally, in Section [V] we present the proof of the
main result for discrete-time systems.

Many of the intermediate results used in our analysis are
inspired from classical results, but have been adapted for the
needs of this work. Below, we refer to these results as folk
theorems, meaning that we are referring to a classical result
— possibly slightly adapted to our needs, but on which we
do not claim any paternity.

Notation. We use a Matlab-like notation for the indexing of
submatrices; e.g., A[y., denotes the submatrix consisting of
the r first rows of the matrix A. The degree of a polynomial p
is denoted by deg p. We use ¢ to denote the imaginary unit
i = v/—1 and as an index i € N, but the disambiguation
should be clear from the context.

II. PROBLEM STATEMENT AND MAIN RESULTS

We start with the definition of bit size for integers, integer

matrices and rational matrices.

Definition 1 (Bit size): o The bit size of an integer a €
Z is b(a) = [logy(la] +1)] + 1 (= smallest b € Zxq
such that —20=1 +1 < < 20-1 —1).

o The bit size of an integer matrix A = (a;);2} ;—; €
Zm>" s b(A) = Z;‘Zﬁj:l b(as;).

o The bir size of a rational matrix A € Q™*", described
by A= B/q with B € Z™*™ and q € Z~, is b(A) =
b(B) + b(q).

We consider the following decision problem, accounting

for the boundedness of the trajectories of continuous-time
LTI systems:

Problem 1: Given a rational matrix A € Q"*", decide
whether sup;cp_ [le|| < oo.

The following theorem states that Problem [T can be solved
in polynomial time with respect to the bit size of the input.

Theorem 1: There is an algorithm that, given any A €
Qnxn™, gives the correct answer to Problem |1} and whose bit
complexity is polynomial in b(A).

The proof of Theorem [I]is presented in Section [[V] Note
that a rational matrix A = B/q, with B € Z"*" and q €
R+, is a positive instance of Problem |l|if and only if B is
a positive instance of Problem [I| Hence, in Section we
limit ourselves to proving Theorem [I] for integer matrices.

The same kind of results can be obtained for the problem
of the boundedness of the trajectories of discrete-time LTI
systems:

Problem 2: Given a rational matrix A € Q"*", decide
whether sup, .z [|A*]| < oo.




Theorem 2: There is an algorithm that, given any A €
Qnxn™, gives the correct answer to Problem |2, and whose bit
complexity is polynomial in b(A).

The proof of Theorem [2]is presented in Section

III. PRELIMINARY RESULTS

The following result, which follows directly from [1, Eq.
(8)], will be instrumental in the following section. Due to
space limitation, we only present a sketch of its proof as a
corollary of [1, Eq. (8)].

Proposition 3 (from [1]): There is an algorithm that, given
any A € Z™*", computes the tuple (r,R,C,det(Ajr c))
where (i) r is the rank of A, (i) R = {i1,...,4} C N with
1<iyp <ig <...<ip<m, (i) C={j1,...,j5r} CN
with 1 < j; < j2 < ... <j. <n,and (iv) det Ag ) # 0.
Moreover, the bit complexity of the algorithm is polynomial
in b(A).

Proof: See Appendix [A] for a sketch of proof. [ ]

In particular, when A € Z"*™, the determinant of A can
be obtained from the output (r, R,C, D) of the algorithm: if
r < n, then det(A) = 0, otherwise det(A) = D.

By combining the algorithm of Proposition [3] with the
well-known rule of Cramer (see, e.g., [9, §0.8.3]), one can
obtain a polynomial-time algorithm for the resolution of
systems of linear equations with integer coefﬁcientsﬂ

Proposition 4: There is an algorithm that, given any A €
Z™*™ and b € Z™, computes integers ¢ # 0 and z1, ..., 2,
such that = [x1,...,2,]/2o is a solution to Az = b if the
system is feasible, or outputs that the system has no solution
(in R™). Moreover, the bit complexity of the algorithm is
polynomial in b(A) + b(b).

Proof: See Appendix [ |

IV. PROOF OF THEOREM ]
A. The minimal polynomial

The first step of our algorithm to answer Problem [I]is to
compute the minimal polynomial of A. We remind that the
minimal polynomial of a matrix A € R™*" is defined as the
monic real polynomial p : x — 24+ c;z9™1 + ... + ¢4 with
smallest degree d such that p(A) = 0.

The relevance of the minimal polynomial for Problem
is explained in Theorem E] below. First, we introduce the
following terminology that will simplify the statement of the
theorem.

Definition 2: A (complex or real) polynomial will be said
to have the boundedness property if each of its roots satisfies
one of the following two conditions: (i) has negative real part,
or (ii) is on the imaginary axis and is simple.

Theorem 5 (Folk): For any A € R™*™, it holds that
sup;eg., |le**]] < oo if and only if the minimal polynomial
of A has the boundedness property.

Proof: See Appendix [ |

3Let us mention that more efficient algorithms for this problem have
been proposed in the literature, such as the well-known Gaussian Elimina-
tion. However, the latter necessitates more advanced analysis for a careful
proof of its polynomial-time nature (see [1, §2]).

Input: A € Z™*".
Output: “YES” if A is a positive instance of Problem [I| and
“NO” otherwise.

Algorithm:
> Step 1: Using Theorem [6] compute integers ey # 0 and
€1,...,eq such that x s x4 + ey2? 1 /eg + ... + eq/eq is

the minimal polynomial of A.

Letp:z+— eox® + ezl 4+ ...+ ey

> Step 2: Using Theorem |7} return “YES” if p has the boun-
dedness property (see Definition [2)) and return “NO” other-
wise.

Fig. 2. Algorithm for answering Problem [T] for integer matrices (rational
matrices can be treated in the same way by considering only the “numerator
matrix”).

The above theorem allows us to provide an algorithm to
answer Problem |l| The algorithm is presented in Figure [2} it
consists in two main steps that are described in the following
subsections.

B. Step 1: Computation of the minimal polynomial

The definition of the minimal polynomial, combined with
the algorithm of Proposition [} allows for polynomial-time
computation of the minimal polynomial of integer matricesE]

Theorem 6: There is an algorithm that, given any A €
Z™*"™, computes integers eg # 0 and eq,...,eq such that
x> 2%4e1x9 1 Jeg+. . .4eq/eq is the minimal polynomial
of A. Moreover, the bit complexity of the algorithm is
polynomial in b(A).

Proof: For each d € {1,...,n}, write the matrix equa-
tion A% + ¢ A1 + ...+ ¢4l = 0, with unknowns ¢, ...,
cq € R. For any ¢ € Zx>, it holds that the bit size of the
entries of A’ is bounded by £b(A) -+ ¢b(n) (since each entry
is the sum of n’ products of ¢ elements of A).

The matrix equation can be rewritten in the classical vector
form: Mx = N, where z = [c1, ..., cq], N = —vec(A?) and
M = [vec(A971), ... vec(A%)] (vec(-) is the vectorization
operatorP’). From the above, it holds that the bitsize of the
entries of M is bounded by nb(A)+n? < 2(b(A))?. Hence,
b(M) < 2(b(A))5 (since the number of elements of M is
equal to n2d). Similarly, we find that b(N) < 2(b(A))*.

Hence, using the algorithm of Proposition ] we can find
integers eg # 0 and ey, ..., eq such that A% + elAd*1/60 +
...+ eql/eg =0 or conclude that no such numbers (integer
or not) exist. The smallest d for which such integers exist
provides the minimal polynomial of A. Moreover, from the
developments above, the bit size of these integers and the
time to compute them is polynomial in b(A). ]

C. Step 2: Analysis of the roots of a polynomial

The goal of this subsection is to prove Theorem [/] below,
which states that deciding whether a polynomial with integer

4Again, let us mention that more efficient algorithms have been pro-
posed in the literature (see, e.g., in [7]), but necessitate more work for their
description and for the analysis of their complexity. Hence, we present an
elementary algorithm to keep the paper simple and self-contained.

Sle., if A = [a1,...,a,] € R™X” with a; € R™ for all i €
{1,...,n}, then vec(A) = [a],...,al]T

'



coefficients has the boundedness property can be done in
polynomial time w.r.t. the bit size of its coefficients.

The proof relies on the Routh—Hurwitz stability criterion,
which is an algorithmic test to decide whether all the roots of
a given polynomial have negative real part and was shown
to be implementable by a polynomial-time algorithm (see,
e.g., [13]). Extensions of the Routh—Hurwitz criterion allow
to compute for a given polynomial the number of roots on
the imaginary axis and their multiplicity (see, e.g., [8, §15],
[3], [4]). However, to the best of the authors’ knowledge, no
proof of the polynomial bit complexity of such algorithms is
available in the literature. Hence, in Theorem we present a
minimalist version of the extended Routh—Hurwitz algorithm
that is sufficient for our needs (verifying the boundedness
property), and thriving on Proposition {3} we show that this
minimalist version can be implemented by a polynomial-time
algorithm.

Theorem 7: There is an algorithm that, given any polyno-
mial p : x — apz® + ... + ag with integer coefficients ay,
...,aq, outputs “YES” if p has the boundedness property,
and outputs “NO” otherwise. Moreover, the bit complexity
of the algorithm is polynomial in Z?:o b(ay).

The rest of this section is devoted to proving Theorem
To do that, we first introduce several results and concepts
that are classical in the study of the Routh—Hurwitz criterion.

Let po,p1,...,Pm+1 be a sequence of real polynomials
such that
pm+150, pkgéO, Vke{l,...7m}, (1)
Pk+1 = _rem(pkflvpk% vk e {L"'vm}a

where rem(pg_1, px) is the remainder of the Euclidean div-
ision of px_1 by pg, meaning that deg pix41 < deg pr and
there is a real polynomial g such that px4+1 = qxPr — Dik—1-
Hence, the polynomials po,...,p,+1 are those that would
be obtained by applying the Euclidean algorithm (see, e.g.,
[5, §1.5]) on pg and p;, which is known to produce the GCD
of po and p;.

Lemma 8 (Folk): Let py,...,pm+1 be as (I). Then, for
all k € {0,...,m}, p,, is a greatest common divisor (GCD)
of py and pg1.

Proof: See Appendix [D] ]

From the above, it holds that p,, divides py and p;. The
following result is known as the Routh—Hurwitz theorem.

Lemma 9 (see, e.g., [8, Theorem 15.2]): Let pg, ..., pm+1
be as in (1), and let p : = — pPo(—iz) + ip1(—iz) where
Do = Po/Pm and p1 = p1/pym,. Then, it holds that

Ts — Ty = V(+00) — V(—00),

where 7, is the number of roots of p with negative real part
and 7, is the number of roots of p with positive real part,
and V(y) (y € RU {£o0}) is the number of variations of

sign] in the sequence po(y), . .., pm ().
Proof: See Appendix [E} u

%The number of variations of sign in a finite sequence of nonzero real
numbers (or £oo) is the number of pairs of consecutive elements in the
sequence that have opposite sign. For instance, the number of variations of
sign in 1,00, —1,3, —o0, —2 is equal to 3.

A similar approach can be used to compute the number
of distinct real roots of a real polynomial.

Lemma 10 (see, e.g., [8, p. 174]): Let po,...,Dm+1 be as
in (1) with p; = —p}. Then, V (+00) — V(—00) is equal to
the number of distinct real roots of py, where V(y) is the
number of variations of sign in po(y), ..., Pm(y)-

Proof: See Appendix [/ ]

By combining Lemmas [9] and we obtain the following
algorithmic procedure to decide whether a given polynomial
has the boundedness property.

To introduce this procedure, let p :  +—> coxd +ead 4
...+ ¢4 be a real polynomial (cy # 0). If deg p is even, then
decompose p into two real polynomials pg and p; such that
p(ix) = po(x) + ip1 (z) for all x € C. Namely,

po x> %oz + i 2z 4+ ..+ ¢y,
P 1972020 0 egnd 8 L ey

2

On the other hand, if deg p is odd, then decompose p into
two real polynomials py and p; such that ip(ixz) = po(x) +
ip1(z) for all z € C. Namely,

po x> i pd 4 eon 2 4 i2cq,
pLix > P9 ezt 4448203 4 ey

3)

In both cases, it holds that deg pg > deg p;.

Let po, p1,- - ->Pm+1 satisfy (1)) with py and p; given by
@) or @). If p,, is not a constant polynomial, then le{’] p&*,
e Py satisfy (@) with p§* = p,, and p§* = —py,,.
The following result links the boundedness property with the

variations of sign in the sequences po,p1, ..., pm and pg",
ext ext

J Y
Lemma 11: Let po,...,pm+1 and pg, ..., piv,  be as
above. Then, p has the boundedness property if and only if

V(4+00) =V (—00)+V™(+00) = V™ (—o0) = deg po, (4)

where V' (y) and V**(y) are the number of variations of sign
in the sequences po(y), ..., pm(y) and p§*(y), ..., P (y).
Proof: See Appendix [ |
From the above lemma, we obtain the following necessary
condition for the satisfiability of the boundedness property.
Corollary 12: Letpo, ..., pm+1 and p§, ..., pShe | be as
above. A necessary condition for p to have the boundedness
property is that the degree difference between two consecu-
tive polynomials is equal to one: i.e., deg px, = deg prp_1—1
for every k € {1,...,m}, and deg p{¥* = deg p3*, — 1 for
every k € {1,...,m*™}.
Proof: See Appendix [H] [ |
We are now able to prove Theorem [/| (see below). For this,
we use Lemma which requires to compute V' (+00) —
V(—00) and Ve(+00) — Ve(—00) F| We will see that this

can be achieved by computing the determinants of matrices

"The superscript “ext” stands for “extended” because we extend the
sequence po,p1, - - -, Pm+1-

8The naive way to do this would be to compute the polynomials po, . . . ,
Pm and pg’“, BN pjy"b‘m, and look at the variations of sign in the associated
sequences. However, a proof of Theorem [7] based on this would require to
show that the computation of these polynomials can be done in polynomial
time, which is long and tedious (see, e.g., [15, §6]). Therefore, we use
another approach, based on the “Hurwitz determinants”.



built from the coefficients of pg and p;. This is the idea of the
“Hurwitz determinants” obtained from the “Hurwitz matrix”
(see, e.g., [8, §15.6]). By combining it with Proposition
we deduce that this can be done in polynomial time.

Proof of Theorem [/ First, we explain how to compute
V(4+00) — V(—00) and p§*; then we apply the exact same
idea to compute V' (4-00) — V(—00).

Let po and p; be as in (2) or (3). For definiteness, suppose
that we are in the case of (i.e., the degree of p is even);
the case of (@) is exactly the same. Let d = deg p = 2f.
If deg p1 < d — 1, then p does not satisfy the necessary
condition of Corollary [T2] so that there is no need for further
computations. Thus, we assume that deg p; = d — 1. Denote
the coefficients of py and p; byﬂ

Po : x|—>a0w + aj Opd=2 4 .

-+ af,
P1ix = ag Lad= 1+a1xd 3.,

.+ a}flsc. )

Consider the following (d 4+ 1) x (d + 1) matrix:

[0 0

0 0
ag ay az -+ ay
11 1
ag ay Y ]
0 0 0 0
ag ai - oaj_y ay
1 1 1
Ay o AQp_y Af
M= ad - a%_, a%_, db
0 f=2 7f-1 7f

1 1,1 1
ag ap ay - Gy
0 0,0 0 0
L ay a; ay - ay_y ay |

Let g1 :  — byx be such that deg(q1p1 — po) < deg p;. By
@, it is equivalent to asking that bla(l) — a8 = 0. Hence, if,
for each k € {3,5,7,...,d + 1}, we transform My, ; (the
kth row of M) into by M;_1;) — M, then we get the
following matrix:

r,0 ,0 ,0 0 0
ag ay az az -+ Ay
1,1 1 1
ag ay ay - ap_y
2 2 2 0
ag ai v @y Gy
11 1 1
M= ag ap v g @y
= @2 a2
0 f—2 451

1 11 1
Ay ay Ay v Gy g
2 2 2 0
i ag af -+ at_, ay_ |

Any kth row of M, with k € {3,5,7,...,d+1}, gives the
coefficients of the polynomial py, defined by p2 = q1p1 —po-
Namely, p2 : © — a(%xd 2 4 a%xd"1 + ...+ a?c_l. The
interest of this approach is that to compute the sign of the
coefficients a2, ... ,a?_l, we do not need to compute M1,
it suffices to compute the determinant of a submatrix of M.
More precisely, for all £ € {0,..., f — 1}, it holds that

det M[l :3,1:20{0+3}] — aga(l)a[ = —det M[1.31.20{¢+3)})]>

°In the rest of this subsection, for the sake of readability, superscripts
are used both as exponents and as indexes, but the distinction should be
clear from the context; e.g., ag, M? (index) vs. z® (exponent).

since M[lltg’:] was obtained from M, 5 ; by using the row
transformation M[lsﬁ_] =biMp g — Mz,

In the same way as above, for each k € {4,6,8,...,d},
we can eliminate the first element of M[lk#] by transforming
/\/l[ ] into be M1 (=1, /\/l[lk 1 where g9 : © — box is such
that deg(qug — pl) < deg p;. This will give a matrix M?
containing among others the coefficients of the polynomial
p3ix e adr?3 +afrdTS 4+ a}_, defined by p3 =
gop2 — p1. From this, we get that, for all £ € {0, ..., f — 2},

agaéagaif’ = det M[1:4,1:3u{z+4}]~
By using the same reasoning inductively, we get the general
relation: for all k € {0,...,d} and £ € {0,..., f — [k/2]},

ag--agtaf = o det Mg kogesntny, (6
where o, = —1 if k € 4Z + 2 and o, = 1 otherwise, and
pr @ agrtTF 4afadTR R el e med? s
the kth polynomial in the sequence obtained by with pg
and p; as in (3).

If det M{1.541,1:641) = O for some k € {1,...,d}, this
means that a’g = 0. In this case, two situations can occur:
(S1) det M[l:k+1,1:ku{€+k+1}] =0forall £e{l,....f

[k/2]}. This means that p; = 0.

(82) det Mppq1,1:00{e4+k+1y) 7 O for some £ € {1,...,
— [k/2]}. This means that py, Z 0 but deg py <

deg pr—1 — 1.

The above leads to the following algorithm for the com-
putation of V(400) — V(—00) + V= (+00) — V(—00).

Algorithm: Using Proposition [3] we compute the determi-
nant of Mi1.41,1:k+1) for k= 0,1,...,d. If the determinant
is nonzero for all k € {0,...,d}, then we deduce from (6)
the signs of the leading coefficients a, ..., ad. We verify
whether these signs are strictly alternating since this is the
only way to have V (4-00) — V(—o0) = d. If this is the case,
we stop the algorithm and output “YES” since p satisfies (@)
in Lemma [T1] Otherwise, we stop the algorithm and output
“NO” since p does not satisfy (@) in Lemma

On the other hand, if, for some k& € {1,...,d}, the de-
terminant of M[l:k+1,1:k+1] is zero, then we check whether
we are in situation (S1) or (S2) above. If we are in (S2),
then it means that p does not satisfy the necessary condition
of Corollary and thus, we stop the algorithm and output
“NO”. Otherwise (we are in (S1)), we let m be the smallest
k such that det M1.4421:642y) = 0, and from (6) we
compute the sign of af,...,al" (the leading coefficients of
Do, - - -, Pm)- If the signs are not strictly alternating, then we
stop the algorithm and output “NO” since p does not satisfy
in Lemma Otherwise, from (6) with k& = m and
(=0,...,f— [m/2], we define p§ = [a- - - af’ " |pm.

At this stage, if the algorithm did not stop and outputted
“Yes” or “NO”, then it produced the polynomial p§** = apy,

with & = [ad---a)""'| > 0. From p&", we compute the
value of V"’“(—i—oo) Ve (—00) as follows. First, we define
pT = —(pg")’. Then, in the same way as above, we compute
the signs of aS%, ..., aZ"™" (the leading coefficients of

P P2 If m®™ = d — m and the signs are strictly



Input: A = B/q, with A € Z™*" and q € Z~o.
Output: “YES” if A is a positive instance of Problem [2] and
“NO” otherwise.

Algorithm:
> Step 1: Using Theorem [6] compute integers ey # 0 and
€1,...,eq such that x s x4 + eyx? 1 /eg + ... + eq/eq is

the minimal polynomial of B.

Let p:x — eoq®a® +e1¢? 2%+ ...+ e1q+ eq.

> Inter-step: Using Theorem compute a polynomial p
that has the boundedness property if and only if p has the
discrete-time boundedness property.

> Step 2: Using Theorem (7] return “YES” if p has the boun-
dedness property and return “NO” otherwise.

Fig. 3. Algorithm for answering Problem [2]

alternating, then we stop the algorithm and output “YES”
since p satisfies (H]) in Lemma @ Otherwise, we stop the
algorithm and output “NO” since p does not satisfy (@) in
Lemma [Tl N

The above algorithm requires at most d?> computations of
the determinant of a submatrix of M. By Proposition [3] these
determinants can be computed in polynomial time w.r.t. the
bit size of the entries of M. Since these entries consist in
the coefficients of the input polynomial p, this concludes the
proof of the theorem. [ ]

V. PROOF OF THEOREM 2]

The polynomial-time algorithm to answer Problem |1 pre-
sented in the previous section (see Figure [2)) can be easily
adapted, by adding an intermediate step between Step 1 and
Step 2, to obtain a polynomial-time algorithm for Problem
The intermediate step consists in a transformation of
the minimal polynomial of the matrix, called a Mobius
transformation, which maps the interior of the unit circle
in the complex plane to the interior of the left-hand side
plane. The relevance of this transformation is explained in
Theorem [T3] below.

Definition 3: A (complex or real) polynomial will be said
to have the discrete-time boundedness property if each of its
roots satisfies one of the following two conditions: (i) is in
the interior of the unit circle, or (ii) is on the unit circle and
is simple.

Theorem 13 (Folk): For any A € R™* "™ it holds that
Supyez., ||A*]| < oo if and only if the minimal polynomial
of A has the discrete-time boundedness property.

Proof: See Appendix [l [ |

Theorem 14: There is an algorithm that, given any polyno-
mial p: x — apr?+. .. +ag with integer coefficients ay, . . .,
a4, outputs a polynomial p such that p has the discrete-time
boundedness property if and only if p has the boundedness
property. Moreover, the bit complexity of the algorithm is
polynomial in Z?:o b(ay).

Proof: See Appendix [J| ]

Putting things together, we get the polynomial-time algo-
rithm presented in Figure [3| to answer Problem

VI. CONCLUSIONS

Summarizing, in this paper, we showed that the problem of
deciding whether a linear time invariant dynamical system,
with rational transition matrix, has bounded trajectories can
be answered in polynomial time with respect to the bit
size of the entries of the transition matrix. To do this, we
leveraged several tools from system and control theory and
from computer algebra, and we provided a careful analysis of
the computational complexity of these tools when integrated
into a complete algorithm for our decision problem.

For further work, it would interesting to derive tight upper
bounds on the complexity of the described algorithm (and
of some improved versions not presented here to keep the
paper simple and self-contained), and also to compare it with
the complexity that could be obtained with other types of
algorithms, like randomized algorithms, which are known to
provide practically efficient algorithms, for instance, for the
computation of the determinant of integer matrices, or for
the computation of the GCD of polynomials with integer
coefficients.
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APPENDIX

A. Sketch of proof of Proposition [3]

For the simplicity of notation and without loss of gen-
erality '] we assume that the matrix is square: A =
(aij)ily j=1 € Z"*". The algorithm (adapted from [1])

(=1)

works as follows. First, we define a5, " =1 and al(-?) = ayj
for each i,j € {1,...,n}. Then, for k = 1,2,...,n, we
define recursively
(k) _ (, (k=1) (k—1) (k=1) (k=1)y s (k—2)
;" = (akk 2 — Ay G )/“k—1,k71 (M

foralli,j € {k+1,...,n}. The formula (7)) is well defined
as long as a,&f,i_l # 0. Thus, if for some k € {1,...,n},

a,(le’ x+1 = 0, then we look whether there are indices 4, j €

{k+2,...,n} such that agf) # 0. Two situations can occur:
(1) such i, j exist, or (ii) no such 4, j exist.

If we are in situation (i), then we define a permutation of
the row indices such that the ith index becomes the (k4 1)st
index and a permutation of the column indices such that
the jth index becomes the (k + 1)st index. Note that these
permutations of the indices do not affect that values of al(.li)
for{e {—1,...,k—1}and i,j € {¢{+1,...,k}. Hence, we
can resume the recurrence with the new indexing, which
satisfies that agszkH # 0.

On the other hand, if we are in situation (ii), then it means
that & is equal to the rank of A and thus we let » = k and
we stop the recurrence (7).

At this stage of the algorithm, the recurrence equation (/)
holds for all kK € {1,...,r} and all 4,5 € {k+1,...,n}
(with the reordering of the indices computed during the
recurrence; see situation (i) above). It is shown in [1, §1]
that the iterates of the recurrence (7) satisfy

aﬁf) = det Ap1pufiy, R0} ®)

forall k € {1,...,r} and all 4,5 € {k+1,...,n}. Thus,
we let R be the first r indices (with the reordering of the
row indices computed during the recurrence), C be the first r
indices (with the reordering of the column indices computed
during the recurrence) and D = afé';_l).

The above discussion shows that the rank of A, the subsets
R and C, and the determinant D := det Ajg ¢ # 0 can be
computed with a number of arithmetic operations polynomial
in n, using the recurrence . Moreover, by (8), it holds that
the intermediate integers a, ]l) involved in the recurrence are
equal to the determinant of submatrices of A, and thus their
bit is polynomial in b(A) since the bit size of the determinant
of a k x k submatrix of A is bounded by kb(A) + kb(k) <
2(b(A))? (as it is the sum of k! products of k elements of
A). This concludes the proof of the proposition. [ ]

19For instance, it suffices to fill in any rectangular matrix with rows or
columns of zeros to make it square without changing the assertions of the
proposition.

B. Proof of Proposition

The algorithm works as follows. Using the algorithm of
Proposition [3] we compute (r, R,C, D) where r is the rank
of Aand D = det A ¢). For the simplicity of notation, we
will assume that R = C = {1,...,r}. Then, it holds that
any column of A with index j > r is a linear combination
of the first 7 columns of A. Thus, the system Az = b has a
solution z € R™ if and only if A[ 1.,y = b has a solution
yeR".

Since D # 0, the system A[1.. 1.,y = b[1.r) has a unique
solution y € R". Moreover, this solution can be computed in
polynomial time, using Cramer’s rule (see, e.g., [9, §0.8.3])
and the algorithm of Proposition [3} we let yo = D and

Yj = det(A[l:r,l:r] <Lb[l:T])a JE {17 s 7T}7

where A[.y1:] &< b1, is the matrix Ay, 1., with its jth
column replaced by byy.,; then y = [y1,...,9.]/yo is the
unique solution of Afy.. 1.,y = by1.,]. Hence, if A, 1.y = b,
then the integers xg, x1,...,%,, defined by z; = y; if i <7r
and x; = 0 otherwise, satisfy the assertions of the corollary.
Otherwise (if A[; 1.,y # b), it means that the system Az = b
has no solution in R™.

In total, we have computed r determinants and one matrix-
vector multiplication. Since each operation can be computed
in time polynomial time w.r.t. b(A)+b(b) (see Proposition
for the determinant; the case of matrix-vector multiplication
is trivial) and since r < min(m,n) < b(A), we have that the
total complexity of the algorithm is polynomial in b(A) +
b(b), which concludes the proof. |

C. Proof of Theorem 5]

The proof relies on the following well-known property of
the minimal polynomial (see, e.g., [9, Theorem 3.3.6]).

Link between m.p. and eigenvalues: Let A € R®»*™. The
minimal polynomial of A is equal to z — []", (z — Xs)",
where A1, ..., A, are the distinct eigenvalues of A and n
is the size of the largest Jordan block associated to A\ in the
Jordan canonical form of A. <

Then, using the above property, the conclusion of Theorem
[5] follows from the expression of the exponential of a Jordan
block J,,(A): e/t = A S F L (7, (0)1)E. n

D. Proof of Lemma [§]

It is clear that p,, is a GCD of p,, and p,,+1. For a proof
by contradiction, assume that the statement of the lemma is
false and let k be the largest integer such that p,, is not a
GCD of py, and pg1. Since pi = Gr+1Pk+1 — Pr+2 and py,
is a GCD of pry; and pg4o, it holds that p,, divides py.
Thus, p,, is a common divisor of py and pg1. On the other
hand, for the same reason, any common divisor of p; and
pr+1 Will also divide pg42, and thus it will be a common
divisor of pg41 and pg2 so that it will also divide their GCD
pm. Hence, p,, is a GCD of p; and py41, a contradiction
with the definition of k, concluding the proof. [ ]



E. Proof of Lemma [9

Let pg, ..., pm+1 be as in the statement of the lemma and
for each k € {0,...,m + 1}, define pj, = pr/pm. Let V(y)
be the number of variations of sign in the sequence po(y),

().

Lemma 15: Let pg,...,pm+1 and Do, ...,Pm+1 be as

above. It holds that V (+00)—V (—00) = V (400)—V (—o0).

Proof: For any y € RU {£o0} such that p,,(y) # 0,
multiplying each pi(y) (k € {1,...,m}) by pn(y) does
not change the number of variations of sign in the sequence
DoY), ... Pm(y): ie., V(y) = V(y). In particular, it holds
that V (400) — V(—00) = V(400) — V(—00). [ |

Lemma 16: Let p be a (real or complex) polynomial with
no root on the imaginary axis. Then,

1 />~ d ) d
p [m d—yargp(zy) Y=Ts = Tu,
where ffooo di arg f(y) dy is the variation of the argument
of f: R — Cy when y goes from —oo to +oo (on the real
line), and 74 and 7, are as in Lemma E}

Proof: First, consider a degree-one polynomial p : x —
(x—a—pi) with o € R and 8 € R. Then, the argument of
p(iy) is equal to arctan((8—y)/«)+v7 (v € Z). Hence, for
a general polynomial p : . — (x—XA1) -+ (x—Aq), with Ay =
as + Bsi for each s € {1,...,d}, the argument of p(iy) is
equal to Zgzl arctan((8s—y)/as)+vm (v € Z). We readily
check (by differentiating and integrating) that each term with
as < 0 contributes to a variation of the argument equal to 7
and each term with a > 0 contributes to a variation of the
argument equal to —. [ ]

Using the above lemmas, we now conclude the proof of
Lemma

Note that p has no root on the imaginary axis since py and
p1 have no root in common (they have 1 as GCD). We use
Lemma and look at the variation of the argument of p(iy)
when y varies from —oo to +o0. Since deg p; < deg pg, the
argument of p(iy) converges to a multiple of = when y —
+00. Hence, the variation of the argument, divided by m, is
equal to the number of times p(iy) crosses the imaginary
axis in positive sense (see Figure ) minus the number of
times it crosses it in negative sense (see Figure f), when y
varies from —oo to +00.

The first situation (positive crossing) occurs for values of y
such that po(y) = 0 and pop;1 goes from positive to negative
at y (note that p1(y) # 0 since pp and p; have no root in
common). If ppp; goes from positive to negative, then this
adds one variation of sign at the beginning of the sequence
Po(Y)s -, Pm(y): Le., V(") =V(y~) + 1.

The second situation (negative crossing) occurs for values
of y such that po(y) = 0 and pop; goes from negative to
positive at y (again, p1(y) # 0 since po and p; have no
root in common). This subtracts one variation of sign at the
beginning of po(y),...,0m(y): ie, V(zt) =V (z7) — 1.

Now, if pr(y) = 0 for some k € {1,...,m} and some
y € R, then py_1(y) and pr11(y) are nonzero (since Pri1
and pj have no root in common) and have opposite signs

imag
Negati
ega |vesense/
—

—7

real

|~

[ [

Negative sense

Fig. 4. Positive and negative sense for crossing the imaginary axis.

(since pr41(y) = au(¥)Pe(y) — Pe-1(y) = —pPe-1(y)), so
that a change of sign of p; at y would not affect the number
of sign variations in po(y), . . ., pm(y): ie., V(yT) = V(y™).

Putting things together: if y varies from —oo to +o00, we
get that V(400) — V(—o0) is equal to the variation of the
argument of p(iy) when y goes from —oo to 4+0o. Thus, we
obtain the conclusion using Lemmas [T6] and [T5] u

FE. Proof of Lemma

We use Lemma [T3] and look at the variations of sign in
the sequence po(y), - .., Pm(y).

The hypothesis that pj, = —p; implies that if A is a root
of po with multiplicity m > 1, then A is a root of p; with
multiplicity m — 1. Thus, since p,, is a GCD of py and p;
(Lemma [3)), A is also a root of p,, with multiplicity m — 1.
Hence, the roots of pg are simple and correspond to the
distinct roots of pg.

The rest of the proof is similar to the one of Lemma [0} we
look at the changes in the number of variations of sign in the
sequence Po(y), . - -, Pm(y) when y goes from —oo to +oo.
In particular, the number of sign variations in the sequence
changes only when y crosses a real root of pg. Indeed, in this
case, Po(y) = 0 and p,p; goes from positive to negative at y
(since (Pop1)’(y) < 0). This adds one variation of sign at the
beginning of the sequence fo(y), . .., pm(y): ie, V(yT) =
V(y~) + 1. For other values of y € R such that f(y) = 0
for some k € {1,...,m}, it holds that p;_1(y) and pry1(y)
are nonzero and have opposite signs (same as in the proof
of Lemma E]) so that it does not affs:ct the nu{nber of sign
variations in po(y), ..., pm(y): ie, V(yT) =V (y).

Putting things together: we get that V (+00) — V(—o0) is
equal to the number of roots of Py on the real line, i.e., to
the number of distinct real roots of py. |

G. Proof of Lemma [I1]

Let P = p if deg p is even and P = ip if deg p is odd.
In both cases, P and p have the same roots. By definition
of pg and py, it holds that P(z) = po(—ix) + ip; (—ix) for
all z € C. Thus, letting pop = po/pm and p1 = p1/pm, and
since p,, = pg*, it also holds that

P(x) = (Po(—ix) + ipy (—iz))p (—iz)

for all = € C. Hence, the roots of P(z) consist of the roots
of P : ¢ — po(—iz)+ip1(—iz) and of Py : x — p§*'(—ix).



Let us look at the first polynomial P;. By Lemma [J] we
get that P} has no root on the imaginary axis, and that the
number of its roots with negative real part minus the number
of its roots with positive real part is equal to V(+o0) —
V(—00). Thus, P; has only roots with negative real part if
and only if V (+00)—V (—00) = deg po = deg po—deg pg*,
otherwise P; (and thus P) has at least one root with positive
real part.

Next, let us look at the polynomial P,. From Lemma [I0}
we have that p§™ has only simple real roots if and only if
Vet(4o00) — V& (—00) = deg p&™, otherwise p&* has a at
least one multiple real root or a (multiple or not) complex
root. Note that since p{ is real, any complex root o + 5i of
pg gives rise to another root o — B¢ (complex conjugate).
Thus, the conclusions for P, are the following: P» has only
simple roots that are all on the imaginary axis if and only if
Vet(400) — V*(—o00) = deg pg*. Otherwise P, (and thus
P) has either at least one multiple root on the imaginary axis
or at least one root with positive real part.

Hence, the roots of P (and thus those of p too) satisfy (i)
or (ii) in Theorem [3| if and only if V(+o0) — V(—o0) =
deg po — deg pg and V'(+o00) — V'(—00) = deg pg",
concluding the proof of the lemma. [ ]

H. Proof of Corollary

If deg pi < deg pr—1 — 1 for some k € {1,...,m}, then
m < deg po — deg pm,, so that V(4+o00) — V(—00) < deg pog
— deg p*. Similarly, if deg pX* < deg pX*; — 1 for some
ke {1,...,m™}, then m*™* < deg pg", so that V*'(+0c0)
— V™(—00) < deg p§". Thus, if one of the two situations

occurs, then (@) does not hold, concluding the proof. [ ]

L Proof of Theorem [I3)]

Similar to the proof of Theorem [5} The only difference
is the expression of the power of a Jordan block J,,(\):
(Jn(N)t = o020 (DA *(J,,(0))*, which grows faster that
Alif n > 1 (via the binomial coefficient (})). [

J. Proof of Theorem

The computation of the polynomial p relies on the function
fize ‘;—ﬂ, called a Mobius transformation and which has
the following properties:

Properties of f: The function f defined above is bijective
between C; and C,, and is its own inverse (i.e., fo f =
id). Moreover, for any © € C;, it holds that = has negative
real part if and only if | f(x)| < 1; and « is on the imaginary
axis if and only if |f(x)| = 1. <

Define the polynomial P : z +— Z?:o ae(z + 1) (z —
1)¢, which can be computed in polynomial time by expand-
ing the factors (x +1)¢ (¢ € {0,...,d}) and rearranging the
terms (see also the discussion on the bit size of A¢ in the
proof of Proposition|[6). It is readily checked that P coincides
with z — p(£51)(z — 1) on Cuy.

Hence, if p(z) = ap(xz — 1)™0(x — A1) -+ (z — Ap)™™
for all x € C where ng € Z>o and nq,...,ny, € Zso, then
it holds that P(z) = ao2™ [~ (x + 1 — As(z — 1))"= for
all x € C.

Hence, the function f is a one-to-one mapping between
the roots (with multiplicity) of p in C; and the roots (with
multiplicity) of P in C;. Moreover, the “degree difference”
0 := deg p — deg P corresponds to the multiplicity (ng) of
1 as a root of p. Hence, letting p : = — (z — 1)°P(z), we
get the desired output of the algorithm. [ ]
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