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Abstract

Gradient descent (GD) type optimization methods are the standard instrument to train
artificial neural networks (ANNs) with rectified linear unit (ReLU) activation. Despite the
great success of GD type optimization methods in numerical simulations for the training of
ANNs with ReLLU activation, it remains — even in the simplest situation of the plain vanilla
GD optimization method with random initializations and ANNs with one hidden layer — an
open problem to prove (or disprove) the conjecture that the risk of the GD optimization
method converges in the training of such ANNs to zero as the width of the ANNs, the
number of independent random initializations, and the number of GD steps increase to
infinity. In this article we prove this conjecture in the situation where the probability
distribution of the input data is equivalent to the continuous uniform distribution on a
compact interval, where the probability distributions for the random initializations of the
ANN parameters are standard normal distributions, and where the target function under
consideration is continuous and piecewise affine linear. Roughly speaking, the key ingredients
in our mathematical convergence analysis are (i) to prove that suitable sets of global minima
of the risk functions are twice continuously differentiable submanifolds of the ANN parameter
spaces, (ii) to prove that the Hessians of the risk functions on these sets of global minima
satisfy an appropriate mazimal rank condition, and, thereafter, (iii) to apply the machinery
in [Fehrman, B., Gess, B., Jentzen, A., Convergence rates for the stochastic gradient descent
method for non-convex objective functions. J. Mach. Learn. Res. 21(136): 1-48, 2020] to
establish convergence of the GD optimization method with random initializations.
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1 Introduction

Gradient descent (GD) type optimization methods are the standard schemes to train artificial
neural networks (ANNs) with rectified linear unit (ReLU) activation; cf., e.g., Goodfellow et
al. [23, Chapter 5]. Even though GD type optimization methods seem to perform very effectively
in numerical simulations, until today in general there is no mathematical convergence analysis
in the literature which explains the success of GD optimization methods in the training of ANNs
with ReLLU activation.

There are, however, several promising mathematical analysis approaches for GD optimiza-
tion methods in the scientific literature. In the case of convex objective functions, the conver-
gence of GD type optimizations methods to the global minimum in different settings was shown,
e.g., in [7, 25, 37, 38, 39, 43, 47].

Typically, the objective functions occurring in the training of ANNs with ReLLU activation
are non-convex and, instead, admit infinitely many non-global local minima and saddle points.
In view of this, it becomes important to study the landscapes of the risk functions in the
training of ANNs and to develop an understanding of the appearance of critical points (such
as non-global local extrema and saddle points) of the risk functions. Recently, in the article
Cheridito et al. [13] a characterization of the saddle points and non-global local minima of the
risk function was obtained for the case of affine target functions. Sufficient conditions which
ensure that the convergence of GD type optimization methods to saddle points can be excluded
have been revealed, e.g., in [21, 31, 32, 10, 11].

Another promising direction of research is to study the convergence of GD type optimization
methods for the training of ANNs in the so-called overparametrized regime, where the number
of ANN parameters has to be sufficiently large when compared to the number of used input-
output data pairs. In this situation the risks of GD type optimization methods can be shown to
converge to zero with high probability; see, e.g., [5, 17, 19, 24, 34, 44, 52] for the case of ANNs
with one hidden layer and see, e.g., [3, 4, 16, 46, 53] for the case of ANNs with more than one
hidden layer. The results in these articles apply to the empirical risk, which is measured with
respect to a finite set of input-output data pairs.

For convergence results for GD type optimization schemes without convexity but under
Lojasiewicz type assumptions we point, e.g., to [I, 6, 14, 29, 33, 50, 51]. Further abstract
convergence results for GD type optimization schemes in the non-convex setting can be found,
e.g., in [2, 9, 15, 20, 35, 12] and the references mentioned therein. In particular, the article
Fehrman et al. [20] shows convergence towards the global minimum value of some GD type
optimization algorithms with random initilizations, provided that the set of global minima of



the objective function is locally a suitable submanifold of the parameter space and provided that
the Hessian of the objective function satisfies a certain maximal rank condition at these global
minima. A key contribution of this work is to demonstrate that these regularity assumptions
are satisfied in the training of ANNs with one hidden layer and ReLLU activation provided that
the target function is piecewise affine linear.

We also refer, e.g., to [12, 28, 30, 48] for lower bounds and divergence results for GD
type optimization methods. For more detailed overviews and further literature on GD type
optimization schemes we point, e.g., to [8], [L0], [18], [20, Section 1.1], [25, Section 1], and [15].

There are different variants of GD type optimization methods in the scientific literature, such
as the plain vanilla GD optimization method, GD optimization methods with momentum, and
adaptive GD optimization methods (cf., e.g., Ruder [15]), and the plain vanilla GD optimization
method with independent random initializations is maybe the GD based ANN training scheme
which is most accessible for a mathematical convergence analysis. Despite the above mentioned
promising mathematical analysis approaches in the literature, it remains — even in the simple
situation of the plain vanilla GD optimization method with independent random initializations
and ANNs with one hidden layer and ReLU activation — an open problem to prove (or disprove)
the conjecture that the risk of the GD optimization method converges to the risk of the global
minima of the risk function in the training of such ANNs. It is one of the key contributions
of this article to prove this conjecture for the plain vanilla GD optimization method with
independent random initializations and ANNs with one hidden layer and ReLLU activation in
the situation where the probability distribution of the input data is equivalent to the continuous
uniform distribution on a compact interval with a Lipschitz continuous density, where the
probability distributions for the random initializations of the ANN parameters are standard
normal distributions, and where the target function under consideration is continuous and
piecewise affine linear. The precise formulation of this statement is given in Theorem 1.1 below
within this introductory section.

In Theorem 1.1 the target function (the function which describes the relationship between
the input and the output data in the considered supervised learning problem) is described
through the function f: [a,b] — R from the compact interval [a, b] to the real numbers R where
a,b € R are real numbers with a < b. In Theorem 1.1 this target function f € C([a,b],R) is
assumed to be an element of the set C([a,b],R) of continuous functions from [a,b] to R. In
addition, in Theorem 1.1 the target function f: [a,b] — R is assumed to be piecewise affine
linear in the sense that there exist N € N, zg, 21,..., 2y € R with

a=zp<x1 <..<zny=2b (1.1)

so that for all 4 € {1,2,..., N} we have that the target function [z;_1,2;] 2 © — f(z) € R
restricted to the subinterval [#;_1, ;] is affine linear; see above (1.2) in Theorem 1.1 below.
The risk functions associated to ANNs with ReLU activation fail to be continuously differen-
tiable due to the lack of differentiability of the ReLU activation function R 5 z — max{z,0} € R
and, in view of this, one needs to introduce appropriate generalized gradients of the risk func-
tion which mathematically describe the behave of GD steps in implementations in numerical
simulations to mathematically formulate the GD optimization method for the training of ANNs
with ReLU activation. To accomplish this, we approximate as in [27, (7) in Setting 2.1] and
[11, Theorem 1.1 and Proposition 2.3] the ReLU activation function R > z — max{z,0} € R
through appropriate continuously differentiable activation functions and then specify the gener-
alized gradients as the limits of the usual gradients of the approximated risk functions; see (2.6)
in Proposition 2.2 in Subsection 2.1 below. Specifically, in Theorem 1.1 below the continuously
differentiable functions R,: R — R, r € N, serve as approximations for the ReLLU activation
function R : R — R in the sense that for all x € R it holds that R () = max{x,0} and
limsup,_, . (|R, () — max{z, 0} + [(R,)' (z) — L(0,00)(2)]) = 0; see (1.2) in Theorem 1.1 below.
In Theorem 1.1 we also assume that the probability distribution of the input data in the



supervised learning problem considered in Theorem 1.1 below is equivalent to the standard
uniform distribution on [a, b] with a Lipschitz continuous density. More specifically, the Lipschitz
continuous function p: [a,b] — (0, 00) in Theorem 1.1 is assumed to be an unnormalized density
of the probability distribution of the input data with respect to the Lebesgue measure restricted
to [a, b].

In (1.3) in Theorem 1.1 we consider fully connected feedforward ANNs with ReL U activation
and three layers: one input layer with 1 neuron on the input layer (1-dimensional input), one
hidden layer with H € N neurons on the hidden layer (H-dimensional hidden layer), and one
output layer with 1 neuron on the output layer (1-dimensional output). In particular, for every
number H € N of neurons on the hidden layer and every approximation parameter r € NU{oo}
(see (1.2) below) we describe in (1.3) below the risk function £ : R3#+1 — R associated to the
supervised learning problem considered in Theorem 1.1. The functions G : R3H+1 — R3H+1
H € N, in Theorem 1.1 specify generalized gradient functions of the risk functions £ : R3#+1 —
R, H € N, in (1.3).

For every number H € N of neurons on the hidden layer, every natural number k € N,
and every learning rate v € R we have that the random variables ol kY R3H tlne
Np, in (1.4) describe the GD process with learning rate v. Observe that the assumption in
Theorem 1.1 that for all H € N, v € R it holds that @gl’k”: Q — R3¥+1 k€ N, are i.i.d.
random variables ensures that for all H € N, n € Ny, 7 € R we have that the random variables
o kY0 5 R3H 1k € N, are i.i.d. random variables. Loosely speaking, for every number
H € N of neurons on the hidden layer, every natural number k € N, every learning rate v € R,
and every number n € N of GD steps we have that the random variable ki"*7:  — N in (1.5)
selects an independent random initialization with the smallest risk.

Roughly speaking, in (1.6) in Theorem 1.1 we prove that there exists a sufficiently small
strictly positive real number g € (0,00) such that for every learning rate v € (0,g] which
is smaller or equal than the strictly positive real number g we have as the number K € N of
independent random realizations and the number H € N of neurons on the hidden layer increase
to infinity convergence to one of the probability that the risk of the GD optimization method
with independent standard normal random initializations converges to zero. We now present
the precise statement of Theorem 1.1 in a self-contained style and, thereafter, we outline how
we prove Theorem 1.1.



Theorem 1.1. Let N € N, zg, z1,...,2n,a € R, b € (a,0), f € C([a,b],R) satisfy a = 2o <
x1 < - < axy =b, assume for all i € {1,2,...,N} that f|,,_, », is affine linear, let R, €
C(R,R), r € NU{oo}, satisfy for all z € R that (J,cn{Rr}) € CH(R,R), Roo(z) = max{z,0},
SUP,-eN SUPye— o] |ef]| (Rr) ()| < 00, and

lim sup, o (|9 () — Ro ()] + () (@) — Lo,00) (@)]) = O, (1.2)

let p: [a,b] — (0,00) be Lipschitz continuous, let LH: R3H+T1 R r e NU{oo}, H € N, satisfy
forallr e NU{oc}, HEN, 0 = (01,...,035.1) € R3¥HF! that

b
L0 = [ (7(2) = 0 — 1L Oaar e 05 + 0145))*ple) (1.3)

let GH: R3H+L 5 R3HL [ € N, satisfy for all H € N, § € {9 € R+ (VLE)(9))ren is
convergent} that G (0) = lim, oo (VLE) (), let (Q, F,P) be a probability space, let et 0
R3HEH H keN,veR, neNy, and kR0 - N, H )k € N, v € R, n € Ny, be random
variables, assume for all H € N, v € R that @gl’k”, k € N, are independent standard normal
random vectors, and assume for all H)k € N, v € R, n € Ny, w € Q that

0,117(w) = O (w) —1G" (O] (w)) (1.4)

and
kIR (w) € argmingeqy o, gy LI (O (w)). (1.5)

Then there exists g € (0,00) such that for all v € (0,g] it holds that
. . . . . H HkH,K,'y
liminfp_,o lim 1an_>OOIP’<hm SUPy o0 Lo (O, 7)) = 0) =1 (1.6)

Theorem 1.1 is a direct consequence of Corollary 5.5 below. Corollary 5.5, in turn, follows
from Theorem 5.3 in Subsection 5.2 below, which is the main result of this article. Loosely
speaking, Theorem 5.3 establishes in the case of ANNs with three layers (1-dimensional input
layer, H-dimensional hidden layer, and 1-dimensional output layer) and in the case of a contin-
uous and piecewise affine linear target function f: [a,b] — R with N € NN [1, H] grid points
that there exists an appropriate open subset U C R? of the ANN parameter space R? = R37+1
such that for every sufficiently small learning rate v € (0,00) and every initial value 6 € U it
holds that the risk of the plain vanilla deterministic GD optimization method with initial value
6 and learning rate v (see (5.23) in Theorem 5.3 in Subsection 5.2) converges in the training of
the considered ANNs exponentially quick to zero.

To make the statement of Theorem 5.3 more accessible to the reader within this introductory
section, we illustrate Theorem 5.3 by means of another consequence of Theorem 5.3 which is
also of independent interest. Specifically, in Theorem 1.2 below in this introductory section we
prove in the case of ANNs with three layers (1-dimensional input layer, H-dimensional hidden
layer, and 1-dimensional output layer) and in the case of a continuous and piecewise affine linear
target function f: [a,b] — R with N € NN [1, H] grid points that for every sufficiently small
learning rate v we have that the risk of the plain vanilla GD optimization method with learning
rate v and one standard normal random initialization (see (1.9) in Theorem 1.2) converges
exponentially to zero with strictly positive probability (see (1.10) in Theorem 1.2). We now
present the precise statement of Theorem 1.2 and, thereafter, we briefly sketch how we prove
Theorem 5.3 in Subsection 5.2 and Theorem 1.2, respectively.



Theorem 1.2. Let H,0 € N, N € NN[1, H|, o, z1,...,zn,a € R, b € (a,00), f € C([a,b],R)
satisfy © = 3H + 1 and a = zo < 1 < -+ < &y = b, assume for all i € {1,2,...,N}
that fliz, | 2, is affine linear, let R, € C(R,R), r € NU {oc}, satisfy for all x € R that
(Ureni®r}) € CHR,R), Roo(z) = max{z,0}, sup,cy supye[,m’w|(9‘ir)’(y)| < 00, and

Lim $up, 0 (|Rr () = Roo(@)] + [(Rr)' (%) = Lo,00) ()]) =0, (1.7)

let p: [a,b] — (0,00) be Lipschitz continuous, let L,: R® — R, r € NU {oo}, satisfy for all
reNU{cx}, 0 =(01,...,0,) € R® that

*p(z) da, (1.8)

b
£0) = [ (F(@) = b0 = SIL, urrs R, 60+ 0111)
let (2, F,P) be a probability space, let ©}: Q@ — R®, v € R, n € Ny, be random variables,
assume for every v € R that O] is standard normally distributed, let G: R® — R® satisfy for all
0 e {9eR: (VL)))ren is convergent} that G(0) = lim, (VL) (), and assume for all
vyEeR, neNy, weQ that
67,1 (w) = O3 (w) — 19(6 (w)). (1.9)

Then there exist ¢, € € (0,00) such that for all v € (0,¢] it holds that
P(limsup,,_,o Loo(0]) =0) > P(Vn € No: Lo(0]) < Cexp(—cyn)) > ¢ > 0. (1.10)

Theorem 1.2 is an immediate consequence of Corollary 5.4 below (applied with p 0 in the
notation of Corollary 5.4). Corollary 5.4, in turn, is a direct consequence of Theorem 5.3 (see
Subsection 5.3 below for details). Roughly speaking, we prove Theorem 1.1, Theorem 1.2, and
Theorem 5.3, respectively, (i) by showing that for every number H € NN [N, c0) of neurons on
the hidden layer there exists a natural number £ € NN[1,9) such that a suitable subset of the set
of global minima of the risk function L£,.: R® — R in (1.8) is a twice continuously differentiable
k-dimensional submanifold of the ANN parameter space R® = R3#+! (¢f. Lemma 3.2 and
Corollary 3.10 in Section 3 below), (ii) by proving that the ranks of the Hessian matrices of the
risk function on this suitable set of global minima of the risk function L£o: R® — R in (1.8)
are equal to 0 — k, and, thereafter, (iii) by applying the machinery in Fehrman et al. [20] to
establish convergence of the GD optimization method.

The remainder of this article is organized as follows. In Section 2 we establish several
regularity properties for the Hessian matrix of the risk function of the considered supervised
learning problem. In Section 3 we employ the findings from Section 2 to establish that a suitable
subset of the set of global minima of the risk function constitutes a C'°°-submanifold of the ANN
parameter space R® = R37*! on which the Hessian matrix of the risk function has maximal
rank. In Section 4 we engage the findings from Section 3 to establish that the risk of certain
solutions of GF differential equations converges exponentially quick to zero. Finally, in Section 5
we establish that the risk of certain GD processes converges exponentially quick to zero and,
thereby, we also prove Theorems 1.1 and 1.2 above.

2 Second order differentiability properties of the risk function

In this section we establish in Lemma 2.15 in Subsection 2.4 below an explicit representation
result for the Hessian matrix of the risk function of the considered supervised learning problem.
In particular, in Lemma 2.15 we identify a suitable open subset of the ANN parameter space
with full Lebesgue measure on which the risk function is twice continuously differentiable (see
(2.5) below for details). This is nontrivial due to the fact that the ReLU activation function
R 5  — max{z,0} € R is not everywhere differentiable. Results related to Lemma 2.15 have
been shown in [13, Lemma 3.8].



Corollary 2.17 in Subsection 2.4 specializes Lemma 2.15 to the specific situation where the
ANN parameter represents a global minima of the risk function. In Lemma 2.16 in Subsection 2.4
we employ Lemma 2.15 to conclude under the assumption that the target function is locally Lip-
schitz continuous that the second derivative of the risk function is locally Lipschitz continuous.
In Lemma 2.18, Lemma 2.19, and Corollary 2.20 in Subsection 2.5 below we use Lemma 2.15 to
derive suitable upper bounds for the absolute values of the second order partial derivatives of
the risk function. Lemma 2.16, Corollary 2.17, and Corollary 2.20 are all employed in Section 3
below.

Our proof of Lemma 2.15 employs the well-known Leibniz integral rule type result in
Lemma 2.14 in Subsection 2.4, the known representation and regularity results for the first
derivative of the risk function in Proposition 2.2 in Subsection 2.1 below and Proposition 2.12
in Subsection 2.4, the elementary continuity result in Lemma 2.13 in Subsection 2.4, the ele-
mentary and well-known differentiability results for certain parameter integrals in Lemma 2.3
and Corollary 2.4 in Subsection 2.2 below, and the elementary continuity result for certain para-
meter integrals involving indicator functions in Lemma 2.6 in Subsection 2.2 and Corollary 2.10
in Subsection 2.3 below. Proposition 2.12 is a direct consequence of Proposition 2.11 in [2()]
and Proposition 2.2 follows directly from, e.g., item (iv) in Proposition 2.2 in [26]. Our proof
of Lemma 2.16 also uses the local Lipschitz continuity results for certain parameter integrals
involving indicator functions in Corollary 2.11 in Subsection 2.3. Our proofs of Corollaries 2.10
and 2.11, in turn, employ the elementary Lipschitz continuity result for certain parameter inte-
grals involving indicator functions in Lemma 2.7 in Subsection 2.2 as well as the local Lipschitz
continuity results for active neuron regions in Lemma 2.8 and Corollary 2.9 in Subsection 2.3.

2.1 Mathematical description of artificial neural networks (ANNs)

Setting 2.1. Let Ho0 € N, a € R, b € (a,), f € C([a,b],R) satisfy 0 = 3H + 1, let v =
(0], 10 gezs: B > R7, b = (6. b)) Jpego: B -+ R, 0= (0], ) Jpupo s RO
R ¢ = ()pepo: R? = R, and q = ((¢,...,9%)): R® — (—o0,00|? satisfy for all 6 =
(91,...,93) S RD, jE {1,2,... ,H} that m? = Gj, bje = 9H+jz U? = 92H+j, ¢/ = 0y, and

o ) —b/we il #£0 (2.1)
9= o0 w? =0 .

let p: [a,b] — (0,00) be Lipschitz continuous, let R: R — R, & = (N 9)pepo: R® — C(R,R),

and L: R — R satisfy for all & € R?, 2 € R that R(z) = max{z,0}, #¥x) = ¢ +

S ol [R (w0 + 6%)], and

b
£6) = [ () - 1w)Pply) dy, (22)
a
let x, € CY(R,R), r € N, satisfy for all x € R that sup,cy SUPy e[ |a|, )] ) (¥)| < 00 and

limsup,. . (Ixr(2) = R(z)| + | () (2) = Lo,e) (2)]) =0, (2.3)
let £.: R® - R, r € N, satisfy for allr € N, § € R® that
b
£(0) = [ (1) = ¢ = S, o[ (wfy + 0)]) (o) s (24)
let IJQ CR,0eR je{l,2,...,H}, satisfy for all 0 € R®, j € {1,2,...,H} that IJQ ={z e
[a,b]: m?m + b? >0}, let G = (G1,...,Gy): R® — R? satisfy for all § € {9 € R®: (VL£,.)(9))ren
is convergent} that G(0) = lim, 00 (V£,.)(0), and let B C R® satisfy
V= {0 R (T[}1 [ Tyeqap (wiv+b5) #0)}. (2.5)

7



Proposition 2.2. Assume Setting 2.1. Then it holds for all 0 € R®, i € {1,2,..., H} that

G:(6) = 20! [ 2(#"(a) = f(a)pla) da.

(2
[i

Grt4:(6) = 207 / () — F(@)p(o) d,

) (2.6)
Gon1i(6) =2 [ [R(wla + 00)] (4 (2) ~ f(a)p(z) da.
b
ond  Go(6) =2 [ (#°(a) = f(a))pla) do.
Proof of Proposition 2.2. Observe that, e.g., [20, Item (iv) in Proposition 2.2] establishes (2.6).
The proof of Proposition 2.2 is thus complete. O

2.2 Regularity properties for parametric integrals of Lipschitz continuous
functions

Lemma 2.3. Letu € R, v € (u,00), let ¢: R x [u,0] — R be locally bounded and measurable,
let p: B([u,0]) — [0,00] be a finite measure, let ®: R — R satisfy for all x € R that

o)~ [ " () pu(ds), (27)

let x € R, d,c € (0,00) satisfy for all h € (=0,0), s € [u,0] that |¢(z + h,s) — ¢(x,s)| < c|h|,
let E C [u,v] be measurable, assume p([u,v]\E) = 0, and assume for all s € E that R 5 v —
(v, 8) € R is differentiable at . Then

(i) it holds that ® is differentiable at x and

(ii) it holds that
¥(@) = [ ()@ ulds). (2.8)

Proof of Lemma 2.3. Note that the assumption that pu([u,v]\E) = 0 shows for all h € R\{0}
that

Wb+ 1) = 0] = [ H ol + hus) = 6,0 u(d)
u (2.9)

= [ B+ hs) = o) ().

Next observe that the assumption that for all s € E it holds that R 3 v — ¢(v,s) € R is
differentiable at x ensures that for all s € E it holds that

limg o350 (B [@(2 + B, 8) — (2, 9)]) = (20) (2, s). (2.10)

Moreover, note that the assumption that for all A € (—94,9), s € [u,v] it holds that |p(x +
h,s) — ¢(x,s)| < c|h| implies that for all h € (—§,0)\{0}, s € [u,v] we have that |h~![p(z +
h,s)—¢(z,s)]| < c. Combining this with (2.9), (2.10), and the dominated convergence theorem
demonstrates that

limg, (01500 (R [@(x + k) — ®()])
= /E[hmR\{O}ahHO(hl[ﬁf)(x +h,s) = oz, 5)])] u(ds) = / (£¢)(z,s) u(ds).

E

(2.11)

This completes the proof of Lemma 2.3. O



Corollary 2.4. Letn e N, j € {1,2,...,n}, u € R, v € (u,00), let ¢: R™ x [u,0] — R be locally
bounded and measurable, let p: B([u,v]) — [0,00] be a finite measure, let &: R™ — R satisfy for
all x € R™ that

v
B(a) = [ ola.s) (), (2.12)
u
let v = (x1,...,2,) €R", §,c € (0,00) satisfy for all s € [u,v], h € (—0,9) that
|p(x1, ... zj—1, x5+ h,zjgr, ..., 20, ) — Pz, s)| < c|h], (2.13)

let E C [u,v] be measurable, assume p([u,v]\E) = 0, and assume for all s € E that R 5 v
A1, L1, 0, Tjg1, ..., Tn, S) € R is differentiable at x;. Then

(1) it holds that R > v — ®(x1,...,2j-1,v,Zj11,...,2,) € R is differentiable at x; and

(i1) it holds that
(2 ®) @1 vn) = [ (5 0) (o0 aes) (). (2.14)
E

Proof of Corollary 2.4. Observe that Lemma 2.3 establishes items (i) and (ii). The proof
of Corollary 2.4 is thus complete. O

Definition 2.5. We denote by [|-|: (U,enyR") — R and (-,): (Upen(R™ x R™)) — R the
functions which satisfy for all n € N, = (z1,...,2,), ¥y = (Y1,...,Yyn) € R” that ||z| =

n 1/2 n
[Zz’:l‘xim / and (z,y) = > i Tyi.

Lemma 2.6. Let n € Ny u € R, v € (u,00), z € R", ¢,e € (0,00), ¢ € C(R" x [u,v],R), let
w: B(Ju,0]) — [0,00] be a finite measure, let IV € B([u,v]), y € R", satisfy for all y,z € {v €
R™: ||z —v|| < e} that p(IYAI?) < c||ly — z||, and let ®: R" — R satisfy for all y € R™ that

D(y) = . ¢y, s) p(ds) (2.15)

(cf. Definition 2.5). Then it holds that {v € R": ||z —v| < e} 5y +— P(y) € R is continuous.

Proof of Lemma 2.6. Throughout this proof let y € {v € R": ||x —v|| < ¢} and let z =
(zi)ken: N — {v € R": ||z — v|| < e} satisfy limsup,_,. ||z — y|| = 0. Note that for all
k € N it holds that

@ (y) — D(2)| < /

1YyNI%k

610:9) = 6 ) uds) + [ 166w, )] utds)
(2.16)

IRt

Next observe that the assumption that ¢ is continuous and the dominated convergence theorem
demonstrate that

imsup| [ jo(y.5) ~ 0w, ()| 0. (2.17)

k—o0

Moreover, note that the fact that for all £ € N it holds that u(IYAI*) < c|ly — zx|| and the
assumption that ¢ is continuous prove that for all k¥ € N we have that

im sup [ /I g 8 () + /I 9 u(dS)] —o. (2.18)

Combining this with (2.16) and (2.17) establishes that limsup,_,o|®(y) — ®(zx)| = 0. The
proof of Lemma 2.6 is thus complete. O



Lemma 2.7. Let n €e N, u € R, v € (u,00), x € R", ¢,e € (0,00), let ¢: R" x [u,0] - R
be locally Lipschitz continuous, let p: B([u,v]) — [0,00] be a finite measure, let 1Y € B([u,v]),
y € R™, satisfy for all y,z € {v € R™: ||z —v|| < e} that u(IYAI*) < c|ly — z||, and let
®: R™ — R satisfy for all y € R™ that

P(y) = . P(y, s) u(ds) (2.19)

(cf. Definition 2.5). Then there exists € € R such that for all y,z € {v € R": ||z —v|| < e} it
holds that |®(y) — ®(2)| < €lly — 2.

Proof of Lemma 2.7. Observe that the assumption that ¢ is locally Lipschitz continuous ensures
that there exists € € R which satisfies for all y,z € {v € R": ||z —v| < e}, s € [u,0] with y # =
that

L=zl 16 (y, s)| + |é(z, 9)] < €. (220)

Furthermore, note that (2.19) ensures for all y, z € R™ that

B)=0) < [ o))l nds)+ [

JAVE

160, 9)| pu(ds)+ / 16(2, )| u(ds). (2.21)

I2\Iv

In addition, observe that (2.20) shows for all y,z € {v € R": ||z — v|| < ¢} that

/IWZ 6(y, 5) — ¢(2, 5)| p(ds) < €lly — z|p([u, v]). (2.22)

Moreover, note that (2.20) and the assumption that for all y, z € {v € R": ||z —v]|| < ¢} it holds
that p(IYAI%) < ¢|ly — z|| prove that for all y,z € {v € R": ||z — v|| < &} we have that

[ 1ows)in@s)+ [ 1olzs)|utds) < cely — 2], (2.23)

JAVE I5\Iv

Combining this with (2.21) and (2.22) establishes for all y, z € {v € R": || — v|| < &} that
[(y) — (2)] < e+ p(fu, o]))[ly — 2| (2.24)

The proof of Lemma 2.7 is thus complete. O

2.3 Local Lipschitz continuity for active neuron regions

Lemma 2.8. Let a € R, b € (a,00), u = (u1,us) € R*\{0}, let p: [a,b] — R be bounded and
measurable, and let I' C R, v € R?, satisfy for all v = (vi,ve) € R? that IV = {x € [a,b]: viz +
vy > 0}. Then there exist ¢, € (0,00) such that for allv,w € R? with max{||u—v||, |lu—wl|} < e

it holds that
/ o(z) dz| < l|v — wl| (2.25)
IPATW

(cf. Definition 2.5).

Proof of Lemma 2.8. Throughout this proof let M € R satisfy M = sup,cp,5|p(z)|. In the
following we distinguish between the case u; = 0 and the case u; # 0.
We first prove (2.25) in the case
u; = 0. (2.26)

Observe that (2.26) and the assumption that u = (uy,u2) € R?\{0} imply that uy # 0. More-
over, note that (2.26) shows for all v = (v1,v2) € R?, x € I*AI" that

(w1 + u2) — (vix + v2)| = |urx + ua| + |v1z + V2| > |urx + ug| = |ua|. (2.27)
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In addition, observe that for all v = (v1,v2) € R%, z € [a,b] we have that
(w1 + u2) — (viz + v2)| < |ur — vif|z| + |ug — v2| < (1 + max{lal, |b|})||u — v]|. (2.28)
Combining this with (2.27) demonstrates for all v € R? with |lu — v| < —lwal __ that

1+max{|al,|b|}

T*AIY = @ and, therefore, I* = IV. Hence, we obtain for all v,w € R? with max{||u — v||, ||u —

wl||} < % that IV = I" = I and, therefore, [;, 57w P(x)dz = 0. This establishes

(2.25) in the case u; = 0.

In the next step we prove (2.25) in the case u; # 0. Note that for all v = (v,v2), w =
(w1, wz) € R? s € {—1,1} with min{svy,sw;} > 0 it holds that

IP\IY ={y € [a,b]: viy+v2 > 0> wiy+we} = {y €la,b]: — 22 <sy < —%}

(2.29)

C {yGR: —%2<5y§—&}.

w1

Hence, we obtain for all v = (vi,v9), w = (w1, ws) € R%, 5 € {—1,1} with min{svy,sw;} > 0

that
f o= l(-5) - ()] -
o\ [v 1 1

Furthermore, observe that the fact that for all y € R it holds that y > —|y| implies that for all
v = (v1,v2) € R? with ||u — v|| < |u1] it holds that

V2 _ w2
V1 w1

. (2.30)

UL = (u1)2 + (v —ug)ug > |u1|2 — |ug — v1||us| > |u1\2 — ||lu — v|[|Juz| > 0. (2.31)

This ensures that for all v = (v1,v2), w = (w1, ws) € R? with max{||u — v, [|u — w||} < |u1]
there exists s € {—1, 1} such that min{sv;,sw;} > 0. Combining this with (2.30) demonstrates
for all v = (v1,va), w = (wy, ws) € R? with max{|ju — ]|, |ju — w]} < "l that

/ p(x) de gMU 1dx} < an|m — wa| = gpy|2lw = v1) ~ afws = v)
' AT 1P AT® ! ! viwy

§2M[ va(wr —v)|  |vi(ws —va) } §2M[\U2!Hv—w! N \Ulle—wH] (2.32)

V1w V1w \v1w1| \v1w1|
_ AM|olo—wl| _ [16M[oll], o [32Mu]],
< 7 |lv—wll < 5 |llv —wl.
v |us] |us]

This establishes (2.25) in the case u; # 0. The proof of Lemma 2.8 is thus complete. O

Corollary 2.9. Assume Setting 2.1 and let 0 € B. Then there exist c¢,e € (0,00) such that for
all 91,99 € R® with max{||¥1 — ||, |92 — 0||} < € it holds that

/H 01 0 By 0 p(z)dz < / P p(x)dz < c||vy — J2| (2.33)
U= (LINHAI2NI2)) UH (I ALY?)

(cf. Definition 2.5).

Proof of Corollary 2.9. Note that (2.5) ensures that minke{1727_._7H}(]mg|+ 69]) > 0. Combining
this with Lemma 2.8 shows that there exist ¢,e € (0,00) such that for all k € {1,2,...,H},
91,92 € R with max{[|@ — 91|, |0 — 2|} < & we have that

[ o p@)de < clos = a]. (2.34)
VAL

Next observe that the fact that for all sets A, A, B,B it holds that

(ANAN\(BNB) C (A\B) U (A\B) C (AAB) U (AAB) (2.35)
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implies that for all sets A, A, B,B we have that
(ANA)A(BNB) C (AAB) U (AAB). (2.36)

Hence, we obtain for all 91,92 € R®, 7,5 € {1,2,...,H} that (I’ N I]z?l)A(IfQ A 1;92) -
(IflA[??) U (If2AI]1.92)_ Combining this with (2.34) proves for all 97,92 € R® with max{||§ —
U1]l, |10 — U2} < e that

/ / p(x)dx
UEL (N A mIfQ) Ui (1" Aﬂz)
u (2.37)
Z / r)dx| < cH|Y; — 92
-1 ﬁlA[
The proof of Corollary 2.9 is thus complete. -

Corollary 2.10. Assume Setting 2.1 and let i,5 € {1,2,...,H}, ¢ € C(R® x [a,b],R). Then
(i) it holds that

V50 / (0, 2)p(x) dz € R (2.38)
1
is conlinuous and
(ii) it holds that
V>0 o0, z)p(x)dz € R (2.39)
n1?

18 continuous.

Proof of Corollary 2.10. Throughout this prooflet § € 0. Note that Corollary 2.9 and Lemma 2.6
(applied with n A0, u N a, 0 A b,z A0, - (B([a,b]) 2 A— [,p(z)dz € [0,00]) in the
notation of Lemma 2.6) assure that there exists ¢ € (0, 00) such that

(¥ € R 0 — ]| <} a@@/ (0, 2)p(z) dz € R (2.40)
Iy
and
{WeR: -y <e}3d— (9, 2)p(z)dz € R (2.41)
wnry

are continuous. This shows items (i) and (ii). The proof of Corollary 2.10 is thus complete. [

Corollary 2.11. Assume Setting 2.1, let i,5 € {1,2,...,H}, and let ¢: R® x [a,b] — R be
locally Lipschitz continuous. Then

(i) it holds that

V30— | 660,2)p(x)dr € R (2.42)
10

is locally Lipschitz continuous and

(i1) it holds that

V30— $(0,2)p(z)dz € R (2.43)
1on1?

1s locally Lipschitz continuous.
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Proof of Corollary 2.11. Throughout this proof let § € U. Observe that Corollary 2.9 and
Lemma 2.7 (applied with n A0, u v a, v A b,z 0, p (B([a,b]) 5 A [,p(x)de €
[0,00]) in the notation of Lemma 2.7) demonstrate that there exist e, & € (0, 00) such that for
all 91,92 € R? with max{||6 — 91|, |0 — 92|} < € it holds that

o ¢(V1, x)p(x) dz — o2 ¢(02, x)p(x) dz| < €[[d1 — V2| (2.44)
and
Lo otorap@de= [ o p(r)ds] < € - va]. (2.45)
gt 1720152
This establishes items (i) and (ii). The proof of Corollary 2.11 is thus complete. O

2.4 Explicit representations for the Hessian matrix of the risk function
Proposition 2.12. Assume Setting 2.1 and let 0 € 0. Then

(i) it holds that L is differentiable at 6 and

(i1) it holds that (VL)(0) = G(0).

Proof of Proposition 2.12. Note that the assumption that 6 € U implies that for all ¢ €
{1,2,..., H} it holds that [w!| 4 |b¢| > 0. Hence, we obtain that

LO) (107 Loy (| + o)) = 0. (2.46)
Combining this with [26, Proposition 2.11] establishes items (i) and (ii). The proof of Proposi-
tion 2.12 is thus complete. O

Lemma 2.13. Assume Setting 2.1, let i € {1,2,...,H}, r;s € Ny, let ¢»: R — R satisfy for
all z € R\{0} that (z) = 271, and let c: (—o0,00] — R satisfy for all x € (—oo,00] that
c(x) = max{min{x, b},a}. Then

(i) it holds for all continuous ¢: U X [a,b] — R that
B3 0 [w([wf]"[wf|)] [¢(0, e(a])] Loy (a]) € R (2.47)
is continuous and
(ii) it holds for all locally Lipschitz continuous ¢: U X [a,b] — R that
V30— [¢([0f] wf[*)] [6(0, c(a)))] 1wy (af) € R (2.48)
is locally Lipschitz continuous.

Proof of Lemma 2.13. Observe that (2.5) shows for all § € U that [w| + [b?| > 0. Hence, we
obtain for all # € U with r? = 0 that bY # 0. This implies that for all § € U with n? = 0
there exists ¢ € (0,00) such that for all ¥ € {¢p € R%: ||¢p — || < £} it holds that qV ¢ [a,b].
Combining this with (2.1) and the fact that for all # € U it holds that q/ ¢ {a,b} establishes
items (i) and (ii). The proof of Lemma 2.13 is thus complete. O]

Lemma 2.14. Leta € R, b € (a,00), let U C R be open, let ¢ = (¢z(t))(z,0)e(ap)xv € C(la,b] x
U,R) satisfy for all x € [a,b] that ¢, € C*(U,R), assume that [a,b] x U > (z,t) — (¢2)'(t) €R
is continuous, let 1o, € CY(U, [a,b]), and let ®: U — R satisfy for all t € U that

1 (t)
d(t) = / ¢z (t) d. (2.49)

Then
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(i) it holds that ® € C*(U,R) and
(i1) it holds for allt € U that
Y1(t)

() = [Py, 0y (0] [(¥1) (O] = by (O] [(0)' ()] + / o (¢2)'(t) da. (2.50)

Proof of Lemma 2.14. Throughout this proof let ¥: [a,b] x U — R satisfy for all z € [a, ],
t € U that

U(z,t) = / ¢y (t) dy. (2.51)

Note that (2.49) and (2.51) imply for all ¢ € U that

P1(t) Po(t)
B(1) = / ba(t) da — / bt dr = T(ihy (1), £) — T(Who(t). ). (2.52)

Next observe that the fundamental theorem of calculus ensures for all x € [a,b], t € U that
a%\ll(a:,t) = ¢,(t). In addition, note that Lemma 2.3 assures for all € [a,b], t € U that
%\If(x,t) = ["(¢y)'(t) dy. Furthermore, observe that the assumption that [a,b] x U > (z,t) —
¢=(t) € R is continuous, the assumption that [a,b] xU > (x,t) — (¢,)'(t) € R is continuous, and
the dominated convergence theorem demonstrate that [a,b] x U > (z,t) — 6%\1!(90,15) € R and
[a,b] x U > (z,t) — %\Il(:c,t) € R are continuous. Hence, we obtain that ¥ € C*([a,b] x U, R).
Combining this with (2.52) and the chain rule shows for all t € U that ® € C1(U,R) and

'(t) = (¢1)/(75)(%‘I’)(¢1(t),t) ( ) (1 (1), 1)
— (1) (£) (2 0) (o (), t) — (Z0) (tho(t), )
P1(t) Po(t)
— [ (0] [bun o ()] + / (62 (t) dz — [(60)' ()] [buo ()] — / (62)'(t) da
P1(t)
— @) (®)] [60r 0 ()] — [@0) (0] [buo ()] + / LG
(2.53)

The proof of Lemma 2.14 is thus complete. O

Lemma 2.15. Assume Setting 2.1, let : R — R satisfy for all x € R\{0} that ¢(x) = x71,
and let c: (—oo,00] — R satisfy for all v € (—00, 0] that c(x) = max{min{x,b},a}. Then

(i) it holds that G C R is open,
(i3) it holds that L]y € C*(V,R), and
(7ii) it holds for all @ = (01,...,0,) €0, i,5 € {1,2,...,H} that

(550 £) (8) = 20] Jro wp(z) de, (2.54)
(5575 £) (6) = 207 Jro () da, (2.55)
(#ﬁjaeac) () =2 [[R( m-x+b‘9-)]p(x) dz, (2.56)
(L) ©0) =2 [} p( (2.57)

(szc) (6) = 20 Jro z[R(wlz + 69)]p(z) dz
+ 2L () fpo 2(#°(2) — f(2))p(x) dz, (2.58)
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(o ommire: £)(6) = 207 [0 [B(wl + b)]p()
+ 214 (4) i (V0 () = f(2))p(x) dw, (2.59)

(g7 L) (0) = 2 [ [R(lz + 67)] [R (ol + 69)]p() dz, (2.60)

0025 10021 15

(%Zelﬁ) (0) = 2‘3?9? fffﬂlf 2?p(z) dz

— 2076713y (5) Lo,y () [ (v [r0? )] [e(a))) (4 (e(a?)) — f(e(a?))p(e(ar)), (2.61)

92 0.0
(g5 £)(0) = 20705 [10,0 wp(7) da

+ 20713y (5) Lo,y (a7 ) [ (10 D][e(a?) ] (4 (c(af)) — f(e(a?))p(c(a?)), (2.62)

and

o2 0.0
(aeHﬂaeHH L)(0) = 20;0] fzgm]e p(z)dw

+ 207133 (/) Liap1 (a7 [0 (00 )] (47 (e(a)) — F(e(af))p(c(al)).  (2.63)

Proof of Lemma 2.15. Note that (2.5) establishes item (i). Next observe that Proposition 2.12
ensures that U > 0 — L(0) € R is differentiable and satisfies V(L|y) = Gy. In addition,
note that (2.6) and Corollary 2.10 prove that G|y is continuous. Hence, we obtain that L|y €
C'(0,R) and

V(Lhy) = Gl (2.64)

Combining this with (2.6), Corollary 2.4, and the product rule establishes (2.54)—(2.60). In
the next step we prove (2.61)—(2.63) and for this let § = (61,...,6,) € U, i,j € {1,2,...,H}.
In our proof of (2.61)—(2.63) we distinguish between the case (i # j), the case ((i = j) A
(max{ro?a + bY, 1fb + b7} < 0)), the case ((i = j) A (min{r?a + bY, w6 + b7} > 0)), the case
((i=j) A (wla+1bY <0<’ +1bY)), and the case ((i = j) A (wfa+ b >0 > w’ + bY)). We
first establish (2.61)—(2.63) in the case (i # j). Observe that for all £ € {0,1} and almost all
x € [a,b] it holds that

aekiﬂ /Ve(ac) = Wi’ﬂ (92H+j [9{(9]1‘ =+ 0H+])]> = U?wl_k]l]? (.%') (2.65)

Combining this with (2.6), (2.64), and Corollary 2.4 (applied for every k, ¢ € {0,1} with n D,
jAkH+j, ¢~ (R x[a,b] 5 (9, 2) — 24N (z) — f(z))p(x)1r2(z) € R) in the notation of
Corollary 2.4) demonstrates for all k,¢ € {0,1} that

(ngéwﬁ) (0) = (ﬁlﬂjgﬁHﬂ-i)(G)

b 2.66
=2 (200 [ 2174 x) — f(z)p(z)Lse(z)dz | = 2000l 22 (z) da. (2:66)
OOkti+j a ’ T e
iy
This establishes (2.61)—(2.63) in the case (i # j).
We next prove (2.61)—(2.63) in the case
(i = 7) A (max{w?a + 6%, 4 b/} < 0). (2.67)

Note that (2.67) implies that there exists § € (0,00) such that for all h € R® with ||h]| < ¢ it

holds that /™" ¢ [a,b] and It = & (cf. Definition 2.5). Combining this with (2.6) and (2.64)
2 2 2 .

ensures that (597?5)(0) = (ﬁmﬁ)(@) = (#ﬁﬁ)(@) =0, as desired.
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In the next step we prove (2.61)—(2.63) in the case
(i = 7) A (min{w?a + b7, % + 67} > 0). (2.68)

Observe that (2.68) implies that there exists § € (0,00) such that for all h € R? with ||h| <
§ it holds that /" ¢ [a,b] and I?™" = [a,b]. Combining (2.6), (2.64), and Corollary 2.4
2 b 2 b
hence shows that (53—9?,6)(9) = 2(09)? [ 2?p(z) du, (mﬁ) (0) = 2(09)? [ zp(z) dz, and
(%5)(9) = 2(0%)? f:p(x) dz, as claimed.
In the remaining cases we employ Lemma 2.14 since the interval If depends on m? and b?
in these cases. We first consider the case

(i =j) A (wla+1bY <0< wlb+b?). (2.69)

Note that (2.69) ensures that there exists an open neighborhood U C R? of # which satisfies for
all ¥ € U that n? > 0, g € (a,b), and I = (g7, b]. Furthermore, observe that U 3 9 ~ g7 =

':9 bG

0
i o _ 9 a 0 _ _ 1
— € R is continuously differentiable and satisfies 89 qZ CHERR: and oo = Tl

Comblmng Lemma 2.14, (2.6), and (2.64) hence shows that

(52£)(0) = 2(01)? [0 @%p(w) do — [ 2255 |0l (A0 (a?) = F(a))p (),
(#&Hc)@zzwﬁ))%ewp o+ [ 25 ]l (7 (a?) — fal)pla?), (2.70)
and (57— L)(6) = 20)? fyp pl) dar + | T }( (a?) ~ f(a?)p(al):

This establishes (2.61)—(2.63) in the case ((i = j) A (v%a +b? < 0 < w7 + b?)). It remains to
consider the case
(i =7) A (wla 467 > 0> wlb+ 6?) (2.71)

Note that (2.71) assures that w? < 0, g/ € (a,b), and I? = [a,q?). Combining Lemma 2.14,
(2.6), and (2.64) therefore demonstrates that

(252£)(8) = 2(60)* [0 2%p(x) do + [ 22575 a? (47 (a?) = £ (a0 ),
(s £) (0) = 2050) [y wp() da = [27 ] W (a?) = F(af))p(a)), (2.72)

and (%E)(Q) = 2(“1’) f[" p(z)de — [ } A (a ))p(q’)

This establishes (2.61)—(2.63) in the case ((i = j) A (v%a + b¢ > 0 > b + b?).
Finally, observe that Corollary 2.10 and item (i) in Lemma 2.13 imply that the partial
derivatives in (2.54)—(2.63) are continuous on ¥. The proof of Lemma 2.15 is thus complete. [

Lemma 2.16. Assume Setting 2.1 and assume that f is Lipschitz continuous. Then
(i) it holds that U C R® is open,
(ii) it holds that L]y € C*(V,R), and

(iii) it holds that U > 0 s (Hess L)(0) € R**? is locally Lipschitz continuous.

Proof of Lemma 2.16. Note that Lemma 2.15 establishes items (i) and (ii). Moreover, observe
that Lemma 2.15, Corollary 2.11, item (ii) in Lemma 2.13, the assumption that f is Lipschitz
continuous, and the assumption that p is Lipschitz continuous establish item (iii). The proof
of Lemma 2.16 is thus complete. O
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Corollary 2.17. Assume Setting 2.1, let 0 € U, i,5 € {1,2,...,H}, and assume for all
x € [a,b] that /0 (x) = f(x). Then

(5o £)(6) = 207! / () da,
ot

02 _
(aeiaeH+j£)(9) 207 J/I?mje ap(x)dz, (2.73)

2

0 [
and (780H+,'66HH E) (0) = 2v; v; /19019 p(x)daz.
i (M

Proof of Corollary 2.17. Note that the assumption that for all = € [a, ] it holds that 4 (z) =
f(x) and Lemma 2.15 establish (2.73). The proof of Corollary 2.17 is thus complete. O

2.5 Upper bounds for the entries of the Hessian matrix of the risk function
Lemma 2.18. Assume Setting 2.1, let © € [1,00), A € R satisfy A = max{1, |al,|b|,b — a},
and let 0 € U salisfy max;eqy o, a}]9 | <D and minjeqy o ’H}((m‘9 1, b](qj)) > 0. Then
maXi,jG{l,Z,...,D}‘ (891-89]- E) (9)’
< (8143@2 + 8A*D? [Supxe[a,b] "/Vg(x) - f(CL‘)H ) (Supxe[a,b] p(l‘))

Proof of Lemma 2.18. Throughout this proof let ¢: R — R satisfy for all z € R\{0} that
Y(r) = 71 and let ¢: (—o0, o0] — R satisfy for all z € (—o0, 0o that c(x) = max{min{x, b}, a}.
Observe that Lemma 2.15 implies for all 4,5 € {1,2,..., H} that

(2.74)

}(802 L)(6 ‘ = QU p(x da:‘ < 2A(supx6[a7b} p(z)), (2.75)
y(m )(@)] = 2| [ (w b2 4+ 09)|p(x) dz| < 2ff|m(m§x +69)|p(z) da 2.76)
< 2A4(Jw?| + %)) [2 p(x) dz < 4A2D (sup ey p()),
| (o= L) (6)] = 2| [ [0 + b)) [0 + b)]p () e
< 2 [V19R(wlz + 69)% (1002 + b9)|p(x) do (2.77)
< 2A4%([ro?| + [67]) (|w?] + [67]) [ p(w) dz < 8APD? (sup,epay p(2)),
| (g, £)(0)] = 2105 | [0 2 () dr| < 24°D (sup,efo g p()), (2.78)
|t £)O)] = 20081 [0 p(@) de < 24D (supyege (). (2.79)
|Gty £)(O)] < 21051 fro 2[R (w0l + b)) () da| + 2| frg 2(47 (@) = f(2) )b () ]
’ g : (2.80)
< (4A3©2 + 2A2 [Sup:pe[a,b] |./V9(ZL‘) - f(l‘)” ) (Sup:pe[a,b] p(l‘)),
and
| am; £) (O] < 200]1| [ro 9wl + b])lp() der| + 2] [r0 (47 () — f(2)p() e s

< (4A°D% +2A[s

(z) = f(@)[]) (suPsefa,p) p(2))-

In addition, note that Lemma 2.15 and the fact that for all i € {1,2,..., H} with ¢ € [a, 8] it
holds that m‘;’ > % show that for all 4,5 € {1,2,..., H} it holds that

| (aa5£) )] < 2007of| fy900 2p () daf

+ Lo,y (a7) [2076 [0 (w0 )] [c(a))] (4 (c(a))) — fle(ad))p(e(al))]  (2:82)
< (24°D% + 8AD? [sup,e (o4 (@) — f(2)]]) (SUPsefa P(2)),
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| (ami08515£) )] < 2100051 fro,0 2p () da
+ o) (af)] 207 [0 ()] [e(a))] (A0 (c(af)) — fle(@))p(e(al))|  (2:83)
< (24°9D% + 4AD [sup,c (o [0 (2) = F(2)]]) (suPsea) #(2)),
and
| iy w5 ©) )] < 2007051 [0, p(2) |
+ Lo (07) [207 [ (0] (47 (c(af) — f(e(al)))p(c(a)))] (2.84)
< (24D + 4D [sup,e (o 40 (2) = f(2)]]) (SuPsefay P(2))-

Combining this with the fact that {A, D} C [1, 00) establishes (2.74). The proof of Lemma 2.18
is thus complete. O

Lemma 2.19. Assume Setting 2.1 and let € R®, A € R satisfy A = max{1, |a|,|b|}. Then

P, oy [0 (@)] < 16] + A[STIL o (10?] + (6]

(2.85)
< [max;eqio,o3l0il] + 2AH [max;c (12 oy 16i°].

Proof of Lemma 2.19. Observe that for all i € {1,2,..., H}, x € [a,b] it holds that

[ofR (v + b7)| < [0f|(|rofx]| + [67]) < [0f[(|r0f| + [67])A. (2.86)
This and the triangle inequality demonstrate that for all = € [a, b] it holds that
)] < 1]+ S ofR ol 4+ 60)] < 1671+ ALy ofl (v + [671) 2.87
< [maxjeqi 0, o0y10il] + 24H [maxie{m,...,a}|9i|2}-

The proof of Lemma 2.19 is thus complete. O

Corollary 2.20. Assume Setting 2.1, let ® € [1,00), A € R satisfy A = max{1, |al,|b|,b — a},
and let 0 € U satisfy max;e(1 2. 230i] <D and minje{1,27.__7H}((m? — %)]l[a,b](qg)) > 0. Then

max; je{1,2,..,0} | (%;9].5) (0)]
< [BAD? + 8A*D*(D + 2AHD* + sup, (ol f (#)])] (supsefay p(z)) (2.88)
= [843D% + 8A?D® + 164 HD* + 84D (SUPxe[a,b] |f(2)])] (supxe[a,b] p(z)).

Proof of Corollary 2.20. Note that Lemma 2.19 and the triangle inequality prove that for all
x € [a,b] it holds that

(W0 (x) = f(2)] <D+ 24HD? + |f(z)| < D + 2AHD? + sup,c(q | f (1) (2.89)

This and Lemma 2.18 establish (2.88). The proof of Corollary 2.20 is thus complete. O

3 Regularity properties for the set of global minima of the risk
function

In this section we establish in Corollary 3.10 in Subsection 3.3 below under the assumption that
the target function is piecewise affine linear that there exists a natural number k € {1,2,...,0}
such that a suitable subset of the set of global minima of the considered risk function constitutes
a k-dimensional C'°°-submanifold of the ANN parameter space on which the Hessian matrix of
the risk function has the maximal rank 0 — k.
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Our proof of Corollary 3.10 employs Proposition 3.7 in Subsection 3.3 as well as the el-
ementary and well-known eigenvalue estimate in Lemma 3.9 in Subsection 3.3. In Proposi-
tion 3.7 we establish under the assumption that the target function is piecewise affine lin-
ear with varying slopes in consecutive subintervals that a suitable subset of the set of global
minima of the risk function represents an (H + 1)-dimensional C'*°-submanifold of the ANN
parameter space on which the Hessian matrix of the risk function has the maximal rank
00— (H+1) = (B3H+1)— (H+1) = H where H € N represents the number of neurons
on the hidden layer (see Setting 2.1 for details).

Our proof of Proposition 3.7 uses Lemma 3.2 in Subsection 3.1, Proposition 3.4 in Sub-
section 3.2, and the elementary and well-known properties for tangent spaces of submanifolds
in Lemma 3.6 in Subsection 3.3. The notion of tanget spaces is recalled in Definition 3.5 in
Subsection 3.3. Our proof of Proposition 3.4, in turn, is based on an application of the auxiliary
result in Lemma 3.3 in Subsection 3.2 and in Lemma 3.3 and Proposition 3.4 we show that
certain matrices involving appropriate subintegrals of the unnormalized density function have
a strictly positive determinant.

In Lemma 3.2 in Subsection 3.1 we verify that a suitable subset of the ANN parameter
space is a non-empty (H + 1)-dimensional C*°-submanifold of the ANN parameter space R°.
Our proof of Lemma 3.2 is based on an application of the regular level set theorem which
we recall in Proposition 3.1 below. In the scientific literature Proposition 3.1 is sometimes
also referred to as submersion level set theorem, regular value theorem, or preimage theorem.
Proposition 3.1 is, e.g., proved as Theorem 9.9 in Tu [19]. Only for the sake of completeness
we include in this section the detailed proofs for Lemma 3.6 and Lemma 3.9. In the scientific
literature Lemma 3.9 is, e.g., proved in Golub & Van Loan [22, Section 2.3.2].

3.1 Submanifolds of the ANN parameter space

Proposition 3.1. Let 0,n € N, let U C R® be open, let g € C°(U,R"), and assume for all
x € g1 ({0}) that rank(g'(x)) = n. Then it holds that g=1({0}) C U is a (0 — n)-dimensional
C>-submanifold of R®.

Lemma 3.2. Assume Setting 2.1, let xg, z1,...,2H, 01,02, ..., 05,9,y € R satisfy a = zg <
z1<---<axg=>band

D> 14yl + (1 +2maxjeq 2. mylay) (1 + |a] + b)), (3.1)
and let M C R® be given by
M= {0 € (-2,D)°: ([min{rwfa + b7, w7b + b7, v{} > 0], [vf (wla + b)) + ¢ = 4],
i = au], [Vj e NN (1, H]: wf > 1/2, ¢f = zj_1, w08 = a; —a;_1])}. (32)
Then
(i) it holds that M # @ and
(ii) it holds that M is a (H + 1)-dimensional C*-submanifold of R®.
Proof of Lemma 3.2. Throughout this proof let U C R? satisfy
U={0e(-9,9)°: ([min{wfa+b], wib+b{ of} > 0], [Vj e Nn (1, H]: 0§ > 1/2])}, (3.3)

let g = (g1,...,92m): U — R?H gatisfy for all € U, j € {1,2,..., H} that

0,0 ;

o 07 — g =1

gjw):{ o o 5.
W v — (Oéj —Oéjfl) 1] >
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and

vl(fa+b0)+cf —y :j=1
gu+;(0) = é( ! v . (3.5)
q; — Zj-1 cJ>1
and let ¥ € R? satisfy
([wf = ], [Vi € NN(1, H]: wf = 1], [bﬂ=|a1\(!a\+|b\) +1], [Vi e NN (1, H]: o) = —21],
o) =1], Vi e NN (1, H]: 0! = oy — aj_1], [¢) =y — v (wia + b7)]). (3.6)

Observe that (3.6) ensures that v? > 0, mfn? = a1, and 0¥ (w?a + bY) + ¢ = . Moreover,
note that min{rYa + b¥, w{b + 6¥} = min{aya, a1b} + |a1|(la| + |b]) +1 > 1 > 0. In addition,
observe that for all j € NN (1, H] we have that m? =1> 1/ q? = —b/w? = z;_;, and
m?uf = a; — a;j—1. Furthermore, note that for all i € NN (1, H] it holds that [w?| =1 < D,
07| < 2max;eq10. mlay] < D, and [67] < 1+ [a] + [b] < D. Moreover, observe that |w}| =
jor] < ®, [69] < (1 + maxjeqrn,_mlas))(1+ lal + b)) < D, o] = 1 < D, and

9 9,0 9
"] < lg| + |oywral + [o767] = [z + aalla] + |aa|([a] + [b]) + 1

(3.7)
<yl + (14 2max;eqr o, myleyl) (1 + |a] +[b]) < D.

This implies that ¥ € (—D,D)°. Hence, we obtain that ¥ € M. This establishes item (i).
In the next step we prove item (ii) through an application of the regular value theorem in
Proposition 3.1. Note that (3.3) assures that U C R? is open. In addition, observe that the fact
that for all 6 € U, j € NN (1, H] it holds that m? > 0 ensures that g € C°°(U,R??). Moreover,
note that

“H({0}) = {0 € U: (Iwfo] = ai], [vf (wia + bY) + CQZL/]
VjeNnN(1,H: q =z 1,mn =ao;—aj_1])}. (3.8)

This implies that

o)) = {0 € (-2,9)°: ([min{rwia + b}, wib + bf,0{} > 0],
Vj e NN (1, H]: wf > 1/2], [wo] = aq], [of(wfa + b]) + ¢ = y],
[Vj e NN (1, H]: q] =x;_1, m n = —ozj,l])} =M. (3.9)
Next observe that (3.4), (3.5), and the fact that for all 8 € U, j € NN [1, H] it holds that
t’o? =0, b? = 0H+;4, and n? = 6op 1 ensure that forall 0 e U, j e NN (1, H], £ € NN [1,2H] it
holds that

o fwi£o l=
(gw,5590)(0) = {o] 04 (3.10)

and
e - _(me)_l;éo l=H+j
(89H+jge)(9) - {() 4L #£ H+j.

In addition, note that (3.4) and (3.5) show that for all § € U, £ € NN [1,2H] it holds that

(3.11)

ol #£0 4=1
(29790)(0) = { vfa l=H+1 (3.12)
0 A ¢{1,H+1}
and
040 :4=H+1
o) (0)= 7 3.13
@90 ©) = A H 4L (3.13)
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This demonstrates that for all § € U it holds that the ((2H) x (2H))-matrix with entries
(35:90)(0) € R, (i,0) € {1}U{H+j: j € NN[1, H}U{2H +j: j € Nn(1, H]}) x{1,2,...,2H},
is invertible. Hence, we obtain for all § € U that rank(¢’(f)) = 2H. Combining this with
Proposition 3.1 establishes item (ii). The proof of Lemma 3.2 is thus complete. O

3.2 Determinants of submatrices of the Hessian matrix of the risk function

Lemma 3.3. Let a € R, b € (a,00), let p: [a,b] — (0,00) be bounded and measurable, let
Oy CRN*L N €N, satisfy for all N € N that Qn = {z = (z1,...,2zn11) ERN T a < 2y <
Zo < - < xny1 < bY, and let AN = (Aﬁ;z$)(i7j)e{1727m72]\]}2 e RCMXCEN) " 2 ¢ Qn, N €N,
satisfy for all N € N, z = (z1,...,2Nn+1) € ON, 4,J €{1,2,..., N} that

Ai};x _ fﬂﬁN-H 332]3(1‘) dz, AN@ = AN’m = fﬁN'H ij(fL‘) dz,

Zmax{i,j} N+i,j ,N+j Zmax{i,j}
N,z __ [ZN+1
and ANViNtg = fﬁmax{i i p(x)dz. (3.14)

Then it holds for all N € N, z € Qn that
N 2
det(AN=) = H([ 2 2%p(a) dx} [ JE p(a) dx] - [ [E0 ap() d:c] ) >0.  (3.15)
i=1

Proof of Lemma 3.3. Throughout this proof let Eijv’$ eR,ie{1,2,...,N}, z € Qn, N € N,
satisfy for all N € N, z € Qn, i € {1,2,..., N} that

EZN’m = U;:“ 22p(z) dx} U;:“ p(x) dx] - U;:“ xp(z) dx]Q. (3.16)

Observe that the Cauchy-Schwarz inequality and the fact that for all z € [a,b] it holds that
p(x) > 0 ensure that for all N € N, z € Qn, i € {1,2,..., N} it holds that

[ (@) da| = |2 [o/b(@)] [Vi(@)] dal
< [f;:“ 22p(x) dx} v [f;;“ p(x) d:v} 1/2.

Hence, we obtain for all N € N, # € Qn, i € {1,2,..., N} that EZNm > 0. Next we claim that
for all N € N, z € Qp it holds that

(3.17)

det(AN*) = [TV, EN* > 0. (3.18)

We now prove (3.18) by induction on N € N. For the base case N = 1 note that for all
x = (z1,29) € Q; it holds that
2 g2 dz [ zp(z)dx
det( AL :det<fx1 x°p(x) o
W L L
This establishes (3.18) in the base case N = 1. For the induction step let N € NN [2,00) and
assume for all € Qn_; that

det(AN=12) =TIV EN D7 > 0. (3.20)

7

> = E" > 0. (3.19)

(2N)x (2N)

Next let z = (21,...,2N4+1) € Qn and let B = (B ;)i )ef1,2,..282 € R satisfy for

all 1,5 € {1,2,...,2N} that

AN i¢ {1,N+1}
N7 N7 Y
Bij= A" — A" ri=1 (3.21)
AN —ANG, i=N41L
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Observe that B is the matrix that is obtained from AN:# by subtracting the 2nd row from the

1st row and the (N + 2)-th row from the (N + 1)-th row. In particular, note that (3.21) implies

that det(B) = det(AN®). Next observe that the fact that for all j € NN (1, N] it holds that
N7 N7 N7 N7 N? N7 N’ N7

ALY = A, AlJ\:fnLj = AQJ\?-H" ANij = AN_fQJ, and AN-fLN-S-j = ANfZNJrj demonstrates

that for all 4,5 € NN (1, N] we have that

By = Ajl\fi” — Aé\ﬁ” = [N a?p(x)de — [PV 2?p(x) de = [72 2%p(2) da,

21 z1
Bni1,1 = Biny1 = fxmlN“ xp(zr)dr — f;f’“ xp(zr)de = f;f xp(z) dz,
Byiin+t = [, ¥ p(x)de — [F¥ p(r)de = [72 p(z) dx, (3.22)
Byj=Bny1j=Binyj=Bniiny; =0, Bij= AfY;"’”, BNy = A%fi,j7
Binij = Agﬁﬂ, and  Byiinij = A%fi7N+j-

Hence, we obtain that

det(B) = (B1,1BN+1,N+1 — Bn41,1B1,n+1) det((Bz',j)(i,j)e({1,2,...,2N}\{1,N+1})2)

N (3.23)
= By " det((Bij)(ij)e({1.2.. 2N P [LN11))2)-
In addition, note that (3.20) proves that
det ((Bij) i j)e(1..aNp(1.N41})2) = det(AN Tz @smmen)) (3.24)

_ 1qN-1 pN-1,(22,23,...en+1) _ 1IN Nz
=1l E; =L, £, >0.

Hence, we obtain that det(A™?) = det(B) = sz\il EZNx Induction thus proves (3.18). Fur-
thermore, observe that (3.18) establishes (3.15). The proof of Lemma 3.3 is thus complete. [

Proposition 3.4. Let N € N, vy, v,...,oxy € R\{0}, 2o, 2z1,...,2Nn € R satisfy zog < 21 <
< azn, let[; CR, j€{1,2,...,N}, satisfy for all j € {1,2,...,N} that I; = [zj_1, zN], let
p: [0, zN] = (0,00) be bounded and measurable, and let A = (A; ;) jyeq1,2,.. 2N} € REN)*(2N)
satisfy for alli,j € {1,2,...,N} that

Aivj = 2’0in fliﬂlj QTQIJ(CL‘) d.’E, AN+i,j = Ai’NJrj = QUZ‘Uj f[lﬂlj .’Ep(l’) d.ZE,

and AN4i,N+j = 2005 fIiij p(x)dz. (3.25)
Then det(A) > 0.

Proof of Proposition 3.4. Throughout this proof let B = (B;;)(jje{1,2,..2N}2 € R(ZN)x(2N)
satisfy for alli,j € {1,2,..., N} that B; ; = flimj 2%p(z)dz, Bnyij = Bintj = flmlj xp(x) dez,
and ByyiN+j = fIij p(z)dz. Note that for all 4,j € {1,2,..., N} it holds that

Bij= [~ x?p(x) d, Bnyij = Bingj = [2V rp(x) de,

Zmax{i—1,j—1} ZTmax{i—1,j—1}
and BNiiNtj = f;{ix“_l 1 p(x)dz. (3.26)
Furthermore, observe that (3.25) and the fact that the determinant is linear in each row and

each column show that
det(A) = 4V (TTX, i) det(B). (3.27)

In addition, note that (3.26) and Lemma 3.3 (applied with a vx 29, b 2N, p N p, N A N,
z " (xg, 21, ...,2N) in the notation of Lemma 3.3) demonstrate that det(B) > 0. Combining
this with (3.27) ensures that det(A) > 0. The proof of Proposition 3.4 is thus complete. O
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3.3 Regularity properties for the set of global minima of the risk function

Definition 3.5 (Tangent space). Let 0 € N, let M C R® be a set, and let x € M. Then we
denote by T C R® the set given by

T = {v € R 37 € CLR,RY): ([y(R) € M, [1(0) = al, [//(0) =w])]}.  (3.28)

Lemma 3.6. Let 0,k € N, let U C R® be open, let f € C*(U,R) have locally Lipschitz contin-
uous derivatives, let M C U satisfy M = {x € U: f(z) = infycy f(y)}, assume that M is a
k-dimensional C?-submanifold of R?, and let = € M. Then

(i) it holds for allv € T that ((Hess f)(z))v = 0,

(ii) it holds that rank((Hess f)(x)) <0 — k, and
(iii) it holds for all v € (T{%)* that ((Hess f)(z))v € (TiF)*
(cf. Definition 3.5).

Proof of Lemma 3.6. Observe that the assumption that M = {y € U: f(y) = inf.cy f(2)}
ensures for all y € M that (Vf)(y) = 0. This implies for all v € C1(R,R?), t € R with
v(R) € M that (Vf)(v(t)) = 0. Hence, we obtain for all v € C'(R,R?), t € R with v(R) C M
that

0= S((VH) (1)) = ((Hess ) (4N (1) (3.20)

This shows for all v € C}(R,R®) with v(R) € M and v(0) = z that ((Hess f)(z))7'(0) = 0.
This establishes item (i).

Next note that the assumption that M is a k-dimensional C2-submanifold of R? proves that
dim(73) = k. Combining this with item (i) establishes item (ii).

Moreover, observe that item (i) and the fact that (Hess f)(x) is symmetric demonstrate for
all v € T, w € (TE)* that

(v, ((Hess f)(z))w) = (((Hess f)(z))v,w) = (0,w) = 0. (3.30)
This establishes item (iii). The proof of Lemma 3.6 is thus complete. O
Proposition 3.7. Assume Setting 2.1, let g, 21,...,2H,01,Q2,...,ag € R satisfy a = xg <

21 < -+ < 2y =0b, assume for all i € {1,2,...,H}, = € [#wi_1,z;] that f(z) = f(zi_1) +
ai(r — xi—1), assume HiH:El(ai_H —a;) #0, and let © € R satisfy

D =1+|f(a)l + (1 +2max;eq o mylaj) (1 + |al +b]). (3.31)
Then there exists an open U C (—D,D)° such that
(i) it holds that U C U,
(i3) it holds that L|y € C*(U,R),
(iii) it holds that U 2 6 — (Hess £)(0) € R®*® is locally Lipschitz continuous,

(iv) it holds for all 0 = (61,...,605) € U that

-----

max; je(1.2, .o}l (ﬁ;jc) (0)] < (24D° + 16HD") (sup,epop p(2)), (3.32)

(v) it holds that {9 € U: L(V) =0} # &,
(vi) it holds that {9 € U: L(9) = 0} is a (H + 1)-dimensional C*®-submanifold of R®, and
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(vit) it holds for all § € {9 € U: L(¥) = 0} that rank((Hess £)(0)) =2H =0 — (H +1).

Proof of Proposition 3.7. Throughout this proof let U C R? satisfy

U={0ec(-9,D)": ([min{wfa+b{,wfb+bf,0{} > 0], [Vj e NN (1,H]: 0 > 1/,
[VjeNN(1,H]: qf € (a,b)],[VieNN(L,H): qf <qf,])} (3.33)

and let M C R® be given by

M={0 € (-D,D)°: ([min{rofa+bf,w7b + b, vi} > 0], [of(rwla +b]) + ¢’ = f(a)],
[wfof = aq], Vi e NN (1, H): wf > 1/2, ¢} = 2,1, wiv? = a; —a;_1])}. (3.34)

Note that (3.33) ensures that U is open. Furthermore, observe that (2.5) and (3.33) assure that
U C 0. This proves item (i). In addition, note that item (i), Lemma 2.16, and the fact that U
is open establish items (ii) and (iii).

Next observe that Corollary 2.20, the fact that forall 0 € U, j € {1,2,..., H} with q? € [a,b]
it holds that m? > 1, and the fact that ® > max{|al,|b|,b—a, SUPgcfap)|f(®)], 1} > 1 prove that
for all 9 € U C (—D,D)° we have that

i,je?ll,%f.@}‘ (80?;% ‘C) (9>| < (16@5 + 16H©7 + 8©4 (SquE[a,b] |f(l‘)|)) (Supxe[a,b] p(x)) (335)

< (24@5 + 16H©7) (supme[a,b} p(:z:))

This establishes item (iv).

Next note that (3.34) and Lemma 3.2 imply that M is a non-empty (H + 1)-dimensional
C*-submanifold of R?. Furthermore, observe that (3.33), (3.34), and the fact that a < 1 <
2y < -+ < xpg = b show that M C U. In the next step we intend to prove that for all 8 € M
it holds that £(#) = 0. Note that (3.33) and the fact that for all 6 € U, = € [a, b] it holds that

iz + b = [$22 | (wla + 6f) + [$22] (b + b)) > 0 (3.36)
ensure that for all § € U, = € [a, b] it holds that

A (z) = ¢ + vf max{wlz + 67,0} + 321, v/ max{wIz + b%,0}

(3.37)
=’ + of(wiz + b)) + XL, v/l max{z — qf,0}.
Combining this with (3.34) demonstrates that for all § € M, x € [a, b] we have that
N0(z) = viofz + vfb] 4 ¢ + ZJH:Q n?m? max{z — zj_1,0}
= vz + f(a) — virwla + Zfﬁ n?m? max{zx — z;_1,0} (3.38)

= fla)+a1(z —a)+ Zf:Q(O‘j —ajj—1) max{x — z;_1,0}.

In addition, observe that the assumption that for all i € {1,2,... H}, x € [#z;_1, 2] it holds
that f(z) = f(zi—1) + as(x — 2;—1) proves that for all j € {0,1,...,H — 1}, x € [z, zj41] it
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holds that
f(@) = (o) + [Sh_i[f(2r) = f(zi-1)]] + [f(2) — f(z))]

)+ [Chey ar(@n — 211)] + ajia (e — )
a) + ajz + [Yho on(@k — 2e1)] — oy
a) + ajpz + [Zkzl kx| — [Ziﬂ M Zp-1] — ajp12;
a) + ajiz — ([2015) e 1] — [0, awzy]) (3.39)
a) + a1z — (ar1zo + [Zk 5 Uk Tp—1] — [Zf:é p—12Zk-1))
a) + (04135 + [Eiﬂg(@k — Q1) ]) (061000 + [Zk 2(0% — Q1) T 1])
= f(a) + a1(z —a) + Zk Z(ak —ap_1)(r — z_1)
= f(a) + aqr(z —a) + Zkzz(ak — ap_1)max{z — zj_1,0}.

This implies that for all z € [a, b] we have that
f(x) = f(a) + ar(z — a) + Yily(aj — j1) max{z — z;-1,0}. (3.40)

Combining this with (3.38) demonstrates that for all § € M, x € [a,b] it holds that 4% (x) =
f(z). Hence, we obtain that for all # € M it holds that £(€) = 0. Next we intend to prove
that for all & € U with £(f) = 0 it holds that # € M. Note that (2.2) and the fact that
for all # € R? it holds that [a,b] > = + #%(z) — f(z) € R is continuous show that for all
Oe{veU: L(W) =0} CR? z € [a,b] we have that

N (z) = f(z). (3.41)

Combining this with (3.33), (3.34), (3.37), and the fact that M C U demonstrates that for all
0c{9ecU: LW =0}, z € [z, 21 +min{0, (¢’ Dmin{2,H} ~ 21)1(1,00)(H)}] it holds that

f(a)+ai(z—a) = f(z) = #z) = 0f (0]z+6))+ = 0w (z—a)+0(w]a+b))+ . (3.42)

The fact that for all # € U it holds that 21 + min{0, (qun{Q oy~ 21)1(1,00)(H)} > 20 hence
ensures that for all € {0 € U: L(¥) = 0} we have that

wil =a;  and  of(wfa+bY) + ¢ = f(a). (3.43)

Next observe that the fact that for all € U it holds that (a,b)\{q{,q5,...,q%} is an open
set shows that there exists € = (g42)9,2)evxr: U X R — (0,00) which satisfies for all 6 € U,
z € (a,b)\{a, 9%, ...,q%} that (v —eg,v+ep.) C (a,0)\{af,9%,...,q%}. Combining this with
(3.33) and (3.37) demonstrates for all 0 € U, z € (a,b)\{q¢,q5,...,q%} that (v—ep ., +ep.) D
y — H%y) € R is affine linear. This, (3.40), (3.41), and the fact that for all i € NN [1, H) it
holds that a;11 # «; prove that for all § € {¥ € U: L(¥) = 0}, i € NN [1,H) it holds that
z; € {q9,45,...,4%}. Combining this with the fact that for all § € U it holds that q{ ¢ [a,b],
the fact that for all § € U, j € NN (1, H] it holds that q? € (a,b), the fact that for all § € U,
j € NN(1,H) it holds that q? < q?H, and the fact that a < 1 < 292 < -+ < 2y = b shows
that for all @ € {¥ € U: L(V¥) = 0}, j € NN (1, H] we have that q? = zj_1. This, (3.36), (3.40),
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(3.41), and (3.43) assure that for all 6 € {J € U: L(¥) = 0}, = € [a,b] it holds that

Fa) + (e~ @) + Syl — ey 1) maxfe - 21,0} = £
=N(x)="¢ —1—2] 1 ]max{mex—i-be 0}

= +Ulmax{m1w+b9,0}+2j — ? gmax{x—i— 169 0}

= + 0 (wfz +19) + ZJ 5 jm max{a:—q],O} (3.44)
=’ + ofwf(z — a) + vfwfa + vf6] + I, ool max{z — 2, 1,0}

= (c +01m1a+01b9)+a1(:c—a)+zj anmemax{x—a:j_l,()}

= f(a)+o(z—a)+ Z; 2t)]t'oarnaoc{:rs —zj_1,0}.

Hence, we obtain for all 6 € {¢ € U: L(¥) = 0}, j € NN (1, H] that U?t’o? = o5 — 1.
Combining this with (3.43) proves that for all § € { € U: L() = 0} it holds that § € M.
Hence, we obtain that M = {9 € U: L(¥) = 0}. This and the fact that M is a non-empty
(H + 1)-dimensional C*°-submanifold of R® establish items (v) and (vi).

In the next step note that (3.36) ensures that for all & € M it holds that I{ = [a,b]. In
addition, observe that (3.34) shows that for all # € M, j € NN(1, H] it holds that IJQ = (zj-1,b].
Furthermore, note that (3.34) and the fact that for all j € NN (1, H] it holds that a; —a;j—1 # 0
demonstrate that for all § € M, i € NN [1, H] it holds that v? # 0. This, Corollary 2.17, and
Proposition 3.4 assure that for all # € M it holds that det(((%;ejﬁ) (9))(1.7].)6{172,__"211}2) # 0.
Hence, we obtain for all § € M that

rank((Hess £)(0)) > 2H. (3.45)

Moreover, observe that the fact that M = {0 € U: L(¥) = 0} is a (H + 1)-dimensional C*°-
submanifold of R® and Lemma 3.6 imply that for all 6 € M we have that rank((Hess £)()) <
00— (H +1) =2H. This and (3.45) establish item (vii). The proof of Proposition 3.7 is thus
complete. ]

Definition 3.8. Let n € N and let A € R"*"\{0} be symmetric. Then we denote by o(A) €
(0,00) the real number given by

0(A) =min{l € (0,00): [T € {—{,¢},v € R"\{0}: Av = M|} (3.46)
and we denote by A(A) € (0,00) the real number given by
A(A) =max{l € (0,00): [TX € {4, ¢},v € R"\{0}: Av = \v]} (3.47)
Lemma 3.9. Let n € N and let A = (ai ;)3 )
A(A) < [szzﬂai,j 2]1/2 (cf. Definition 3.8).
Proof of Lemma 3.9. Throughout this proof let A € R\{0}, v € R™"\{0} satisfy
Av = dv. (3.48)

e(1,2,..n)2 € RP\{0} be symmetric. Then

Note that (3.48) ensures that

2
o7 A2 (3.49)

(cf. Definition 2.5). Moreover, observe that the Cauchy-Schwarz inequality demonstrates for all
w = (wy,...,w,) € R" that

2 2
[ Aw]? = S [ agw| < X0 [ laigwl]
< S [ (i 2) (o hws ) | = el [ 27l ).

Combining this with (3.49) shows that |A|? < ZZj:l‘ai,j‘2~ The proof of Lemma 3.9 is thus
complete. O

(3.50)
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Corollary 3.10. Assume Setting 2.1, let N € NN [1,H], =g, 21,...,ZN,01,Q2,...,ay € R
satisfy a = zg < @1 < --- < &y = b, assume for all i € {1,2,...,N}, v € [z;_1,z;] that
flz) = f(zic1) + ai(z — zi—1), and let ® € R satisfy

D =1+[f(a)[ + (1 +2maxjeqr o, Nyl ])(1 + laf + [0]). (3.51)
Then there exist k € NN [1,0) and an open U C (—D,D)° such that
(i) it holds that U C U,
(i3) it holds that L|y € C*(U,R),
(iii) it holds that U 3 6 — (Hess £)(6) € R**? is locally Lipschitz continuous,
(iv) it holds for all 0 € U that

A((Hess £)(0)) < (3N +1)(24D° + 16ND") (sup,e (o P(2)), (3.52)

(v) it holds that {9 € U: L(V) =0} # @,

(vi) it holds that {9 € U: L(9) = 0} is a k-dimensional C*-submanifold of R®,
(vii) it holds for all @ € {9 € U: L(¥) = 0} that rank((Hess £)(0)) =0 — k, and
(viii) it holds that k =0 — 2[#{a1,as,...,an}]
(cf. Definition 3.8).

Proof of Corollary 3.10. Throughout this proof assume without loss of generality that Hfi _11(()4”1—
a;) # 0 (otherwise we can simply remove the points #; which satisfy ;1 = a; and thereby re-
duce the number N), let P: R? — R3N+1 satisfy for all § € R? that P(0) = (wf,..., w4, b, ...,

6%, 09, ...,0%,¢%), and let Z: R3VFL — R satisfy for all § = (01, ...,03y51) € R3VTL that

L(0) = [2(f(x) = O3n41 — S0, Gony ;R0 + Onv5)]) *p () da. (3.53)

Note that Proposition 3.7 (applied with H \~\ N, £ v\ & in the notation of Proposition 3.7)
demonstrates that there exists an open V C (=9, D)3V ! which satisfies that

(I) it holds that
VC{0=(01,....03n11) € R (T [oeqany (050 + Onj) #0) }, (3.54)
(IT) it holds that Z|y € C*(V,R),
(III) it holds for all § = (61,...,03n41) € V that
max; ;e{1,2,....3N+1} ’ (%2%3)(9)‘ < (24335 + 16N@7) (Supxe[a,b] P(CU))» (3.55)

(IV) it holds that {9 € V: (V) =0} # @,

(V) it holds that {9 € V: Z(¥) = 0} is an (N + 1)-dimensional C*°-submanifold of R3V+1,
and

(VI) it holds for all @ € {9 € V': £ (¥) = 0} that rank((Hess £)(0)) = 2N = (3N+1)— (N +1).
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In the following let U C R® satisfy
U={0e(-2,9)°n (P 1 (V)): (VjeNN(N,H]: max{wfa+ b}, wib+bl} <0)}. (3.56)

Observe that (3.56) assures that U C R? is open. In addition, note that (2.5), (3.56), and item (I)
imply that U C 2. This establishes item (i). Next observe that item (i) and Lemma 2.16 prove
items (ii) and (iii). Furthermore, note that for all # € U, = € [a,b], i € NN (IV, H] it holds that
R(r?z 4 bY) = 0. Therefore, we obtain for all § € U, x € [a,b] that

No(x) = +2j1j[ (wfz +069)] = ¢ +2j13[ (wfz +69)]. (3.57)

This implies for all 8 € U that
L(O) =ZL(P(0)). (3.58)

Combining this with (3.55) ensures for all § € U, i,5 € NN ((0, N]U (H,H + N|U (2H,2H +
N]U{3H + 1}) that

| (5257 £) (0)] < (24D + 16NDT) (sup,e o, (@) (3.59)

Moreover, observe that (3.58) shows that for all 8 € U, i € {1,2,...,0}\((0, N]U (H,H + N]U
(2H,2H + NJU{3H +1}), j € {1,2,...,9} we have that

(5207 £) (6) = 0. (3.60)

Combining this with Lemma 3.9 and (3.59) assures for all § € U that

A((Hess £)(0)) < ¢zgzly<%@g)<e>\2 < (BN +1)(24D° +16ND7) (sup,cpop P()). (3.61)

This establishes item (iv). Furthermore, note that items (IV) and (V), (3.56), and (3.58)
establish items (v), (vi), and (viii). In addition, observe that (3.58), (3.60), and item (VI)
demonstrate for all 6 € {9 € U: L(9¥) = 0} that rank((Hess £)(0)) = 2N. Combining this with
item (viii) establishes item (vii). The proof of Corollary 3.10 is thus complete. O

4 Local convergence to the set of global minima for gradient
flow (GF)

In this section we employ Corollary 3.10 from Section 3 to establish in Proposition 4.16 in
Subsection 4.3 below and Corollary 4.17 in Subsection 4.4 below that the risk of certain solutions
of GF differential equations converges under the assumption that the target function is piecewise
constant exponentially quick to zero. Our proof of Proposition 4.16 employs the abstract local
convergence result for GF trajectories in Proposition 4.14 in Subsection 4.2. Proposition 4.14
and its proof are strongly inspired by Fehrman et al. [20, Proposition 16]. Our proofs of
Propositions 4.14 and 4.16 also use the several well-known concepts and results from differential
geometry which we recall in Subsection 4.1 below.

In particular, Lemma 4.4 is a direct consequence of, e.g., [20, Proposition 7], Lemma 4.6 is
proved as, e.g., [20, Lemma 10], Lemma 4.7 is proved as, e.g., [20, Lemma 11], Definition 4.8 is a
slight reformulation of, e.g., [20, Definition 12], Proposition 4.10 is a slight extension of, e.g., [20),
Proposition 13], Proposition 4.12 is a reformulation of [20, Lemma 15|, and Lemma 4.13 is a
slight generalization of [20, Lemma 14].
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4.1 Differential geometric preliminaries

Definition 4.1. Let 9 € N and let M C R? satisfy M # @. Then we denote by @ : R — R
the function which satisfies for all z € R? that @ (x) = infye ||z — y|| (cf. Definition 2.5).

Definition 4.2. Let 0 € N and let M C R? satisfy M # @. Then we denote by %P C R? the
set given by
Pu={zeR: (ye M: [z —y| = dm(x))} (4.1)

and we denote by 2z Py — R the function which satisfies for all z € Py that pa(z) € M
and

[z = 2pm()]| = dm(z) (4.2)
(cf. Definitions 2.5 and 4.1).

Definition 4.3. Let 9 € N and let M C R? satisfy M # @. Then we denote by P C R® the
set given by

Py = UUQRD is open, UCZ, U (4.3)
and 72 a |y €CT(UR?)

(cf. Definition 4.2).

Lemma 4.4. Let 0,k € N, let M C R?® be a k-dimensional C?-submanifold of R?, and let
x € M. Then there exists an open V C R® such that

(i) it holds that x € V. C P and
(ii) it holds that z v € CH(V,RP).
(cf. Definitions 2.5, 4.1, and 4.2).

Proposition 4.5. Let 0,k € N and let M C R® be a non-empty k-dimensional C?-submanifold
of R°. Then M C Py (cf. Definition 4.3).

Proof of Proposition 4.5. Note that Lemma 4.4 assures that M C P 4. The proof of Proposi-
tion 4.5 is thus complete. O

Lemma 4.6. Let 0,k € N, let M C R? be a non-empty k-dimensional C?-submanifold of
R®, and let x € Pprq (c¢f. Definition 4.3). Then z — pm(z) € (TﬁM(I))L (cf. Definitions 3.5
and 4.2).

Lemma 4.7. Let 0,k € N and let M C R® be a non-empty k-dimensional C?-submanifold of
R®. Then

(i) it holds that Py \M C R® is open,
(ii) it holds that P \M 2y — dr(y) € R is continuously differentiable, and
(i11) it holds for all y € P\ M that

_ y=rem(y)
(VEr)(y) = 1=t (4.4)

(cf. Definitions 2.5 and 4.1-4.3).

Definition 4.8. Let 0,k € N, let M C R? be a k-dimensional C2-submanifold of R?, and let
z€M,r s e (0,00). Then we denote by V7. C R? the set given by

Vi, = {y ER®: Ime M: v e (TE)L: [(lm -z <), (Joll < s), (v = m+v)]} (4.5)

(cf. Definitions 2.5 and 3.5).
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Lemma 4.9. Let 0,k € N, let M C R?® be a k-dimensional C?-submanifold of R?, and let
xeM,rse(0,00). Then

(i) it holds that
Vie, = {ye®: 3me M: [(Im—al <n), (ly—ml <) —me (]}, @6
(ii) it holds that

Vite 2 1 € Pac: [(lz = 2@l < 1), (ly — 2ma)ll < )] (4.7)
and
(iii) it holds that z € (VXASI)O (cf. Definitions 2.5, 3.5, 4.2, 4.3, and 4.8).

Proof of Lemma 4.9. Observe that (4.5) establishes item (i). Next note that (4.5) and Lemma 4.6
establish item (ii). Furthermore, observe that item (ii) implies that

Vs, 2 {y € P [(llz = 2@l < 1) (ly = 2@l < )]} (4.8)

Furthermore, note that the fact that Py > y — 2(y) € R® is continuous shows that {y €
Pri: [(lz = 2m(y)ll <7), (ly — 2m(y)]] < s)]} € R? is open. Combining this with (4.8) and
the fact that = € {y € Pa: [(lz — 2m (@) < 7), (ly — 2m(y)|| < s)]} establishes item (iii).
The proof of Lemma 4.9 is thus complete. 0

Proposition 4.10. Let 0,k € N, let M C R® be a k-dimensional C?-submanifold of R®, let
U C P be open, and let x € M NU (cf. Definition 4.3). Then there exist R, S € (0,00) such
that

(i) it holds for all v € (0, R], s € (0,5] that Vf/lsx cu,
(i) it holds for all v € (0, R], s € (0,5] that

Vite = 10 R dm(y) = Zimem: [a—m|<r}(¥) < 5}, (4.9)

(iii) it holds for all v € (0,R], s € (0,S], m € M, v € (T%)* with [m —z| <r and ||v]| < s
thatm+v € VX,’{; and papm(m+v) =m, and

(i) it holds for all v € (0, R], s € (0, 5] that
Vit = v e Pas [(le— 2@l <0, (g — 2u@l < 9]} (410)

(cf. Definitions 2.5, 3.5, 4.1, 4.2, and 4.8).

Proof of Proposition /.10. Observe that [20, Proposition 13| establishes items (i)—(iii). In ad-
dition, note that items (ii) and (iii) and (4.5) establish item (iv). The proof of Proposition 4.10
is thus complete. O

Setting 4.11. Let 0 € N, k € NN (0,0), let U C R® be open, let f € C*(U,R) have locally
Lipschitz continuous derivatives, let M C U satisfy M = {x € U: f(z) = inf,cy f(y)}, and
assume that M is a k-dimensional C?-submanifold of R®.

Proposition 4.12. Assume Setting 4.11 and let x € M satisfy rank((Hess f)(z)) = 0 — k.
Then

(i) it holds for all v € ((T;))\{0} that (((Hess f)(z))v,v) > [o((Hess f)(x))]||v]|* > 0 and
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(ii) it holds for all v € ((T))\{0}, r € [0, (A((Hess f)(z))) ™Y that ||v — r((Hess f)(z))v]| <
[1—ro((Hess f)(z ))]||U||

(cf. Definitions 2.5, 3.5, and 3.8).

Proof of Proposition 4.12. Throughout this proof let {vi,v,...,vo_x} C ((T%)*)\{0} be an
orthogonal basis of (7%)* with respect to which (Hess f)(z) is diagonal and let A1, Ao, ..., Ao—, €
R satisfy for all i € {1,2,...,0 —k} that ((Hess f)(z))v; = \jv;. Observe that the fact that z is
a local minimum of f shows for all i € {1,2,...,9 — k} that A; > 0. This and the assumption
that rank((Hess f)(z)) =0 — k imply for all i € {1,2,...,2 — k} that \; > 0. Hence, we obtain
for alli € {1,2,...,9—k} that \; € [o((Hess f)(x)), ((Hess f)(2))]. Next let v € ((Tg)1)\{0}

and let uy, us,...,up_r € R satisfy v = Z?_l u;v;. Note that

(((Hess )(@))v,v) = S0 (halua 2lloil]?) > [o((Hess £)(@))] [S0F il [los] 2]
— [o((Hess f)(@))]|V]]* > 0.

This establishes item (i). Furthermore, observe that the fact that for all i € {1,2 ,0 — k} it
holds that A\; € [o((Hess f)(x)), A((Hess f)(x))] ensures that for all r € [0, (A (Hess f)( N~ we
have that

(4.11)

lv = r((Hess £)(@))v][* = S50 (lual?lloal2(1 = 720)?)
< S (JuaPlluil® (1 = r[o((Hess £)(2))])?) (4.12)
= (1 - r[o((Hess f)(2))])*|IvII*.
This establishes item (ii). The proof of Proposition 4.12 is thus complete. O

Lemma 4.13. Assume Setting /.11 and let x € M. Then there exist c¢,r,s € (0,00) such that
for all y € V/Cfx it holds that Vx,fx C(PpmNU) and
1(V)(y) = ((Hess £)(2m@))) (Y = 2m®)]] < e(€rm(y))? (4.13)
(cf. Definitions 2.5, 4.1-4.3, and 4.8).
Proof of Lemma 4.13. Note that Proposition 4.10 ensures that there exist r,s € (0,00) which
satisfy V' C U, which satisfy
Vite =10 € P [(lx = 2@ < 1) (ly = 2m ()]l < )]}, (4.14)

and which satisfy for all m € M, v € (T%)* with [m — 2| <r and |[v]| < s that m+v € Vi,
and

Amm+v) =m (4.15)
(cf. Definition 3.5). Observe that (4.14), (4.15), and Lemma 4.6 imply for ally € V77 .t € [0, 1]

that zy(y) +t(y — 2m(y)) € Vii,- In addition, note that the fact that Vi, is compact
and the assumption that U > y — (Hess f)(y) € R**? is locally Lipschitz continuous prove
that there exists ¢ € (0,00) which satisfies for all y,z € VX,ls , v € R that ||((Hess f)(y) —

(Hess f)(2))v|| < ¢|ly — z]||||v]|. Furthermore, observe that the fact that for all y € V/vt
holds that (Vf)(zm(y)) = 0 and the assumption that f is twice continuously dlﬁerentlable
demonstrate that for all y € VM ., it holds that

1
(V1)) = /0 ((Hess £)(aa(y) + 1y — 2pma®) (4 — 7an(y)) dt
= ((Hess f)(2m®))) (v — 2m(y))

1
+ [ (ess ) (2aalo) + 0 = 2aa(w)) = (ess 1) aa(w)) (0 = eaa() .
(4.16)
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Combining this with the fact that for all y € Vi, ¢ € [0,1] it holds that

| (Hess f)(72rm(y) + t(y — 2m(y)) — (Hess £)(2m®)) (¥ — 2m ()] < ctlly — 72/\4(3/)(”2 |
417

implies that for all y € V/(fx we have that

1V () — ((Hess )z — 2@ < elly = 2aa) [Py 1] = §(nav))?. (4.18)

The proof of Lemma 4.13 is thus complete. O

4.2 Abstract convergence result for GF to a submanifold of global minima

Proposition 4.14. Assume Setting 4.11, assume for all x € M that rank((Hess f)(z)) =0 —k,
let G: R® — R® be locally bounded and measurable, assume for all z € U that G(z) = (Vf)(x),
let ©% € C([0,00),R?), 6 € R?, satisfy for all § € R?, t € [0,00) that O =0 — fg G(0%)ds, and
let x € M. Then there exist r,s € (0,00) such that

(i) it holds for all § € V;/%°, t € [0,00) that ©f € V7,
(1) it holds that infye/\/mvjafm [o((Hess f)(y))] > 0, and
(#3) it holds for all 6 € Vﬁi’s, t € [0,00) that
Am(OF) < exp(—5 [infye povys [o((Hess £)(1))]]) Zm(0) (4.19)

(cf. Definitions 3.8, 4.1, and 4.8).

Proof of Proposition 4.14. Note that Proposition 4.10 and Lemma 4.13 prove that there exist
r,e,¢ € (0,00) which satisfy Vi C U, which satisfy

Viee = {y € Pac: [z = 2@ < 7). (ly = 2ma(®)] < 9)] ), (4.20)

and which satisfy for all y € VXfx that

I(V)(y) — (Hess f)(zm@)(y — 2mW)] < e(Lm(y)? (4.21)

(cf. Definition 4.3). In the following let k € R satisfy k = %infye/\/mvj;fw [o((Hess f)(y))]-
Observe that the fact that Hess f is locally Lipschitz continuous and the fact that the eigenvalues
are continuous functions of a matrix (cf., e.g., Kato [30, Section 2.5.1]) prove that x > 0.
Next note that the fact that m is compact, the fact that for all y € P it holds that
(V) (72m(y)) = 0, the fact that Pag 3 y — 2 (y) € R? is continuously differentiable, and the
assumption that f € C?(U,R) prove that there exists ¢ € (0, 00) which satisfies for all y € m
that

1(7220) WV OO = (20 DUV ) = (VO (2am@)I < elly = 2am @)l = cdm(y)

(4.22)
(cf. Definitions 2.5 and 4.2). In the following let s € (0, c0) satisfy
K Kr
_ L [K AT 4.23

let 6 € V/C{?x’s, and let 7 € (0, 00] satisfy 7 = inf({t € [0,00): @Y ¢ VXAsx} U{oc}). Observe that
the assumption that for all y € U it holds that G(y) = (Vf)(y) and the fact that U > y —
(V£)(y) € R? is continuous assure that [0,7) > t — ©Y € R? is continuously differentiable and
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that for all ¢ € [0,7) it holds that %@9 = —(V£)(©f). This, Lemma 4.7, and the chain rule
show for all t € [0, 7) that

d

GO = (Ve (Varnef)) = ~( (V) (et)

— (4.24)

0! — pm(0Y) >
16 = aam(00)]]

(cf. Definition 2.5). Next note that (4.21), (4.23), (4.24), and Proposition 4.12 demonstrate for
all t € [0,7) that

d

(O = = ((Hess P aa(@D)(©] - aaa(e)

0) — 2m(07) >
"16f — 2am(09)]|

0 0
~ ((99)(0f) — (Hess ) (©))(OF = (O, T —24EL) (425

< 26109 — (O[] + (g (©9))?
= 26 p(Of) + o(da(0)))? < —kda(6)).

Hence, we obtain for all ¢ € [0, 7) that
dm(0Y) < e My (08) = e d p(0). (4.26)

It remains to prove that 7 = oo. To this end, observe that the chain rule and Lemma 4.4 imply
for all t € [0, 7) that

§72m(O]) = (D) (0))(V f(O7)). (4.27)
Combining this, (4.22), and (4.26) ensures for all ¢ € [0, 7) that

H%pM(@f)H < cd pm(0Y) < ce ™\ (0) < cse (4.28)

This and (4.23) show for all ¢ € [0, 7) that

t 00
L2 (00) — 2a(0)]] < cs/ erdu< T [T = L (4.29)
0 0

Furthermore, note that the assumption that 6§ € VX/{ZQQS assures that there exists 6 € (0, 00)

which satisfies that 6 € VX/{QQC_(S’S. Combining this with (4.29) establishes for all ¢ € [0,7) that
0! ¢ VXA_;E’S. Consequently, we must have that 7 = co. The proof of Proposition 4.14 is thus

complete. O
4.3 Convergence rates for GF in the training of ANNs

Lemma 4.15. Assume Setting 2.1. Then G is locally bounded and measurable.

Proof of Lemma 4.15. Observe that, e.g., [26, Corollary 2.4] demonstrates that G is locally
bounded and measurable. The proof of Lemma 4.15 is thus complete. ]

Proposition 4.16. Assume Setting 2.1, let N € NN[1, H], zo, 21,...,ZN,01,Q2,...,ay € R
satisfy a = 29 < @1 < --- < &y = b, assume for all i € {1,2,...,N}, € [z;_1, 2] that
f(@) = f(ic1) + ai(z — 24-1), and let 6% € C(]0,00),R%), 6 € R?, satisfy for all § € R?,
t € [0,00) that

t
el = 9—/ G(0%) ds (4.30)
0

(cf. Lemma 4.15). Then there exist ¢,€ € (0,00) and a non-empty open U C R® such that for
all @ € U, t € [0,00) it holds that L(OY) < Ce™*.
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Proof of Proposition 4.16. Throughout this proof let M C R® satisfy M = {6 € R®: L(§) =
0}. Note that Corollary 3.10 proves that there exist & € NN [1,0) and an open U C R®
which satisfy U C 90, which satisfy that L]y is twice continuously differentiable, which satisfy
that (Hess £)|y is locally Lipschitz continuous, which satisfy that M N U is a non-empty k-
dimensional C?-submanifold of R?, and which satisfy for all # € MNU that rank((Hess £)(0)) =
0 — k. Combining this, Lemma 4.15, Proposition 2.12, Lemma 4.9, and Proposition 4.10 with
Proposition 4.14 ensures that there exist m € MNU, ¢ € (0,00), V.,V € {A CU: A is compact}
which satisfy that

(i) it holds that m e V° CV C V,
(ii) it holds for all # € V that & ymnv(0) = & mnuny,
(i) it holds for all @ € V, t € [0,00) that ©f € V, and
(iv) it holds for all t € [0, 00) that deU(G?) < e“thmU(G)

(cf. Definitions 2.5 and 4.1). Furthermore, observe that the fact that L[|y is twice continuously
differentiable proves that there exists € € (0,00) which satisfies for all 6,9 € V that [£(0) —
L(¥)| < €||0 — ¥||. This assures that for all # € V°, ¢t € [0,00) we have that

L£(0]) = infge prurv| £(0)) — L(9)] < €[infyepnurv[|OfF — 9]

= Q:[deU(@?)] S Qe“thmU(G). (4.31)

The proof of Proposition 4.16 is thus complete. 0

4.4 Convergence rates for GF with random initializations in the training of
ANNs

Corollary 4.17. Assume Setting 2.1, let N € NN [1, H|, ¢, z1,...,ZN,Q1,02,...,ay € R
satisfy a = 29 < 21 < -+- < &y = b, assume for all i € {1,2,...,N}, © € [z;_1,2;] that
f(x) = f(zi1) + ai(z — 2i-1), let (Q, F,P) be a probability space, let ©: [0,00) x @ — R?
be a stochastic process with continuous sample paths, assume that ©qg is standard normally
distributed, and assume for allt € [0,00), w € Q that

O(w) = Op(w) — /0 G(Os(w))ds (4.32)

(cf. Lemma /4.15). Then there exist ¢,€ € (0,00) such that P(Vt € [0,00): L(O;) < €e™) > 0.

Proof of Corollary /.17. Note that Proposition 4.16 ensures that there exist ¢, € € (0,00) and
a non-empty open U C R® which satisfy for all ¢ € [0,00), w € Q with ©p(w) € U that
L(O4(w)) < €e . Observe that the fact that U is a non-empty open set and the assumption
that O is standard normally distributed imply that P(©¢ € U) > 0. This completes the proof
of Corollary 4.17. 0

5 Local convergence to the set of global minima for gradient
descent (GD)

In this section we employ Corollary 3.10 from Section 3 to establish in Theorem 5.3 in Sub-
section 5.2, Corollary 5.4 in Subsection 5.3, and Corollary 5.5 in Subsection 5.3 under the
assumption that the target function is piecewise affine linear that the risk of certain GD pro-
cesses converges to zero. Our proofs of Corollaries 5.4 and 5.5 are based on an application of
Theorem 5.3 and our proof of Theorem 5.3 uses the abstract local convergence result for GD
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processes in Proposition 5.2 in Subsection 5.1 below. Proposition 5.2 and its proof are strongly
inspired by Fehrman et al. [20, Proposition 17]. Our proof of Proposition 5.2 employs the el-
ementary uniform estimate for certain exponential sums in Lemma 5.1 in Subsection 5.1. For
completeness we include in this section also a detailed proof for Lemma 5.1.

5.1 Abstract convergence result for GD to a submanifold of global minima

Lemma 5.1. Let p € [0,1), ¢,g € (0,00). Then there exists € € R such that for all v € (0, g]
it holds that

i ~k~P exp(—C’y(k‘ — 1)1_p) <. (5.1)
k=1

Proof of Lemma 5.1. First note that for all v € (0, g it holds that

D ok Pexp(—ey(k — 1)) < v+ ) (k= 1) P exp(—ey(k —1)'7F)

k=1 k=2
o0
<g+ Y n Pexp(—cyn'P) (5.2)
"
<2g+ Z yn =P exp(—cvnlfp).
n=2

Next observe that the fact that for all v € (0, 00) it holds that [1,00) 3 @ — 2 exp(—cyz' =) €
R is continuous and non-increasing assures that for all v € (0, g] it holds that

00 00 n
Z yn =P exp(—C’ynl_p) < Z [/ ~yr P exp(—cvxl_p) dz
n=2 n=2/n-1 (5.3)

o
:/ fym_pexp(—c*yxl_p) dzx.
1

Moreover, note that the integral transformation theorem proves for all v € (0, g] that
= > I4+-2 1
/ e eXp(_67$1_p) de = / v eaf eXP(_Cxl_p)V =r dx
1 71/(1_P)

o) 1 o)
< / x ’ exp(—ca:l_p) dx < / P dx + / exp(—cxl_p) dx (5.4)
0 0 1

= L + /00 exp(—cxl_p) dzx.

L—p 1
Furthermore, observe that the assumption that ¢ € (0,00) and the assumption that p € [0,1)
ensure that [~ exp(—ca'™?) dz < co. Combining this, (5.2), (5.3), and (5.4) establishes for all
v € (0, g] that

o0

1 o0
Z’yk:_p exp(—ey(k —1)'77) < 2g+ -5 +/ exp(—cz' ) dz < oo, (5.5)
-p 1
k=1
The proof of Lemma 5.1 is thus complete. O

Proposition 5.2. Assume Setting 4.11, assume for all x € M that rank((Hess f)(z)) =0 —n,
let G: R® — R satisfy for all x € U that G(z) = (Vf)(z), let x € M, p € [0,1), and let
097: Ny = R?, 0 € R?, v € R, satisfy for all@ € R, v € R, n € N that @g,'y =0 and

o = e0, — %G(e,7,). (5.6)

Then there exist r,s € (0,00) such that
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(i) it holds for all 6 € Vr/is, v E (O,min{[supyevamz A((Hess f)(y))]71,1}], n € Ny that
6, 7,8
0,7 € Viias
(1) it holds that infyeMmV/(jx [o((Hess f)(y))] > 0, and

r/2,s

(iti) it holds for all 6 € V47", v € (0, min{[SUPyevaﬁ,z A((Hess f)(y))]71,1}], n € Ny that

Ap(007) < exp (=5 [infennvyy, [o((Hess )] [0~ ) 2 (0)  (5.7)

(cf. Definitions 3.8 and 4.8).

Proof of Proposition 5.2. Note that Proposition 4.10 and Lemma 4.13 prove that there exist
r,e,¢ € (0,00) which satisfy V[ C U, which satisfy

Vite = {v € Pat: [z = 2m@)Il < 1), (ly = 2ma(®)]| < 9)] }, (5.8)

and which satisfy for all y € VXAEJ: that

I(VF)(y) — (Hess f)(zm@)(y — 2m@)Il < e(Lpm(y))? (5.9)

(cf. Definition 4.3). In the following let x € R satisfy k = infye/vmv/(jm [o((Hess f)(y))]. Observe

that the fact that U > y — (Hess f)(y) € R**? is locally Lipschitz continuous and the fact that
the eigenvalues are continuous functions of a matrix (cf., e.g., Kato [30, Section 2.5.1]) prove that
k > 0. Next note that the fact that Vj\"/f is compact and the fact that Uy~ (Vf)(y) R
is continuously differentiable demonstrate that there exists ¢ € (0,00) which satisfies for all
Yy € VM,x that

VAW = 1(VH@) = (VM) < clly = 2m @)l = cdm(y) (5.10)
(cf. Definitions 2.5 and 4.2). In the following let € € (0, c0) satisty for all v € (0, 1] that

Z'yk eXp( s (ks — 1)1—0) <e (5.11)
(cf. Lemma 5.1), let s € (0,00) satisfy
K T
= 7 S 12
o mm{2c 2(2 + c€)’ } (512
let 6 € VL{?;S and vy € (O,min{[supyeMmV&s A((Hess f)(y))] !, 1}] be arbitrary, and let 7 €

NU {oo} satisfy 7 = inf{n € Ny: 057 ¢ Vii.}- Observe that the fact that for all n € NN (0, 7]
it holds that ©%7 € Vi, Proves that for all n. € NN (0, 7] we have that

A7) <1077 = 2m(©77)l]
= |02, - 2m(@02) - (v

(5.13)
< |00 — 2m(©07)) = Fh(Hess £)(um(©771))(€77 pme“ Dl
5| (Hess 1) (zam(©77))) (007, = 2w (6071) = (V)(©02,)].
Combining this, Proposition 4.12, and (5.9) demonstrates for all n € NN (0, 7] that
Am(077) < (1= 53)dpm(077)) + S(4am(6,7))). (5.14)
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This, the fact that for all n € NN (0, 7] it holds that dM(@fl’jl) < s < &, and (5.12) imply
that for all n € NN (0, 7] it holds that

Am(077) < (1= 325) dm(€77)). (5.15)

n—1

By induction, we therefore obtain for all n € NN (0, 7] that

a’M(Gﬁ’”) < [HZ:I( 2kﬂ)]d-M(0)' (5.16)

Next note that the assumption that v < [supyeMﬂv&s A((Hess f)(y))]™! < k! shows for all

k € N that 5% € (0,1). This and the fact that for all w € (0,1) it holds that In(1 —u) < —u
prove that for all n € N we have that

([T (1= 5)] =Xhoi (I = 55) < —F X4 kP <=5 [Ju?du= 2(fzp)”17p'
(5.17)
Combining this with (5.16) demonstrates for all n € NN (0, 7] that
(957 < exp(— 5 2n! 7 ) (). (5.18)

It only remains to show that 7 = co. Observe that (5.10) assures for all n € NN (0, 7] that
0 0 c 0,
1057 = 521 = ZIVAO)I < Fdm(9,7) (5.19)

This, (5.18), the fact that v < 1, (5.11), and the triangle inequality establish for all n € NN (0, 7]
that

1007 6 < 3" vk exp( 52y (O — D) a0

h=1 (5.20)

< 0327k exp( 50T Wp) (k — 1)1—,0) < esC.

Combining this with (5.18), (5.12), and the triangle inequality proves for all n € NN (0, 7] that

l2rm(057) = 2 (O)| < €an(O77) + 1057 — O]l + & ()

5.21
<s(2+c€) < 3. ( )

Furthermore, note that the assumption that 6 € VX/{%;S

which satisfies that 6 € VT/ 2-0s Hence, we obtain for all n € NN (0, 7] that 0% € V/Cl_i’s.
This implies that 7 = co. The proof of Proposition 5.2 is thus complete.

assures that there exists § € (0,00)

5.2 Convergence rates for GD in the training of ANNs

Theorem 5.3. Assume Setting 2.1, let N € NN [1,H|, p € [0,1), zo,21,...,ZN,Q1,02,...,
ay € R satisfy a = 29 < 21 < -+- < &y = b, assume for all i € {1,2,...,N}, x € [z;—1, xi]
that f(x) = f(zi—1) + ai(z — 2i—1), let © € R satisfy

D =1+|f(a)l+ (1 +2maxjeq12,. myloy])(|al + [b] + 1), (5.22)
and let ©97: Ny — R?, 0 € R?, v € R, satisfy for all € R®, v € R, n € N that @g” =0 and
0% =0l — 1ge’). (5.23)

Then there exist ¢,& € (0,00) and a non-empty open U C (=D,D)° such that for all § €
U, v € (0,((3N + 1)(249° + 16ND7)(sup,e(ay p(2)) ], n € No it holds that L(O)7) <
Cexp(—cynl=r).

37



Proof of Theorem 5.3. Throughout this proof let M C R? satisfy M = {0 € R*: £L(0) = 0}.
Observe that Corollary 3.10 proves that there exist £ € NN [1,0) and an open U C (—D,D)°
which satisfy U C U, which satisfy that £|y is twice continuously differentiable, which satisfiy
for all & € U that A((Hess£)(6)) < (3N + 1)(24D° + 16N©7)(supx€[a’b]p(:n)), which satisfy
that (Hess £)|y is locally Lipschitz continuous, which satisfy that M N U is a non-empty k-
dimensional C2-submanifold of R?, and which satisfy for all # € MNU that rank((Hess £)(0)) =
0 — k. Combining this, Lemma 4.15, Proposition 2.12, Lemma 4.9, and Proposition 4.10 with
Proposition 5.2 shows that there exist m € M NU, ¢ € (0,00), V,V € {A CU: A is compact}
such that

(i) it holds that m e V° CV C V,
(ii) it holds for all # € V that &y (0) = € mrvny(0), and
(iii) it holds for all § € V, v € (0, min{(supye ¢y, A((Hess £)(9))) 1, 1}], n € Ny that ei e
V and Zar(077) < exp(—eyn' =) piew (6)
(cf. Definitions 2.5 and 4.1). In addition, note that

supye vy A((Hess £)(9)) < supyey A((Hess f)(0))

5.24
< (3N + 1)(24@5 + 16N®7) (supxe[a?b] p(z)). (5.24)

Furthermore, observe that the fact that L]y is twice continuously differentiable implies that
there exists € € (0,00) which satisfies for all ,9 € V that |£(0) — L(¥)| < |6 — IJ||. This
ensures that for all § € V°, v € (0,((3N + 1)(16D° + 8N®7)(supx€[avb] p(x)))~Y, n € Ny we
have that

L(087) = infye mrunv|L£(057) — L(W)| < €[ infgeprunv]|©F7 — V]

5.25
= ¢[dpmau(097)] < Cexp(—eyn' ") d v (6). (525)

The proof of Theorem 5.3 is thus complete. ]

5.3 Convergence results for GD with random initializations in the training

of ANNs
Corollary 5.4. Assume Setting 2.1, let N € NN [1,H], p € [0,1), o, z1,...,ZN,Q1,Q2,...,
any € R satisfy a = 29 < z1 < -+ < &y = b, assume for alli € {1,2,...,N}, x € [xj_1, %]

that f(z) = f(zi—1) + ai(x — 2z—1), let © € R satisfy
D =1+|f(a)l+ (1 +2max;eq 2. mylag)(|a] + 16 + 1), (5.26)

let (Q, F,P) be a probability space, let O5: Q — R®, v € R, n € Ny, be random variables, assume
for all v € R that ©] is standard normally distributed, and assume for ally € R, n € N, w € Q
that

O (w) =0, _1(w) = 7G(0,_;(w)). (5.27)
Then there ezist ¢, € € (0,00) such that for ally € (0, ((3N+1)(24©5+16N’}37)(supx€[a7b] p(x)) Y
it holds that P(Vn € Ny: £(07) < €exp(—cyn!=r)) > c.

Proof of Corollary 5.4. Note that Theorem 5.3 ensures that there exist ¢,& € (0,00) and a
non-empty open U C R? such that for all y € (0, (3N +1)(24D° + 16ND") (sup (. P(x))) '],
w € Q, n € Ny with ©J(w) € U it holds that

L£(0)(w)) < Cexp(—cyn'™*). (5.28)

Observe that the fact that U is a non-empty open set and the assumption that for all v € R it
holds that ©] is standard normally distributed imply that there exists § € (0, 00) such that for
all v € R we have that P(©] € U) > 6. This completes the proof of Corollary 5.4. O
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Corollary 5.5. Assume Setting 2.1, let N € NN [1, H|, g, 21,...,ZN,01,Q2,...,ay € R
satisfy a = zg < @1 < --- < &y = b, assume for all i € {1,2,...,N}, v € [z;_1,z;] that
flz) = f(zic1) + ai(z — zi—1), let © € R satisfy

D =1+|f(a)l + (1 +2max;eq o mylag))(lal + 16 + 1), (5.29)

let OF7: Q — R?, k,n € Ny, v € R, and kK0 — N, k,n € Ny, v € R, be random variables,
assume for all v € R that @/gﬁ, k € N, are independent standard normal random variables, and
assume for allk e N, v € R, n € Ny, w € Q that

Ok (w) = 057 (W) —1G(05(w)) (5.30)

and
k)7 (w) € argminge(1 . x5y L(05 (w)). (5.31)

Then it holds for all v € (0, ((3N + 1)(24D° + 16N@7)(supz€[a7b} p(x)))"Y that
lim inf o IP’(lim SUD;, 500 E(@gfﬂ’”) = 0) =1. (5.32)

Proof of Corollary 5.5. Throughout this proof let g € R satisfy g = ((3N 4 1)(24D° + 16 ND7)
(SUPpe[a,p) p(z)))~!. Note that Theorem 5.3 assures that there exist ¢, & € (0,00) and an open

U C (—9,D)° such that for all v € (0,g], k € N, w € Q, n € Ny with @g’v(w) € U it holds that
L(O%7(w)) < €exp(—cyn). Hence, we obtain for all v € (0,g], k € N, w € Q with @g"y(w) eU
that limsup,, .., £(OF7(w)) = 0. Next observe that (5.31) ensures for all K € N, v € (0, g] that

P(lim SUpP,, o0 £(@§‘w’7) = 0) > IP’(E ke{l1,2,...,K}: [limsup, L(0k7) = OD (5.33)

Furthermore, note that the fact that for all v € (0,g], k € N, w € Q with @lg’w(w) € U it holds
that limsup,, ,.. £(©%7(w)) = 0 shows that for all K € N, v € (0, g] it holds that

]P’(Hk €{1,2,...,K}: [limsup, ,.. L£(OF7) = o]) > IP’(Hk e{1,2,...,K}: 087 ¢ U).
(5.34)
In addition, observe that the fact that for all v € R it holds that @’S"y, k € N, are i.i.d. implies
that for all K € N, v € (0, g it holds that

P(sze{l,z,...,K}: @S’VEU) zl—P(Vke{l,Q,...,K}: ok ¢ (RD\U))

5.35
=1- [P(6F" € R\U))]". o)

Moreover, note that the fact that U is open and the fact that for all v € R it holds that @(1)”
is standard normally distributed prove that for all v € R it holds that P(@é"y € (RD\U)) < 1.
This and (5.35) demonstrate for all v € (0, g] that
nmian%OP(ak €{1,2,...,K}: 07 ¢ U) ~1. (5.36)
Combining this with (5.33) and (5.34) shows for all vy € (0, g] that
. . . kK,’y
lim 1anHOOIP’(hm SUP, 00 L(O5 ) = 0) =1. (5.37)

The proof of Corollary 5.5 is thus complete. O
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