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We show that gravitational solitons naturally carry gauge charges beyond those of any local
quantum field. The effect of these charged excitations is to break a non-invertible symmetry to its
maximal group-like sub-symmetry. Taking these charges into account, we show that the Complete-
ness Hypothesis follows from the breaking of the remaining group-like symmetry. We generalize this
picture to an arbitrary semisimple tensor category of particle charges, showing that the charges of
gravitational solitons form the adjoint subcategory. We discuss a further generalization involving
the charges of extended objects.

An essential feature of quantum gravity is the fluc-
tuation of the topology of spacetime. While these
fluctuations are suppressed at macroscopic scales,
they become large at the Planck scale [1]. As a re-
sult, the UV structure of quantum gravity is quali-
tatively different from that of a continuum quantum
field theory, in which space and time are feature-
less at arbitrarily short distances. Understanding
the physical consequences of this difference, espe-
cially on IR physics, is the goal of the Swampland
Program.1

Two basic swampland conditions, expected to be
true in all consistent theories of quantum gravity,
are the absence of global symmetries [6–14] and the
completeness of the charge spectrum [8, 9, 15]. Re-
cently, the relationship between these two conditions
has been clarified within the context of EFT [16, 17]:
while completeness does not follow from the absence
of group-like global symmetries, it does follow from
the absence of more general non-invertible global
symmetries. While the context of EFT puts this re-
sult on mathematically rigorous ground, it does lose
something of the spirit of the Swampland Program,
and one might hope for an answer that more fully
embraces the gravitational context.

In this note, we extend the results of [16, 17] by
including charged gravitational solitons in the anal-
ysis. For our purposes, a gravitational soliton is a
localized configuration of a gravitational theory with
nontrivial topology, as illustrated in Figure 1, that
may serve as a particle (or brane) excitation of the
system [18, 19]. As the questions we seek to ad-
dress are purely kinematic, we make no attempt to
find solutions to the equations of motion or stable
particle states, but instead seek only finite-energy
configurations. If we find a configuration carrying

1 For a review of the Swampland Program, see [2–5].

a certain gauge charge, then while the soliton might
decay under time evolution, the end result of the de-
cay will be a stable state of the same charge. This
is enough to answer kinematic questions such as the
completeness of the spectrum.

FIG. 1. A gravitational soliton localized in space.

Perhaps surprisingly, we find that gravitational
solitons naturally carry charges beyond those of any
local excitation of the quantum fields. Correspond-
ingly, we learn that there are symmetries of the EFT
which are broken as soon as the topology of space-
time is allowed to fluctuate, even without any addi-
tional UV degrees of freedom. In fact, the effect of
gravitational solitons is precisely to break the non-
invertible symmetry to the maximal group-like sub-
symmetry. If we further demand that this remain-
ing group-like symmetry is broken by additional de-
grees of freedom, we find a complete spectrum, and
thus the Completeness Hypothesis follows from the
absence of group-like symmetries once gravitational
solitons are taken into account.

CHARGED GRAVITATIONAL SOLITONS

Fix a compact Lie group G.2 In this section,
we consider gravitational solitons in G gauge the-
ory that behave as particle excitations with electric

2 The gauge group in quantum gravity is expected to be com-
pact [8, 9, 15], so this is not a severe restriction.
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charge. Recall that the electric charges of particles
in G gauge theory are described by unitary rep-
resentations ρ ∈ Rep(G), which fuse according to
the tensor product. Without gravity, the only lo-
cal charged excitations in the pure gauge theory are
gluons, transforming in the adjoint representation g.
Correspondingly, the only charged local operators3

are those built from the field strength F aµν , trans-
forming in representations built from the adjoint.

Once we include gravitational solitons, however, a
new possibility arises. Consider a gravitational soli-
ton with a nontrivial 1-cycle, as in Figure 1, that
may support a nontrivial holonomy g ∈ G of the
gauge field. The state of such a soliton may be de-
scribed by a wavefunction

ψ(g) ∈ L2(G), (1)

if we ignore other modes of the soliton. Under a
gauge transformation h, the holonomy is conjugated,
and thus the wavefunction transforms as

ψ(g)→ ψ(hgh−1), (2)

the conjugation action of G on L2(G). Thus, grav-
itational solitons at least provide states of every
charge appearing in L2(G), and tensor products
thereof.

How can we characterize this set of charges? Note
that the center Z ⊂ G is the kernel of the conju-
gation representation, and thus L2(G) descends to
a faithful representation of the quotient group G/Z.
By general results in the representation theory of
compact groups,4 we learn that every irreducible
representation of G/Z appears in some finite tensor
product of irreducible representations appearing in
L2(G). Thus, the set of charges realized by gravita-
tional solitons includes at least every representation
of G in which the center acts trivially.

One might hope to produce additional charges by
considering more complicated gravitational solitons,
given by gauge fields on more complicated topolo-
gies. However, this is not possible, and in fact the
charges realized by gravitational solitons are pre-
cisely those representations in which the center acts
trivially. In order to see this, recall that a gauge
field may be reconstructed uniquely from its holon-
omy around all loops [20, 21]. Since a constant

3 By “charged local operator,” we mean a point operator at-
tached to a Wilson line in the appropriate representation.

4 See e.g. [9, Appendix A].

gauge transformation by h ∈ Z acts trivially on all
holonomies, it acts trivially on the gauge field, and
so must act trivially in any state given by gauge
fields on any topology.

Thus, we have obtained a complete characteriza-
tion of the set of charges carried by gravitational
solitons, as the set of representations of G in which
Z acts trivially, or equivalently, as the set of repre-
sentations of G/Z. In fact, this set may be char-
acterized in another way: the center acts trivially
in an irreducible representation ρ if and only if the
corresponding Wilson line operator Wρ has van-
ishing charge under the 1-form center symmetry.
Thus, gravitational solitons provide a maximal set
of charged particles compatible with the preserva-
tion of the 1-form symmetry.

Is this set of charges the same as those carried by
local excitations? Put differently, can every repre-
sentation ρ in which the center acts trivially be found
in some tensor power of the adjoint? For connected
gauge groups, this is in fact the case [17]. However,
for a disconnected gauge group, this need not be the
case, and the set of charges carried by solitons can
be strictly larger than the set of charges built from
tensor powers of the adjoint. We illustrate this pos-
sibility with the following example [17].

Example 1. Consider O(2) = U(1) o Z2 gauge
theory, obtained from U(1) gauge theory by gaug-
ing charge conjugation. Photons transform in the
determinant representation det, which satisfies

det⊗ det = 1, (3)

while the set of representations in which the cen-
ter Z = {±1} acts trivially includes all representa-
tions of even charge under the identity component
U(1). These representations of even charge are re-
alized by wavefunctions ψ(g) ∈ L2(O(2)) supported
on the non-identity component of O(2).

Now, suppose we wish to impose the swampland
condition of the absence of global symmetries, by
adding additional matter fields transforming in some
set of representations {νi}, for 1 ≤ i ≤ n. In order
to fully break the 1-form center symmetry, the col-
lection {νi} must be such that every element h ∈ Z
acts nontrivially in at least one νi. Put differently,
the direct sum

ρ = L2(G)⊕ ν1 ⊕ · · · ⊕ νn, (4)

must be a faithful representation of G, as every el-
ement of G r Z already acts nontrivially in L2(G).
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By the representation theory of compact groups, this
implies that gravitational solitons and matter parti-
cles together generate a complete spectrum. Thus,
the Completeness Hypothesis follows from the ab-
sence of the center symmetry in general, once the
charges of gravitational solitons are included.

BREAKING OF THE NON-INVERTIBLE
SYMMETRY AND ENDABILITY

How does this result, that completeness follows
from the absence of a center symmetry, compare to
the results of [16, 17]? While we have seen that
gravitational solitons preserve the center symme-
try, there is an additional symmetry of the non-
gravitational theory which is broken once we al-
low the topology of spacetime to fluctuate. This
is the non-invertible 1-form symmetry, generated by
topological Gukov-Witten operators. The complete
breaking of this non-invertible symmetry is identi-
fied with the presence of a complete spectrum, as
the non-invertible operators are able to detect the
presence of charges in which the center acts trivially,
yet which are absent in the pure gauge theory.

As we have seen, these are precisely the repre-
sentations realized by gravitational solitons, and so
we see that the non-invertible symmetry is auto-
matically broken to the maximal group-like sub-
symmetry by fluctuations of the topology. This
breaking is possible because, in general, non-
invertible topological operators cannot be deformed
within a homology class, and need only be invariant
under isotopy [22], as a result of the nontrivial split-
ting and rejoining required to move a non-invertible
operator past a handle.

As discussed in [16, 17], the breaking of a 1-form
symmetry is correlated with the endability of line
operators charged under the 1-form symmetry. In
the context of G gauge theory, this is the endability
of Wilson line operators Wρ on charged local oper-
ators Oρ. As we have seen, the only local operators
in G gauge theory are built from the adjoint, and
so there are no local operators on which a Wilson
line Wρ can end if ρ does not appear in any ten-
sor power of the adjoint. This is consistent with the
preservation of the non-invertible symmetry in the
non-gravitational theory.

At first glance, it might appear that nothing
changes once gravity is made dynamical, as there
do not appear to be any additional charged local
operators. This presents a puzzle: our analysis

of charged gravitational solitons suggests the non-
invertible symmetry is broken, and yet there are no
local operators on which the corresponding Wilson
lines may end.

The resolution is that, as the new charged states
are gravitational solitons with nontrivial topology,
the operators that create such states from the vac-
uum must be inserted at conical singularities, as il-
lustrated in Figure 2, rather than at smooth points
in spacetime. More precisely, given a gravitational
soliton with some spatial topology that is asymptotic
to Rd−1, letM be the 1-point compactification. The
operator that creates the soliton must sit at the cone
point of

CM =
M× R+

(m, 0) ∼ (m′, 0)
, (5)

so that its insertion induces a change of the topol-
ogy. Such operators are not valid local operators in
quantum field theory, but must be considered on the
same footing in quantum gravity, where the topology
is dynamical.

𝑊" 𝒪"

FIG. 2. Charged gravitational solitons are created by
charged operators at cone points.

For an alternative perspective, note that such an
operator inserted at the cone point may be thought
of as creating a state on the closed manifold M.
If the operator is attached to a Wilson line Wρ,
this Wilson line will extend out to puncture M at
a point, and so this state lives in a defect Hilbert
space Hρ(M) of states of charge ρ on M, whereas
in quantum field theory we were restricted to the
caseM = Sd−1, corresponding to local operators at
a smooth point.

WORMHOLES AND THE ADJOINT
SUBCATEGORY

Having analyzed the case of gravitational solitons
with electric charge under G gauge theory, let us
now turn to more general notions of charged par-
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ticle, such as dyonic charges in four dimensions or
anyonic charges in three dimensions. Most generally,
we consider particle charges described by a semisim-
ple tensor category C of line operators.5 We work
in at least three spacetime dimensions, so that C is
braided.

To study these cases, let us seek a more invariant
description of the set of charges realized by grav-
itational solitons in G gauge theory. As we saw,
the charges of gravitational solitons are generated
by the irreducible representations in L2(G), acted
on by conjugation. The structure of this represen-
tation is well-understood, and is described by the
Peter-Weyl theorem as

L2(G) =
⊕
ρ

ρ⊗ ρ, (6)

where ρ runs over a complete set of irreducible rep-
resentations.

This description is quite evocative, and suggests
the following interpretation. One way to produce a
gravitational soliton is to consider a wormhole con-
necting two nearby points in space, through which
some electric gauge flux is flowing. If the flux is de-
scribed by a representation ρ, then one end of the
wormhole will behave as a particle of charge ρ, while
the other behaves as a particle of charge ρ, as illus-
trated in Figure 3.

𝜌 𝜌"

FIG. 3. A wormhole threaded with electric flux.

If each end of the wormhole were free to move
about as an independent particle, we would have
a complete spectrum, as would be the case if the
Cobordism Conjecture [19] were satisfied and the
wormhole could pinch off into two independent ends.
Without imposing the Cobordism Conjecture, the
two ends are not independent particles, but we may
bring the ends together to form a gravitational soli-
ton of charge ρ⊗ρ, in line with our previous analysis.

5 See [23] for a textbook account of tensor categories.

This picture, in which we construct solitons by
bringing the ends of a wormhole together, applies
in much more generality than electric charges un-
der a gauge group. If our particle charges are de-
scribed by a braided semisimple tensor category C,
the above argument tells us that the charges realized
by gravitational solitons include at least the adjoint
subcategory Cad, defined to be the smallest tensor
Serre subcategory of C containing all objects ρ ⊗ ρ,
as ρ ranges over the simple objects of C.

In fact, the general theory of tensor categories im-
plies that the charges of gravitational solitons are
exactly given by the adjoint subcategory Cad, as
it is the maximal subcategory compatible with the
preservation of a group-like 1-form symmetry. By
[23, Definition 4.14.2], the braided tensor category C
has a universal grading,

C =
⊕
u∈UC

Cu, (7)

where UC is an abelian group, the universal grading
group, such that the trivially graded component is
the adjoint subcategory C1 = Cad, and such that Cu
is irreducible as a module over Cad. To connect to
our previous discussion, let us consider the following
example.

Example 2. Let C = Rep(G), the tensor category
of unitary representations of a compact Lie group G.
Let Z be the center of G. Then the adjoint subcate-
gory is

Cad = Rep(G/Z), (8)

the category of representations of G in which Z acts
trivially. The universal grading group is

UC = Z∨ (9)

the Pontryagin dual of Z, and the u-graded subcate-
gories, for u : Z → U(1), are

Cu = {ρ ∈ Rep(G) | Z acts in ρ by u} . (10)

Motivated by this example, we might expect that
a theory whose charges are described by C might
have a U∨C 1-form symmetry, by analogy to the 1-
form center symmetry of G-gauge theory. This is
in fact the case: by [23, Proposition 4.14.3], the de-
looping BU∨C acts as a symmetry of the category C of
particle charges, which is equivalent to saying that
U∨C is a 1-form symmetry. More concretely, we may
define codimension-2 symmetry operators for each
element of U∨C by their linking with the line opera-
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tors representing probe particles.

Thus, we see that the results of our previous analy-
sis hold in far more generality. Gravitational solitons
provide particles with all charges not protected by
a group-like 1-form symmetry. If we impose the ab-
sence of global symmetries by adding additional par-
ticles to fully break the symmetry, the irreducibility
of Cu as a module over Cad implies that gravitational
solitons and the additional particles generate a com-
plete spectrum. Thus, completeness of the parti-
cle spectrum follows in general from the absence of
global symmetries and the presence of gravitational
solitons.

HIGHER BRANE CHARGES

So far, we have only considered gravitational soli-
tons that are localized at a point in space, which
serve as particle excitations of the gravitational the-
ory. However, quantum theories of gravity contain
not only particles, but also extended objects of var-
ious dimensions, such as strings and branes, and we
would like to describe the higher brane charges car-
ried by gravitational solitons as well.

In principle, one should consider the entire spec-
trum of brane charges of different dimension at once,
to capture effects such as higher-group symmetry
[24] or the solubility of different branes in each other
[25]. In d dimensions, these charges are described by
a semisimple d-category C,6 whose k-morphisms de-
scribe charges for objects of codimension k in space-
time. Thus, the objects of C are vacua of the theory,
the 1-morphisms are domain walls, and so on. If we
only care about charges of objects of codimension
k ≥ k0 in a certain vacuum V , we may restrict at-
tention to Ωk0V C, the k0-fold looping of C at V , a rigid
k0-tuply monoidal semisimple (d− k0)-category.

As we saw in the previous section, the particle
charges of gravitational solitons are described by the
adjoint subcategory, generated by fusions ρ ⊗ ρ of
simple objects with their duals. As far as we are
aware, the theory of the adjoint subcategory and
universal grading has not been extended to the d-
categorical case, but we might hope for a similar
picture to hold.

6 See [26, 27] for basic definitions and constructions in such
categories.

To make this more precise, for k > 0, consider
the set πkC of Schur equivalence classes of simple k-
morphisms, i.e., codimension-k brane charges. We
define the adjoint subset (πkC)ad to be the set of
all simple k-morphisms appearing in fusions ρ ⊗ ρ
of simple k-morphisms with their duals. Further,
we define UπkC to be the universal grading on πkC
compatible with the fusion. We expect to find grav-
itational solitons of codimension k with charges in
(πkC)ad, as well as a U∨πkC (d − k)-form symmetry,
whose breaking implies completeness.

To illustrate this, we consider an example which
has been the subject of recent discussion in the lit-
erature [16, 17, 28]: the charges of codimension-2
vortices defined by the holonomy of a discrete gauge
group Γ, as illustrated in Figure 4.

[𝑔]

FIG. 4. A codimension-2 vortex with holonomy [g].

Example 3. Let Γ be a discrete group. Consider the
simply-connected semisimple d-category C defined by

Ω2C = Z (Vectd−2[Γ]) , (11)

where Vectd−2[Γ] is the monoidal (d − 2)-category
of Γ-graded (d− 2)-vector spaces, and Z(−) denotes
the Drinfeld center. For d ≥ 4,7 the set of Schur
equivalence classes of simple 2-morphisms in C is

π2C = conj(Γ), (12)

the set of conjugacy classes in Γ, with fusion given
by the fusion of conjugacy classes [31]. Concretely,
a conjugacy class [g] corresponds to a vortex defined
by a discrete holonomy g ∈ Γ, defined only up to
gauge transformation, i.e., conjugation.

We compute

[g]⊗ [g] = [g]⊗ [g−1] ⊃ [ghg−1h−1], (13)

7 In d = 3, vortices are particles, and so we must consider
fusions of vortices with electric particles as well, labeled by
pairs ([g], ρ) of a conjugacy class [g] and a representation ρ
of the stabilizer of g (see e.g. [29, 30]).
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for any h ∈ Γ, and thus we have that

(π2C)ad = conjΓ[Γ,Γ], (14)

the set of Γ-conjugacy classes in the commutator
subgroup [Γ,Γ]. The universal grading group is

Uπ2C = Γ/[Γ,Γ] = Γab, (15)

the abelianization of Γ, where the a-graded subset for
a ∈ Γab is given by the conjugacy classes that project
to a in the abelianization.

The upshot of this example is that gravitational
solitons are expected to produce vortices for any Γ-
conjugacy class in the commutator subgroup [Γ,Γ],
and we expect a Γ∨ab (d−2)-form symmetry. Indeed,
both are the case! Note that

Γ∨ab = Hom(Γ, U(1)), (16)

and so we may identify the Γ∨ab symmetry as the
symmetry generated by invertible, topological Wil-
son lines Wρ, labeled by 1-dimensional unitary rep-
resentations ρ of Γ [16, 17]. A gravitational soliton
realizing a conjugacy class [ghg−1h−1] is given by a
punctured torus with discrete holonomies g and h
around the two 1-cycles, as illustrated in Figure 5.

ℎ

𝑔

𝑔ℎ𝑔#$ℎ#$

FIG. 5. A vortex in the commutator subgroup.

While gravitational solitons produced by
codimension-k wormholes carry charges in (πkC)ad,
this is not the most general type of gravitational
soliton we can construct, and a full analysis would
involve not just wormholes, but also solitons
constructed by surgeries along higher dimensional
manifolds. We illustrate this possibility with the
following example.

Example 4. Consider axion electrodynamics in
four dimensions,8 defined by a U(1) gauge field A

8 The higher-group symmetries of axion electrodynamics
have been a subject of recent study [17, 25, 32–35].

and a compact scalar φ, together with an axion cou-
pling

L ⊃ φ F ∧ F. (17)

While the U(1) shift symmetry of φ is broken by the
axion coupling, there are no instantons coupled to φ
in the EFT, as there are no U(1) gauge instantons
localized in R4 in continuum quantum field theory.9

However, we may construct a gravitational soliton
with nonzero instanton number as follows. Excise
from R4 an embedded copy of S1×D3, and glue in a
copy of D2×S2, to obtain a manifold diffeomorphic
to R4#(S2 × S2). To produce a configuration with
nonzero instanton number, we simply place magnetic
flux of F on each S2. The resulting configuration is
a solitonic version of the monopole loops studied in
[37], just as the wormholes considered previously are
solitonic versions of particle-antiparticle pairs.

It would be quite interesting to give a complete de-
scription of the charges realized by gravitational soli-
tons of every dimension. Such a description might
help illuminate the proper generalization of the ad-
joint subcategory to the case of a general semisimple
d-category.

DISCUSSION

We have seen that the consideration of gravita-
tional solitons leads to a tremendous simplification
of the question of completeness of the spectrum of
gauge charges. While the question of completeness
in EFT is quite complicated, involving non-invertible
symmetries [16, 17] and non-abelian charge struc-
tures [28], the question of completeness in quantum
gravity reduces to the breaking of an abelian, group-
like symmetry.

In particular, this observation resolves a reason-
able objection to the claim that completeness fol-
lows from the Cobordism Conjecture [19]. Namely,
the symmetries arising from the cobordism groups of
quantum gravity are always abelian and group-like,
and so it may have been difficult to imagine that
their absence could imply completeness in general.

9 See [17, Section 8.2] for similar discussion. Of course, point-
size abelian instantons are familiar in string theory and field
theories on non-commutative spacetimes. In fact, these in-
stantons are likely equivalent to gravitational solitons [36].
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The results of this note show that such a simplifica-
tion is natural, and indeed the cobordism groups of
quantum gravity measure the symmetries left unbro-
ken even after the topology is allowed to fluctuate.10

Let us emphasize that the effect described in this
note is a direct result of the fact that in quantum
gravity, we cannot assume that spacetime is topolog-
ically trivial at short distance scales, so that nontriv-
ial topologies supporting holonomies and fluxes can
provide particle and brane excitations beyond those
of any local quantum field. Interestingly, the same
is true of lattice systems, where the nontrivial topol-
ogy at the lattice scale allows for degrees of freedom
with exactly the same charges [38, Appendix B] as
we found for gravitational solitons. This hints at a
deep connection between quantum gravity and lat-
tice systems [39], and could perhaps shed light on
the appearance of cobordism in both [19, 40].

Finally, a shortcoming of the perspective advo-
cated in this note is that, generically, we would ex-
pect the masses of gravitational solitons to be near
the Planck scale, and so their relevance for low-
energy physics may be somewhat suspect. While
this expectation is valid semiclassically, it is conceiv-
able that strong quantum corrections could bring
their masses down. In fact, once quantum grav-
ity becomes strongly-interacting, the distinction be-
tween gravitational soliton and localized particle be-
comes blurred, and what appears to be a gravita-
tional soliton in one duality frame might be a local
particle in another. Understanding this possibility
is necessary if we want to understand the full impli-
cations of gravitational solitons for the Swampland
Program, and in particular whether they can pro-
vide the light states demanded by the Weak Gravity
Conjecture [41] and the Swampland Distance Con-
jecture [42].

ACKNOWLEDGMENTS

We thank Sergio Cecotti, Ben Heidenreich, Miguel
Montero, Matthew Reece, Tom Rudelius, Cumrun
Vafa, and Irene Valenzuela for many discussions
and closely related collaborations. We thank Theo
Johnson-Freyd, Zohar Komargodski, and Sahand

10 Note the tension between this result and the claim of [13]
that all higher-form symmetries are automatically broken
by fluctuations of the topology.

Seifnashri for discussions on semisimple higher cat-
egories. We thank Matthew Reece for comments on
the draft. We thank the Simons Center for Geome-
try and Physics, where part of this work was com-
pleted during the 2019 and 2021 summer workshops.

The research of JM is supported by the National
Science Foundation Graduate Research Fellowship
Program under Grant No. DGE1745303. Any opin-
ions, findings, and conclusions or recommendations
expressed in this material are those of the author and
do not necessarily reflect the views of the National
Science Foundation.

[1] S. W. Hawking, “Space-Time Foam,” Nucl. Phys. B
144, 349-362 (1978).

[2] T. D. Brennan, F. Carta and C. Vafa, “The String
Landscape, the Swampland, and the Missing Cor-
ner,” PoS TASI2017, 015 (2017), arXiv:1711.00864
[hep-th].

[3] E. Palti, “The Swampland: Introduction and Re-
view,” Fortsch. Phys. 67, no.6, 1900037 (2019),
arXiv:1903.06239 [hep-th].

[4] M. van Beest, J. Calderón-Infante, D. Mir-
fendereski and I. Valenzuela, “Lectures on the
Swampland Program in String Compactifications,”
arXiv:2102.01111 [hep-th].

[5] M. Graña and A. Herráez, “The Swampland Conjec-
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