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Ignacio J. Araya,a José D. Edelstein,b,c Alberto Rivadulla Sánchez,b,c David Vázquez

Rodŕıguez,b,c Alejandro Vilar Lópezb,c
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1 Introduction

Higher curvature gravity (HCG) has been extensively studied as a possible effective field

theory extension of Einstein’s general relativity (GR), motivated by the fact that curvature

terms of arbitrarily high order are compatible with the diffeomorphism invariance symmetry,

and that these terms can generically be considered as quantum corrections to the Einstein-

Hilbert action at high energies [1]. The presence of higher curvature terms on the effective

gravitational action are a robust prediction of string theory [2] —there are indeed hints

of a possible mutual implication [3], and the resulting effective theories have better UV

properties than GR. However, generic higher curvature theories have dynamical instabilities

and ghost-like degrees of freedom. The best studied HCG is Lovelock gravity, which was

constructed in order to have second-order field equations and no dynamical (Ostrogradsky)

instabilities [4]. Other HCGs that have been constructed to be of second order around specific

backgrounds, such as spherically-symmetric or cosmological (FLRW) backgrounds, are quasi-

topological gravities [5] and generalized quasi-topological gravities (GQGs) [6–8]. Stability

conditions have been studied perturbatively for these theories and other concerns regarding

their dynamics have been already addressed in the literature.

In the context of the gauge/gravity duality [9], the role of HCGs can be understood as

a tool to accommodate the description of a broader class of conformal field theories (CFTs),

having for example different central charges and anomaly coefficients than those dual to GR

[10]. The holographic properties of HCGs such as Lovelock and GQGs have also been discussed

in the literature, where anomaly coefficients and central charges have been holographically

computed and restrictions have been placed on the couplings for the higher curvature terms

based on CFT considerations, such as the unitarity requirement for the CFT dual to the

particular HCG in the bulk (see [11–13] for Lanczos-Gauss-Bonnet, [14–16] for Lovelock and

[17, 18] for GQGs).

As it is standard in the saddle-point approximation of anti-de Sitter/CFT (AdS/CFT)

holography, the use of the on-shell classical gravity action as the generating functional for

connected correlators of the dual CFT requires the finiteness of said action and also requires

the corresponding variational principle to be well-posed. The latter is needed in order for arbi-

trary variations of the action to correspond entirely to variations with respect to the boundary

field values, which are identified as the CFT sources. In the case of GR and Lovelock gravity,

both requirements have been implemented following the holographic renormalization (HR)

prescription ([19–23] for GR and [24] for Lovelock). In its original proposal, this prescription

considers first fixing the variational principle at an arbitrary radial boundary in the bulk of

an asymptotically locally AdS (AlAdS) manifold, using the standard Gibbons-Hawking-York

(GHY) term or the Myers term [25] respectively. Then, the radius at which the boundary

is placed is taken as a regulator of the theory and it is extended to the conformal boundary

of the space. This produces divergent terms at different orders in the regulator, which can

be thus isolated. Finally, boundary terms which are intrinsic in the induced metric at the

boundary, and thus depend on its Riemannian curvature and covariant derivatives thereof,
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are added in order to remove said divergences without modifying the variational principle.

In the case of arbitrary HCGs, the boundary term required for fixing the variational

principle at fixed radius and the HR counterterms required for the finiteness of the action

on AlAdS spaces are not known. However, it has been suggested that for Einsteinian cubic

gravity (a GQG of cubic order in D = 4), the action can be rendered finite with the same

combination of the GHY and the HR counterterms used in GR, up to a coupling-dependent

overall factor [26]. It is therefore suggestive to explore the possibility of defining a universal

renormalization prescription, that would work for an arbitrary HCG, allowing not only to

cancel the divergences in the gravitational action, but also to pose the variational principle

properly.

In this work, we develop such a generic renormalization scheme for arbitrary HCGs, in

spacetimes with dimension D ≤ 5. In order to do so, we study the radial decomposition of

the equations of motion (EOM) for the arbitrary HCG, expanded in the Poincare coordinate

z considering the Fefferman-Graham (FG) expansion of the metric [27], which is standard for

AlAdS manifolds. We show that the divergent terms which contribute to the on-shell action

at the boundary (for bulk D ≤ 5) depend only on the first four FG coefficients of the metric

(associated to the powers in z up to z3). We also show that for the generic combination of

couplings, the second coefficient (of the order z term) and the fourth coefficient (order z3)

are zero, and that the third coefficient (order z2) has a universal form. Using these facts,

we are able to show that the extrinsic boundary counterterms discussed in [28, 29], with

theory-dependent coupling constants, successfully implement the renormalization and fix the

variational principle at the conformal boundary. In showing this, we consider the asymptotic

equivalence between the Kounterterm renormalization scheme and the HR prescription for

manifolds of up to D = 5, as discussed in [30].

The paper is organized as follows. In section 2, we consider the radially decomposed

EOM of an arbitrary HCG of the form L (Riemann), in order to check that for the generic

case, the second and fourth coefficients in the FG expansion of the metric (g
(1)
ij and g

(3)
ij ) are

zero, which is needed in order to verify the renormalization of the theory. In section 3, we

present the extrinsic boundary counterterms, with the correct theory-dependent couplings,

which implement the renormalization in arbitrary HCGs (in D ≤ 5 spacetime dimensions).

In section 4, we verify the cancellation of divergences in HCG actions renormalized with the

generic prescription. In section 5, we verify that the addition of the extrinsic counterterm

used in the generic renormalization prescription achieves the well-posedness of the variational

principle for a generic HCG. Finally, in section 6, we summarize and discuss our results.

2 Projected equations of motion in HCG

We consider a HCG in D ≤ 5 whose action is given by

I =

∫

M

dDX
√
−GL

(

Rρσ
µν

)

, (2.1)
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where the Lagrangian includes any possible term constructed from arbitrary contractions of

the Riemann tensor and the metric. The equations of motion are given by [31]

Eν
µ = P βγ

µαR
να
βγ − 1

2
δνµL − 2∇α∇βP

βν
µα , (2.2)

where the tensor Pµν
ρσ is defined as

Pµν
ρσ =

∂L
∂Rρσ

µν
. (2.3)

Since we are interested in renormalizing theories of gravity on AlAdS backgrounds, we consider

that the Riemann tensor near the AdS boundary behaves as

Rρσ
µν → − 1

L2
(δρµδ

σ
ν − δρνδ

σ
µ) , (2.4)

where L is the effective AdS radius, which is related to that appearing in the cosmological

term, Λ = −(D − 1)(D − 2)/(2L2
0), through a relation L = L(L0) that depends on the

particular theory. Notice that Pµν
ρσ has the same symmetries as the Riemann tensor (2.3);

thereby, close to the boundary it becomes

Pµν
ρσ → 1

2
C(L)(δµρ δ

ν
σ − δµσδ

ν
ρ ) . (2.5)

The constant C(L) can be obtained by replacing these expressions in the field equations [32],

C(L) = − L2

2(D − 1)
L|AdS =

L3

2D(D − 1)

∂L|AdS

∂L
, (2.6)

where L|AdS is the Lagrangian evaluated in the AdS vacuum solution. In the case of Einstein-

Hilbert gravity, this constant is nothing but 1/(16πGN).

Now, we consider the FG expansion of the bulk metric by splitting the coordinates,

Xµ = (xi, z), into normal and tangent to the boundary,

ds2 = Gµν dX
µdXν =

L2

z2
dz2 + hij(x, z)dx

idxj , (2.7)

where hij is given by1

hij(x, z) =
1

z2
gij(x, z) =

1

z2

(

g
(0)
ij (x) + zg

(1)
ij (x) + z2g

(2)
ij (x) + z3g

(3)
ij (x) + · · ·

)

, (2.8)

z being the Poincare coordinate, defined such that the asymptotic conformal boundary is

located at z → 0. The coefficients g
(n)
ij (x) with n < D−1 are determined completely in terms

of g
(0)
ij (x) by means of the projected equations of motion Ez

z = 0, E i
j = 0 and Ez

i = 0. Since

1Logarithmic terms also appear in this expansion for odd-dimensions, even in Einstein’s gravity.
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we are considering D ≤ 5, we want to scrutinize the coefficients in this expansion up to order

z3, in particular to see whether they are the same as those in Einstein’s gravity,

g
(1)
ij = 0 ,

g
(2)
ij = − L2

D − 3

(

Rij(g
(0))− 1

2(D − 2)
R(g(0)) g

(0)
ij

)

, (2.9)

g
(3)
ij = 0 ,

or not. Here, Rij(g
(0)) and R(g(0)) are respectively the Ricci tensor and curvature scalar

computed from g
(0)
ij . In the form (2.7), the metric is naturally decomposed in the parts that are

normal (zz component) and tangent to the boundary (ij components). The tangent indices

are raised with the inverse tangent metric hij(x, z) = z2gij(x, z), which has an expansion in

z such that hikh
jk = δji . The vector normal to the boundary, n, is defined as

n = nµ∂µ = nz∂z = − z

L
∂z , nµnµ = 1 , (2.10)

where the minus sign appears due to the fact that the boundary is located at the lowest limit

of the possible range of values of the radial coordinate z. We can also define a covariant

derivative compatible with the tangent part of the metric, ∇̃i, such that

∇̃ihjk = ∇̃igjk = 0 , (2.11)

since hjk = gjk/z
2 and ∇̃iz = 0 by definition. Since hij and gij depend on z, the tangent

covariant derivative will also admit an expansion in this normal coordinate. Apart from

this, the usual covariant derivative is compatible with the global metric, ∇µGρσ = 0. For

completeness, we write the explicit form of the different non-vanishing components of the

Christoffel symbols computed from the metric (2.7),

Γz
zz(∇) = −1

z
, Γi

zj(∇) =
1

2
hik∂zhjk , Γz

ij(∇) = −1

2

z2

L2
∂zhij , (2.12)

whereas Γk
ij(∇) = Γk

ij(∇̃) + O(z). Again, since hij = hij(x, z), most of these admit an

expansion in powers of z, in terms of the different coefficients in (2.8). We further need to

know the form of the extrinsic curvature of this metric, given by

Kij =
1

2
Lnhij =

1

2
nz∂zhij = −1

2

z

L
∂z

(

1

z2
gij

)

. (2.13)

Now, we can use the Gauss-Codazzi equations, together with the expression of the extrinsic

curvature, to obtain the different components of the Riemann tensor that will be needed to

compute the projected equations of motion,

Rizjz =
L2

z2

(

−LnKij +KikK
k
j − aiaj + ∇̃(iaj)

)

,

Rijkz = −nz

(

∇̃iKjk − ∇̃jKik

)

, (2.14)

Rijkl = Rijkl(h) +KilKjk −KikKjl ,
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where aµ = nα∇αnµ, and Rijkl(h) is the usual Riemann tensor of the tangent metric hij(x, z),

which can be expanded also in powers of z,

Rijkl(h) =
1

z2
Rijkl(g) =

1

z2

(

Rijkl(g
(0)) +O(z)

)

. (2.15)

Notice that the indices of Rijkl(h) are raised with the tangent inverse metric hij , while those

of Rijkl(g) must be raised with gij .

2.1 Vanishing of g
(1)
ij in a general HCG

If we compute the different components of the Riemann tensor explicitly to next-to-leading

order in the holographic coordinate, we find that they match the expresesion

Rµν
ρσ = − 2

L2
δ[µρ δν]σ + z

2

L2
δ
[µ
[ρ g

(1)ν]
σ] +O(z2) , (2.16)

where by definition only the components of g(1)
ν

σ with both indices in the directions tangent

to the boundary can be non-zero. Regarding Pµν
ρσ , we can use its definition (2.3) and the

expression of the Riemann tensor (2.16) to constrain its tensorial form,

Pµν
ρσ = C(L) δ[µρ δν]σ + z

(

A(1)(L) δ
[µ
[ρ g(1)

ν]
σ] +B(1)(L) δ[µρ δν]σ Tr g(1)

)

+O(z2) , (2.17)

where C(L) was given in (2.6), whereas A(1)(L) and B(1)(L) are scalar functions depending

on the couplings of the theory and the effective AdS radius, L; also, Tr g(1) := g(1)
i

i.

The Lagrangian also appears in the general expression of the equations of motion (2.2),

so we expand it symbolically to first order in z,

L = L(0) + P ρσ
µν δR

µν
ρσ + · · · = L(0) + zL(1) +O(z2) , (2.18)

where L(0) is the Lagrangian evaluated in the background solution (2.4) and, given that δRµν
ρσ

is the deviation of the Riemann tensor with respect to this background, thereby already of

order z,

L(1) =
D − 1

L2
C(L)Tr g(1) . (2.19)

With all these ingredients, the equations of motion, decomposed into their radial and tangen-

tial components and expanded in powers of z, read:

Ez
z =

(

(1−D)C(L)

L2
− L(0)

2

)

+
z

2L2

(

a(1)(L) + (D − 1)b(1)(L)
)

Tr g(1) +O(z2) , (2.20)

E i
j =

(

(1−D)C(L)

L2
− L(0)

2

)

δij +
z(D − 2)

2L2

[

a(1)(L) g
(1)i

j + b(1)(L) δij Tr g
(1)
]

+O(z2) ,

(2.21)

Ez
i =

1

2(D − 2)L2

(

a(1)(L) ∇̃jg
(1)j

i + b(1)(L) ∇̃iTr g
(1)
)

+O(z3) , (2.22)
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where

a(1)(L) := C(L)−A(1)(L) , (2.23)

b(1)(L) := −C(L)−A(1)(L)− 4B(1)(L) .

The zeroth order gives the aforementioned result for C(L) and all the information of the

equations at the lowest orders is encoded in a(1)(L) and b(1)(L). The main feature of these

equations is that, except in some particular cases, they imply

g
(1)i

j = 0 . (2.24)

More specifically, the equations of motion fix the O(z) FG coefficient to be zero, except in

the following cases:

• If a(1)(L) 6= 0 and b(1)(L) = −a(1)(L)
(D−1) , the off-diagonal components of g

(1)i
j are fixed

to zero and the elements in the diagonal are fixed to be equal to each other, but their

value is free.

• If a(1)(L) = 0 and b(1)(L) 6= 0, Trg(1) is fixed to zero, but otherwise it is free.

• And finally, if both a(1)(L) = 0 and b(1)(L) = 0, g
(1)i

j is fully free and therefore it is

not restricted by the equations of motion.

This is interesting as it means that, for the generic HCG theory, its equations of motion require

the O(z) coefficient in the FG expansion of the metric to vanish, just like for Einstein-AdS

gravity. This universality is analogous to the universality of the O(z2) coefficient as implied

by the PBH transformations [33], and both are central to the applicability of the generic

renormalization procedure presented in this work.

An example: quadratic curvature gravity

Let us illustrate this further by working out explicitly the case of quadratic curvature gravity.

Its action can be written as

I =

∫

M

dDX
√
−G

[

1

κ
(R− 2Λ0) + α1RµνR

µν + α2R
2 + α3χGB

]

, (2.25)

where χGB is the Lanczos-Gauss-Bonnet combination. Once we compute and plug in the

values of C(L), a(1)(L) and b(1)(L), we have

C(L) =
1

κ
− 2(D − 1)

L2

(

α1 +Dα2 +
(D − 2)(D − 3)

D − 1
α3

)

, (2.26)

a(1)(L) =
1

κ
− 1

L2

[

(3D − 4)α1 + 2D(D − 1)α2 + 2(D − 3)(D − 4)α3

]

, (2.27)

b(1)(L) = −1

κ
+

1

L2

[

(D − 4)α1 + 2(D − 1)(D − 4)α2 + 2(D − 3)(D − 4)α3

]

. (2.28)
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These equations imply g
(1)
ij = 0, unless the conditions discussed after (2.24) are met. Some

examples of quadratic curvature gravity theories where a(1)(L) = b(1)(L) = 0, such that g
(1)
ij

is not fixed by the equations of motion, include:

• Einstein-Lanczos-Gauss-Bonnet gravity at the (dimensionally continued) Chern-Simons

point. In [34], the authors find that in this theory the coefficients of the FG expasion

are not fixed by the equations of motion, as they vanish identically.

• Conformal Gravity in 4 dimensions [35–37], where it is found again that the equations

of motion at the lowest orders vanish for any form of the coefficients in the expansion.

• New Massive Gravity [38, 39] at the special point (in the language of [38]).

A feature all these cases share is that their AdS vacua are degenerate. Indeed, we checked

that this is true for any quadratic or cubic gravity theory fulfilling a(1)(L) = b(1)(L) = 0.

While it is true that these particular cases allow for g
(1)
ij 6= 0, they do not enforce it. In

particular, g
(1)
ij cannot be given as an expression in terms of g

(0)
ij , thereby its value must be

fixed as a boundary condition [37]. Therefore, in general we could pick g
(1)
ij = 0 for any theory

in vacuum, and build our discussion on top of this assumption.

We have also repeated this analysis for general theories of gravity with cubic contractions

of the curvature tensors. The results are written in appendix A.

2.2 Universality of g
(2)
ij from the PBH transformations

The aim of this section is to obtain the form of the coefficient g
(2)
ij in terms of the conformal

boundary metric g
(0)
ij for general theories of gravity. While this could in principle be computed

from the equations of motion Eµ
ν = 0 at order z2, here we will review the approach of [33],

which can be applied directly to any HCG with an asymptotically AdS solution.

The argument is based on the invariance of the bulk metric under PBH (Penrose-Brown-

Henneaux) transformations, which are a subset of the bulk diffeomorphisms that reduce to

Weyl transformations on the boundary metric, and leave the form of the bulk metric un-

changed [33]. Imposing this on (2.7), one obtains transformation properties for the coefficients

in the FG expansion of the tangent metric gij(x, z).

The authors of [33] take the terms with odd powers of z in the expansion of the tangent

metric (2.8) to be zero. This had already been shown to be true for Einstein gravity [27],

and they assume that it holds for a general theory with an AdS solution. In our case we

have proven that g
(1)
ij = 0 for general HCGs, except in some very particular cases.2 Since

we are restricting ourselves to this more general scenario, and we are currently interested in

the coefficient g
(2)
ij , it is enought to take the results of [33]. In particular, it is found that

invariance under PBH transformations constrains the form of g
(2)
ij to be

g
(2)
ij = − L2

D − 3

(

Rij(g
(0))− 1

2(D − 2)
R(g(0)) g

(0)
ij

)

, (2.29)

2Strictly speaking, it has been known for a while that there are theories where g
(1)
ij is nonzero [37, 38].
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where we took care of the fact that, due to scaling properties, the term g
(n)
ij contains n

derivatives with respect to the tangent coordinates xi.

We should note that, since the argument builds upon invariance under boundary Weyl

transformations, it fails to capture further contributions made of contractions of the Weyl

tensor of the boundary that might appear.3 However, for 2− and 3−dimensional boundaries,

which correspond respectively to D = 3 and D = 4 bulk dimensions, the Weyl tensor is

identically zero, so these contributions do not occur. While for D = 5 this is not true, when

treating the well-posedness of the variational problem we will need to assume asymptotic

conformal flatness [40], which implies that the Weyl tensor of the boundary must be zero.

Therefore, we see that under these assumptions the coefficient g
(2)
ij takes the same form in a

general HCG as in Einstein’s theory (2.9).

2.3 Vanishing of g
(3)
ij in a general HCG

Until now, we have found that, for a general HCG, the coefficients g
(1)
ij and g

(2)
ij in the FG

expansion (2.8) take the same form as in Einstein gravity, written in (2.9). We will show

shortly that this is true also for the coefficient multiplied by z3, and in the next sections we

will see that these are the only relevant ones in order to study the renormalization of theories

with up to 5 bulk dimensions.

Following the same logic as in section 2.1, we expect the coefficient g
(3)
ij to be fixed, in

general, by the contributions of the equations of motion multiplied by z3. In order to obtain

this we need to expand the different objects that appear in these equations as written in (2.2),

and in particular we use symbolic expressions for both L and Pµν
ρσ . Since we have already

fixed g
(1)
ij = 0, and we know the form of the zeroth order coefficients in these two objects

through equations (2.5) and (2.6), their expansions can be written as

L = −2(D − 1)

L2
C(L) + z2L(2) + z3L(3) + · · · , (2.30)

Pµν
αβ = C(L) δ[µα δ

ν]
β + z2P (2)µν

αβ + z3P (3)µν

αβ + · · · . (2.31)

We are interested only on the third order terms in the equations, so we should understand the

form of the coefficient P (3)µν
αβ. This will depend on the theory, of course, but we can follow

the same reasoning as before and use its tensorial structure to write the components P (3)ij
kl

and P (3)iz
jz as the combinations

P (3)ij
kl = A(3)(L)δ

[i
[kg

(3)j]
l] +B(3)(L)δ

[i
[kδ

j]
l]Tr g

(3) ,

P (3)iz

jz = D(3)(L)g(3)
i

j +E(3)(L)δijTr g
(3) ,

(2.32)

3Of course, W(0)ij
ik vanishes identically, so this term is ruled out. However, at this order there could appear

contractions, for example, with the schematic form of
√
W(0)W(0) with two free indices, as seen for the case

of Chern-Simons gravity in [34].
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where the constants A(3)(L), B(3)(L), D(3)(L) and E(3)(L) depend on the AdS radius L and

the higher-curvature couplings. Since g
(1)
ij = 0, terms of the form g

(1)i
jg

(2)k
l will not appear in

these general expressions. Also, the components with one index in the normal direction, such

as P (3)ij
zk, will have terms proportional to ∇̃g(2), but these appear in the equations of motion

at higher orders in z, as they must be contracted with nz = z/L. Regarding the expansion of

the Lagrangian, L(3) cannot have contributions of the form ∇̃ig
(2)j

k , as there are no objects

with an odd number of tangent indices to contract it producing a term of order z3. Therefore,

it can only contain terms that are proportional to Tr g(3), and if we expand it as in equation

(2.18) we see that they can only be produced by P (0)µν
ρσδR

(3)ρσ
µν . Plugging in the third order

components of the Riemann tensor,

R(3)ij
kl =

6

L2
δ
[i
[kg

(3)j]
l] , R(3)zi

zj = − 3

2L2
g(3)

i

j , (2.33)

we find

L(3) =
3(D − 3)

L2
C(L)Tr g(3) . (2.34)

With all of this, we can compute the terms of third order in the projections of the equations

of motion, which read

E(3)z
z =

1

2L2

(

a(3)(L) + (D − 1)b(3)(L)
)

Tr g(3) , (2.35)

E(3)i
j =

D − 4

2L2

[

a(3)(L)g(3)
i

j + b(3)(L)δijTr g
(3)
]

, (2.36)

where the constants a(3)(L) and b(3)(L) are related to those introduced in (2.32) as

a(3)(L) = 3C(L) + 4(D − 6)D(3)(L)− (D − 3)A(3)(L) ,

b(3)(L) = −3C(L)−A(3)(L)− 2(D − 2)B(3)(L) + 4(D − 6)E(3)(L) .
(2.37)

For completeness, we give the values of the constants a(3)(L) and b(3)(L) for general quadratic

and cubic theories of gravity in appendix B.

From the discussion above on the different contributions to L(3) and P (3)µν
αβ , it is clear

that the equation E(3)z
z = 0 fixes —for general4 HCGs— Tr g(3) = 0, and this in turn means,

when we consider the equation E(3)i
j = 0, that

g
(3)i

j = 0 . (2.38)

As we commented when fixing g
(1)
ij = 0, there are families of theories for which the value of g

(3)
ij

is not determined by the equations of motion. In particular, the same analysis discussed after

(2.24) applies to g(3) as well, but considering the a(3)(L) and b(3)(L) coefficients instead. All

4Notice that Tr g(3) must vanish for D = 4 while g
(3)i

j is left undetermined. This is expected given that in

three dimensions g
(3)i

j is dual to the stress-energy tensor and there is no conformal anomaly.
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the quadratic and cubic theories considered in section 2.1 and appendix A, at the particular

points mentioned, allow for g
(3)
ij 6= 0 even when choosing g

(1)
ij = 0 as a boundary condition.5

However, the conditions that leave g
(3)
ij undetermined do not imply the degeneracy of the

different AdS vacua.

3 Renormalization counterterms for generic HCG in D≤5

It was suggested in [26], for Einsteinian cubic gravity, that one can renormalize the action

using the same boundary term that is used in the Holographic Renormalization of Einstein-

AdS gravity, i.e., the GHY term plus the HR counterterm, but with a coupling-dependent

overall coefficient. The renormalization was framed in terms of the cancellation of divergences

of the gravity action, and not in terms of the well-posedness of the variational principle, as

for higher-curvature gravities (with the exception of Lovelock) this is an open problem. As it

is explained in what follows, this idea for generating counterterms based on the Einstein-AdS

case can be generalized to arbitrary HCGs considering the asymptotic behaviour of AlAdS

spaces.

When considering pure AdS vacua, a minimal requirement for the renormalization pro-

cedure is to render the Euclidean on-shell action equal to either zero or the vacuum energy

of the maximally-symmetric configuration. As it is usual, the vacuum energy appears in

odd-dimensional bulk manifolds, and in the context of AdS/CFT, it is related to the Casimir

energy in the CFT side. One can then assume that the boundary term for HCGs is equal

to the one for Einstein gravity but with a coupling-dependent overall factor. This overall

factor can then be fixed by requiring the cancellation of divergences in the action for the

maximally-symmetric solution. As in the case of L(Riemann) theories, said action evaluated

in the vacuum solution is proportional to the AdS volume, with an overall constant dependent

of the couplings of the theory. One can then check if the same boundary term works for other

AlAdS solutions besides the pure AdS configuration.

A similar approach was pursued in [41] and [42], where the authors considered some

counterterms with a multiplicative constant —that matches the prescription in [26]— in

order to compute the Noether-Wald charges for quadratic curvature gravity theories in even-

dimensional asymptotically AdS spacetimes. In [43] the same terms are introduced to obtain

renormalized entanglement entropies.

The counterterms considered in these last three references are, however, different from

the usual HR proposal. The latter prescription produces a series of terms, whose complexity

depends on the dimension and can not be expressed in any closed form. The new approach

adds to the action some topological quantities dubbed Kounterterms —because they can be

naturally written in terms of the extrinsic curvature of the boundary—, and were originally

proposed in [28, 29, 44–47] to renormalize the Einstein-Hilbert action and obtain a well-posed

variational principle, which then allows to compute finite conserved charges in AdS gravity.

5With the exception of New Massive Gravity, since it is a 3−dimensional theory, and therefore the coefficient

g
(3)
ij is sub-normalizable and should not be considered in the expansion (2.8).
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Moreover, another interesting application of this method is the computation of renormalized

entanglement entropies [40, 48, 49].

In the present work, we aim to expand this prescription to more general theories of

gravity admitting AlAdS solutions in up to 5 dimensions, which can be expanded in terms

of the radial coordinate as in (2.7), with the coefficients given in (2.9). First of all, we will

simply write the form of the Kounterterms for general even and odd dimensional bulks, as

given in the literature. The only modification that we make is the multiplicative constant

C(L) that accompanies these boundary terms, which was defined in (2.6) and is the only

theory-dependent part of the entire expression. In sections 4 and 5 we will see that this

constant appears naturally in the divergent terms that need to be cancelled, and hence it is

motivated.

3.1 Kounterterms for even bulk dimensions

The Kounterterms for D = 2n dimensions are given by [28]

IKt = c2n−1

∫

∂M

d2n−1xB2n−1[h,K,R] , (3.1)

where B2n−1 is the n-th Chern form6

B2n−1 = −2n
√
−h

∫ 1

0
dt δ

i1···i2n−1

j1···j2n−1
Kj1

i1

(

1

2
Rj2j3

i2i3
− t2Kj2

i2
Kj3

i3

)

× · · · ×
(

1

2
Rj2n−2j2n−1

i2n−2i2n−1
− t2K

j2n−2

i2n−2
K

j2n−1

i2n−1

)

,

(3.2)

and we write the constant c2n−1 as

c2n−1 = − (−L2)n−1

n(2n− 2)!
C(L) . (3.3)

This recovers the usual value of the constant for Einstein gravity, presented for example

in [30], since in that case C(L) = 1/κ with our conventions. However, we claim that this

counterterm is suitable for more general theories of gravity whose Lagrangian is made of

arbitrary contractions of the Riemann tensor, in particular, whose bulk is 4−dimensional.

As shown in [30], for Einstein gravity the Kounterterm (3.1) is exactly equivalent to

the usual HR prescription in D = 4 —and, at least, in D = 6, as long as the boundary is

conformally flat; i.e., the Weyl tensor of the boundary vanishes—. We will see this explicitly in

section 4, when we show that it cancels the divergences of the on-shell action in 4 dimensions.

6In these expressions, δ
µ1···µp

ν1···νp is the generalized Kronecker delta [50],

δ
µ1···µp

ν1···νp = det
[

δ
µ1

ν1
· · · δµp

νp

]

= p! δµ1

[ν1
δ
µ2

ν2
· · · δµp

νp]
.
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Besides, this even-dimensional Kounterterm can be written also as a bulk integral, by means

of Euler’s theorem. In particular,
∫

M2n

d2nx E2n = (4π)nn!χ(M2n) +

∫

∂M2n

d2n−1xB2n−1 , (3.4)

where χ(M2n) is the Euler characteristic of M2n, and E2n is the 2n−dimensional Euler density

E2n =

√
−G

2n
δµ1···µ2n
ν1···ν2n

Rν1ν2
µ1µ2

· · ·Rν2n−1ν2n
µ2n−1µ2n

. (3.5)

3.2 Kounterterms for odd bulk dimensions

For D = 2n+ 1 bulk dimensions, the Kounterterm [29] reads:

IKt = c2n

∫

∂M

d2nxB2n[h,K,R] , (3.6)

where B2n is given by

B2n = −2n
√
−h

∫ 1

0
dt

∫ t

0
ds δi1···i2nj1···j2n

Kj1
i1
δj2i2

(

1

2
Rj3j4

i3i4
− t2Kj3

i3
Kj4

i4
+

s2

L2
δj3i3 δ

j4
i4

)

× · · · ×
(

1

2
Rj2n−1j2n

i2n−1i2n
− t2K

j2n−1

i2n−1
Kj2n

i2n
+

s2

L2
δ
j2n−1

i2n−1
δj2ni2n

)

,

(3.7)

and the coupling constant c2n is

c2n = − (−L2)n−1

22n−2n(n− 1)!2
C(L) . (3.8)

As in the even-dimensional case, we recover the values of this constant presented in [30] if we

set C(L) = 1/κ, as should be for Einstein gravity. Also, this is equivalent to the counterterms

derived with the HR proposal, up to logarithmically divergent terms, in D = 3, 5 and 7, as

long as the boundary is conformally flat [30].

In this case, B2n can not be written as the pullback of a topological quantity in the

D = 2n+1 manifold, contrasting with what is found for even dimensions. Also, the fact that

B2n depends on the AdS radius L, while B2n−1 does not, is a consequence of the topological

origin of the latter.

4 Divergence cancellation for HCG actions up to D = 5

In this section, we shall address the problem of renormalizing the action of a general HCG

when evaluated on an AlAdS background. For this matter, we will first find the form of the

divergent terms at the boundary, with a general expression valid for up to D = 5. This latter

restriction comes from the fact that we are interested on holographic applications in realistic

situations; i.e., strongly coupled gauge theories in (at most) four dimensions. Then, we will

analyze the divergent terms explicitly for D = 3, 4 and 5, and show that they are indeed

cancelled by the Kounterterms presented in section 3.
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4.1 Divergent terms in the on-shell action

Let us consider the action of a general HCG in D ≤ 5,

I =

∫

M

dDX
√
−GL

(

Rρσ
µν

)

, (4.1)

evaluated on an asymptotically locally AdS spacetime. In order to look at the structure of

the divergences, we will write the metric as (2.7), with the coefficients of its FG expansion

given by (2.9). Since in these coordinates the boundary is located at z → 0, it is very natural

to identify the divergences in this region by looking at the terms with negative powers of z in

the expansion of the action (4.1). Given the form of the metric (2.7), to leading order near

z → 0 the square root of the determinant behaves as

√
−G ∼ 1

zD
, (4.2)

and it has more contributions of higher order in z, which thus decay faster near the boundary.

However, this is enough to identify the terms in the Lagrangian that will produce divergences.

As shown in section 2, the odd coefficients in the FG expansion up to the order that we are

interested in vanish, so the on-shell Lagrangian can only have terms of the form z2i. In the

action, these produce

∫

dz
√
−Gz2i ∼

∫

dz z2i−D ∼ z2i−(D−1) . (4.3)

So this can produce three different behaviors as z → 0:

• If i <
D − 1

2
the term is divergent, and it needs to be subtracted.

• If i >
D − 1

2
the term vanishes at the boundary.

• For odd spacetime dimensions, there can be contributions with i = (D − 1)/2, which

produce a logarithm divergence in the boundary. This is universal and related to the

conformal anomaly of the dual CFT [30, 40], and we will see that it is not cancelled by

the topological Kounterterms.

Therefore, depending on the dimensionality of the spacetime the last term that produces

divergences will be different. In our case, for up to 5 dimensions we will have to look at terms

with i ≤ 2.

In order to isolate the divergent terms, first of all we have to obtain an expansion of the

Lagrangian L(Rµν
ρσ ) close to the boundary, which can be written as

L = L(0) + Pµν
ρσ δR

ρσ
µν + · · ·

= L(0) + P kl
ij δR

ij
kl + 4P zi

jkδR
jk
zi + 4P zj

zi δR
zi
zj + · · · ,

(4.4)
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where δRρσ
µν denotes the terms in the components of the Riemann tensor that are different

from the background value (2.4), this is, those that depend on z. They can be computed

using the Gauss-Codazzi equations (2.14), finding

δRij
kl =

z2

(D − 2)(D − 3)
R(0)δi[kδ

j
l] −

4z2

D − 3
R(0)[i

[kδ
j]
l] + z2R(0)ij

kl +O(z4) ,

δRjk
zi =

L2z3

D − 3

(

∇̃(0)jRk
i − ∇̃(0)kR(0)j

i

)

+
L2z3

2(D − 3)(D − 2)

(

δji ∇̃(0)kR(0) − δki ∇̃(0)jR(0)
)

+O(z5) ,

δRzj
zi = O(z4) ,

(4.5)

where we introduced the notation ∇̃(0) ≡ ∇̃(g(0)) and R(0) ≡ R(g(0)) in order to write simpler

expressions. Therefore, since P (0)zi
jk = 0, in the expansion of the Lagrangian it is enough to

take

L = L(0) + P (0)kl

ijδR
ij
kl +O(z4) , (4.6)

where O(z4) includes terms coming from P (0)zj
ziδR

zi
zj and P (0)zi

jkδR
jk
zi , among other terms with

higher powers of z from the expansion of Pµν
ρσ . Also, although we are not writing them

explicitly, in this expression there should be terms with higher derivatives with respect to the

Riemann tensor. However, since any derivative of the Lagrangian with respect to the Riemann

tensor is, to the lowest possible order, constant in z, a term of the form (∂nL/(∂R)n)(δR)n

will be at least O(z2n). Therefore, second or higher derivatives are unimportant when looking

for the divergences in low dimensions.

If we now compute P (0)kl
ijδR

ij
kl explicitly with the expressions above for δRµν

ρσ and P (0)µν
ρσ

given by (2.5), we find that it vanishes to the lowest order. So we conclude that the only

divergent part of L(Rµν
ρσ ) is

L = L(0) + z4L(4) , (4.7)

where the term L(4) will contribute only to the logarithmic divergence in D = 5 dimensions.

It contains all the terms of order z4 mentioned in the paragraph above, but its particular form

is not relevant for our computations, since we assume that our method of renormalization

will not cancel divergences of this type.

Now that we have expanded the Lagrangian in the coordinate z, we need to do the same

with the determinant factor that appears in (4.1). Using again the FG expansion of the metric

(2.7) and (2.8), this is

√
−G =

L

z

√
−h =

L
√

−g(0)

zD

(

1 +
z2

2
Tr g(2) +O(z4)

)

. (4.8)
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Plugging everything in, the divergent terms of the general action (4.1) for D ≤ 5 are

Idiver =

∫

M

dDX
√
−G

(

L(0) + z4L(4)
)

= L

∫

dD−1x

√

−g(0)
∫

z=z0

dz

[

1

zD
L(0) +

1

zD−2

1

2
L(0)Tr g(2) +O(z4−D)

]

,

(4.9)

where we introduced the cutoff z0 in the lower limit of integration, which must be taken to

zero once the divergences are canceled. The actual form of these divergent contributions once

integrated in z will depend on the dimension of the spacetime, and in particular the second

and third terms will produce the aforementioned logarithmic divergences at D = 3 andD = 5,

respectively. However, the terms that we want to cancel, the power-law divergences, at these

low dimensions always appear multiplied by L(0). This is proportional to the constant C(L)

appearing at the lowest order in Pµν
ρσ through the equation (2.6), or equivalently

L(0) = −2(D − 1)

L2
C(L) , (4.10)

Therefore, this supports our claim that the Kounterterms which cancel these divergences are

the same as those introduced for Einstein gravity, with the explicit prefactor C(L).

4.2 Explicit analysis in different dimensions

We will now show how the divergences (4.9) are cancelled by the Kounterterms introduced

in section 3, explicitly in 3-, 4- and 5-dimensional spacetimes. Notice that the computations

carried out here were already done in section 3.4 of [30], and the only difference in our results

is the generic constant C(L) multiplying both the Kounterterms and the divergent terms in

the on-shell action. In order to see that, we will have to write the objects in (3.1) and (3.6)

in terms of the intrinsic curvature of the boundary metric g
(0)
ij .

In particular, provided the coefficients of the FG expansion are given by (2.9), we will

need the extrinsic curvature (2.13)

Ki
j = hikKkj =

1

L
δij −

z2

L
g(2)

i

j +
z4

L

(

g(2)ikg
(2)
jk − 2g(4)

i

j

)

=
1

L
δij + z2

L

D − 3

(

R(0)i
j −

1

2(D − 2)
R(0)δij

)

+O(z4) ,

(4.11)

and the determinant of the tangent metric in terms of the intrinsic curvature (4.8), which by

means of (2.29) can be written as

√
−h =

√

−g(0)

zD−1

(

1− z2
L2

4(D − 2)
R(0) +O(z4)

)

. (4.12)
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4.2.1 D = 3 dimensions

In this case, the general divergent terms in (4.9) become, after integrating in z,

Idiver = −C(L)

∫

d2x

√

−g(0)
[

2

Lz20
+ L log z0R(0)

]

, (4.13)

where we used (2.9) to rewrite Tr g(2) and (4.10) for L0. We need to find whether the

Kounterterm (3.6), particularized for D = 2n + 1 = 3 dimensions, cancels the divergences

found here. In this case, the constant c2 and the function B2 are equal to

c2 = −C(L) , B2 = −
√
−hK . (4.14)

Therefore, replacing the determinant h and the extrinsic curvature K in terms of the intrinsic

curvature of g
(0)
ij , we find that the total Kounterterm for D = 3 dimensions reads

IKt = c2

∫

d2xB2 = C(L)

∫

d2x

√

−g(0)
[

2

Lz20
+O(z20)

]

, (4.15)

which cancels the power-law divergence found in (4.13), but not the logarithmic one, as we

had anticipated in section 3.

4.2.2 D = 4 dimensions

The divergent terms in 4 dimensions (4.9) become

Idiver = −C(L)

∫

d3x

√

−g(0)
[

2

Lz30
− 3L

4z0
R(0)

]

. (4.16)

The coupling of the Kounterterm that should cancel this and the second Chern form read

c3 =
L2

4
C(L) , B3 = −4

√
−hδi1i2i3j1j2j3

Kj1
i1

(

1

2
Rj2j3

i2i3
− 1

3
Kj2

i2
Kj3

i3

)

. (4.17)

Writing it all together, the Kounterterm for a general theory in D = 4 dimensions is

IKt = C(L)

∫

d3x

√

−g(0)
[

2

Lz30
− 3L

4z0
R(0) +O(z0)

]

, (4.18)

which cancels exactly the divergent terms as written in (4.16). As was pointed out in [30]

for the case of Einstein gravity, we find here that also for a general HCG the Kounterterm

cancels exactly the divergences in AlAdS spaces in D = 4.

4.2.3 D = 5 dimensions

In this case, the divergent part of the action will have an additional logarithmic term, which

depends on Tr g(4) and L(4),

Idiver = −C(L)

∫

d4x

√

−g(0)
[

2

Lz40
− L

3z20
R(0) +O(1) × log z0

]

. (4.19)
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As before, this should be regularized by the Kounterterm (3.6) particularized forD = 2n+1 =

5 dimensions. The value of the constant c4 and the function B4 are

c4 =
L2

8
C(L) , B4 = −

√
−hδi1i2i3j1j2j3

Kj1
i1

(

Rj2j3
i2i3

−Kj2
i2
Kj3

i3
+

1

3L2
δj2i2 δ

j3
i3

)

. (4.20)

Therefore, the total Kounterterm in this case is

IKt = C(L)

∫

d4x

√

−g(0)
[

2

Lz40
− L

3z20
R(0) +O(1)

]

, (4.21)

which as in the case D = 3, cancels the divergences (4.19) except for the logarithmic one.

As mentioned before, these divergences are universal terms, proportional to the conformal

anomaly of the dual field theory, and therefore they were not expected to be cancelled out by

this renormalization procedure.

5 Variational principle in HCG up to D = 5

We will now show that the same Kounterterms presented in section 3 also render finite the

boundary terms that appear when varying the action, and they depend only on the variation of

the metric of the conformal boundary g
(0)
ij , thus producing a well posed variational problem.

First we will obtain the form of the boundary terms that we need to cancel for general

dimensions up to 5, and then particularize the analysis to D = 3, 4 and 5 as done in the

previous section to treat the divergences of the on-shell action.

5.1 Divergences in the boundary term of the variation of a general HCG

As in the preceding sections, we start by considering a general action that can contain any

contraction of the Riemann tensor (4.1). Its variation produces two contributions [31, 32],

δI =

∫

M

dDx
√
−G EµνδGµν + ǫ

∫

∂M

dD−1x
√
−hnµδv

µ , (5.1)

the first of which is proportional to the equations of motion (2.2), and thus vanishes on-shell.

The second term is a contraction of the vector normal to the boundary ∂M (normalized such

that n · n = ǫ = ±1) and the quantity

δvµ = −2Pµρσ
ν δΓ

ν
ρσ − 2∇νP

µρσνδGρσ . (5.2)

We want to evaluate the boundary term in a solution of the equations of motion with AdS

asympotics, so we consider the metric to be given by the usual FG expansion (2.7). The

vector normal to the boundary is given by (2.10), and therefore ǫ = 1.

In order to evaluate the boundary term in δI we need expressions for the variation of the

Christoffel symbols. In particular, the ones we need can be written in terms of variations of
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the extrinsic curvature (2.13) as

δΓi
jk =

1

2
hil (∇kδhjl +∇jδhkl −∇lδhjk) ,

δΓz
ij =

z

L
δKij ,

δΓi
zj = −L

z
δKi

j .

(5.3)

Also, we expand the tensor Pµν
ρσ asymptotically as

Pµν
ρσ ≡ C(L)

2

(

δµρ δ
ν
σ − δµσδ

ν
ρ

)

+ δPµν
ρσ , (5.4)

where δPµν
ρσ is not a variation, but a symbolic way of writing all the terms in Pµν

ρσ containing

powers of z (see below, (5.6)). As mentioned before, when evaluated on-shell the variation

of the action contains only the boundary term given by (5.2), which after replacing the

expressions above for δΓµ
ρσ and Pµν

ρσ becomes

δI = −
∫

∂M

dD−1x
√
−h

[

C(L)
(

2δKi
i + (h−1δh)ijK

j
i

)

+ 2δP zi
zj

(

2δKj
i + (h−1δh)jkK

k
i

)

− 4nz∇lδP
zi
jk h

jlhkmδhim − 2nzhjk∇zδP
zi
zk δhij

]

,

(5.5)

where (h−1δh)ij ≡ hikδhkj , and the variation δhij = δgij/z
2 can be written as a variation

of the metric of the conformal boundary δg
(0)
ij on-shell, due to the relations (2.8) and (2.9).

Notice that if we restricted ourselves to Einstein gravity, we would have C(L) = 1/κ and

δPµν
αβ = 0, independently of the background. Therefore, only the first term in this expression

would contribute, recovering the results in appendix D of [40] for the boundary term of the

variation on-shell.

Until now we have written this expression in terms of variations of the metric and the

extrinsic curvature. However, on-shell they are related through (2.9) and (2.13), and therefore

the variations of Kij can be written as variations of the metric g
(0)
ij , thus leading to a well-

posed Dirichlet problem once we get rid of the divergences. The next step is to expand δPµν
ρσ

in (5.5) in powers of z. Since we are not interested in more than D = 5 bulk dimensions, it

is enough to keep only the terms with powers up to z4, as the determinant in the integrand

behaves to leading order as
√
−h ∼ z−(D−1). Knowing that g

(1)
ij = 0, we can expand δPµν

ρσ as

δPµν
ρσ ≡ z2P (2)µν

ρσ + z3P (3)µν
ρσ + z4P (4)µν

ρσ + · · · . (5.6)
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Plugging this into (5.5) and evaluating the covariant derivatives explicitly yields

δI = −
∫

∂M

dD−1x
√
−h

[

C(L)
(

2δKi
i + (h−1δh)ijK

j
i

)

+
z20
L

(

−2(2D − 7)P (2)zk

zi + 4P (2)lk

li

)

(h−1δh)ik

+
z30
L

(

−4(D − 4)P (3)zk

zi + 4P (3)lk

li

)

(h−1δh)ik + z40 O(δg
(0)
ij ) + · · ·

]

.

(5.7)

The term of order z30 inside the brackets contains the contractions P (3)zk
zi and P (3)lk

li , which

can be seen to vanish7 provided g
(3)
ij = 0 following the reasoning of section 2.3. So these

divergences do not appear in the general theories that we are interested in.8 The contributions

at order z20 in (5.7) also vanish, as can be seen by showing that, on-shell,

P (2)zk
zi = P (2)lk

li = 0 . (5.8)

The arguments leading to this result are explained in appendix C. Finally, the term pro-

portional to z40 in (5.7) vanishes as z0 → 0 in D = 3 and D = 4, even when multiplied by√
−h. In D = 5, however, it produces a constant term which corresponds to a well posed

variational problem with Dirichlet boundary conditions, as all the variations that it contains

can be written in terms of δg
(0)
ij .

Gathering everything up, we see that the boundary term of the variation reads

δI = −
∫

∂M

dD−1x
√
−h

[

C(L)
(

2δKi
i + (h−1δh)ijK

j
i

)

+ z40 O(δg
(0)
ij ) + · · ·

]

. (5.9)

By simple inspection, we see that the only divergent part up to D = 5 is the same as that of

Einstein gravity, presented for example in [40], multiplied by the constant C(L) which depends

on the couplings of the theory at hand. Therefore, we will assume that the divergences in

this object can be regularized by adding to the original Lagrangian the usual boundary

Kounterterms that are known to work for Einstein gravity, multiplied by the constant C(L)

as given in section 3, and which we already know that are enough to cancel the divergences

of the on-shell action in these dimensions.

5.2 Explicit analysis in different dimensions

We will now show how the Kounterterms presented in section 3 can be used to cancel the

divergences in the boundary term that appears when varying the action on-shell (5.9). Al-

7Notice that in D = 4 only Tr g(3) = 0, the other components (the off-trace part) being free, corresponding

to the holographic stress-tensor in the dual CFT. In this case, P (3)lk
li 6= 0, thus inducing a constant term at

the boundary which is standard.
8The expansion of P (3)µν

αβ also contains terms of the form ∇g(2). However, notice that these are only present

in the components P (3)zi
jk or P (3)ij

zk, which are absent at this order —albeit they might appear at higher orders

in the expansion of the boundary term of the variation (5.7).
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though the following computations are carried out more generally in appendix D of [40], here

we will show the results more explicitly in up to 5 bulk dimensions.

5.2.1 D = 3 dimensions

Since
√
−h ∼ z−2 in this case, the non-vanishing terms of the variation (5.9) are simply

δI = −C(L)

∫

∂M

d2x
√
−h
(

2δKi
i + (h−1δh)ijK

j
i

)

. (5.10)

In order to regularize this, we add the Kounterterm (3.6) particularized to D = 3, which

reads

IKt = C(L)

∫

∂M

d2x
√
−hK . (5.11)

It is straightforward to compute its variation, finding

δIKt = C(L)

∫

∂M

d2x
√
−h

(

δKi
i +

1

2
(h−1δh)iiK

)

. (5.12)

Then, adding this to δI above we get the variation of the renormalized action in D = 3,

δIreg = δI + δIKt = C(L)

∫

∂M

d2x
√
−h

(

1

2
(h−1δh)iiK − (h−1δh)ijK

j
i − δKi

i

)

. (5.13)

To the lowest orders in z, the extrinsic curvature behaves as

Ki
j =

1

L
δij + z2LSi

j(g
(0)) + · · · , (5.14)

where Si
j(g

(0)) is the Schouten tensor of the metric g
(0)
ij . So we see that the terms in the

parenthesis start at order z2, which is finite when multiplied by the determinant factor.

Therefore, the Kounterterm cancels the divergences in the variation for this dimension of

the spacetime, and also it allows the variation to be written only in terms of variations with

respect to g
(0)
ij , thus leading to a well-posed variational problem.

5.2.2 D = 4 dimensions

The non-vanishing terms of the boundary variation of the action in 4 dimensions are

δI = −C(L)

∫

∂M

d3x
√
−h
(

2δKi
i + (h−1δh)ijK

j
i

)

. (5.15)

These should be cancelled by the Kounterterm (3.1) with n = 2, which is

IKt = −L2C(L)

∫

∂M

d3x
√
−h δi1i2i3j1j2j3

Kj1
i1

(

1

2
Rj2j3

i2i3
− 1

3
Kj2

i2
Kj3

i3

)

. (5.16)

Its variation δIKt can be evaluated explicitly term by term, and the final result reads [40]

δIKt = C(L)

∫

∂M

d3x
√
−h
(

2δKi
i + (h−1δh)ijK

j
i

)

+ L2C(L)

∫

∂M

d3x
√
−h
[

W il
jl

(

(h−1δh)jkK
k
i + 2δKj

i

)

− δijklmnK
l
i∇̃n∇̃j(h

−1δh)mk

]

.

(5.17)
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The first term in this expression cancels exactly the divergent terms in the variation (5.15).

The second integral in δIKt is finite if we assume asymptotic conformal flatness (which is

natural, since any metric in three dimensions is Weyl-flat). Indeed, in this case the relevant

components of the bulk Weyl tensor behave as W il
jl ∼ zD−1 = z3, and since δKi

j ∼ z2 due to

(5.14), only the first term in that parenthesis contributes. The last term of (5.17) can also

be shown to vanish for this number of dimensions. Assuming that the boundary submanifold

is infinite, we can integrate by parts without adding a boundary term,

√
−h δi1i2i3j1j2j3

Kj1
i1
∇̃j3∇̃i2(h

−1δh)j2i3 −→
√
−h δi1i2i3j1j2j3

(h−1δh)j2i3 ∇̃i2∇̃j3Kj1
i2

. (5.18)

But since ∇̃lK
j1
i2

∼ z2 at least (the zeroth order of Ki
j is proportional to δij) and the indices

of the covariant derivative are raised with the metric hij = z2gij , we have

√
−h δi1i2i3j1j2j3

(h−1δh)j2i3 ∇̃i2∇̃j3Kj1
i2

∼ z , (5.19)

so this term vanishes as z → 0. Therefore, the boundary term of the variation of the regular-

ized action in D = 4 reads

δIreg = δI + δIKt = L2C(L)

∫

∂M

d3x
√
−hW il

jl(h
−1δh)jkK

k
i , (5.20)

which is finite and can be written as depending only on variations of g
(0)
ij , thus leading to a

well-posed variational problem with Dirichlet boundary conditions.

5.2.3 D = 5 dimensions

In 5 dimensions the form of the divergent contribution is the same as before, with the difference

that now the terms of order z40 also contribute,

δI = −
∫

∂M

d4x
√
−h
[

C(L)
(

2δKi
i + (h−1δh)ijK

j
i

)

+ z40 O(δg
(0)
ij )
]

. (5.21)

Notice that in this case only the first term inside the brackets produces divergences, and the

second one results in a constant in the integrand, so it does not need to be cancelled. The

boundary Kounterterm that should cancel these divergences is (3.6) particularized to n = 2,

IKt = −L2

8
C(L)

∫

∂M

d4x
√
−hδi1i2i3j1j2j3

Kj1
i1

(

Rj2j3
i2i3

−Kj2
i2
Kj3

i3
+

1

3L2
δj2i2 δ

j3
i3

)

. (5.22)

Obtaining the variation of this Kounterterm requires a rather involved computation, which

again can be carried out following appendix D of [40]. The final result reads

δIKt = C(L)

∫

∂M

d4x
√
−h
(

2δKi
i + (h−1δh)ijK

j
i

)

+ δI(W ) + δI(0) + δI(∇̃) , (5.23)
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where the first term cancels exactly the divergent part of (5.21), and we have defined

δI(W ) = −L2

8
C(L)

∫

∂M

d4x
√
−h δi1i2i3j1j2j3

W j2j3
i2i3

(

2δKj1
i1

+ (h−1δh)j1k Kk
i1

)

, (5.24)

δI(0) =
L2

16
C(L)

∫

∂M

d4x
√
−h δi1i2i3i4j1j2j3j4

(

Rj3j4
i3i4

−Kj3
i3
Kj4

i4
+

1

L2
δj3i3 δ

j4
i4

)

×
(

(h−1δh)j1k (Kk
i1
δj2i2 − δki1K

j2
i2
) + 2δj1i1 δK

j2
i2

)

,

(5.25)

δI(∇̃) =
L2

4
C(L)

∫

∂M

d4x
√
−h δi1i2i3j1j2j3

(h−1δh)j2i3 ∇̃i2∇̃j3Kj1
i1

. (5.26)

Then, the variation of the total regularized action is

δIreg = δI(W ) + δI(0) + δI(∇̃) + δI(z
4
0), (5.27)

where δI(z
4
0) corresponds to the terms of order z40 in δI that produce a constant in the

integrand, and whose particular form depends on the theory. In order to show that the

variation (5.27) of the regularized action is finite, we should count the powers of z appearing

in each of the terms.

• δI(W ) can be rewritten by expanding the sum in the indices of the antisymmetric δ, and

using W ij
ij = 0, which follows from W µν

µν = W µi
µi = 0. We find:

δI(W ) =
L2

2
C(L)

∫

∂M

d4x
√
−hW il

jl

(

2δKj
i + (h−1δh)jkK

k
i

)

. (5.28)

But now recall that δKi
j ∼ z2, and under the assumption of asymptotic conformal

flatness, W il
jl ∼ zD−1 = z4. Then, since

√
−h ∼ z−4, the term with δKj

i in the

parenthesis does not contribute, and we can write simply

δI(W ) =
L2

2
C(L)

∫

∂M

d4x
√
−hW il

jl(h
−1δh)jkK

k
i . (5.29)

• The first parenthesis in δI(0) can be rewritten in terms of the Weyl tensor of the bulk

metric, using the Gauss-Codazzi equation

Rij
kl = Rij

kl − 2Ki
[kK

j
l] , (5.30)

and the definition of the Weyl tensor, which to the lowest order in z yields:

W ij
kl = Rij

kl +
2

L2
δi[kδ

j
l] . (5.31)

These two expressions can be combined to find

Rij
kl = W ij

kl + 2Ki
[kK

j
l] −

2

L2
δi[kδ

j
l] . (5.32)
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The first parenthesis in δI(0) (taking into account the prefactor δi1i2i3i4j1j2j3j4
) can now be

rewritten as

Rj3j4
i3i4

−Kj3
i3
Kj4

i4
+

1

L2
δj3i3 δ

j4
i4

= W j3j4
i3i4

+Kj3
i3
Kj4

i4
− 1

L2
δj3i3 δ

j4
i4

, (5.33)

and since W ij
kl ∼ z4 and Ki

j = δij/L+O(z2), we see that, to the lowest order,

Rj3j4
i3i4

−Kj3
i3
Kj4

i4
+

1

L2
δj3i3 δ

j4
i4

∼ z2 . (5.34)

In the second parenthesis in δI(0), we have

Kk
i1
δj2i2 − δki1K

j2
i2

∼ z2, δKj2
i2

∼ z2 . (5.35)

Therefore, the whole integrand starts at order z4, and when integrated with d4x
√
−h

it produces a term that is constant and thus non-divergent when z → 0.

• If we do a naive power counting in the term δI(∇̃), we could find that it produces a

constant at the boundary, z → 0. Indeed, as we have seen in D = 4, ∇̃lK
j1
i2

∼ z2.

Therefore, we might be tempted to think that

√
−h δi1i2i3j1j2j3

(h−1δh)j2i3 ∇̃i2∇̃j3Kj1
i1

∼ 1 . (5.36)

However, we will now show that this expression vanishes if we impose the boundary to

be conformally flat. Indeed, since we can expand Ki
j in terms of the Schouten tensor as

in (5.14), to leading order in z we can write

∇̃i2∇̃j3Kj1
i1

= z2L∇̃i2∇̃j3S(0)j1
i1
+ · · · = z4L∇̃(0)

i2
∇̃(0)j3S(0)j1

i1
+ · · ·

= z4
L

2
∇̃(0)

i2

(

∇̃(0)j3S(0)j1
i1
− ∇̃(0)j1S(0)j3

i1

)

+ · · · ,
(5.37)

where ∇̃(0)
i is the covariant derivative compatible with the boundary metric g

(0)
ij , and

the indices of the objects with superscript (0) are raised using the inverse metric g
(0)
ij

(thus the extra explicit z2 factor in the second step). In the last step, we used the fact

that this object is contracted with a generalized Kronecker δ, so we antisymmetrized it

explicitly in the indices j1 and j3. This allows us to use the definition of the Cotton

tensor,

C
(0)
ijk = ∇̃(0)

k S
(0)
ij − ∇̃(0)

j S
(0)
ik , (5.38)

in order to rewrite the above expression as

∇̃i2∇̃j3Kj1
i1

= z4
L

2
∇̃(0)

i2
C(0)j3j1

i1
+ · · · . (5.39)

But the Cotton tensor of g
(0)
ij is related to its Weyl tensor [30]

C(0)kl

j =
1

D − 4
∇̃(0)iW (0)kl

ij , (5.40)
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which is zero if we impose asymptotic conformal flatness, W (0)ij
kl = 0. Therefore, the

term of order z4 in ∇̃i2∇̃j3Kj1
i1

vanishes, and ∇̃i2∇̃j3Kj1
i1

∼ z6, which means that the

total integrand in δI(∇̃) is zero in D = 5 dimensions, since
√
−h δi1i2i3j1j2j3

(h−1δh)j2i3 ∇̃i2∇̃j3Kj1
i1

∼ z2 (5.41)

vanishes at the boundary.

Gathering everything up, we find that the boundary term of the variation of the regularized

action in D = 5 is

δIreg =

∫

∂M

d4x
√
−h

[

L2

2
C(L)W il

jl(h
−1δh)jkK

k
i + z40 O(δg

(0)
ij )

]

, (5.42)

which yields a well-posed Dirichlet variational problem. The last term between brackets

contains the terms of order z40 appearing in the original variation (5.21), as well as those

coming from δI(0).

6 Discussion

In this work, we have implemented a universal renormalization procedure applicable to ar-

bitrary higher curvature gravity theories evaluated on AlAdS manifolds of D ≤ 5 dimen-

sions.9 This method uses the extrinsic boundary counterterms of [28, 29], but with a theory-

dependent coupling constant, as given in equations (3.3) and (3.8). In order to show the

universality of the method, we decompose the equations of motion of an arbitrary HCG into

their radial and tangential components (with respect to the holographic Poincare coordinate),

and we are able to argue, on general grounds —by symmetry arguments— that the odd co-

efficients of the FG expansion of the bulk metric, g
(1)
ij and g

(3)
ij , are zero. Furthermore, by

virtue of the PBH transformation relations [33], it can be argued that g
(2)
ij is constrained to

have the universal form (2.29). Then, considering these general features of the FG expansion,

we verify the cancellation of divergences (section 4) and the well-posedness of the variational

principle (section 5), keeping the expansion terms up to the normalizable order.

The argument fails for particular theories (discussed in section 2.1 and appendix A), for

which the equations of motion do not constrain the form of the g
(1)
ij and/or the g

(3)
ij coefficients.

Albeit these theories correspond to zero measure submanifolds in theory space (parameterized

by the couplings of the higher curvature terms), they are interesting on their own, as they

include theories displaying degenerate AdS vacua —those that leave g(1) undetermined— and

modified AdS asymptotics (as discussed in section 2.1).

It is natural to think about applying this procedure to obtain the finite asymptotic charges

for black hole solutions in generic HCGs. Also, in the context of the AdS/CFT correspon-

dence, one could use the method for renormalizing holographic entanglement entropy, as in

9In the case of D = 5, the extra condition of Asymptotically Conformal Flatness [40] is required, which

assumes the manifold to have a conformally flat boundary. This condition is needed to guarantee that g(2) has

the universal form of (2.29), and for the variational principle to be well-posed, as discussed in section 5.2.3.
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[40, 43, 48, 49, 51]. Finally, one could use the conditions obtained in (2.24), which are required

in order for g
(1)
ij not to be fixed by the equations of motion, to seek for new theories with

degenerate AdS vacua and/or modified asymptotic behaviour. Certainly, many interesting

avenues of exploration are possible using this universal renormalization approach.
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A Conditions to leave g
(1)
ij undetermined in cubic theories

In the end of section 2.1 we mentioned some quadratic theories of gravity that do not impose

g
(1)
ij = 0, but leave it free to be determined as a boundary condition. Here, we will do

the same for theories constructed with cubic contractions of the curvature tensors. Let us

consider the most general theory constructed from the Einstein-Hilbert action supplemented

by all possible terms that are cubic in the curvature,

I =

∫

M

dDx
√−g

(

R− 2Λ0

κ
+ λ1R

µνρσR γ δ
µ ρ Rνγσδ + λ2R

γδ
µν RµνρσRρσγδ

+ λ3R
µνR ρσγ

µ Rνρσγ + λ4RRµνρσR
µνρσ + λ5R

µνRρσRµνρσ

+ λ6R
µνRνρR

ρ
µ + λ7RµνR

µνR+ λ8R
3

)

,

(A.1)

where the coupling constants λi are arbitrary for the moment. The value of the constant

C(L) that multiplies the Kounterterms can be computed using equation (2.6),

C(L) =
1

κ
+

3(D − 1)

L4

(

D − 2

D − 1
λ1 +

4

D − 1
λ2 + 2λ3 + 2Dλ4 + (D − 1)λ5

+ (D − 1)λ6 +D(D − 1)λ7 +D2(D − 1)λ8

)

.

(A.2)
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The equations of motion at order z (2.20), (2.21) and (2.22) are determined by the constants

a(1)(L) and b(1)(L), which in this case are given by

a(1)(L) =
1

κ
+

1

L4

[

6(D − 3)λ1 + 36λ2 + 2(7D − 9)λ3 + 10D(D − 1)λ4 + (5D2 − 13D + 9)λ5

+ (6D2 − 15D + 9)λ6 +D(4D2 − 9D + 5)λ7 + 3D2(D − 1)2λ8

]

,

b(1)(L) = −1

κ
+

1

L4

[

6λ1 + 12λ2 + 2(D + 5)λ3 − 2(D2 − 17D + 16)λ4 − (D2 − 15D + 17)λ5

+ 9(D − 1)λ6 − (2D3 − 23D2 + 37D − 16)λ7 − 3D(D − 1)2(D − 8)λ8

]

.

As explained in section 2.1, the equations of motion imply g
(1)
ij = 0, unless the conditions

discussed after (2.24) are met. Thus, only for both a(1)(L) = b(1)(L) = 0, g
(1)
ij is fully

unconstrained by the equations of motion, which happens only in a zero measure region of

the space of parameters λi. Besides, as what was found for quadratic theories of gravity, the

conditions a(1)(L) = b(1)(L) = 0 end up implying that the corresponding cubic theory has

degenerate AdS vacua.

In the case of cubic curvature gravity, let us quote two examples of usually well-behaved

theories which have the above properties:

• Cubic Lovelock theory in general dimensions [4], D ≥ 7. This corresponds to setting in

(A.1) the values of the couplings to be

λ1 = −8µ , λ2 = 4µ , λ3 = −24µ , λ4 = 3µ , λ5 = 24µ ,

λ6 = 16µ , λ7 = −12µ , λ8 = µ . (A.3)

The particular value of the coupling µ at which a(1)(L) = b(1)(L) = 0 corresponds to

µ = − L4

3(D − 3)(D − 4)(D − 5)(D − 6)κ
, (A.4)

which corresponds to the critical value [15].

• Einsteinian Cubic Gravity [52]. We could consider the Lagrangian (R− 2Λ0)/κ+µPP,

which amounts to

λ1 = 12µP , λ2 = µP , λ5 = −12µP , λ6 = 8µP . (A.5)

while the remaining couplings vanish. The coefficient g
(1)
ij becomes undetermined at the

critical value of the coupling

µP =
L4

12(D − 3)(D − 6)κ
, (A.6)
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which corresponds to the critical value found in [26] when studying the AdS vacua of

the theory in 4 dimensions.

One could also consider the Lagrangian density C, defined in [53]. In particular, the

combination P − 8C in D = 4, introduced in [8, 54] due to its interesting cosmological

properties, also leaves the coefficient g
(1)
ij undetermined for the value of the coupling

(A.6). This makes sense, as it is known that C does not modify the AdS vacuum in four

dimensions.

It would be interesting to explore whether the a(1)(L) = b(1)(L) = 0 condition can be used

as a tool to look for new theories in higher dimensions and of higher order in the curvature,

with analogous behaviour to the examples discussed here.

B Conditions to leave g
(3)
ij undetermined in quadratic and cubic theories

In this appendix we give the values of the constants a(3)(L) and b(3)(L) introduced in section

2.3 for different families of theories. These determine the projected equations of motion at

third order in z, (2.35) and (2.36). First let us consider the general quadratic gravity action

(2.25). These constants are expressions of the AdS radius L and the coupling constants in

the Lagrangian, and read:

a(3)(L) =
3

κ
+

1

L2

[

− 3(5D − 14)α1 − 6D(D − 1)α2 − 6(D − 3)(D − 4)α3

]

,

b(3)(L) = −3

κ
+

1

L2

[

− 3(D − 6)α1 + 6(D2 − 9D + 24)α2 + 6(D − 3)(D − 4)α3

]

.

For the general theory containing cubic contractions of the curvature tensors (A.1), they take

the values:

a(3)(L) =
3

κ
+

1

L4

[

36λ1 + 36(4D − 17)λ2 + 6(4D2 − 13D − 9)λ3 + 6D(D − 1)(4D − 15)λ4

+9(3D2 − 13D + 13)λ5 + 9(D − 1)(4D − 13)λ6 (B.1)

+9D(D − 1)(2D − 5)λ7 + 9D2(D − 1)2λ8

]

,

b(3)(L) = −3

κ
+

1

L4

[

18(D − 4)λ1 + 36λ2 + 30(D − 3)λ3 − 6(D2 − 33D + 96)λ4

+9(D2 −D − 9)λ5 + 9(D − 1)(2D − 7)λ6 (B.2)

+9(D − 1)(9D − 32)λ7 − 9D(D − 1)(D2 − 17D + 48)λ8

]

.

Studying the particular points where they vanish might lead us to theories of gravity whose

dynamics differs from that of Einstein gravity.
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C Proof that the boundary term of δI vanishes on-shell at O(z2)

In this appendix we will show that the terms of order z20 in (5.7) vanish for a general HCG.

This contribution contains the quantity

− 2(2D − 7)P (2)zk

zi + 4P (2)lk

li , (C.1)

and thus, in order to prove that it vanishes it is enough to show that the two contractions

of P (2)µν
ρσ appearing here vanish when evaluated on-shell. The tensor Pµν

ρσ is defined as the

derivative of the Lagrangian L(Rαβ
γδ ) with respect to the Riemann tensor. Then, its com-

ponents will be given by contractions of the Riemann with four free indices that fulfill the

symmetries of the Riemann tensor itself. Since we are interested in the form of the terms at

order z2 in this tensor, P (2)µν
ρσ , we need to study the components of the Riemann up to this

order, which are given once the equations of motion are fulfilled by

Rij
kl = − 2

L2
δ
[i
k δ

j]
l + z2

(

4

L2
δ
[i
[kg

(2)j]
l] +Rij

kl

)

+O(z4) ,

Rzi
zj = − 1

L2
δij +O(z4) ,

Rzi
jk = O(z3) .

(C.2)

As said, also contractions of the curvature can contribute to Pµν
ρσ in a general theory. In

particular, it is enough to consider Rik
jk and Rzi

zi. If we impose that the equations of motion

are fulfilled, g
(2)
ij is given by (2.9) and thus the form of these contractions is found to be

Rik
jk = −D − 2

L2
δij +O(z4) ,

Rzi
zi = −D − 1

L2
+O(z4) .

(C.3)

Thereby we see that the uncontracted components Rij
kl are the only ones that can contribute

to Pµν
ρσ at order z2 on-shell. Therefore, we can write

P (2)ij
kl = C(2)

(

4

L2
δ
[i
[kg

(2)j]
l] +Rij

kl

)

,

P (2)zi
zj = P (2)zi

jk = 0,

(C.4)

where C(2) is a constant depending upon the parameters of the particular theory that we

consider. However, these expressions are enough to see that

P (2)zk

zi = P (2)lk

li = 0 , (C.5)

and thus the terms at order z2 in the boundary term of the variation of the action (5.7) are

zero on-shell for any theory of gravity.
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1985.

[28] R. Olea, Mass, angular momentum and thermodynamics in four-dimensional Kerr-AdS black

holes, JHEP 06 (2005) 023, [hep-th/0504233].

[29] R. Olea, Regularization of odd-dimensional AdS gravity: Kounterterms, JHEP 04 (2007) 073,

[hep-th/0610230].

[30] G. Anastasiou, O. Miskovic, R. Olea and I. Papadimitriou, Counterterms, Kounterterms, and

the variational problem in AdS gravity, JHEP 08 (2020) 061, [2003.06425].

[31] T. Padmanabhan, Some aspects of field equations in generalised theories of gravity,

Phys. Rev. D 84 (2011) 124041, [1109.3846].

[32] P. Bueno, P. A. Cano, V. S. Min and M. R. Visser, Aspects of general higher-order gravities,

Phys. Rev. D 95 (2017) 044010, [1610.08519].

[33] C. Imbimbo, A. Schwimmer, S. Theisen and S. Yankielowicz, Diffeomorphisms and holographic

anomalies, Class. Quant. Grav. 17 (2000) 1129–1138, [hep-th/9910267].

[34] M. Bañados, A. Schwimmer and S. Theisen, Chern-Simons gravity and holographic anomalies,

JHEP 05 (2004) 039, [hep-th/0404245].

[35] G. Anastasiou and R. Olea, From conformal to Einstein Gravity,

Phys. Rev. D 94 (2016) 086008, [1608.07826].

[36] G. Anastasiou, I. J. Araya and R. Olea, Einstein Gravity from Conformal Gravity in 6D,

JHEP 01 (2021) 134, [2010.15146].

[37] D. Grumiller, M. Irakleidou, I. Lovrekovic and R. McNees, Conformal gravity holography in

four dimensions, Phys. Rev. Lett. 112 (2014) 111102, [1310.0819].

[38] Y. Kwon, S. Nam, J.-D. Park and S.-H. Yi, Holographic Renormalization and Stress Tensors in

New Massive Gravity, JHEP 11 (2011) 029, [1106.4609].

– 31 –

http://dx.doi.org/10.1088/1126-6708/1999/06/012
https://arxiv.org/abs/hep-th/9905163
http://dx.doi.org/10.1088/0264-9381/19/22/306
https://arxiv.org/abs/hep-th/0209067
http://dx.doi.org/10.1103/PhysRevD.60.104001
https://arxiv.org/abs/hep-th/9903238
http://dx.doi.org/10.1007/s002200050764
https://arxiv.org/abs/hep-th/9902121
http://dx.doi.org/10.1103/PhysRevD.84.104036
https://arxiv.org/abs/1107.1250
http://dx.doi.org/10.1103/PhysRevD.36.392
http://dx.doi.org/10.1007/JHEP03(2018)150
https://arxiv.org/abs/1802.00018
http://dx.doi.org/10.1088/1126-6708/2005/06/023
https://arxiv.org/abs/hep-th/0504233
http://dx.doi.org/10.1088/1126-6708/2007/04/073
https://arxiv.org/abs/hep-th/0610230
http://dx.doi.org/10.1007/JHEP08(2020)061
https://arxiv.org/abs/2003.06425
http://dx.doi.org/10.1103/PhysRevD.84.124041
https://arxiv.org/abs/1109.3846
http://dx.doi.org/10.1103/PhysRevD.95.044010
https://arxiv.org/abs/1610.08519
http://dx.doi.org/10.1088/0264-9381/17/5/322
https://arxiv.org/abs/hep-th/9910267
http://dx.doi.org/10.1088/1126-6708/2004/05/039
https://arxiv.org/abs/hep-th/0404245
http://dx.doi.org/10.1103/PhysRevD.94.086008
https://arxiv.org/abs/1608.07826
http://dx.doi.org/10.1007/JHEP01(2021)134
https://arxiv.org/abs/2010.15146
http://dx.doi.org/10.1103/PhysRevLett.112.111102
https://arxiv.org/abs/1310.0819
http://dx.doi.org/10.1007/JHEP11(2011)029
https://arxiv.org/abs/1106.4609


[39] C. Cunliff, Non-Fefferman-Graham asymptotics and holographic renormalization in New

Massive Gravity, JHEP 04 (2013) 141, [1301.1347].

[40] G. Anastasiou, I. J. Araya, A. Guijosa and R. Olea, Renormalized AdS gravity and holographic

entanglement entropy of even-dimensional CFTs, JHEP 10 (2019) 221, [1908.11447].

[41] G. Giribet, O. Miskovic, R. Olea and D. Rivera-Betancour, Energy in Higher-Derivative Gravity

via Topological Regularization, Phys. Rev. D 98 (2018) 044046, [1806.11075].

[42] G. Giribet, O. Miskovic, R. Olea and D. Rivera-Betancour, Topological invariants and the

definition of energy in quadratic gravity theory, Phys. Rev. D 101 (2020) 064046, [2001.09459].

[43] G. Anastasiou, I. J. Araya, J. Moreno, R. Olea and D. Rivera-Betancour, Renormalized

holographic entanglement entropy for Quadratic Curvature Gravity, 2102.11242.

[44] R. Aros, M. Contreras, R. Olea, R. Troncoso and J. Zanelli, Conserved charges for even

dimensional asymptotically AdS gravity theories, Phys. Rev. D 62 (2000) 044002,

[hep-th/9912045].

[45] P. Mora, R. Olea, R. Troncoso and J. Zanelli, Finite action principle for Chern-Simons AdS

gravity, JHEP 06 (2004) 036, [hep-th/0405267].

[46] P. Mora, R. Olea, R. Troncoso and J. Zanelli, Vacuum energy in odd-dimensional AdS gravity,

hep-th/0412046.

[47] O. Miskovic and R. Olea, Topological regularization and self-duality in four-dimensional anti-de

Sitter gravity, Phys. Rev. D 79 (2009) 124020, [0902.2082].

[48] G. Anastasiou, I. J. Araya and R. Olea, Renormalization of Entanglement Entropy from

topological terms, Phys. Rev. D 97 (2018) 106011, [1712.09099].

[49] G. Anastasiou, I. J. Araya and R. Olea, Topological terms, AdS2n gravity and renormalized

Entanglement Entropy of holographic CFTs, Phys. Rev. D 97 (2018) 106015, [1803.04990].

[50] R. Agacy, Generalized kronecker and permanent deltas, their spinor and tensor equivalents and

applications, Journal of Mathematical Physics 40 (1999) 2055–2063.

[51] G. Anastasiou, I. J. Araya, R. B. Mann and R. Olea, Renormalized holographic entanglement

entropy in Lovelock gravity, JHEP 06 (2021) 073, [2103.14640].

[52] P. Bueno and P. A. Cano, Einsteinian cubic gravity, Phys. Rev. D 94 (2016) 104005,

[1607.06463].
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