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Quark Sivers Function at Small z:
Spin-Dependent Odderon and the Sub-Eikonal Evolution

Yuri V. Kovchegov* and M. Gabriel Santiago®
Department of Physics, The Ohio State University, Columbus, OH 43210, USA

We apply the formalism developed earlier [1, 2] for studying transverse momentum dependent
parton distribution functions (TMDs) at small Bjorken z to construct the small-z asymptotics of
the quark Sivers function. First, we explicitly construct the complete fundamental “polarized Wilson
line” operator to sub-sub-eikonal order: this object can be used to study a variety of quark TMDs
at small xz. We then express the quark Sivers function in terms of dipole scattering amplitudes
containing various components of the “polarized Wilson line” and show that the dominant (eikonal)
term which contributes to the quark Sivers function at small z is the spin-dependent odderon,
confirming the recent results of Dong, Zheng and Zhou [3]. Our conclusion is also similar to the case
of the gluon Sivers function derived by Boer, Echevarria, Mulders and Zhou [4] (see also [5]). We also
analyze the sub-eikonal corrections to the quark Sivers function using the constructed “polarized
Wilson line” operator. We derive new small-z evolution equations re-summing double-logarithmic
powers of as ln2(1/x) with as the strong coupling constant. We solve the corresponding novel
evolution equations in the large-N. limit, obtaining a sub-eikonal correction to the spin-dependent
odderon contribution. We conclude that the quark Sivers function at small = receives contributions
from two terms and is given by

1 1\°
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with the function Co (z, k%) varying slowly with x and the ellipsis denoting the sub-asymptotic and
sub-sub-eikonal (order-z) corrections.

CONTENTS

I. Introduction

I1. Quark S-Matrix in the Background Field

I11.

Iv.

mOQw>

Gluon insertion operator

Quark insertion operator

Quark and gluon insertion operator

Double quark insertion operator

Full sub-sub-eikonal fundamental polarized Wilson line

Quark Sivers Function at the Eikonal Level

A. Quark Sivers Function at Small z: a General Expression

B. Quark Sivers Function at the Eikonal Level: the Spin-Dependent Odderon Contribution
C. Sivers Function at the Sub-Eikonal Level: a New Evolution

1. Sub-Eikonal Sivers Function

2. Initial Conditions

3. Small-z Evolution: General Expression

4. Small-z Evolution in the Large-N. Limit

5. Small-z Sub-Eikonal Asymptotics of the Sivers function

D. Small-z Asymptotics of the Quark Sivers Function: a Summary

Conclusions and Outlook

Acknowledgments

Solution of the Large-N. Evolution Equations

References

* Email: kovchegov.1@osu.edu
T Email: santiago.98@buckeyemail.osu.edu

15
15
19
22
22
25
26
31
34
37

37

38

38

39


mailto:kovchegov.1@osu.edu
mailto:santiago.98@buckeyemail.osu.edu

I. INTRODUCTION

The Sivers function [6, 7] is crucial for our understanding of the internal structure of the proton (and other
hadrons) in terms of its quark and gluon degrees of freedom. It encodes the information about the orbital angular
momentum of quarks and gluons in the proton, including spin-orbit coupling effects which lead to an asymmetric
distribution of the partonic transverse momentum [8-13]. The quark Sivers function is one of the two quark
transverse momentum dependent parton distribution functions (TMDs) which is odd under time reversal, the other
being the Boer-Mulders function [14]. This leads to the celebrated sign change between the quark Sivers function
for semi-inclusive deep inelastic scattering (SIDIS) and Drell-Yan (DY) lepton pair production [15-19]

Lqg _ Lqg
f1T SIDIS — _flT DY* (2)

This process dependence shows that while the intrinsic motion of the quarks inside the proton is a universal property
of the proton state in QCD and the Sivers function does probe this intrinsic motion, this function also depends
on how the proton is probed. (See [20] for a simple and intuitive illustration of this statement.) Thus, the Sivers
function is a process-dependent TMD, with the process dependence being under theoretical control in SIDIS and
DY.

The small-Bjorken x evolution of the Sivers function lies at the intersection of several facets of QCD research. It
probes the spin and angular momentum structure of protons in the z-range where sea quarks and gluons are the
dominant constituents of the proton. The intersection of spin physics and small-z physics has received extensive
attention lately [1, 2, 20-48] with small-z evolution equations constructed for the various quark and gluon TMDs,
partially in anticipation of the future Electron-Ion Collider (EIC) [8, 9, 12, 13] where many of the TMDs will
be measured at small = with high precision. The small-z asymptotics of the Sivers function also intersect with
research on the QCD odderon, the C-odd t-channel gluon exchange which was originally proposed as a mechanism
for generating the asymmetry between pp and pp cross sections at very high energies [49]. At leading order in
g, the odderon is given by a three-gluon exchange in the t-channel with the gluons in the symmetric d**¢ color
configuration (d®*¢ = 2tr[t*{t’,¢°}] with t* the fundamental generators of SU(N,) and N, the number of colors).
The odderon has its own extensive body of research at small-z [50-61], as well as an exciting recent announcement
of the odderon detection in pp and pp collisions by the DO and TOTEM collaborations [62] (see also [63-67]). It was
shown in [4] that the gluon Sivers function at small x is mainly generated by the spin-dependent odderon, arising
from a fundamental-representation Wilson loop in the gauge link of the operator. One might expect a similar result
in the case of the quark (SIDIS or DY) Sivers function as it also comes in with a fundamental-representation gauge
link. Indeed, in [5] the odderon was shown to generate single transverse spin asymmetry for the quark jet production
in scattering of a quark on a transversely polarized nucleon, further suggesting the odderon’s connection with the
quark Sivers function. Moreover, recently, in [3] it was shown that the spin-dependent odderon does contribute to
the quark Sivers function. In this work we study the intersection of these diverse areas of QCD by constructing the
small-x asymptotics of the quark Sivers function. Our approach is different from [3, 4] since we do not limit our
analysis to the eikonal contribution and study the sub-eikonal corrections to the quark Sivers function as well.

Small-z evolution for the helicity TMD and quark transversity TMD were constructed in [1, 24, 31] and in [2],
respectively, using the saturation/color glass condensate (CGC) framework [68-73] where the operator definitions
of the TMDs can be rewritten in terms of the so-called polarized dipole scattering amplitudes defined in terms of
Wilson line correlators. For the helicity TMDs, a new ‘longitudinally polarized Wilson line’ operator had to be
constructed in [1, 34], where a sub-eikonal operator (or two operators) were inserted into the usual eikonal light-cone
Wilson lines in order to couple the proton’s helicity to the helicity of the quark or anti-quark in the dipole. (In our
notation, sub-eikonal refers to the object suppressed by one power of x compared to the eikonal scattering, sub-sub-
eikonal refers to suppression by 2, etc.) Similarly, for the quark transversity TMD a new ‘transversely polarized
Wilson line’ operator was constructed in [2], containing sub-sub-eikonal operators needed to couple the proton’s
transverse spin to the transverse spin of the quarks in the dipole. In order to study the small-z asymptotics of the
leading-twist quark TMDs dependent on the proton’s spin, one needs to couple the proton’s spin to the quarks in
the dipole. To evaluate such coupling, one needs a priori to find all the other terms in the scattering of a quark on
a polarized proton, including all the eikonal, sub-eikonal, and sub-sub-eikonal operators which were not included
in the ‘polarized Wilson line’ operators constructed in [1, 2, 34]. Here we will perform this construction, thus
completing the calculations started in [1, 2, 34]. The result of our calculation is a fundamental polarized Wilson line
operator up to and including the sub-sub-eikonal order: it is given in Eq. (42) below. This is our main formal result:
it can be used for the future analyses of different quark (and gluon) TMDs at small 2. Here we apply this result to
obtain the small-z asymptotics of the quark Sivers function. We find two contributions: one coming directly from
the exchange of a spin-dependent odderon and a novel sub-eikonal one with the double-logarithmic evolution.

The structure of this paper is as follows. In Sec. II we construct the full ‘polarized Wilson line’ operator in Eq. (42)
working to sub-sub-eikonal order. One can also think of this object as the full quark S-matrix in the background
field of a target calculated up to (and including) the sub-sub-eikonal order and expressed in the transverse spin
basis. (A conversion to helicity basis can be easily accomplished using Table I below).



In Sec. III we take the operator definition of the quark Sivers TMD and rewrite it in the small-z/saturation
formalism in terms of dipoles containing different parts of the new ‘Wilson line’ operator. We separately investigate
the eikonal and sub-eikonal contributions. In Sec. IIT A, working at the eikonal level, we show that the leading
contribution to the quark Sivers function comes from the eikonal odderon exchange which has a known small-z
evolution [50, 51, 56, 58] and asymptotics [54, 56]. The odderon intercept is known to be exactly zero at the leading
[54, 56] and next-to-leading [74] logarithmic approximation in 1/z, and also at any order in the strong coupling a
in the large-N, limit [75]. In addition, the odderon intercept appears to be zero in the strong-coupling calculations
based on the anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence [76-78]. We thus conclude, with
the perturbative and non-perturbative accuracy of the odderon calculations [54, 56, 74—78], that the leading eikonal
small-z asymptotics of the quark Sivers function is fll:,?(m, k%) ~ 1/z for both the SIDIS and DY cases.

In Sec. III B we explicitly calculate the odderon-generated quark Sivers function in the scalar diquark model of
the proton. This contribution dominates at small = as it is proportional to 1/x (see Eq. (66)) and receives no
corrections to this power of x from evolution, as described above. It can be compared to the lowest fixed-order
(one-loop) contribution to the quark Sivers function in the scalar diquark model of the proton, which, for massless
quarks, gives fé,?(x, k%) ~ x and, therefore, falls off rather rapidly at small = [79].

The sub-eikonal small-z asymptotics of the quark Sivers function is studied in Sec. III C. There we identify the
sub-eikonal part of the polarized Wilson line operator (77a) responsible for the Sivers function and construct a
new evolution equations (100) (or, at large N., Egs. (118) or (121)). These evolution equations re-sum powers of
o, In?(1/z): we will refer to this as the double-logarithmic approximation (DLA) (cf., e.g., [1, 2, 24, 31]). Solving
these novel evolution equations in the large- N, limit we arrive at the sub-eikonal small-z asymptotic term (129) for
the quark Sivers function. Combining this with the spin-dependent odderon we arrive at the eikonal and sub-eikonal
small-z asymptotics of the quark Sivers function given in Eq. (1), which we will repeat here for completeness,

0
() = Cole ) 2 + G0 (5 ) ®

This is the main physical result of this work. The function Co(z,k?%) is slowly-varying with z and can be exactly
determined by the odderon evolution equation (see [65]).

We conclude in Sec. IV by summarizing our results and by describing possible future applications of our technique,
such as the determination of the small-z asymptotics for various other TMDs.

II. QUARK S-MATRIX IN THE BACKGROUND FIELD

At small z, the quark and gluon helicity TMD [1] and the quark transversity TMD [2] can be expressed in terms
of the ‘polarized dipole operators’ given by correlators of polarized Wilson lines with the usual eikonal Wilson lines.
These polarized dipole operators obey small-x evolution equations, which differ for different TMDs as dictated by
the structure of the corresponding part of the polarized Wilson line operator. The polarized fundamental Wilson
line up to sub-sub-eikonal order was partially constructed in [2], where, for the transversity calculation, the only
contributing portion of the Wilson line operator was the term which coupled the transverse spin of the proton to the
transverse spin of a probed quark. Here we want to construct the full polarized Wilson line (quark S-matrix) which
applies for scattering of any-polarization quark on any-polarization nucleon, including terms up to (and including)
the sub-sub-eikonal order. The calculation will be carried out in the transverse spin basis, with the conversion of
our results into the helicity basis being easy to accomplish with the help of Table I below.

We consider high-energy scattering of a quark moving in the 2~ light-cone direction with the large ‘minus’
momentum p, on a proton moving in the z* light-cone direction with the large ‘plus’ momentum pf. The light-
cone coordinates are defined by

xt=t+z2, 2 =t—2z xz=(z,9), (4)

such that a space-time 4-vector is written in terms of light-cone coordinates as z* = (z*, 27, z). The inner product
of two 4-vectors is

ath™ +a bt

abt = 5

—a-b (5)
The transverse portion of 4-vectors is denoted by z = (x, y) while its magnitude we is labeled by |z| = . We will
make one exception for the transverse momentum k, whose magnitude will be denoted by k7 = |k|.

The fundamental Wilson line which sums up the eikonal scattering of the quark at transverse position z moving



in the = direction on the gluon field of the proton is [80]
Ty

Vale o] =Pexp | [ dom 4t 00 )| (6)

i

with P the path ordering operator, A* = ) A®#t® the background gluon field, g the strong coupling constant,
and the integral running over the light-cone path of the quark. In the case of an infinite path we will abbreviate
the Wilson line as V,, = V,[c0, —o0].

We are interested in constructing the generalization of the Wilson line operator which includes all possible
sub-eikonal and sub-sub-eikonal interactions of a quark with the target irrespective of the quark and the target
polarizations. To this end, we define an S-matrix for the quark—target scattering by

_ d2pin d2pout ip  x—ip. -y 2 ¢2 .
Vayora = / o T (G0 2262 (5,0, = £30) + 7 Aero®,2,)] (7)

where A(Bou " Bm) is the scattering amplitude for a quark on a target with P, and Pt the incoming and outgoing
quark transverse momenta, respectively, while ¢/ and o are the outgoing and incoming quark polarizations in
helicity basis. The amplitude A is normalized such that A = M/(2s) [73], where M is the standard textbook
scattering amplitude and s is the center-of-mass energy squared. Extending the notation of [1, 2, 24], we will denote

by Vmpzl;g,ﬂ the entire non-eikonal part of the quark scattering S-matrix (7), independent of whether the terms it

contains depend on quark or target polarizations or not:

Vayioro = Ve 02(z —y) g + VIO, . (8)

From the earlier calculations [1, 2, 34, 35, 42] we know that sub-eikonal and sub-sub-eikonal corrections come in
as insertions of one or more sub- and/or sub-sub-eikonal operators anywhere along the x~ path of the quark. For
an insertion of a local operator we have

V;;G,’J = / dz™ d?z Vy[oo, 27| 6% (x — 2) 05?}0({,1) Vg[z_, —o0) 52(y —2), (9)

while for an insertion of a bi-local operator (cf. [1, 2]) we write

Voo = / dzy d?z /dZS d?z Vy[o0, 23] 6% (z — 25) O (23, 21 3 29, 21) Vyler . —00] 0% (y — z1).  (10)

21

Here and below, the two-dimensional integrals denote integration over transverse components of the vector: for
instance, d?z = dz* dz¥Y. When space allows we will also refer to such integration measure as d?z;. Note that, in
general, the operators (95?}0_ (27,2) and 05?}0 (25,21 ; 29, 21) may contain derivatives with respect to z and zq, 2,
respectively, acting on the delta-functions in Egs. (9) and (10). For the helicity and transversity ‘polarized Wilson
lines’ such derivatives were absent in [1, 2] and one also had OP°!(z; , 27 525, 21) = 02(21 — 25) (95?710(,22_,2'1_,;1),

resulting in the simplification V;;U,J = Vzp;(;l,’a 6%(z — y) with
V;Ol = /DO dz™ Vy[oo, 7] OPOI(xf,g) Velz™, —o0], (11)
and h
vl = 7d171_ /Oodifz_ Vi oo, 231 OP (a3, a7, z) Vi [y, —o0), (12)
o or

for the local and bi-local operators, respectively. For brevity we have suppressed the polarization indices in Eqgs. (11)
and (12).

From the analysis in [1, 2, 41] we know that the local operator Og?yla(z*,g) in Eq. (9) can be obtained by
calculating the diagrams containing the sub-eikonal and/or sub-sub-eikonal gluon field insertion shown in Fig. 1
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below, while the non-local operator Og?lc, (25,21 ;29,2,) arises due to two quark field insertions with the adjoint
Wilson line connecting them, as illustrated diagrammatically in Fig. 2. Note that at the sub-sub-eikonal level
the term with two insertions of Og?lg(z*, z) needs to be included as well. Below we will explicitly calculate the

. pol — pol - -,
non-eikonal operators Op) (27, 2) and OF (25, 21 1 29, 21).

A. Gluon insertion operator

Here we calculate the gluon exchange operator OP°' & in Feynman gauge (0, A" = 0). The non-eikonal scattering

in Fig. 1 is shown by a gluon coupling to the quark line at the top via a black-circle vertex, where the background
field transfers a momentum k to the ™ -direction moving quark. Following the approach of [1, 2, 34], which involves
replacing the numerators of quark propagators by the polarization sums, we obtain the (potentially non-eikonal)
operator in momentum space

1

it (p2 + k) A(R)ux (p2).
oo s k) "

The normalizing factor of 1/ {2\ /py (p3 + k‘)] results from the square roots of the denominators of the residues

for the two quark propagators adjacent to the non-eikonal vertex integrated over their light-cone 'plus’ momentum
components, see e.g. Eq. (21) below. The normalization for the operators in [1, 2, 34] was chosen to be 1/2p; , with
the difference between that and the normalization in Eq. (13) not affecting the helicity and transversity operators
considered in those references.

(13)

e} -
OXI7X(]€) -

_ -PQ P2, X p2+k7X/
. A(k) ..
- p1, Sp

FIG. 1: The diagram representing the gluon field contribution to the non-eikonal operator. The black circles on
the vertices designate potentially spin-dependent sub- and sub-sub-eikonal scattering.

We take the spinors here for the £~ moving quark to be the 4 reversed, transversely polarized Brodsky-Lepage
(BL) spinors [81] used in [2], with spin quantized along the x-direction. They are related to the helicity-basis +
reversed BL spinors by [21]

i = [ bxul, v = o+ o], (14)

where x = +1 and the helicity-basis +-reversed BL spinors are [1, 2]

us(p) = \/;—_ P~ +my’ +°y-plp(o), velp) = \/;—_ [P~ —m~°+"y-plp(—0), (15)

2, 2
with pt = (E;_,m ,pf,B) and

(16)

I

—_
s
—
—_
~—
|

o = O

Employing the spinors from Eq. (14) and performing a direct calculation, one can show that the Dirac matrix



elements in Eq. (13) are

2 .
Uy (p2 4 k)y T uy (p2) = <5x,x/ [(732 +k)-p,+ m? +imxS X k
(py + k7 )y
+ 0y —x! [Z(E X p,) _mXE'E} ), (17a)
Uy (P2 + k)Y ux(p2) =\/ (P + K7 )Py 205, (17b)

~ . . S-p, S-(p,+k)
ottt = T [ 2

Pa py + k-

iSXp,—mx —iﬁx(gz-i-k)—i—mx
+0x,—x' = + = _
D py +k

), (17¢)

_ - - Sxp +imy Sx(p,+k)—imx
Uy’ (p2 + k)Viux(lh) = (pz + k_)pz <5X,X’ [ — — + 2
2

P2 Py + k-

) o

with S the unit vector in the direction of transverse spin quantization (for the proton polarized along the z-axis we
have S = £). The cross-product is defined by a x b = a®b¥ — a¥b* = €Ya’'t’ with € the 2-dimensional Levi-Civita
symbol, €!? = —e2! = 1, ¢!l = €22 = 0.

Plugging the matrix elements (17) into Eq. (13) we find (for S = &)

; +k)-p. +m2+imyS Xk i(k % —myS -k
06 (k)= 95 (ary LB i S Xk ) Xy ik

2 (py + k7 )py (py +k7)py

S X p. +im S X +k)—1im S - S - + k
o | (2 132_ x, 8 (32_ k) Nowas f_BQJFf_(QQ k) S A as)

Do Py + kT Py py + k-

—3S - S - +k iISXp.—m —iS X +k)+m

— Oy, —y' 7_82"‘ 7_(]32 b SxA+ | — B2_ X+ — (§2 b X S-A| 5.
Dy py + k™ D3 py + k-

Since k= ~ 1/p] is small (with p; the large light-cone momentum component of the parton in the target generating
the gluon field), ¥~ < p; , we expand some of the terms in the powers of k= /p; , obtaining

ig (p,+k)-p,+m* _ p, A (p,+k)-A
OS’X(M:Q{%' S o 1
7 1 _ _
_6X77X/p27 [kXA_%((ksz)A —k A><(p2+k))]
) _ _ m _ _ 1
+X5X7X' (p2_)2 [(EXE)A 7(§Xé)k ]7X5X»—X/(p2—)2 [(ﬁ'E)A 7(§'A)k ]}+O<(p2—)3>

Note that the “eikonality” of different terms in Eq. (19) is manifest: there is the eikonal A" term, not suppressed
by powers of p, , there are the sub-eikonal O(1/p; ) terms, and the sub-sub-eikonal O(1/(p; )?) terms.

There is one caveat about the momentum p; in the sub-eikonal (order-1/p, ) terms in Eq. (19): while in sub-
eikonal calculations one does not need to distinguish the minus momentum component of different quark propagators
in Fig. 1, at the sub-sub-eikonal order considered here one has to take into account that the interactions of the
quark with the background gluon field result in transfer of a small momentum ¢~ to the quark. If we label P,
the momentum of the incoming quark (see Fig. 1), before any interaction, then we can write p; = Py + ¢~. The
difference between 1/p; and 1/P; is of the sub-sub-eikonal order. The difference between 1/(py)? and 1/(P; )? is
of the sub-sub-sub-eikonal order, and is discarded in our calculation. In the coordinate space we replace ¢~ — 10~
with the derivative acting on everything to the right of (and, hence, earlier than) the insertion of the non-eikonal
operator at hand, such that ¢~ is really a total minus momentum transferred to the quark by the target at the
light-cone time z~. The order of the operators also matters: we will replace 1/p; — 1/(P, + 40~ ) with the



operator placed to the right of the non-eikonal gluon field, while a similar replacement 1/(p; +k~) — 1/(Py +i07)
is different from the former by the placement of the operator to the left of non-eikonal field. Strictly-speaking,
for consistency we need to expand 1/(P, + 40~) in the powers of i~ /P, : we chose to keep the term as is, with
the understanding that the overall expression along with this term are correct only up to sub-sub-eikonal accuracy.
While the gluon field of the target is often taken to be a function of z~ and z only, see e.g. [42], below, in Egs. (83),
we will see that the z1-dependence comes in through the phase of the field, which usually constitutes a higher-order
(in eikonality) correction to the leading-order observables generated by the field. Hence, the partial derivative 0~
with respect to ™ is non-trivial, even when applying to a regular light-cone Wilson line (6), if the sub-eikonal
xzT-dependent phase is included in the otherwise eikonal gluon field A™T.

To Fourier-transform the expression (19) into coordinate space we also replace k — —iV, k= — i0~ (both
derivatives acting on the gluon field), P, = —i1V, and (;132 +k) — iV, where the operator V acts only on the objects
to the right of the operator Ox » While V acts only to the left, and neither of them acts directly on A*, somewhat

similar to the notation in [42]. (The V operator is defined by V¢ = —9° = 9;.) This yields, with sub-sub-eikonal
accuracy,

; V' AV 4+ m2A- L i
oS, —Wls lat AV — VA 20
xl?) 2{ R T ER i SN S AT EE (20)
1 i
—5 Y x A n VX (VA +0°A
v |(TX ) e+ G O X (T4 07
m m
Sy s SX (VA + 0~ A)+ X6y v S-(VA~ +0-A
+X XX (P2—)2—X(— + —)+X Xs—X (PQ—)Q— (— + )}?

where now A* = A¥(xt, 27, z). While the operator in Eq. (20) is also a function of 2# = (z*, 27, z), in the future,
by analogy to the light-cone Wilson line (6), we will use (’)S,,X(x_,g) = (’)S,’X(aﬁ' = 0,27 ,x), that is, we will just
put zT = 0 in all expressions, while implying that the ™ -derivatives are applied before putting z™ to zero.

The 6§, term in Eq. (20) may appear left-right asymmetric at the sub-sub-eikonal order. Note, however, that
the order of (V x A) and 1/(P, +i07) in the first term multiplying J,,_,/ can be interchanged simultaneously
with replacing V — —V in the second term multiplying d,,_,: taking a half-sum of the original and interchanged
dy,—y terms one can left-right symmetrize the coefficient of 6X —y, if needed.

The expression (20), while including all the eikonal, sub-eikonal and sub-sub-eikonal corrections to the quark
scattering due to an insertion of the background gluon field, is missing the non-eikonal corrections to the free
quark propagator. Consider the propagator of the ps quark line in Fig. 1, concentrating on the denominator of the
propagator. (The numerators in our calculation are written as polarization sums plus the instantaneous terms, just
like in the light-cone perturbation theory (LCPT) [81, 82].) The integral over p3 yields (for p, > 0)

T dpt it - i 1 -y
/ P2 ~4pd (@ —y) s =——¢ 2 (21)
4 ps —m?2 4ie  2p,
— o0
1 ps+m 1 p2 +m?
= — exp{ —i 2— 2Ty =— |1 i — /dz_—|—
2py 2p, 2p, 2p,
y y

where the ellipsis denote the higher-order (sub-sub-eikonal and beyond) corrections, which are obtained by further
expanding the exponential in the powers of the phase. Those corrections correspond to multiple insertions of the
sub-eikonal operator —z( +m?)/(2p; ) in Eq. (21). The sub-eikonal phase corrections were employed two decades
ago in the medium jet quenchmg calculations for heavy ion collisions [83-87].

The above considerations for the sub-sub-eikonal minus momentum transfer apply here as well: therefore, we
need to replace 1/p; — 1/(Py 4 i07) in the phase operator from Eq. (21). Free quark propagation preserves the
quark polarization, and hence the phase operator —i(p2 +m?)/[2(P, +i07)] enters Eq. (20) with d, /. Adding



the _i‘sx,x/(ﬂg +m?)/[2(P; +i07)] operator into Eq. (20) while replacing 193 — V-V we obtain

i 1 -y m?

OS (z7,2) = —idy, |D D' + 22
XvX(x 2) ? XX |: 2(P2_+ZD_) 2(P2—_|_ZD_):| ( )
ig + 12 1 L it i m_ ijgip—i M i i

+ 2O AT+ 6y | F — IV F77 | 4+ x 0y IS'F™ 4+ X0y oy ——= S"F 7 5,
2{ XX X=X [ P, +iD- (P;)QE } X Ox.x (P{)2E X Ox,—x (Py )2 }

where D = 9'—ig A, D'= 5l+igAi (cf. [42]). The D" D' term contains the A?A? product, which diagrammatically
arises from the insertion of two non-eikonal gluon fields, with the instantaneous part of the quark propagator inserted
between them [42]. Here we have restored this term by simply requiring gauge-covariance of the operator OS’,x’
which would lead to gauge-invariance of the quark scattering amplitude. The same philosophy allowed us to replace
0~ — D7 in the denominators, with D¥* = 9#* — igA" the covariant derivative. While the terms linear in the field
A" and the terms independent of A* coming from the first term on the right of Eq. (22) are explicitly present in
Eq. (20) already, the remaining terms were again restored by requiring gauge-covariance of the expression. Note that
the A°A~ A? term appears to require a calculation of a diagram with two consecutive insertions of the instantaneous
term in the quark propagator.

In arriving at Eq. (22) we have also completed V x A = — (9% AY — Y A%) — —F'2_ with F* the full non-Abelian
gluon field strength tensor (cf. [1, 34]). The F*?-terms corresponds to the gluon helicity operator found in [1, 34],
since the 0, _, structure in the transverse spinor basis corresponds to 0ds, in the helicity spinor basis. Similarly,
we have completed S X (VA™ + 9~ A) — € S'F~J for the transversity term ~ xd, . [2], along with replacing
VA= 40 A" = —0'A~ + 0~ A" — F~ elsewhere in Eq. (22). The reason we can make this replacement is due
to the commutator [A~, A’] being further energy-suppressed, since the transverse components of the gluon field A?
are at most sub-eikonal, while A~ is sub-sub-eikonal. (This is the case only if the gluon field is emitted by a source,
and does not represent the incoming source gluon [41]. In the latter case one needs to perform a calculation with
two gluon field insertions and the instantaneous term in the quark propagator we mentioned above, similar to [42]).

The AT-term in Eq. (22) will just yield the usual eikonal Wilson line: we will remove it from the operator

(95’, «» labeling the remainder of the operator by OE?IXG. Finally, replacing all the remaining V' = D' with the

sub-sub-eikonal accuracy of our calculation, we arrive at a completely gauge-covariant operator

i 1 . m?

OP! G (1= 2) = —ib, {D D’+] 23
o @ 2) " Oxx 2(Py 4iD™) 2(Py 4iD™) (23)
tg 19 1 7 PP m i o i “m PR

+ 286, |F - ID F7| 4+ X0y —— €IS F T 46y _— STFT Y,
2{ o [ Py +iD” (B } RN ey }

Once again let us point out that the second-to-last term in the curly brackets of Eq. (23) corresponds to transversity
[2], while the F'2-term corresponds to helicity [1, 34].
Equation (23) is our final general result for the sub- and sub-sub-eikonal gluon insertion operator. The corre-

sponding S-matrix from Eq. (7) is?
Vﬁg%x’,x =V, 6%(z — y) Oy + / dz™ d?z Vy[oo, 27| 6% (x — 2) Oi?}XG(z_,g) Vylz™, —o0] 5%y —z) (24)
b [ da [asg dn Y Vilbo,s)0 e - 2) O S 2) Ve 51182z, - 21
e a x/'=+1
#1

ol G,/ _— -
x Oiw,x (% 711)Vg[21 , —00] 52@_11)7

where Oi?’lXG is given by Eq. (23). While the second term on the right of Eq. (24) contains the entire Oi?}XG from

Eq. (23), only sub-eikonal terms in each (’))IZ?’IXG need to be kept in the last term on the right in Eq. (24). Equation

(24) contains the quark scattering amplitude on any target up to the sub-sub-eikonal order in the gluon exchange

1 The sub-eikonal phase in Eq. (21) does not constitute an interaction with the target. Moreover, the phase should not be included
on the external (incoming and outgoing) quark legs. Therefore, strictly-speaking, by including this phase into the amplitude A,/ ,
from Eq. (7), we are also including the contributions where the phase originates on the external legs: such contributions have to be
subtracted out if the incoming and outgoing quark lines are truly the external lines of the scattering process at hand. If the lines
are internal, e.g., for small-z evolution step with the soft quark emission, then the phase can be kept. For brevity, and due to these
stated reasons, we will not include the external-line phase subtraction in our expressions.

2 Note, again, that subtraction of the sub-eikonal and sub-sub-eikonal phase corrections on the external quark legs is implied, but not
shown explicitly.



Helicity basis|Transverse basis
05,00 Ox,x/
000,00 Ox,—x'
o X O x!
005, —X Oy~

TABLE I: A conversion table between the helicity and transverse spinor bases.

channel. The expression (24) is valid in the gauges where the transverse links at = — 00 do not contribute (e.g.,
to the dipole amplitude).

In the helicity basis for spinors the operator (23) can be re-written with the help of the conversion Table I. This
yields

i 1 oy m?
OPO]G 7’ — _-500/ |:D D’L _|_ :| 25
oo (T 52) = =0, 2P, +iD-) 2Py +iD-) (25)

tg 12 1 TR —] M i qip—j i i
+ 005,60 | F — ——" D F | 46y ——€"S"F —0by _gr—— S' I .
2{ [ Py +iD~  (Py)? ()P ()P }

In the helicity basis Eq. (24) becomes

Vgg;a,ﬁ =V, 6*(z — y) 0o + / dz™ d?z Vy[oo,27] 6% (x — 2) (95?71(7(;(2'_,;) Vylz™, —od] 5%y — z) (26)
[ [ag @ Y Vibos) e - 2) OFLEGr 2 Vel )8 - 2)
e e o' =%1
X OF 7 (21, 20) Vyler , —00] 6%(y — z).

B. Quark insertion operator

— P, X P2tk

FIG. 2: The diagram representing the quark field contribution to the sub-eikonal and sub-sub-eikonal operators.

+

Now we turn to the two quark exchanges shown in Fig. 2. The part of this operator related to transversity at
the sub-sub-eikonal order was calculated in [2]. Here we follow similar steps, but this time retaining all the other
terms at the sub-eikonal and sub-sub-eikonal orders. We begin with the left quark exchange in Fig. 2, which, in the
A~ = 0 gauge, after expansion in k= /p, in some of the terms, gives

! N i) ig X
€ (po + k) (ig) (k) t™yuy (p2) = ———22e
2/rs 0y +57) ’ 2/py +h-

— o r p(=1) + 63170 p(+1)] — Vai k X7° p(+1) +7° p(=1)]
Po V2

VB [ 10? 1) + 10"l 1>]+o<(p1)2)

(k) t* l&\,—l p(+1) + x dr1 p(—1)
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2¢e5-(p,+k) . .
ﬁ,o,g) with e, = (=1/v/2) (\,4) [81].
The expression (27) is consistent with Eq. (12) in [2], if we take into account that our definition of the light-cone
coordinates (4) is different from that in [2] and that now we do not put p, = 0, as was assumed in [2].
In the coordinate space Eq. (27) gives

The gluon polarization 4-vector in the A~ = 0 gauge is €\ (p2+k) = (

ig - - g X .
— (2], 2)t" M\, X) = ——————=(21 , 21) t" |6x—1 p(+1) + x0x,1 p(—1)

2,/Py +i0- 2./P; +ios,

m eV,
= [x0x17° p(—1) + 6x,—1 7" p(+1)] + ZﬁAT (X" p(+1) +7° p(—1)]

2 2

=68V, 1
#iVES I (13197 p41) 4 03100 1)] 40 () | (2)

V2 (Pz )

where in acts only on 1, while V., will act on the objects to the right of the operator Oi?)lxqa (that is, earlier in
27 ) when we assemble everything together. In Eq. (28) we have also defined a new object M (A, x). The two-quark
exchange contribution to the polarized Wilson line/quark S-matrix operator, as depicted in Fig. 2, can be calculated

in terms of M(\, x) as [2]

2, + 7 v
ol qa g°p - - - vl -
Vigl;;’(?x D - 431 / dzy d*z /dz2 d?z, Z Voo, 23] 6%(z — 24) t° {M A X)) 0 (2; ,22)] (29)
e e X
1 o 1 . v
X e UM 27) 8320 — 21) ————— [$(o120) MO\ )] 2 Vyler, 0] 83(y — 2,),
1+ (i02, /Py ) 1+ (i02, /Py )

where s = pr{ with the quark in the target carrying large ‘plus’ momentum component pf. The adjoint light-cone
Wilson line U is defined analogously to the fundamental one in Eq. (6),

Ty
o 1 _ _
Ui[xf,xi ] =Pexp g/dx ATt 27, 2) ]|, (30)

T;

with A# =3 A** T and with the adjoint SU(N,) generators T defined by (%), = —ifebe.
Employing Eq. (28) in Eq. (29) and comparing the result to Eq. (10), yields, after some algebra,

2 JF . + _ . + —
olqq;, — _— g p — ’Lp622 Al— zp821
Oi/,lxqq(zz V21 322,21) = _T;tb Vp(23 5 22) [1 - 1275 Ung [22, 21 16%(25 — 21) [1 - 1251

2mp .

" {7+ S =17 O — =P [0 = Ox,—xr i7" 7]

ﬁ o1 B -2 17 i~2 AL _
tog | XX A=)+ 08 0., + 8 % 0, ] + [ — (i3 - 0., — 5% 0]
+(14+97) (192 =208 - 0., — 8 X ,,) + [ + 7S 0., + 8 x 8.,])
Fx(1=77) (U492 S -8y + 8 x B+ (1= iv'?)is - 3., + 8 x 8.,])
X' (1+7°) ((1 —iy'y?)[iS '522 -8 x 522] +(1+ i7172)[i§-§zl -8 X 521])1 }

aff

- " 1

X Yo (21 ,21)t"+ O <33) . (31)

Here the partial derivatives 9, and 9, are acting on U, 22“ (25,217 ] 6%(25 — z;) only, while the partial derivatives with

arrows, éZI and ézz, are only acting on (27 ,2;) and 9(z; , z,), respectively (as indicated by the direction of the
arrows). Additionally, o, 8 = 1,2, 3,4 are the Dirac spinor indices.
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When comparing Eq. (31) to Eq. (16) in [2] one has to take into account a different definition of the light-cone
coordinates (4) used here and that now we do not put p, = 0: even then, Eq. (31) differs from Eq. (16) in [2]
by several minus signs. In addition, Eq. (16) in [2] was partially projected onto x = x’, with some transverse
polarization-independent terms discarded, as not contributing to transversity, calculating which was the main goal
of [2]. Hence it is difficult to fully compare Eq. (31) to Eq. (16) in [2]. However, the transverse spin-dependent

parts (~ x0y,y) of the two expressions are the same: we, therefore, confirm the polarized Wilson line operator used
in the transversity calculation of [2].

The next step is to rewrite the expression (31), derived in the A~ = 0 gauge, in a gauge-covariant form, similar to
Eq. (23). Following [2], this is easily accomplished by “promoting” the partial derivatives into covariant derivatives,
except now the derivatives acting on Ug (25,27 ]6%(29 — 2;) will become adjoint covariant derivatives. (In the

A~ = 0 gauge, the A® field of the target is energy-suppressed: therefore, replacing transverse derivatives in Eq. (31)
by covariant derivatives constitutes adding sub-sub-sub-eikonal corrections and is allowed by the accuracy of our
sub-sub-eikonal approximation.) We thus write

2 .+
lqq,_— — g p _ o _
Oi?,xqq(ZQ V213 22,21) = 78781 tb V525,29 Usz “ 2y, 2 ]52(§2 —21) (32)

b/b// Zpii_ .@gzb -
) o L=
2s

-+ a’a — -+
"o 1 @ ’ / ’ / 2 ’ ’
X |f5a o (1T 2? ] {’Y+5x,x’5a @ ghh 'Y+’Y55x,—x/5a aght’ 477?1 [5x,x’ - 5)(7—)(/2"7172] sraght
+
b1

+25

— (1 =9%) (192 + 7110 - 22, +8 X 20,167 + [in? =71 JliS - 24 — 8 x 2] ™)

+(14+97) (1192 =S 20y — 8 % 22,167 +[in* + 7S - 2%° + 8 x 7))

+x(1=7") (1 +i7'9?) [iS - Doy + 8 x D, | + (1= iv'9?) [iS - D., + 8 x D] ) 66"

X' (1+9°) ((1 —iv'y?) [iﬁ D, —Sx DZJ +(1+iv"?) [is-D, —Sx D, ] ) ga'e 5“"] }
ap
X o (2] a L
al?1 7&1)t +0 <s3) ,

with D! = 0. — igA'(2; ,z) and D; = 5:,2 + igA¥(z5 , z,) acting on spinors v and ¢ with the color matrix
. - —ab —
in A? inserted between 1,t% and between t° 3, respectively, while 222 = Q226“b — gfA°(25, z,) and 22? =

"

0,0+ gf*A°(z1, z;) both act on Ué’g [25,27]6%(2z9 — 21). The adjoint covariant derivatives @i’;bﬁ_ and 2¢ ¢~
act on everything to their right (with 220~ = 9759 + gfe Ac™).

Employing

L =0y + Ox,—x's XX = O’ = Ox,—x's X = XOx,x' + XOx,—x/, X' = XOx,x' = XOx,—x'> (33)
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we recast Eq. (32) as

2.+ b'b" —
ol qg, — _ g-p _ 7 'Lpl .@z ol — _
Oi/,xqq(ZQ y 21 ;§27§1) = _Tsl tb wB(ZQ 7&2) [617 b TQ ljéb2 [22 s 21 ] 52(§2 — él) (34)
% 6(1”(1’ _ Zpl 9Zal - 5 , ,y—o— 6a/a (5be _ Qmpi"_ 6a/a (5be
2g XHX s
_ Zi ( 1_ .5 2) [S @bb/ 55 @bb/ 60.’0, (Al - 5.2 S @a/a_ 55 @a/a 6bb’
S\ =82, + S X 2, ] (v +iv’y) [iS- 25, =S x 227

— 6X7*X' [7+ ,75 6@'& 5bb/ _ 2mp;r Z’Yl ,72 6@'@ 6bb'
S

<~ bb’ <~ bb’ ’ ’ ’ ’
psl ((w P8+ 2., +7°S X 2., 107 + (i* +7°7) i8S - 22"~ 1°S x 22, 6" )]

+
— Xy P 5 5 [ 1778 D., = S x D[ (1= iv*y'9%) + [iv"S - D., ~ § x D] (1+ iv%%)}

+
D1 ca'a bt . i a . . .
Xy S0 [ [i8-D., —4°S x D.,| (1 = iv*4'9%) + [iS- D., =7°S x D.,] (1+ 1757172)] }
ap

- 1
X Yo (21 ,21)t"+ O (sd) )

Once again let us stress that the transverse spin-dependent xd, s term in Eq. (34) is identical to that in Eq. (22)
of [2], if one takes into account the difference between the light cone coordinate definitions in that reference and
here.

Inserting the operator QP9 99

Y.x once or twice into the quark S-matrix we obtain

z,y5x X T

ypol dd / dzy d®z /dz2 d?z9 Vy[00, 25| 8% (z — 2 )(95?})(@(,22_,2'1_;;2,&1) Vylzy , —o0] Sy —2z,) (35)

/ dzy d zl/dz2 d 22/d23 d 23/dz4 d*z4 Veloo, 2y ] 0%(x — 2,) (’)i?};}ﬁ(zg,z;;g@gg)
// :tl

X Vz, 255 23 ]52@3 _52)092(’)}% (25,21 azzvzl)v 21, —00] 52@—&1)7

up to and including the sub-sub-eikonal order. The corresponding expression in the helicity basis can be constructed
with the help of Table I.

Since all the derivatives in (’)i?}xqa are acting only on the objects within that operator, and not on the functions
multiplying it, we can integrate out most of the transverse coordinates in Eq. (35), writing

ol ol g, — — _
zpy ;?X / dzy /d22 2[00, 25 | O M2y, 21 12, ) Vy [z, —o0) (36)
+ / dzy /dz2 /d23 /dz4 d?z Z Vi [oo, 21 ] Oi?ﬁlx‘%ﬁ(z;,z;;g,g)V [25, 25 ] Oif’,l;gq(z; z132,y) Vylzr, —o0].

// =41

C. Quark and gluon insertion operator

It is tempting, at this point, to assume that the full sub-sub-eikonal polarized Wilson line is obtained by simply
adding equations (23) and (34),

OPLE + o a9, (37)



13

and inserting the sum of the two operators once or twice into the Wilson lines, similar to Egs. (24) and (36), keeping
only the terms up to and including the sub-sub-eikonal order.

+ = - _
24 Z5 23

FIG. 3: The diagram representing the quark, anti-quark and sub-eikonal gluon field insertions contributing to the
quark S-matrix at the sub-sub-eikonal order.

This is almost correct: the two contributions which would be missed by such a strategy are depicted in Fig. 3
(see also diagram D in Fig. 7 of [2]) and Fig. 4. The first operator, coming from Fig. 3, combines an exchange of
the quark and anti-quark, with a sub-eikonal gluon exchange: together this gives a sub-sub-eikonal contribution.
The eikonal gluon exchanges between two quark exchanges are already included in Fig. 2 and in the corresponding
operator (34) via the adjoint Wilson line U.

The quark exchanges have been found above in Eq. (28). The sub-eikonal gluon exchange with the quark projectile
can be obtained from Eq. (23) above. However, we need the expression for the gluon projectile. A calculation along
the above lines yields the following sub-eikonal gluon insertion contribution, along with the sub-eikonal phase (cf.
[1, 39, 41)):

12\ ba =be ca
o (20300 (F2)" =6 27 2] (38)

Here F'2 = " F*12T* is the gluon field strength tensor in the adjoint representation, while the adjoint covariant

derivatives Qab = éé“b — gf* A and 9% = 9 §ab 4 gf*?A° act on the operators to be added to the left and to
the right of the operator (38).

Including the sub-eikonal quark exchange contributions we arrive at the following gauge-covariant contribution
of the diagrams like that shown in Fig. 3 to the quark S-matrix at the sub-sub-eikonal level:

olaGa 1§
V;gl;)?f;xq _ 91632 — / dzy d*z /dz:2 d 22/d23 d?z3 Vi[00, 23] 8% (z — 23) ¢ z/)ﬂ(zg ,23) (39)
X Ug;b[zg,z;] 62(2y _23){5 [7 @z2 2% +~T52g (]:12(22))1;(1]
ca + 12 ba
— by [7T Y Gl 2% 4yt 2g (F2(z2)) }}
ap
X U;;,[Z2_7 Zl_} 62(&2 - &1) &a(zl_vél) tal Vg[zl_v _OO} 62(g - g])

Since the (covariant) derivatives in Eq. (39) are only acting on z,, we can integrate out z; and z,, obtaining
1 qGq )? 2
yypol oG _ 1652 / dsr / dzy / Aoy @2y Voo, 23] sl 2) U2y 2] 8% (20 — 2) (40)

% {5x,x’ [fﬁ zzz .9 +7+7 2g (]712(22)) } — 0y -y {”ﬁv‘r’ 222 D2+t 2g (le(zz))ba] }aﬁ

XUE /[Z2a21]52( )1%(21 7y)ta V[z1 , —00]

/ 7 / dz; / sy P aaVioo, 251822 — ORI 25 5522 )8z — Vil —oc),

where in the last line we have defined the operator Oi?lqua for the future use.
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D. Double quark insertion operator

pQ,
FIG. 4: The diagram for a double quark exchange following the double anti-quark exchange, with two quark field

operators or two anti-quark field operators inserted instead of a quark and anti-quark field operator pair from
Fig. 2 inserted twice.

Z3 2y

The second operator we need to add, shown in Fig. 4, is similar to a double insertion of the sub-eikonal part of
the quark—anti-quark exchange operator in Eq. (34), as given by the second line of Eq. (36), but with the quark
and anti-quark fields interchanged in the middle. That is, instead of two quark—anti-quark field operator pairs
(¢1))2, in Fig. 4 we have a pair of quark field operators inserted after a pair of anti-quark field operators, 1),
with the appropriate fundamental and adjoint light-cone Wilson lines inserted between the operators. Taking only
the sub-eikonal contributions from each pair of (anti-)quark exchanges, a similar calculation to that which yielded
Eq. (34) now gives

VPOI 999 — 6452 /dzl /d22 /dzs /dz4 [00 24] 1/’5(24» ) x [24 1 %3 Wﬁ(% m)th [23 732] (41)

z,y;X’ X

b [ () 05 (1), — w ) s <v v )Lﬁ] N O N GO PR CAb I G P

X 199, (25, 2)Up [z, 21 Woa (21, )tV [21, —00]8% (2 — y)
= [t [ [asg [ as Valoo s O er 55 55 a1 Vit s xR (e - ).

Again, in the last line of Eq. (41) we defined the new operator (’)i?,lxqqqq, for compactness of the future notation.

E. Full sub-sub-eikonal fundamental polarized Wilson line

We can now assemble all the pieces of the quark S-matrix together to construct the full fundamental polarized
Wilson line to the sub-sub-eikonal order. We need to add Eqgs. (24), (36), (40), and (41) along with the “interference
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terms” for the insertions of the OP' ¢ and OP? 9 operators. We arrive at
— — ol G, _ — —
Veyx'x = Ve §2(z — Y) Oy + / dz™ d?z Voo, 27]6%(z — 2) (’)i,’x (z7,2) Vg[z , —o0] 52(y—g) (42)
— 0o

b [ 4 @a Y Vilo.ss ) Ple - 2) Oy 2 Ve 5760 82(a, — 2)

s a X =1

Z1
[ee] oo
X OB O 2) Vyler —ool By = 2) + [ ds7 [ dsg Valoo,27) O35 2732, p) Viler =00
e o

+ / dzy /dz; /dz; /dz; d*z Z Vi [0, 21 ] OPOI qq(z;,z;;g,g) V.l23, 25 ] OiOIQq(z;,zf;g,y) Vyler, —o0

VS — — _ x"==%1

2] 25 z3

oo

b [ ey [ [as [ e viloe, s ) O3 27 5 i) Ve —o0l8(a - )

2 %2 %3
+ / dzy /dz; /dz;dzz Viloo, 251 0%(2 — x)OiO}Xqu(zl Z5 4 23 3 L, §7y)52(§—y)vg[zf, -]
a4
+ / dzy /d22 /dz3 d?z Z Vi[o0, 23] 6% (z — 2) OiOIX%(zg_;g)V (25,25 ] Oi?}xq(zQ v 2132, Y) Vyley s —o0]
e X''==+1
2y

/ dzy /dz2 /dz3 d*z Z Vo0, 23 | O;OIX(}S( 25,25 32,2) Vilzg s 21 | (953{5(21—@) Vylzy, —od] 8%y — 2)
// :‘:1

with the operators OpOIXG and Oidxqq given by equations (23) and (34), respectively. Note again, that the corre-
sponding expression in the helicity basis can be constructed with the help of Table I.

Equation (42) is the main formal result of this work. It gives the quark S-matrix for the scattering on an
arbitrary background quark and gluon fields up to and including the sub-sub-eikonal order. This result can be
used to construct small-x asymptotics of all leading-twist quark TMDs, and, probably, of some higher-twist quark
distributions as well. Below we will apply (a part of) it to find the small-z asymptotics of the quark Sivers function.

IIT. QUARK SIVERS FUNCTION AT THE EIKONAL LEVEL
A. Quark Sivers Function at Small z: a General Expression

Having constructed the full polarized Wilson line operator, we can now investigate the small-z evolution of
the quark Sivers function. The operator definition for the unpolarized quark TMDs for quarks with longitudinal
momentum fraction « and transverse momentum k is (as in [79])

kaP

r T ~t
o) = BB ey = [ om0, v |P.s), (13)

with f the unintegrated quark distribution, ff 4 the quark Sivers function, Mp the proton mass, Sp the proton
spin, kr = |k|, and U[0,r] the ‘staple’ gauge link, which we will take here to be the future pointing link used in
SIDIS. We work in A~ = 0 light cone gauge of the projectile so that the gauge link is just a product of two light-cone
Wilson lines, U[0, 7] = V;[0, 00] V. [00, 7]

We employ the standard definition of the quark Sivers TMD in Eq. (43). Alternatively, we could calculate the
corresponding spin asymmetry ASUE’PFS in the SIDIS process at small-z and extract the Sivers TMD by matching
that asymmetry onto the TMD factorization expression. In the case of helicity TMDs, the matching on SIDIS was
done in [24], leading to the result equivalent to that obtained later in [1] by taking the standard TMD definition
and simplifying it at small 2. Since the steps in the calculations performed in [24] and [1] are rather general (see
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FIG. 5: Diagram classes of [1] contributing to a calculation of a quark TMD. The double lines represent the
fundamental Wilson lines, the shaded rectangles represent the proton shockwave, the black circles in B represent
the sub-eikonal scattering which brings in transverse spin dependence, and the thick vertical line represents the
final state cut.

also [23]), here we assume that they apply to all TMDs, including the Sivers function, such that the TMD defined
in Eq. (43) would appear in the physical processes, such as SIDIS, even at small z.

Using the saturation/CGC formalism, we can rewrite the operator using semi-classical averaging in the proton’s
wave function as (see [1] and Appendix A of [37])

kExSp
Mp

+
1

2
fi ) = 5

X (al§) Vel 00l X)X |Veloo, ¢ Ta (<)), (44)

fi(a, k) — XX: / de™ d¢, d¢™ d%¢, e 9 [ﬂ ] .

2

where we sum over a complete set of partonic states | X), the large angle brackets denote averaging over the proton’s
wave function [37, 88-93], and we have semi-infinite Wilson lines connecting the positions of the quark field operators
to infinity.

We can take the sum over the intermediate states to be a final state cut, and represent the possible contributions
diagrammatically in Fig. 5 as in [1] at the lowest perturbative order (order-a;). The contributions are organized
by whether ¢~ and £~ are positive, negative, or zero, with = = 0 being the position of the shock wave (assumed
to be very thin in the x~ direction). For the left-right asymmetric diagrams B, E, and F, their mirror images need
to be added: those are not shown in Fig. 5. Each diagram class is represented only by one diagram in Fig. 5. Note
that the diagrams in class C also include interactions with the gluons coming from the shock wave and a long-lived
anti-quark produced in the final state (see Fig. 6 below): such diagrams are also not shown for brevity in Fig. 5.

At the eikonal order, only the diagrams B, C and D contribute both to the unpolarized quark TMD and to the
Sivers function (see e.g. the unpolarized quark TMD f{(x, k%) calculations in [23, 94]). The diagram D does not
include any interaction with the target: hence it does not depend on the spin of the target, and cannot contribute
to the Sivers function. We are left with the diagrams B and C at the eikonal level, which are shown in Fig. 6 in
more detail below.

At the sub-eikonal order, the contributing diagrams for helicity TMD was found in [1] to be the class B diagrams,
which is shown in more detail in Fig. 8 below. At that order the diagrams of classes C, D, and F do not contribute
to the TMDs dependent on the target proton polarizations, such as helicity, transversity, and the Sivers function at
hand, as argued in [1]: for class C the sub-eikonal target interactions with the anti-quark line cancel when the quark
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(or gluon) exchanges are taken across the final state cut, the diagram D has no spin-dependent contributions since it
contains no interaction with the target shockwave, and the diagrams in class F are further energy suppressed since
the gluon emission and absorption take place inside the shockwave. The usual leading-order diagram calculation
for the Sivers function [15, 16, 19, 79, 95, 96] comes from diagrams of class A, taking the interference between
a re-scattering inside the shockwave and a purely tree level scattering to generate the phase needed to make the
transverse spin dependence real. The resulting lowest-order Sivers function is sub-sub-eikonal, flL Hxk2) ~ x
[79], and will not be considered in our calculations below, which are done at the eikonal and sub-eikonal orders.
Such a lowest-order diagram can be evolved by adding soft gluon emissions to both class A diagrams and class
E diagrams, as depicted in Fig. 5. However, in Appendix A of [1] it was shown that the contributions of graphs
A and E to the double logarithmic approximation (DLA) evolution cancel at the sub-eikonal order. (The double
logarithmic approximation is defined as the re-summation of the parameter o, In*(1/z) at small z.) We conclude
that the sub-sub-eikonal z-dependence of the lowest-order quark Sivers function, flL 7z, k%) ~ z, is unaffected by
the evolution in the DLA, and persists down to small x for the contributions to the Sivers function coming from the
diagrams A and E. However, such a sub-sub-eikonal contribution is much smaller than the eikonal and sub-eikonal
contributions of interest to us here and will not be considered further.

To summarize, in the eikonal calculations of the quark Sivers function we only need to consider diagrams B and
C, while for the sub-eikonal calculations we only need the diagram B. We begin with the eikonal calculations of the
diagrams B and C, depicted in Fig. 6 in more detail.
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FIG. 6: Diagrams of classes B and C with kinematics specified. In the diagram B the antiquark propagates from ¢
with momentum k7, undergoes a transverse spin-dependent interaction with the proton target at the transverse
position w, then propagates to £ with momentum k5. In the diagram C the anti-quark interacts with the shock
wave again to the right of the cut, before arriving at the point ¢ with momentum ks.

We begin with the class B diagram in Fig. 6, where the light-cone Wilson line crosses the shockwave from ¢ to
the final state to the left of the cut, but connects £ to the final state on the right side of the cut without crossing the
shock wave, and is, hence, an identity on the right of the cut. An antiquark with momentum %; propagates from ¢
through the shockwave, undergoing an interaction at transverse position w, then propagating with momentum ko
to the final state and connecting on the other side of the cut to £. Taking the shockwave to be at light cone time
x~ =0, the class B diagrams have (= < 0, £~ > 0 (as in Fig. 6) or (- > 0, £~ < 0 (in the conjugate diagrams of
those like B from Fig. 6). For the B-class diagrams the quark field operator at ¢ is before the shockwave and the
anti-quark operator at £ is after the shockwave on the other side of the cut, allowing us to write the scattering as a
dipole composed of a fully infinite Wilson lines connecting the quark field operators at £ and at (. To evaluate the
diagram B we will need the quark propagator through the shock wave [1],

2 .
&3 k

% 0 0 = / oy, PRidkD dPhy b iR i O ity )

1 3

er? (2 o)
AL ()] [58e])

~ L\t
where the interaction of the anti-quark with the shock wave is denoted by the Dirac and color matrix (Vut) . Here

: (45)
ky =ki ,k?=0,k2=0

«, B are the Dirac spinor indices, while 4, j are the quark color indices. For simplicity we assume that the anti-quark
is massless, m = 0, since the light quark mass is usually negligible in the Sivers function calculations.

Using the propagator (45) in Eq. (44), putting V¢ [, oo] = 1, replacing V;[oo, (] = V¢[00, —o0] = V, integrating
over &, ky, ¢ and {7, and inserting spinor polariza%ion sums [1], we see that the diagram B and its compTex conjugate
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give
0 00
+
B e = 2p1 5y [ ac / - [ O[] (Ga@vele ool alVeloo. ¢ unl0)) + e
q — 00
_ 20 e g2, PR w0 g 1
2(2m)? /d ¢ diw (2m)? ‘ e(kl)(xplk‘ + k) (xp ky + k2)

xS By, (ko)L le(kl) <T VI By, (k) (Vyf)ji%(kgw

X1,X2

+c.c., (46)
ky =k ,k$=0,k3=0,k,=—k

where c.c. denotes the complex conjugate terms and the intermediate state |X) became an anti-quark state |7) as
only an anti-quark is produced in the final state.

Using the + reversed transverse Brodsky-Lepage spinors Eq. (15) we evaluate the matrix element for massless
anti-quarks as

+ 1

_ 7
Uxo (k'?)??})m (kl) ~ \/j [5)(1,)(2 El
ki ky

For the eikonal calculation at hand we only need the Wilson line contribution to the interaction of the anti-quark
with the target. We, therefore, write

“ky =10y, o iy X Ky (47)

s (k1) (V) v (2) = 24/KT R Oa i Vi + - (48)

with the ellipsis denoting the sub-eikonal terms and beyond. Note that the Sivers function couples an unpolarized
quark to the transverse polarization of the proton: hence we only need the unpolarized quark interaction with the
shock wave. This means we will only need the d,, ,, term on the right of Eq. (48), even at the sub-eikonal order
we consider below.

Employing Egs. (47) and (48) in Eq. (46) and summing over transverse polarizations x1, x2 we arrive at

4pf / o o AR dET o e k-k
B+cc = d d — MM ik +E) - (w—Og(k R~y
c.Cc (27T)3 CJ— w1 (27T)3 e ( 1 ) (.I‘pl k + ]f )(xpl k + k2)
x (Tt [V Vi +T e [V vil]), (49)

where we have explicitly added in the complex conjugate term.
Diagram C from Fig. 6 can be calculated similarly, except all the interactions with the anti-quark cancel to the
left and to the right of the cut, such that one needs to use the free anti-quark propagator, which can be obtained

o\ Ji -
from Eq. (45) by using (Vi) =~ 6% in it. In the end one obtains

_ A [ e qre CRiLdRr ke o - k2 f

Combining Eqs. (49) and (50), replacing £ — w in the latter, we arrive at

kxS apt A2k dky _ _
q 2 2p _ 1 2 2 1 i(k,+k)-(w—¢)
{f1 (z,k7) — Mp fif(a kT)] e 23 /d Crdiwy 2y e 0(ky) (51)

) B 2
A\ (o e+ T[] - s (e [}

We have also inserted a time-ordering sign into the last correlator, as justified in [1] (see also [97]).

To extract the Sivers function, which is odd under time reversal, from Eq. (51) we need the part of its right-hand
side which changes sign under £ — —k. A quick inspection, along with taking k1 — —k1, ¢ <> w on the right-hand
side of the expression, shows that the part of the correlators in Eq. (51) contributing to the Sivers function is an
odd function under ¢ <+ w. One can write [56, 58]

(T e [VeVl] ) = Sew 10 (52)
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with S¢y the ¢ <> w-symmetric, C-even Pomeron exchange operator and O¢, the ¢ <+ w-antisymmetric, C-odd
odderon. The combination we have in Eq. (51) is

(T tr[Vevil] + T e [VeWif] ) = 2N, (Sca +1Ocun) - (53)

The odderon amplitudes being antisymmetric under the ¢ <> w exchange, O¢y = —Oy¢, are the only ones con-
tributing to the Sivers function. We thus write

kxS 4i N.pf k11 AR o k() e
R ) = [ PP S O (54
(xpfky +Kk3)(xpl by +K°)  (apiky +K7)2] =

This is our main result for the eikonal-order quark Sivers function at small z.

The odderon is a correlator of eikonal Wilson lines, so the small-x Sivers function we have found is proportional
to 1/x, and should actually grow as we decrease . Moreover, small-z evolution likely leaves this growth unchanged,
as the odderon is known to have an intercept equal to zero at the leading [54, 56, 58] and next-to-leading [74] orders
in a; (see also [53] for an earlier solution with a smaller intercept), at all orders in «; in the large N, limit [75, 98],
and at strong coupling in A/ = 4 supersymmetric Yang-Mills theory [76-78].

Similar conclusion of the odderon dominance in the small-z quark Sivers function was reached in [3] using
the expression for the small-z unpolarized quark TMD (unintegrated quark distribution) from [94, 99] (see also
[23, 100]). While qualitatively our result and that in [3] agree on the odderon-driven quark Sivers TMD, a more
detailed comparison between the two calculations is left for future work. The importance of C-odd correlators in
the Sivers asymmetry was also pointed out in [101, 102].

B. Quark Sivers Function at the Eikonal Level: the Spin-Dependent Odderon Contribution

We have shown that the eikonal small-x evolution for the Sivers function in the operator treatment comes from
the spin-dependent odderon. But we have not established that the odderon contribution is nonzero. In [5] it was
shown that the odderon survives phase space integration if the proton has an asymmetric parton distribution using
a diquark model calculation. Here we will show that the odderon is able to generate a nonzero Sivers function in
the same diquark model of the proton. The Lagrangian for this model has a spinor field ¢p for the (point-like)
proton, the usual spinor fields for the quarks 1, and a complex scalar diquark field ¢ which has mass M roughly
equal to the proton mass M =~ Mp and the color quantum numbers of an antiquark. The interaction term between
these fields is a Yukawa coupling .Z,; = G ¢** 123 1¥p+c.c., with effective coupling constant G for the splitting of
the proton into a quark and a diquark.

U

iU
0, X’

FIG. 7: Diagram for the odderon exchange amplitude with the quark-diquark model of the proton, where all
possible connections of the three gluons to the quark (solid line at the very bottom) and diquark (dashed line) and
to the ¢,w dipole at the top should be summed over and the gluons are in the symmetric d®®¢ color configuration.

We begin by constructing the odderon amplitude O, to be used in Eq. (54). At the lowest order it is illustrated in
Fig. 7, with the proton target splitting into a quark (solid line) and diquark (dashed line) in order to interact with the
odderon (the 3-gluon exchange at the lowest order). The odderon comes from summing over all possible connections
of the three gluons in Fig. 7, where the polarized ‘target’ proton (thicker solid line) splits into a dipole consisting of
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a quark and diquark, which exchanges three gluons in the symmetric color configuration d**¢ = 2Tr[t?, {®,t¢}] with
the ‘projectile’ quark-antiquark dipole. We take the ‘target’ quark to be at transverse position 0 and the diquark
at r, as shown in Fig. 7. We want the coupling of the odderon to the transverse spin of the proton, so we need to
insert the odderon exchange between the light-cone wave functions of the proton splitting into the quark—diquark
pair, and the same wave function, but complex conjugate, describing the merger of the pair back into the proton.
The light-cone wave function in the transverse spin basis for a proton at transverse position u and with transverse
polarization X, with the quark carrying the fraction 7 of the proton p;” momentum and the transverse polarization
X' (as labeled in Fig. 7), is [43]

) _ Gm’Y\/’V(]‘ - ’Y) 5(2) (’I"

5 r—u—n~r) (55)

iXrt
Tl

vx x/(r,0,u,y

5X’XIK0(T7LYTJ_) — Kl(m,yT‘J_)(i(SX,XI(SiQ — 6X77X/(5i1)

where m2 = (1 —~y)m +yM? — (1 — y)Mp ~ v>*Mp in the limit of massless light quarks (cf., e.g., [79]). The
odderon exchange amplitude in the dipole-dipole scattering depicted in Fig. 7 is [21, 56]

A I —0f|w —r|
— 3.3 (1S T HW—T]
O¢w = coarg In <|w—0|§—r|> (56)

with [21, 58-60]

CO:_(NcijB\(]éVc 71)7 (57)

One obtains the spin-dependent odderon amplitude O¢,, by convoluting a square of the wave function (55) with
the three-gluon exchange amplitude (56). Since the amplitude (56) is odd under the r <+ 0 interchange, only the
~ 1 part of the wave function squared contributes: this is exactly the part of the wave function dependent on the
proton polarization X [43]. Putting the wave function squared and the amplitude (56) together we have

1
OQQZ /W/d%tld%}id Tl Z ¢X X' 7,0, 'Y) wﬁc,X/(gQ,ym)
0

X/

1
G2m2 (1 —7) XSxr : Cilw—r
= d —_ b d2 = =K Kq(rr 3 1 3 ; .
O/ 0% € / Ty = o(Myr 1 ) Kq(hyr1 ) co o In wLlC =1l (58)

Substituting the odderon amplitude (58) into Eq. (54) we get

1
kxS 4iN.pT G?(1 — y)m2coa? Sp X
e e O I S s [, SR K r) [ @
0
2
x/id FLLARL g et - m0) 1y (el =1 { 2L b e } (59)
(2m)3 wilC—rl ) [(xpfky + kD) (xpTky + k%) (aplky + kT)?

where the factor of Sp comes from the spin quantization axis S multiplied by the proton polarization X. For
simplicity we assume that the r-integral is dominated by the perturbatively short distances, mr; < 1, such that
we can expand the modified Bessel functions to the lowest non-trivial order and obtain

1
1 4iN.G?*(1 — y)mcoa s SpXr 1 9
/dy G /d o (mm) /d (C—w), (60)

eikonal X

x/d’m <k1+k>-<w<>{2’f'k1 In kQHU (<+W>1 s CLlw—r])
(2m)? B -k k] 2 wy|¢ -7

In arriving at Eq. (60) we have also integrated over kj .

kXSp .1
Mp

=L i (@, kF)
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The integral over the impact parameter (¢ + w)/2 can be rewritten as a momentum-space integral,

/d2<<+w>ln3 Culw—r[\ _ 1 [ d®hid®lay
2 wl¢ —1] 2m J B (L + )2

X [ell T eflll A + eliz'ﬁ _ efllg'ﬁ _ 61(L1+£2)'£ + eZ(ll+l2)'z‘|

X [eill'r _ efill'z + eiég'ﬁ _ €7i£2'£ _ ei(l1+12)'£ + ei(l1+l2)'r‘| , (61)

where we have defined z = ¢ —w. Using Eq. (61) in Eq. (60) yields

1
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eikonal I/ g (27T) / ZQ . (TLTﬁ,Y) L ( )
0

X/d2kllei(kl+k).z [2k ky lnk—Q 1]/ d?ly, A%l
(2)2 Bk kK G151 +1,)2

~ o4 1
- ljg(mak%‘)
P

X

[6”1 T e_iél T 8112@ — e_ﬂz'ﬁ — ei(h""lg)'& + e—i(l1+lz)'f‘|

X

[eill-r —ethr g pilyr =iy il ) e_i(l1+l2)‘7"| .

Next we argue that In(1/|r|m,) is a slowly-varying function compared to powers and exponentials of 7| present
in the integrand and approximate this logarithm by one, In(1/|r|m.,) ~ 1. The integral over r then becomes
straightforward: performing it and the integral over x we find

SN,.G*( 1— Viycoad [ A%k [2k-k, . k2
/ “ o [ G | 2 lnk2+1] (©3)
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Next we integrate over [; and [, while regulating the singularities by the infrared (IR) cutoff A. We get

k:xSP
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To integrate over k; analytically we, again, have to neglect a logarithm, by putting In[(k + k;)?/A?] ~ 1. The

remaining k,-integral is dominated by the singularity at k; = —k, which we regulate by the IR cutoff A. Keeping
only the most singular part in the expansion in 1/A we obtain

kaP

/d 3NG21—7)mn,cooc Sp Xk

hit 3y o

(65)

elkonal

The IR cutoff A can, in principle, depend on + since the natural mass scale for an IR cutoff would be 7m.,. However,
at sufficiently small v one must replace this cutoff with the QCD confinement scale Agcp, since, formally, in
the quark-diquark model the transverse distances are bound by r < 1/m, and may get much larger than the
confinement scale as v — 0. For simplicity we take the IR cutoff to be some momentum scale independent of -,
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as this will only change an overall numerical factor. Taking m~ = yMp, and integrating over + we have the Sivers
function due to the odderon exchange in the quark—diquark model

1 N.G? coa® M3
eikonal B x 2(27‘(’)5 E2A2 .

fid (@, k) (66)

We have obtained a nonzero, eikonal contribution to the Sivers function corresponding to the same spin-dependent
odderon as studied in [5]. Both the eikonality and the dependence on k and Mp in Eq. (66) are different from the
Born-level results calculated in the same diquark model (see Eq. (A8) in [79]). In particular, the Sivers function in
Eq. (66) has a very interesting behavior in the Agcp, Mp — 0 limit. Since the IR cutoff A must be proportional
to Agcep, we conclude that A ~ Agep ~ Mp. Therefore, M3 /A? ratio will remain constant in the Agep, Mp — 0
limit and the Sivers function Eq. (66) will not vanish in the limit of zero proton mass. This may be a feature unique
to the quark—diquark model of the proton, but it calls for further analysis.

C. Sivers Function at the Sub-Eikonal Level: a New Evolution

In this Section we will construct a sub-eikonal correction to Eq. (66). Part of the motivation for this is that the
effects of the odderon have been historically hard to find in the data. The recent announcement of the odderon
discovery [62] was many years in the making and required very careful measurements and extrapolation in energy.
It is, therefore, important to understand the background for the odderon contribution (66) in order to discover
the latter in the future measurements of the Sivers function. In addition, the existing data on the hadronic single
transverse spin asymmetry (STSA) Ay measured in p' + p collisions [103-106] exhibits no evidence for the odderon
(with the possible exception of the AnDY Collaboration data [107]): assuming that the z-dependence of the Sivers
function is related to that in Ap, that is, that Ay ~ = flLT, we see that the odderon contribution (66) would
predict an z-independent Ay. However, most of the data [103-106] show Ay which falls off with decreasing x
of the transversely polarized proton. This behavior of the data can be roughly approximated as Ay ~ z, which
translates into the Sivers function fi; being independent of z. Since fi5 ~ 20 is the sub-eikonal scaling, it is clear
that a sub-eikonal study of the Sivers function is in order.

1. Sub-FEikonal Sivers Function

The analysis of Sec. IITA also applies at the sub-eikonal level [1]. At the sub-eikonal level only the diagram
B from Fig. 8 contributes [1]. One essential difference we have here as compared to, say, the helicity calculation
in [1], is that the sub-eikonal and sub-sub-eikonal terms in the quark S-matrix operator (42) are non-local in the
transverse plane. Thus, the calculation in Sec. IIT A has to be augmented by introducing two different coordinates
of the anti-quark to the left and to the right of the shock wave, w and z, as shown in Fig. 8. This is taken into
account by replacing

Vi — / 2 V], (67)

along with e®@=9) _ (=0 i Bq. (49). We arrive at the Sivers function given by the diagram B and its
complex conjugate,

_Exﬁp
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53
x (T e vz t] ) + e, (68)

where, in the last step, we have extracted the DLA contribution only, and defined

<<...>>:zs<...>:p1+k;<...> (69)

with z = ky /p5 .
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FIG. 8: Diagram of class B with kinematics specified. The antiquark propagates from ¢ with momentum ky,
undergoes a transverse spin dependent interaction with the proton at transverse positions w and z before and
after scattering, respectively, then propagates to £ with momentum ks. The sub-eikonal interaction with the
proton shock wave is denoted by the white box.

At the sub-eikonal order, the polarized Wilson line in Eq. (68) contains only the ~ §,, , contribution, since the
Sivers function couples an unpolarized quark to the proton spin.> We thus write, neglecting the quark mass (m = 0)
and employing Eqgs. (23) and (34) in Eq. (42), truncated to the sub-eikonal order, keeping the d, - term only, and
neglecting the eikonal contribution already accounted for above,

. 4 o0 i
veg ==L [ ae 2 Viloo 1@ - 2) DLBL Ve, —oc 82y - 2) (70)
z,y s z Y )
— 00
P e vt
4s 6%( le d22 2[00, 25 ] U’ﬂ(zz 2) Uy [Zz s 21 ] > 5 77[10(21 ,x) 1 Ve [zy, —oc].
In the A~ = 0 gauge we are working in, the transverse components of the gluon field, A, are sub-eikonal. Using

this to simplify the gluon part of Eq. (70), while keeping only sub-eikonal terms dependent on the target transverse
polarization, we get

vpo = 91 / =" &2 Vyloo,2 0%z — 2) [A(=7,2) ¥, - V.- AT, 2)| V27—l Py —2) (1)
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Further, integrating over z yields

+ oo
V;;l B 7% [yxaz(zig)] ) / dz™ Vi[oo, 27 [A(Ziyl) +A(z’,g)] Vg[zf,foo] (72)
2, + 0 N
s e )/dzl /d'z? sloo, 2 18 (2 2) Uylzz 21| m JBaler ) 17 Valer s —oc).

Z

3 From this point on our analysis of the sub-eikonal contribution is incomplete and ultimately leads to incorrect asymptotics for the
Sivers function in Eq. (129). One may expect that only operators with the ~ §, ., prefactor should enter into the dipole amplitudes
contributing to the Sivers function as the latter is a distribution of unpolarized quarks. However it was found in [108] that the
sub-eikonal operator with the ~ 4, _ ./ prefactor containing F12 which naively describes quark helicity coupling to the background

chromomagnetic field, mixes with the naively unpolarized ~ 8, ,+ operator (~ BZZ 52 in the gluon sector) under evolution. Therefore,
it is incorrect to neglect the contribution of the ~ J, _,/ operator to the Sivers function and its small-z evolution. In [109] we
restore this term, as well as terms proportional to the sub-eikonal A% field which we have neglected here in simplifying the covariant
derivatives. These terms also contribute to evolution, and yield a new set of evolution equations superseding Egs. (118) below [109].
We numerically solve the new evolution equations in [109] to obtain the correct small-z asymptotics for the sub-eikonal contribution
to the flavor non-singlet Sivers function. Further details for the observation made in this footnote can be found in [109].
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We see that while the quark sector operator in Eq. (72) is local in the transverse plane, the gluon sector operator
is non-local due to the derivative of the d-function. Substituting the gluon part of Eq. (72) into the first line of
Eq. (68) we arrive at, after multiple integrations by parts,

4 gpf / 2. 12 o dPkiy dky ik, k- ki -k [
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It appears that the non-locality of the gluon operator in Eq. (72) translates into the factors of k; and k in Eq. (73).
We conclude that the sub-eikonal contribution to the quark Sivers function is
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+
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The part of the expression on the right-hand side of Eq. (74) that contributes to the Sivers function should change
sign after £ — —k. Hence, to make (74) an equality, we need to anti-symmetrize its right-hand side under k — —k.
Simultaneously changing k; — —k; and w <> ¢ we arrive at

EXSp 1qr o 2 / 2 o APk dk] etk () iy
_ k d2¢, d O(k7) etktky) (w=-¢) =1 76
MP fl T (m7 T) sub-eikonal (277) CL L (27’()3 k7 ( ) ' k2 k’2 ( )

x (o [vevpad | = Vgl [+ T e (Ve vl - T e [t VE] D,

Further, define

ipol — ng—li— - — 1, —
VP = 54 dz™ Viy[oo, 27| A (27, w) Viy[z™, —x], (77a)
v 2lpol — —ﬁ / dz~ {V [00,27] A(z7,w) - (Vo V[z™, —0]) = (Vo Vi[oo,27]) - A(z 7, w) Vi[2~ —oo]}
w - 25 w ) L1 y W Naw Yw ) NYNwVw ) £1 yW) Vw )
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such that
Veak, = (ki — k) Vgrel 4 v vl (78)
Equation (76) becomes
kX Sp ) 2 /2 o kAR e Bk
_ Jk d2¢, d O(k7) etttk (w=-0) 21 79
MP LT (x T) sub-eikonal (271') CL WL (27‘()3 kl_ ( ! ) ¢ E? EQ ( )

x {(ln — k) (T [Vevar ] T e [V VT T V] T e [V ] )

+ (T b VeVt o [V VP T [V - T e [V et >>}

Next we define two polarized dipole amplitudes

Fi(2) = % Re (T tr [Vever ] + 7 o [V ] e, (80a)
F2l(z) = 2}1\7 <<T tr {VCV[ Ip 0”} T tr [Vﬂvg P"”} >>(z). (80b)

Apart from the transverse positions of the Wilson lines, the amplitudes depend on the longitudinal momentum
fraction z, which can be roughly thought of as the smallest of the momentum fractions of the quark and anti-quark
lines (see [24, 46] for a more precise definition of the argument z). Note that

Fio(2) = Fly(2), Fa(z)=—F2,(2). (81)

Employing the definitions (80) along with Eq. (81) we rewrite Eq. (79) as

kExXSp .1
- MPPf1Tq($7/€%)

(82)

sub-eikonal

_ 8N 2. 12 d k11 ik )-(w—) kl /dz Vi (2]
~ (2n) /d s KK (b = k) g (2) + i Fy (2] -

The DLA small-z evolution of a sub-eikonal operator only couples it to sub-eikonal operators at the next step,
otherwise the evolution would not generate longitudinal logarithms of energy. Hence, the small-z evolution of the
operator(s) in Egs. (75) and (77) (or, equivalently, the evolution for the polarized dipole amplitudes in Eqgs. (80))
will only couple to the same operators.

2. Initial Conditions

For a single quark target, the lowest-order gluon field dependent on the transverse polarization of the quark at
b=0, b =0 and an arbitrary b" position in A~ = 0 gauge is

t* Mp it —bt) T 1
A%t A X 1+ ——0T| o 2] 21 1
(x) = 477 pl dx, x [ pla }6 d(x7)e Sxaz{ n(l’LA) }, (83a)
ai gt* Mp n P P S P A 1
A = — —_— X ;€ 2py ]
(x) =i or ot {(5( )+ 2p1 07 d(x )} dx x €7S%e 2 — 6% In A
gt* Mp. 1 _
— X L et 9I ] +
o (pl ) 6X X’ € S7 In (CELA> 0 (S(l‘ )7 (83b)

where X and X’ are the quark’s polarizations before and after the gluon field emission, respectively, and Mp is the
“quark” mass. This field is indeed sub-eikonal (~ 1/ pf) at the leading order and may contribute to the operators
in Egs. (77). Note that it does not contribute to the F''? sub-eikonal term in Eq. (23). Hence, the transverse
spin dependence at the sub-eikonal level only contributes to the gluon operator in Eq. (70), and, consequently, the
operators in Egs. (75) and (77).



26

Note that the field (83) depends on z* and on the rapidly varying b (with b even not specified for a quasi-
classical target [88-90]). However, this dependence only appears at the sub-sub-eikonal order, and, even at that
order, it does not affect the field strength tensor F~% needed for the transversity operator in Eq. (23). The z-
dependence may appear in any gluon field if we take into account the energy-suppressed phase, as in Eq. (83).
However, at the leading orders in eikonality in each channel, in the operators entering Eq. (23), the z-dependence
does not appear.

Another puzzling feature of the field in Eqgs. (83) is that the sub-eikonal (~ 1/p}) terms in it appear to come
in with a factor of 7, that is, they are imaginary. This feature, while requiring further interpretation in the future,
can be attributed to the conventional wisdom that the transverse spin dependence, Xdx, x/, usually comes in with
a factor of i associated with it. This is the well-known 7 which needs a complex phase to give a real contribution to
the Sivers function [15, 16, 19, 110]. Here it comes in through the transverse spin-dependent part of the gluon field.

To construct the initial conditions for our evolution, we will work with the single quark target. Substituting the
field from Eq. (83b) along with the polarization-independent eikonal field

At () = — I sy m (- (84)
s A

into Eq. (80a) we immediately see that the two-gluon exchange contribution vanishes, and the first non-trivial

polarized dipole amplitudes arise at the three-gluon level. We obtain, after integrating over the impact parameters

b between the dipole and the target quark,

/ b, FLY = —a2co N (21)2 Mp €753 (w — ¢)*In < (85)

=)
lw—¢A)”

with ¢g given by Eq. (57) above. Note that the three gluons have to be in the d*¢ color state, similar to the odderon.
One may, therefore, think of Eq. (85) as of the lowest-order contribution to the sub-eikonal spin-dependent odderon.

Similar calculation of the initial condition for F [2,]4 from Eq. (80b) due to the fields in Egs. (83b) and (84) of

w

a single quark target readily gives zero in the gluon sector to any order in the gluon exchanges. There is also a
quark sector, as one can see from Eq. (77b). However, the quark part of the operator in Eq. (77b) contains only
the 4+ Dirac matrix and, like other operators in Eqgs. (77), is local in the transverse plane: therefore, this operator
is similar to that in the unpolarized quark parton distribution function (PDF), and cannot couple to the transverse
spin of the target proton. Therefore, it appears that one can discard the quark part of the operator (77b), both in
the initial conditions and in evolution.

This can also be seen by the order-by-order evaluation of the quark part of FE]C. At the lowest order, the quark

operator in Eq. (77b) comes in with a two-quark exchange in the t-channel: this contribution to F, 2 5 Eq. (80b)

w,
is zero, since, after averaging over the quark impact parameters, each trace in Eq. (80b) will become transverse
coordinate independent and the difference of the two traces will be zero. Adding eikonal gluon exchanges will make
each trace in Eq. (80b) a function of w — (. However, since the quark operator in Eq. (77b) is local in the transverse
plane and comes in with v* only, it will not generate any dependence on the transverse spin, such that each trace
in Eq. (80b) will be a function of |w — (|, and their difference will again cancel.
We thus conclude that the initial condition for the second polarized dipole amplitude is zero,

FEO — o, (86)

Below we will show that the DLA evolution of FE ]C is closed in the gluon sector, it does not mix with Fi ¢ therefore,

the zero initial conditions (86) imply that F E ]C = 0 even after evolution.

3. Small-z Evolution: General Expression

The small-z evolution of the polarized dipoles in Egs. (80) will ultimately be calculated in the large-N, limit. We
will, therefore, assume that the evolution is gluon-driven and neglect the quark field insertion operator in the second
line of Eq. (77b). (The same approximation was done for the large- N, limit of the small-z helicity evolution in [24]:
see also a discussion of this approximation in [40].) Above we have argued that the initial condition for the entire

FL[U2 }C is zero: the only way it may become non-zero is by mixing with in;@ through evolution. The mixing of the

quark part of (77b) in F? with Fi

w.C .o even if non-zero, has to include an (eikonal) interaction of the unpolarized

. . . . . — . . 2]
(anti-)quark in the dipole with the target, otherwise the contribution to the dipole amplitude F, ¢ from Eq. (80Db)
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will be zero, since the latter has to be an odd function under w <+ ¢ interchange, and, therefore, has to be a function
of both transverse positions w and ¢. An interaction of the unpolarized (anti-)quark in the original parent dipole
with the target would make the quark operator evolution sub-leading in N, and can be discarded. Therefore, we
will neglect the quark operator from the second line of Eq. (77b) in our evolution analysis below.

To construct the small-xz evolution of the operators in Egs. (77) we follow [80] and rewrite the gluon field as a
sum of the background field B* and the quantum field a*,

AP = BF 4 g, (87)

and integrate out the quantum fields a*. To do so, we will need the propagator

SL’QlA 31‘2/0

| ) 1 ’
/dg:; day a'(z],zy) at (s, z0) = 213 /dk (k™ )/d%gd%g/ m( > %OUPO”’“ (88)
0

with the sub-eikonal polarized gluon Wilson line operator (cf. Eqs. (38) and (72))

oo

) + /C 7 7
Uf‘;lba = —% dz™ d?2 U [00, 27]6%(z — 2) QZ -9 UT 2, —od] 52(y — 2) (89)
zy 5 s i y
= zpl fb da’ / ~d?z Uﬁb’ [00727] 52@ 7@ [Ad(zf,g) .jz 7&2 'Ad(z ,z)} U“/“[z ’700] 5 (y B z)
Zp “ - a,a —
= ;sgf” [V,0%(z — / Az U [oo,27] (A% 2) + A%, )| U2, —oc].

The propagator is obtained by the technique outlined in [34], employing the 0 x/ part of the the operator in Eq. (38)
to describe the interaction with the shock wave. While, strictly speaking, the gluon field on the right-hand side
of Eq. (89) should be B*, we denote it A* since at the next step of evolution it will again be separated into the
background and quantum fields.

Substituting Eq. (89) with s = pj &k~ into Eq. (88) and integrating over z,, yields

0 00 .
/ dxy /dw; ai(xy,2y) atl(xy ) = fb'da’ /dk /dzwgd Zor In 2o (90)
1 1= )= 47.‘-3 1‘21/\ JI%/O

—0o0 0
x [ @ Uloo7] [ (98] AN ) + [V 8] AN )| UEPT, o)

“ dk— 7 1 4 — aa
471'3 e / k— /d2x2 /dZ { n(1721/\> Izz {Ubb [o0, 271 A%(=", 22) (VQU =" _OOD
~ (v [oo,zf]) AN, my) Uz, —oc]| = UB o0, 27] ATz ) Ugi[2™, —o0]

ij .2 i i J
1 0" x50 — 25Ty | Thy Ty
X h’l A 1 + T T .
L21 La0 L39 L21

I
One will also need the standard eikonal propagator at a™, which is the same as for the unpolarized evolution,

y n |—| 1
/ oy [doy atolar ) ooy ) = - [ [t o &)
23, 23
0
We begin with the gluon part of the Vi2'** from Eq. (77b), which we rewrite as
gpiig [ [ : :
V2ol — —2—1 > dz~ /dw_ {Vw[oo, w) A'(w ™, w) Vi[w™, 27] [Vi, AT (27, w)] Vi[z ™, —od] (92)
w B w w w
e e

— Viy[oo, w™] [V:U A+(w7,y)] Vw[w™, 2TAN 2T, w) Vi [z, —oo}}
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FIG. 9: Diagrams illustrating the main types of contractions in the small-x evolution of the polarized dipole
amplitude FE }C from (80b). Solid straight lines represent the fundamental Wilson lines, the boxes with a*, 8%a™,

B', and 0'B* }epresent the operator insertions in Eq. (92), while the box on the gluon line in the shock wave
represents an insertion of the entire operator from Eq. (90).

Substituting Eq. (92) into Eq. (80b) and employing the decomposition (87) we obtain a number of contractions.
They are diagrammatically represented in Fig. 9, where only representative graphs from most diagram classes are

shown and only for the first term in Eq. (92), for brevity.

Since the initial condition for FE}C is zero, per Eq. (86), to get a non-zero FE ]C we need to find evolution steps

mixing it with FQLC To this end we note that in the regime opposite to that in E?l (90), that is, for x; > 0> 25,

one has
® 0
/d“’f/dxz_ a'’(zy,my) at (g, o) = (93)
0 —00

g ’gt dk— T _ 1 l‘i ’ _ _ a’ —
s [ Ja Joe {on(ihs) ot st ()

— (WU [o0,27]) - A%, my) U™, —o0]| = UR oo, 27] AT (2™ ) Ugt[2™, o]

ij .2 i .0 i J

1 0" 130 — 2T50T5 | ThHy Ty

X ln 1 + T T .
1A L0 T390 T21

The first term in the curly brackets of Eq. (93) has a different sign compared to that in Eq. (90). The second terms
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are the same in both equations. Since we are interested in evolution mixing F E }C with F 5'}70 below, when discussing

the evolution of FE ]C’

we will only talk about the second term in Eqgs. (90) and (93), which is the same in both
expressions.

To give a longitudinal logarithmic integral dk~/k~, the L + gluon propagator, like those in Egs. (90) and (93),
has to cross the shock wave [24]: hence, only the diagrams with the gluon crossing the shock wave are shown in
Fig. 9 for the L + propagator. The quantum field a* can only be involved in contractions (see, e.g., diagram I
in Fig. 9), as it is integrated out. The B*-field outside the shock wave is put to zero. This way the diagrams II,
IIT and V, along with other similar diagrams where we have a factor of the gluon field “outside” the shock wave
and of the gluon propagator, are all zero. One can further argue that the diagrams I, IV, and VI cancel between

the two terms in Eq. (92). Once again we are talking about the term in the L + gluon propagator which is the
same in Eqgs. (90) and (93): the other terms do not cancel, but do not mix FE{ with Fi( This leaves us with the

diagrams VII and VIIL, where the gluon emission is of the eikonal type, similar to the unpolarized small-z evolution
[80, 93, 111-115]. These diagrams represent all possible eikonal gluon emissions and absorptions. Eikonal gluons
do not have to cross the shock wave to generate longitudinal logarithms: hence, diagram VIII is allowed, along
with other virtual diagrams. The eikonal evolution leaves the operator (92) intact in the shock wave, as denoted by
the two adjacent boxes inside the shock wave shown in the diagrams VII and VIII: again, no mixing with Fi;,c is

generated. Summarizing the analysis we have just made, we see that the DLA evolution for the dipole amplitude
]

FE ]< in the large-N, limit couples only to the same amplitudes FE ¢ and does not mix with Fi( That is, the
evolution is of the following type, N -
i = pRO) | o pl2

w,l T P w w,$’

(94)

with K some integral kernel. Since, by Eq. (86), the initial condition (the inhomogeneous term in Eq. (94)) for this
evolution is zero, F E ]C(O) = 0, this means that

2
FZl. =0 (95)

w

with the DLA and large- N, accuracy. We thus discard the dipole amplitude FE }C and proceed by constructing the

evolution for F ..
The diagrams contributing to the evolution of the polarized dipole amplitude Fi ¢ from (80a) are shown in Fig. 10.

Again, we do not show all the eikonal diagrams explicitly. For brevity, we also depict the diagrams contributing
only to one of the traces in Eq. (80a). We begin by calculating the sub-eikonal diagrams «, 3,~, and ¢ in Fig. 10.
By analogy to Eq. (77a), we define an adjoint polarized Wilson line of the same type by

ipol — ng-li_ — — i ,— —
Ul = 54 dz” Uyloo, 27 | A (27, w) Uy [z~ , —o0]. (96)

With the help of this definition, repeating the steps outlines in more detail in [1, 34], we arrive at the following
contributions of the diagrams « and (8

z .. . . . .
a+ = _s Ne [d /dQ:cg In ( 1 > 09 a4 — 2w, + o1 & (97)
272 J 2 T A x5 r3, 73,

| * Re <<% T tr [V@‘“Vftb} (ngol)b" >>(z’) (14 0).

Similarly, diagrams v and § give

o= ]2V & / FE R 2 hotho | Lgo igl (98)
27 2! To1 A 50 50 Ty
2

x Re <<$ T tr [Vgtavftb] (ng"l)ba >>(z’) —(150).

In obtaining Eqs. (97) and (98) we have defined 2’ = k~ /p; with the upper cutoff on the 2z’ integral given by z, the
minus momentum fraction at the previous step of the evolution. The lower limit of the 2’ integral, A2 /s, involves an
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FIG. 10: Diagrams illustrating the main types of contractions in the small-z evolution of the polarized dipole
amplitude F i w,¢ from (80a). Solid straight lines represent the fundamental Wilson lines, the boxes with a* and B*

represent the operator insertions in Eq. (77a), while the box on the gluon line in the shock wave represents an
insertion of the entire operator (77a).

IR cutoff A for the transverse momenta. We have also been using an abbreviated notation for the light-cone Wilson
lines Vi =V, ,Us = Uy,, etc. Transverse vectors are defined by z,; = z;, — z; with x;; = |x”| Most importantly,
in deriving Eqs (97) and (98) we have neglected the first term in the propagator (90) as being the gluon analogue
of the (gluon part of the) operator (77b), which we have established to be zero, per Eq. (95).

The eikonal diagrams contribution is well-known. The diagrams €, ¢, etc., yield [1, 34, 80, 93, 111-115]

dz
.= 99
ere+ 27r2 / le x20 (99)

x Re <<ﬁ T tr [Vgt“Vj"‘j”t”} (U)" — gz T tr [V VfPO”} >>(z’) + (14 0).

Combining equations (97), (98) and (99) we arrive at the evolution equation for the dipole amplitude F}, in the
operator form,

i i as N, dz
Fo) = A6 + 55 [ 2 [,

g e e i) @) - 5w v e

c c

ij 2 i .0 ij 2 i . i i J
_ dZ &2z In 1 0% a3 — 2a5, 1y, . 0% x50 — 2a5a + To1 Lo\ T
27r2 2 T A x3 xd x2 22, ) 2
21 21 20 21 20 21
A2

X Re <<% w[eve] (u37) " D)+ o), (100)

with the inhomogeneous term given by Eq. (85) (for the impact-parameter integrated version of Eq. (100)). Here
+(1 < 0) applies to everything on the right, except for the inhomogeneous term. We have also dropped the
time-ordering signs for brevity: they are still implied in all correlation functions.
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Combining Egs. (100) and (95) with Eq. (82) we write the sub-eikonal contribution to the Sivers function as

1

EXSp 1q, 12 4N, / 2, o hiy (k) (w—¢) 1 K / Jad
- = — L ik 101
MP flT (33, kT) sub-eikonal (27‘()3 d CJ_d L (27‘()3 c k2 k?2 EQ ( 0 )

4. Small-x Evolution in the Large-N. Limit

Similar to the unpolarized evolution [80, 93, 114-121] the evolution equation (100) is not closed: not all the
operators on its right-hand side are the same as the dipole operator on its left-hand side (see also (80a)). To obtain
a closed evolution equation we will take the large-N, limit. Employing

Ul =2tr [thﬂtan ] , (102)

along with the Fierz identity, one can readily show that (cf. [1])
U = 240 [V VT 4 2 [V vt (103)

Using Egs. (102) and (103) in Eq. (100) we obtain

e =+ [ ol n iy i ] g oot e

7 i . % 2 i % 7 J
In 1 0 a3y — 2ah w9, _ 0 235 — 2ahyT + Tar T\ T21
To1 A x4 x4 x2, w3, ) x2
21 21 20 21 20 21

X Re<<2N2 tr [VOVQ} tr [Vﬂpol Vl} 2;[2 ir [ngﬂ tr {ngszolq +>>(z’)} + (1 0), (104)

where the ellipsis denote the N -suppressed terms. Taking the large- N, limit yields

o =i 52 2 G el ) o o]
Fio(z) = Fi{¥(2) + B / {xm o ( S ) (( LA ) (105)
1 X 1 5ij 2 ) i .J 5ij 2 ) i .J ) ) J
- <<ﬁ tr [vgvjpdq >> _ ln( A) T STt D T~ ST | <${§” - x§0> o
c L21 La1 Lao L1 T3/ I3

(e ot ) o] o e o] ) e B ) o

where all the correlators on the right are functions of 2/, with this dependence not shown explicitly.
We are interested in the solution of this equation outside the saturation region: therefore, we linearize it by

replacing tr {VQ Vg ] and tr [Vg Vf } by N.. This gives the linearized evolution

e =i 5 T [ e i)~ el )]

2’7T2
—|n ( 1 ) 0 23 — 251”221%1 _ 0 230 — 255%0%%0 + (55221 _ 39120) ﬁ
A 1 1 2 2 2
L21 La1 Ta0 T31 T3/ T2
1 jpol 1t 1 jpol t
<<ﬁ tr [Vg VJ >>+<<F tr {ngz }>> +(140).

We are interested in the double-logarithmic evolution, for which the transverse integrals in the kernel reduce to
logarithms [24]. Whether the transverse integrals are logarithmic in the IR or in the ultraviolet (UV) depends, for
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1
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most of the terms, on the transverse distance dependence of the correlators on the right-hand side of Eq. (106).
Inspired by the inhomogeneous term (85), we will assume that

1 ; o
/deL <<ﬁ o [VQV£p01T:| >>(Z) =€ S?—" 1’%0 F(ﬁo’ 2)7 (107)
c
where the function F (2%, z) may include logarithms of 2%, or perturbatively small powers of 2%, (e.g. xign“ Ve,

along with the z-dependence, but no order-one powers of z%,. Note that Eq. (107) along with Eq. (80a) imply that
[ @1 Fio(e) = € s}t Pl ). (108)

For the correlators scaling as shown in Eq. (107) we can analyze different terms in the kernel of Eq. (106),
extracting the logarithmic contribution.

e The eikonal kernel 22,/ (23, 23,) is logarithmic in the UV when z, — z; and in the IR when x9; ~ x99 > x10.
It is not logarithmic when z, — 1z, since the two terms in the square brackets multiplying this kernel
in Eq. (106) cancel. We thus approximate, with the DLA accuracy and after integrating over the impact

parameters,
(5 vl )= e i) oo

22 1
d?zy —10 / d’*b, ~Re
/ x%l 9330 2

x%o >’ Z10
dw%l/ 2, 1 1 i pol z? 1 1  pol t
e [ fondne Gl o [ a2 fon e i)
Wl/xil SPRRA VAR R +7T2 T2 NN, LR
=S Zi0

where the last term on the right is logarithmic because we assume that the correlator multiplying is scales
~ 23, per Eq. (107). The IR (upper) limit of the integral in the second term comes from the light-cone (x~-)
lifetime ordering condition [24, 39],

zaty > 2 (110)

which is essential for the DLA. Similarly, the UV limit of the z3,-integral in the first term on the right of
Eq. (109) comes from requiring that the emitted gluon’s lifetime is longer than the extent of the shock wave,
2’ 3, > 1/s. One may also think of 1/(2’s) as the shortest transverse distance in the problem.

There is one important caveat left. Consider the first trace in the last line of Eq. (109). It describes the
amplitude in the dipole 10. The subsequent emissions in that dipole will have their lifetimes capped by 2’ x3,,
with z9; being the size of the “neighbor” dipole, not the one we continue the evolution in. We, therefore,
define the “neighbor” dipole amplitude I'(z%, 73, z) [24, 31, 39] by

o1 el ) = [ ke (o [0 sz “1”

where the lifetime dependence is shown explicitly in the argument. Equation (109) becomes

Jates e fonde (4wt ]) - (ol )] o

2 2 2
T1io =71
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2 2
L s dz T dx
~ ] Qi .2 0 21 2 2 ! 7 21 2 1
~ e S xy 9 /T"Q [(21g, 291, 2') + 5 22 F(x3,2")
/ 21 21

- x
2's 10

e Next consider the first expression in the second term in the kernel of Eq. (106), that is,

1 51 42 9 i gl 510 42 9 qi
—/deg ln( ) ( T21 : L21%21 L20 . m20x20> (113)
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This kernel has no UV divergences at either , — z; or z, — z,, since the potentially divergent terms
vanish after angular averaging. (Strictly-speaking angular averaging would lead to delta-functions 62(xy;)
and 6%(z50) in the kernel: however, zero-size daughter dipoles generated this way would have zero lifetimes,
or, more precisely, the delta-functions would imply that 2’23, = 1/s or 2’23, = 1/s, not allowing for any
further DLA evolution due to impossibility of imposing lifetime ordering like (110) beyond zero lifetime: such
contribution may need to be added to the inhomogeneous term, but is not included in the evolution.) Note
that employing Eq. (107) one can show that In(1/A) vanishes in Eq. (113): hence the logarithm present in
the integrand does not necessarily make the result of the integration logarithmic. Lastly, to determine the
IR asymptotics, x21 & x20 > x10, one has to split Eq. (113): in each term we expand in x19/x21 or z1p/x20
and average over the angles of x4, or x4, depending on whether the impact-parameter integrated correlator
depends on z3, or %, respectively. We thus get (after the impact parameter integration)

1 5 2 —2a8 o 5 20 — 208 ) 1 1 ;
B 2 21 21721 20 20720 2; 1 jpol {1
/d 5 In (leA) < S e ) /d b5 Re <<7Nc tr {vg VJ >> (114a)

=7 / dx3, ln( ! > x—ioe“ SIF(23,,2)),
l‘glA T
z3,
—/d2x R 89 a3, — 2ah, 1), Va3, — 2 whorh, /dzb 1hre <<i tr {V Vjpol’[:| >> (114b)
? w21 A 5 T30 2 Ne b
2z 22
27 %10
=7 / dx, |In 1 +1 x—%eiijF(mg 2')
20 :L'Q()A x%o 200 ’
z3,
such that Eq. (113) in DLA approximates to
1 64 32, — 22k, @) 64 32, — 2 ah, )
7\/d2x2 In <x A> ( 21 - 21421 20 - 20 20) /deL (115)
21 L1 T20
.2
1 1 1 S dx?
x —Re <<— tr [VJ pol VT} >> + <<— tr {VO %4 po”] >> ~—€ ST 3T / 0 P22y, 7).
2 N L2 N, LE02 0T ag,
Tio

e Finally, let us consider the last term in the kernel of Eq. (106),

- [ (- ) she | (o e [ ] )+ (e [ ] )

This term contains a UV divergence at z, — x;, for the second term in the square brackets. There is no UV
divergence at £, — z,. The contribution coming from the IR region, x2; =~ x20 > 210, can be evaluated using
the above technique. In the end we obtain

z .2

x} s ) 1
— [ dPxy (22 —-22) 22 [ b, -Re
L1 T/ Ta1 2
7T10

1%0
dI§1/ o, 1 1 ipolt 2 I%o 2, 1 1 ipolf
~ dere<<—tr [vovp }>>+7r / dz2, 110 dbbRe<<— tr [Vng }>>
/ r3, 4 N. =L 2ol 4 N. 271

2
Ts Tig

. (116)
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Substituting Egs. (112), (115), and (117), into Eq. (106) integrated over all impact parameters we arrive at

z .2
z > T10
as N, [ d7 dx? da?
Flaf2) = FOGh ) - 5 [0 [ S P+ / E S A
A2 Zio 7S
as N, [ d2" ’ dx
F(m%o,x%hz’) = F(O) (55%073/) - 4 I / x3322 F( T3, % /) (118b)
ATQ Ifo
min{xfo,:—,/,wgl}
d
+3 x32 (23, 732, 2")
3,

Ty

“

The second equation, for the “neighbor” dipole amplitude T, is derived by analogy to the first one [24, 31]. Each
integral is non-zero only when the upper integration limit is larger than the lower one.
The initial condition (the inhomogeneous term) of Eqgs. (118) can be read off from Egs. (85) and (107),

1
FO @2, 2) = —a ¢ (2m)2 Mp In <$10A> . (119)

5. Small-x Sub-Eikonal Asymptotics of the Sivers function

Solution of Egs. (118), while possible both analytically and numerically, appears to be somewhat involved. Instead
we will argue that the high-energy asymptotics should not depend on the initial conditions. We therefore, replace
equations (107) and (108) by

/ d?b, Fiy(z) = / b, <<Ni tr [VQ v PO”} >>(z) = €7 84, F(22), 2), (120)

where the function F(22,,2) again may include logarithms of x2, or perturbatively small powers of z%, (e.g.

xignSt \/CT), however, we assume that it cannot contain integer powers of x2,. Indeed the initial condition (85) was

derived for a quark target, that is, for a hadron so large that the dipole interacts with a single quark in it. One can
instead imagine a situation where the target is perturbatively small, even smaller than the dipole in the projectile:
then the initial conditions may not be proportional to the dipole size squared, like Eq. (85), and the ansatz (120)
would appear to be more appropriate for the initial condition, and, therefore, for the evolved dipole amplitude as
well.

With this new ansatz (120), the DLA regime of Eq. (106) becomes much simpler, with only the first and the last
terms in the kernel contributing. We arrive at (cf. helicity evolution in [24, 31])

S.7\/' dz' dx?
F(&o ) = FO (e, ) + 2 / : / A [Pk, )~ 3T (e, 03, 2)] (1212)
21
N 2 & miﬂ{ﬂﬂm,ngl}d )
Q, . z X
Nadoad ) = PO+ 5 [ Z [ TR [Fah) ~3Thahe )], (21
1 ] 32
=2 7

Our aim now is to solve these equations, following [33].

Defining the new variables
n= @ In % = °In (122a)
n'= \/TNNC In % $21 F In xmlAQ (122b)
n” aférvc In % S39 = \/7 In %21 % (122¢)
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o
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and putting, for simplicity, F(?) (22, 2) = 1, we rewrite Eqs. (121) as
: /
F(s10,m) =1+ /dn’ / dsa1 [F(s21,7") — 3T (810, 821,7")], (123a)
s10 S10
n "’
'(s10,821,7) =1+ /dn” / dssa [F(s32,m") — 3T (s10,832,1")] - (123b)
s10 max{s10,521+n" —n'}

These equations have the same kernel as the large-N, DLA helicity equations (3) from [33]. Therefore, the solution
must have the same scaling property,

F(s10,n) = F(n — s10), T(s10,521,7") =T(n' = s10,1" — s21). (124)
Using (124) in Eqgs. (123) yields

¢
F(Q) =1+ / ¢ / de' [F(¢') — 3T(E,€)]. (1250)
0

T(C.() = / ¢ / de' [F(¢) — 3T(E,€)]. (125b)

confirming the scaling ansatz from Eq. (124). The “neighbor” dipole amplitude is defined only for z19 > z21, that
is, ¢ > ¢'.

Repeating the steps from [33], as detailed in Appendix A, one arrives at the solution of Egs. (125) in the integral
form,

dw 3 w243
FiO)= | & (o=@ T2 12
(©) omi w (@ 1) (1262)
2 dw 3¢ w?4+3 dw _3\» w?4+3
r(, ¢y =2 [0 poots @ 13 / (om2)e W E3 126b
(669 3) 2mi € w(w2—1)+3 omi © w(w?—1) (126b)

The leading high-energy asymptotics of F(¢) is given by the saddle points at w = 44+/3 in the exponent. This
is illustrated in Fig. 11, which also shows the entire complex-plane structure of the integrand of Eq. (126a) (cf.
[122]). In distorting the original integration contour (the straight vertical line on the right of Fig. 11) to the steepest
descent path we pick up the pole at w = 1. However, the contribution of this pole falls of exponentially with ¢, that
is, it scales as ~ e~2¢, and can be safely discarded for ¢ > 1. We thus see that the integral in Eq. (126a) is indeed
dominated by the contribution of the steepest descent contour. (Note that this situation is the exact opposite of
the helicity distribution in [33], where the contribution of the right-most pole dominated over the steepest descent
path.)

Distorting the integration contour to run along the steepest descent path, and integrating over the regions near
the saddle points at w, , = =+i+/3 by expanding w = i v/3+pe®™/4 —p?/(2¢/3) and w ~ —i 3+ p ™1 —p?/(2V/3),
respectively, with some small real parameter p (which is then integrated from —oo to oo), one arrives at

1/4
FO) ~ 8} a7 Sin (2 V3¢ - ) (127)
such that
31/4 31/4
F(s10,m) = F(¢) ~ 8§ GO sin (Q\fC 4) —310)3/2 sin (2\f( — $10) — %)

31/4
= sin 2\[1/ < In(zszly) . (128)

8/ [ S ln(zsaﬁo)}

We see that the dipole amplitude F'(s19,7n) is an oscillating function of its arguments: such oscillations are interesting
and reminiscent of the oscillations found in [40] for quark helicity in the large-N &Ny limit (with Ny the number
of quark flavors).
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FIG. 11: The complex plane structure of the w-integral in Eq. (126a). The singularities are denoted by circled
crosses: the poles at w = £1 and the essential singularity at w = 0. The original contour is denoted by the vertical
solid straight line to the right of all the singularities. The saddle points at ws , = +i /3 are marked by the thick
dots, while the steepest descent path is sketched by a curved solid line crossing the saddle points and going
through the origin. The dashed horizontal lines denote the asymptotics of the steepest descent contour.

We cross-checked the result (127) by solving Eqgs. (123) numerically and found a very good agreement between
the analytic and numerical solutions for { =1 — s19 2 3. Furthermore, to test our assumption that Eqgs. (118) and
Egs. (121) give the same small-2 asymptotics for the Sivers function, we solved Egs. (118) numerically, obtaining the
solution which exhibited the oscillating behavior with the same period and similarly decreasing-with-{ amplitude
of the oscillations as Eq. (127).

Employing the result from Eq. (128) in Egs. (120) and (101) we see that the z-integral in the latter is dominated
by its lower limit, which gives a contribution independent of the center-of-mass energy squared s, and, consequently,
of x. Therefore, we conclude that the sub-eikonal small-x asymptotics of the quark Sivers function at large N, and
in DLA is given by a constant,

1

0
L
Fif (e, k%) o ™ (m) = const(z). (129)

The approach to the constant asymptotics of Eq. (129) should be oscillatory with decreasing amplitude of such
oscillations, due to the form of the amplitude in Eq. (128). This way, in principle, some residual effects of the
oscillations from Eq. (128) may be observable experimentally.

Let us point out that the result (129) is, in a way, similar to the case of the odderon: while, unlike the odderon
case, the (DLA) evolution at the sub-eikonal order does significantly affect the dipole amplitude F(z%,,z), the
z-dependence of the Sivers function is almost unaffected by the evolution, just like it was for the eikonal odderon
contribution. The same conclusion (129) can be obtained by using the initial amplitude (119) in Eqgs. (120) and
(101).
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D. Small-z Asymptotics of the Quark Sivers Function: a Summary

We conclude this Section by summarizing the results of our calculations. The quark Sivers function at small
x receives contributions at the eikonal and sub-eikonal order. The eikonal contribution is coming from the spin-
dependent odderon and is given by ff‘ 4 ~ 1/x with an almost non-perturbative accuracy (see Egs. (54) and (66)),
in agreement with [3, 4]. The sub-eikonal contribution to quark Sivers function is calculated in this work for the
first time. At large N, and in DLA it is given by Eq. (129). We, therefore, conclude that, at small-z, one can
describe the small-x asymptotics of the quark Sivers function as

1 1\°
(@, k) = Co(kf, @) —+Ci(k7) (x> +... (130)

with some functions Co(k%,z) and C;(k%), which can be obtained from the above results. The function Co (k% z)
also depends on z, but in a much slower way than the powers explicitly shown in Eq. (130) (see, e.g., Eq. (26) in [65]).
The ellipsis in Eq. (130) denote the order-z sub-sub-eikonal corrections along with the powers of In(1/x)-suppressed
pre-asymptotic corrections to the saddle-point asymptotics shown in Eq. (130).

The situation we have found is qualitatively similar to what was suggested for the h; structure function in [123]:
a sum of the odderon and DLA contributions. (Note, however, that for a related quantity, the valence quark
transversity TMD, only the DLA contribution was found in [2].)

IV. CONCLUSIONS AND OUTLOOK

In this paper we have accomplished several results. In Eq. (42) we have constructed the full sub-sub-eikonal
polarized Wilson line/quark S-matrix operator which can also be used to obtain the small-z asymptotics of a
number of quark TMDs which have not been studied at small x yet. We employed this operator to study the
Sivers function fi up to the sub-eikonal order. In the future, one TMD that can be studied with the help of
this new operator is the Worm-Gear function g; coupling the proton’s transverse spin to the quark helicity: such
coupling is given by the d, _,s terms which can be extracted from Eq. (42). One can also apply the same operator
treatment to study the small-z asymptotics of other leading-twist quark TMDs, such as the Boer-Mulders (hi)
function, by employing the quark polarization-independent ~ 4, , sub-eikonal corrections from the quark S-matrix
operator constructed here. Similarly one can study Pretzelosity (hi;) which couples transversely polarized quarks
(~ X dy,—y’) to the transverse spin of the proton, with both spins orthogonal to each other. One can also study the
other Worm-Gear function hi; coupling the transversely-polarized quark (~ x d, ) to the longitudinal spin of the
proton. Then, together with the known results for the unpolarized quark TMD at small 2 [23, 94, 99, 100], quark
helicity [1, 24, 33] and transversity [2] one would have obtained the small-z asymptotics for all the leading-twist
quark TMDs. Leading-twist gluon TMDs can also be analyzed in a similar way. This would allow one to make
predictions for the data of future small-z experiments studying the proton’s spin structure, such as those at the
upcoming EIC.

The standard Collins-Soper-Sterman (CSS) [124, 125] equations usually applied to TMDs evolve them in Q% and
not in x. As a consequence, the CSS evolution cannot predict the z-dependence of TMDs, particularly at small x.
Constructing small-z evolution of TMDs, which is able to predict the = dependence of TMDs, like what was done in
this paper for the quark Sivers function, is thus vital for making predictions for the future TMD measurements at
the EIC and for completing our understanding of TMDs in the important small-z region of phase space probed in
high energy collisions. In addition, understanding the small-x asymptotics of TMDs would provide a unique angle
on the proton momentum and spin structure in the regime dominated by sea quarks and gluons.

To illustrate our method we have constructed the small-z quark Sivers function using the operator formalism
introduced in [1] to study the quark helicity TMD and used again in [2] to construct the valence quark transversity
TMD. We have reproduced the conclusion of [3] that the spin-dependent odderon dominates in the small-z asymp-
totics of the quark Sivers function. In addition, we have found the sub-eikonal correction to this odderon-dominated
asymptotics. Perhaps naturally, the sub-eikonal contribution to the Sivers function comes from the gauge-covariant
operator representing the sub-eikonal phase (21), since existence of a phase is essential for the Sivers function. The
two terms, eikonal and sub-eikonal, are summarized in Eq. (130). For the STSA Ay observable, if we conjecture
that Ay ~ x fi as far as the z-dependence is concerned, our prediction (130) implies Ay ~ Co + 2 C;. Since the
data [103-106] appears to be closer to Ay ~ x scaling than to Ay ~ const, we see that the sub-eikonal correction
may turn out to be more important for the description of the existing data on STSA. One could speculate that
the sub-eikonal correction somehow dominates over the spin-dependent odderon contribution in the experimentally-
probed a-region, possibly just numerically if C; > Co for some (probably non-perturbative?) reason. Note that

4 In a purely perturbative approach, Co is not parametrically suppressed compared to Ci (both are order-ag’): while a definitive
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the lowest-order perturbative Sivers function scales as fiy ~ = at small z [79], leading to Ay ~ 2%, which seems
to disagree with the data [103-106], though a more detailed analysis of the z-dependence of Ay in the data is
needed to draw firm conclusions. The sub-eikonal correction we found, once better quantified, may also provide a
background for the future spin-dependent odderon searches. These results give an exciting possible new direction
for such future experimental studies, particularly in light of the recent announcement by DO and TOTEM collab-
orations of odderon detection through the asymmetry between pp and pp collisions [62]. Future experiments such
as those to be conducted at the EIC will be able to probe transverse spin asymmetries at small-x and potentially
observe both the spin-dependent odderon contribution and the sub-eikonal correction derived in this work.

ACKNOWLEDGMENTS

The authors would like to thank Markus Diehl, Daniel Pitonyak and Jian Zhou for discussions.
This material is based upon work supported by the U.S. Department of Energy, Office of Science, Office of Nuclear
Physics under Award Number DE-SC0004286.

Appendix A: Solution of the Large-N. Evolution Equations

Here we solve Egs. (125) following the strategy presented in [33]. Differentiating Eqs. (125) yields

I F(Q) = jdf' [F(&) —30(¢ €], (Ala)
"
0T (¢ = [ de! [P€) - 3T(C.€). (ATH)
)
Introducing the Laplace transforms

PO = [& win, 1) = [ 2 ey (A2

we reduce Eq. (A1b) to
OeL(¢) = = [Fo —3Tu(O) (A3)

Solution of Eq. (A3) is
rw(c)—%sze—%C {Fw(o)—;Fw} =e oCH,. (A4)

Employing it in Eq. (A2), along with the I'({, ) = F(¢) condition, we arrive at

3 dw 3
F(O)=2 | & (v-2)¢p A
(©) 2/%6 s (Aba)
dw /_3 1 dw 3 ¢
I, = [ = e'=E¢H, 7/7 (w=2)<" [, A
(6¢) /Qm' ‘ T3 ) i€ (ASD)
Substituting Eqgs. (A5) into Eqgs. (A1) results in two constraints,
d 1 d 1
L=t H, =0, /—w,e(“’*%ﬂ w— =) H,=0. (A6)
2mi w 2mi w

conclusion can be reached only by performing a detailed calculation, it appears puzzling that only the C; contribution is seen in the
data so far (if our interpretation of the data on the z-dependence of Ay is correct). One can suspect that non-perturbative effects may
alter this perturbative conclusion of C; and Cp being comparable. Indeed, the historical difficulty of detecting odderon contributions
to QCD processes might suggest that terms like C'o are suppressed by a mechanism which cannot be seen by perturbative calculations.
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To satisfy these, we write

w
H, = w A7
21/ (A7)
and look for the unknown function f, in the form
Jo = § dpw". (A8)

After a calculation similar to [33] and involving a series of Bessel functions J,,(2v/3 () we arrive at
3
Jo=do [ 1+ o (A9)

with some unknown constant dy. The constant can be fixed by requiring that that F(0) = 1, as follows from
Eq. (125a). This gives dy = 2/3. We thus obtain

2 w?+3

szgw(uﬂ—l)'

(A10)

Using Eq. (A10) in Egs. (A5) yields the solution (126) in the main text.
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