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MESH-FREE INTERPOLANT OBSERVABLES FOR CONTINUOUS DATA
ASSIMILATION

ANIMIKH BISWAS, KENNETH R. BROWN, VINCENT R. MARTINEZ!

ABSTRACT. This paper is dedicated to the expansion of the framework of general interpolant observables
introduced by Azouani, Olson, and Titi for continuous data assimilation of nonlinear partial differential
equations. The main feature of this expanded framework is its mesh-free aspect, which allows the observa-
tional data itself to dictate the subdivision of the domain via partition of unity in the spirit of the so-called
Partition of Unity Method by Babuska and Melenk. As an application of this framework, we consider a
nudging-based scheme for data assimilation applied to the context of the two-dimensional Navier-Stokes
equations as a paradigmatic example and establish convergence to the reference solution in all higher-order
Sobolev topologies in a periodic, mean-free setting. The convergence analysis also makes use of absorbing
ball bounds in higher-order Sobolev norms, for which explicit bounds appear to be available in the literature
only up to H?; such bounds are additionally proved for all integer levels of Sobolev regularity above H2.
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1. INTRODUCTION

In recent years, several efforts have been made to develop a first-principles understanding of Data As-
similation (DA), where the underlying model dynamics are given by partial differential equations (PDEs)
[OT03, HOT11, BLSZ13, AOT14, COT19, SAS15, BOT15, BML18, MT18, IMT19, BFMT19], as well to
provide rigorous analytical and computational justification for its application and support for common prac-
tices therein, especially in the context of numerical weather prediction [ATGT17, FJT15, MTT16, ANLT16,
FMT16, FLT16a, FLT16b, FLT16c, GOT16, FLT17, FGHM™*20, JMT17, LT17, JMOT19, FJJT18, LRZ19,
HJ19, LP20, BBJ21, BBDLB21]. A common representative model in these studies is the forced, two-
dimensional (2D) Navier-Stokes equations (NSE) of an incompressible fluid, which contains the difficulty of
high-dimensionality by virtue of being an infinite-dimensional, chaotic dynamical system, but whose long-time
dynamics is nevertheless finite-dimensional, manifested, for instance, in the existence of a finite-dimensional
global attractor [CF88, FMRT01, Tem97]. Given a domain 2 C R?, the 2D NSE is given by

Ou+ (u-Viu=-Vp+vAu+ f, V-u=0, (1.1)

supplemented with appropriate boundary conditions, where u represents the velocity vector field, v denotes
the kinematic viscosity, f is a time-independent, external driving force, p represents the scalar pressure field.
The underlying ideas in the works above, though originally motivated in large part by the classical problem
of DA, that is, of reconstructing the underlying reference signal, has since been extended to the problem
of parameter estimation; we refer the readers to the recent works [CHL20, CHL*22, Mar22] for this novel
application.

Central to the investigations of this paper is a certain algorithm for DA which synchronizes the approximat-
ing signal produced by the algorithm with the true signal corresponding to the observations. The algorithm
of interest in this paper is a nudging-based scheme in which observational data of the signal is appropri-
ately extended to the phase space of the system representing the truth, (1.1). The interpolated data is then
inserted into the system as an exogeneous term and is subsequently balanced through a feedback control

emails: abiswas@umbc.edu, kbr@ucdavis.edu, vrmartinez@hunter.cuny.edu’ corresponding author.
First published in Annals of Applied Mathematics in 2022, published by Global Science press.

1


http://arxiv.org/abs/2108.05309v2

2 ANIMIKH BISWAS, KENNETH R. BROWN, VINCENT R. MARTINEZ'

term that serves to drive the approximating signal towards the observations. In particular, we consider the
approximating signal to be given as a solution to the system

O+ (v Vv =-Vg+vAv+ f — p(Ipv — Iyu), V-v=0, (1.2)

where u represents a solution of (1.1) whose initialization is unknown, I u represents observed values of the
signal wu, appropriately interpolated to belong the same phase space of solutions to (1.1), h quantifies the
spatial density of the observations, and p is a tuning parameter, often referred to as the “nudging” parameter.
The algorithm then consists of initializing (1.2) arbitrarily and integrating it forward. The remarkable
property of (1.2) is that although the feedback control —u(I,v — Iu) only enforces synchronization towards
the observations, full synchronization of the signals v and u is nevertheless asymptotically ensured. Indeed,
this property is conferred through a nonlinear mechanism, referred to as a Foias-Prodi property of determining
values in the context of the 2D NSE, that is inherent to the system itself [FP67, JT92b, JT92a, FT84, CJT97];
this mechanism asymptotically enslaves the small scale features of the solution to its large scale features in the
sense that knowledge of the asymptotic convergence of the large scale features of the difference of two solutions
automatically imply asymptotic convergence of its small scale features as well. Morally speaking, any system
which possess this property “asymptotic enslavement” of small scales to large scales would guarantee the
success of the nudging-based algorithm.

The “nudging algorithm” was originally introduced by Hoke and Anthes in [HA76] in 1976, for finite-
dimensional systems of ordinary differential equations. In a seminal paper of Azouani, Olson, and Titi
[AOT14], this nudging scheme was appropriately extended to the case of partial differential equations via the
introduction of the “interpolant observable operator,” denoted by I above. There, it was shown that for
t, h > 0 chosen appropriately, that v and u asymptotically synchronize in the topology of H'(Q2), that is, in
the topology of square-integrable functions with square-integrable spatial derivatives. On the other hand, it
was observed in the computational work of Gesho, Olson, and Titi [GOT16] the convergence, in fact, appeared
to be occurring in stronger topologies, for instance in the uniform topology of L>°(€2). This phenomenon
was analytically confirmed in [BM17] in the setting of periodic boundary conditions, where the observational
data was given in the form of Fourier modes. In this setting, it was furthermore shown that synchronization
occurs in a far stronger topology, that of the analytic Gevrey topology, which is characterized by a norm
in which Fourier modes are exponentially weighted in wave-number, provided that sufficiently many Fourier
modes are observed. A distinguished property of this norm is that its finiteness identifies a length scale
below which the function experiences an exponential cut-off in wave-number, and thus, can be reasonably
ignored by numerical computation. In the context of turbulent flows, this length scale is known as the
dissipation length scale and is directly related to the radius of spatial analyticity of the corresponding flow
[FT89, Kuk98, FMRT01, BJMT14]. Hence, the result in [BM17] rigorously established that the nudging-
based algorithm synchronizes the corresponding signals all the way down to this length scale.

The case of other forms of observations, e.g., volume element, nodal values, etc., was not, however, treated
in [BM17]. One of the central motivations of this paper is to therefore address these remaining cases. In order
to do so, we develop a modest, general analytical framework in the spirit of [AOT14] that ultimately allows
one to demonstrate higher-order synchronization for the nudging-based algorithm, namely, beyond the H'—
topology, and in particular, any L?-based Sobolev topology. This framework accommodates a significantly
richer class of interpolant observable operators based on the notion of a local interpolant observable operator,
which effectively allows one to use any mode of observation within any local region of the domain. These
local interpolants are then made global by introducing a smooth partition of unity that allows one to patch
the various observations across the domain and interpolate them appropriately into the phase space of the
system. Although partitions of unity were already considered in several previous works for the nudging-based
algorithm [AOT14, BOT15, JMT17, JMOT19], the partitions of unity used there were fixed and explicit,
while in this work, we directly introduce the partition of unity as an additional parameter. Indeed, the
most attractive feature allowed by the framework developed here is that it liberates the observations from
the situation conceived in [AOT14] of being constrained by a given distribution of measurement devices
across the domain. Moreover, the possibility of having different spatial densities of measurements across the
domain is also accommodated by this framework. This, of course, corresponds to the situation where more
spatial measurements are simply available in one region of the domain compared to others. We note that this
construction is akin to the “Partition Finite Element Method” introduced by Babuska and Melenk [BM97],
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where finite element spaces were generalized to be “mesh-free” in an analogous way via partition of unity, thus
imbuing them with a greater flexibility. We also refer the reader to the recent results [BBJ21] and [JP21]. In
the former work, the efficacy of the nudging-based algorithm in the situation of having observations available
only in a fixed subdomain is assessed. The latter work studies higher-order interpolation using finite-element
interpolants over bounded domains and the solution produced by the subsequent nudging-based algorithm is
compared to solutions obtained by direct-numerical simulation from a semi-discrete scheme.

In Section 2, we introduce the functional setting in which we will work throughout the paper. Note that
we will work exclusively in the periodic setting; the case of other boundary conditions will be treated in a
future work. In Section 3, we introduce the notion of “local interpolant observable operators” and construct
a “globalization” of them via partition of unity. Their approximation properties are subsequently developed
and several nontrivial examples are provided (see Section 3.1). We point out that due to the amount of
flexibility allowed by this construction, a significant portion of this work is dedicated to organizing its salient
properties and ultimately identifying the combinations of interpolating operators that ultimately ensure
well-posedness of the nudging-based algorithm and the important synchronization property described above.
Rigorous statements of the main results of the paper are then provided in Section 4 followed by several
remarks. In order to clarify the detailed relation between the structure of the interpolant operators and the
system, we introduce hyperdissipation into the system. Of course, all of our results contain the original,
non-hyperdissipative case. In fact, a key feature of the results is that synchronization in higher-order Sobolev
spaces can be guaranteed under essentially the same assumptions on u, h as were made in [AOT14], i.e.,
the assumptions exhibit the same scaling in g, h. In Section 4, we further identify alternative structural
assumptions one can make on the interpolation operators that allow one to consider different families of
operators that ultimately lead to the synchronization property (see Definition 3.7). The proofs of the main
statements are provided in Section 5. We point out that in order to properly quantify the assumptions
on i, h required by the analysis to guarantee higher-order convergence, it is crucial to identify absorbing
ball estimates with respect to the corresponding higher-order norms. This is captured in Theorem 4.1,
which properly generalizes the bounds obtained in [DFJ05] for the radius of the absorbing ball of (1.1) with
respect to the H2-topology. Finally, various technical details related to well-posedness (see Appendix A) or
regarding the various aforementioned examples introduced in Section 3.1 (see Appendix B and Appendix C)
are relegated to the appendices.

2. MATHEMATICAL PRELIMINARIES

The functional setting throughout this paper will be the space of periodic, mean-free, divergence-free
functions over T? = [0, 27]?. More precisely, let Bpe,(T?) denote the Borel measureable functions over T2,
which are 27-periodic a.e. in each direction z,y. We define the space of 2m-periodic, square-integrable
functions over T2 by

L*(T?) := {¢ € Bper(T?) : [|¢llz2 < 00}, [[9]|72 = /Tz |6(2)[*dz. (2.1)
For each k > 0, we define the inhomogeneous Sobolev space, H*(T?) by
HY(T%) :={¢ € L*(T?) : ¢l gr < o0}, (|67 := D 0772 (2.2)
lo| <k

The homogeneous Sobolev space is defined as
HM(T?) = {¢ € LX(T?) : | ll e < o0} I6lF == D 1190120 (2.3)
|| =k

By the Poincaré inequality, the topologies induced by (2.2) and (2.3) are equivalent. In particular, we have
< Hdlar < Nellge < N6llans (2.4)

for some universal constant ¢ > 0. Also observe that when k = 0, we have L?(T?) = H°(T?) = H(T?).
Lastly, let us recall the elementary fact that each element in the homogeneous Sobolev space can be identified
with a mean-free function belonging to the inhomogeneous Sobolev space (see [BO13]). We will henceforth
assume that each element of H* (T?) is mean-free over T2.
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We additionally incorporate the divergence-free condition by defining, for each k& > 0, the solenoidal
Sobolev spaces. Note that due to (2.4), it will suffice to consider only the homogeneous counterpart. In
particular, let us define

HF(T?)? .= {v e H¥(T)? : V-v = 0}. (2.5)

Throughout the paper, we will often drop the notation, T2, for the domain when referring to the spaces
L%(T?), H*(T?), or H*(T?). Also, since the solenoidal distinction, o, always refers to planar vector fields,
we will simply write H* instead of (H¥)?2.

To analytically study (1.1), it is customary to project (1.1) onto divergence-free vector fields and consider
Hf; as the phase space of the resulting system. To do so, we introduce the Leray projection, P, : (L?)? —
(L2)%, where (L2)? denotes the space of L?~vector fields, v, such that V-v = 0 in the distributional sense,
through its Fourier transform by

ﬁ;mk):;[%ﬁ(k)—#kjwk) L kez?\ {0}, 26)

and EU(O) = 0. We will consider a “hyperdissipative” perturbation of (1.1), which, for p > 0 and v > 0, is
given by

ou — vAu + (=AY Ty + P, (u-Vu = Py, f, P,u=u, (2.7)

where (—A)? denotes the operator defined by (—/A?gb(k) = |k[29¢(k), whenever k ¢ Z? and q > 0. We point
out that while this modification of Navier-Stokes is not physical, it is common practice to consider v,p > 0
in order to help stabilize numerical simulations. We consider this form of the dissipation in order to highlight
the role of the dissipation in establishing the synchronization property of the nudging-based scheme at higher
levels of Sobolev regularity. The corresponding nudged system is then given by

O — vAv + (=AY + Py (v- Vv = P, f — uPy I (v —u), Pyv=v. (2.8)

Given a solution u of (2.7) or solution v of (2.8), the pressure field may then be reconstructed up to an
additive constant [CF88, Tem01]. For the remainder of the manuscript, we will consider the study of the
coupled system (2.7), (2.8). Note that, as with the Sobolev spaces, we will also abuse notation by writing
(L2)? simply as L2.

The global well-posedness of (2.7) in H* and the existence of an absorbing ball in the corresponding
topology are classical results and can be found, for instance, in [CF88, FMRTO01, Tem0O1]. When k = 2,
the sharpest estimate for the radius of the absorbing ball is established in [DFJ05, Theorem 3.1]. To state
them, let us also recall the Grashof number, G, corresponding to a given time-independent external forcing,
f, which is defined by

1P
VQ/\l ’

where A1 is the smallest eigenvalue of —A. Since the side-length of the spatial domain has been normalized
to have length 27, we see that \; = 1. In particular, G is a non-dimensional quantity. Let us also define the
following shape factors of the forcing. For k£ > 0, We define the k—th order shape function of f by

Pa Tk
O 1= 120 e (2.10)

B ||Pof||L2 '

G: (2.9)

Observe that o, > 1.

Proposition 2.1. Letv,p > 0. Given k> 1, let f € Hfj_l and ug € Hfj There exists a unique u satisfying
(2.7) such that for all T > 0, u € C([0,T]; H¥) N L2(0,T; H**') and 4 € L*(0,T; H¥='). Moreover, there
exists to = to(uo, f) such that

[[w()]| a1

<2 2.11
L < a6, (211)



MESH-FREE INTERPOLANT OBSERVABLES FOR DATA ASSIMILATION 5

for allt > tg. Moreover, if k > 2, then
Au(t
7” ug/)HL? < cz(ai/z + G)G, (2.12)

for some universal constant co > 0.

Lastly, let us recall the result proved in [AOT14], where synchronization in the H ! topology is shown for
general interpolant observable operators, I, satisfying certain boundedness and approximation properties.
For this, let us denote the H!-absorbing ball for (2.7) by

B, = {v € 1Y oll < \/§G} . (2.13)
Moreover, assume that I}, is finite-rank, linear, and satisfies either
6 = IndlZ2 < cxh®|| @l + c2h|@ll%. (2.14)
or
16— Indll2 < cllgll g (2.15)

Although it was only proved for the unperturbed case, v = 0, i.e., without hyperviscosity, we point out that
the analysis of [AOT14] still applies to the v # 0 case without any difficulty whatsoever.

Theorem 2.2. Given v,p > 0, f € L?, and ug € By, let u denote the unique solution corresponding uo, f
guaranteed by Proposition 2.1. Given vg € H}, there exists a unique, v, satisfying (2.8) such that for all
T>0,veC(0,T); HL) N L*(0,T; H*) N L*(0,T; H**P) and dyv € L?(0,T; L?) provided that u, h satisfy

h2
ol <1, (2.16)
124

for some universal constant co > 0. Moreover, one has
lo(t) = w(®)l| 2 < =2 lvo — ol (2.17)
provided that p additionally satisfies
> cpr(l +log(l+ GQ))G, (2.18)
for some universal constant cf > 0.

In the next section, we expand upon the framework of general interpolation observable operators considered
in [AOT14] in order to accommodate approximation in higher-order Sobolev topologies. The specific examples
of piecewise constant interpolation, volume element interpolation, and spectral interpolation constitute the
original inspiration for the identification of properties (2.14) and (2.15). The framework developed here
introduces an additional degree of flexibility for interpolating the data that not only realizes these three
examples as special cases, but generates a wealth of new examples that were not treated in [AOT14].

Remark 2.3. Note that we choose to work in the dimensionless domain, T2, rather than [0, L)?, for the sake
of convenience. Because of this choice, derivatives and domains are ultimately dimensionless. In particular,
throughout the paper velocities and viscosities carry only the physical units of (time)~t. One may, of course,
re-scale variables accordingly to introduce a length scale commensurate with the linear size of the spatial
domain. In doing so, all physical quantities will then recover their appropriate dimensions.

3. LocAL INTERPOLANT OPERATORS AND GLOBALIZABILITY

In [AOT14], a general class of interpolant operators was introduced that could be used to define the
nudging-based equation (2.8) and ultimately establish asymptotic convergence of its solution to the corre-
sponding solution of (2.7) in the topology of L? or H'. One of the main contributions of the present article
is to identify a very general class of interpolant operators that allows one to ensure convergence in a stronger
topology. In particular, we introduce a class of interpolant operators that generalizes the class introduced in
[AOT14] in such a way that accommodates higher-order interpolants by introducing an additional layer of
flexibility in their design. When a collection of them are defined locally, subordinate to some open covering
of the domain, and they satisfy suitable approximation properties, the family can then be patched together
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to form a global interpolant; this is one of the main constructions in this paper and is very much akin to the
so-called Partition of Unity Method introduced by Babuska and Melenk in [BM97].

In what follows, we develop basic properties of this more general class of interpolating operators. Firstly,
we introduce the notion of a local interpolant operator corresponding to a given subdomain of a given order
and level. We then demonstrate how to “globalize” the construction to the entire domain via partition of unity
subordinate to a given covering by subdomains. The main difficulties that arise in doing so are due to the
fact that at each subdomain, different interpolant operators can be specified, namely, ones that correspond
to different orders and levels. We must therefore systematically develop terminology that distills their salient
properties and ultimately allows one to differentiate among the various possibilities of the construction. Then
in the local-to-global analysis, the structure of the constants associated to each local interpolation operator
must be carefully tracked.

We begin by introducing the notion of a “@-local interpolation observable operator,” (I.O.0.) where @
represents a given subdomain of T2. Note that in the following definition, H*(Q) or HF (@) need not subsume
any boundary conditions as it did in the case @ = T? that we defined earlier; to distinguish between periodic
boundary conditions, we will make use of the notation H;]fer (Q). When Q = T?, we maintain the convention
of dropping the dependence on the domain, e.g., H* = H*(T2?). Throughout this section, we will refer to
any subset of Q C T? that is bounded, open, and connected as a subdomain of T2,

Definition 3.1. Let m > 0 and k > m+1 be integers. Let Q C T? be a subdomain and denote h = diam(Q).
We say that I is a Q-local 1.0.0. of order m at level k if I? is defined on H*(Q), linear, finite-rank,
and whose complement, Id — I2, for all 0 < £ < m, satisﬁes

16 = 196]1 %) < Z i T2 R 0N ) (3.1)
Jj=1

for some non-negative constants e, j(I9). We will refer to the constants given by {es ;(I?)} as the constants
associated to I?. We say that IS interpolates optimally at level k over Q if I is also a Q-local
L.0.0. of order k' — 1 at level k', for all 1 < k' < k. In this case, for all 0 < £ < k' — 1, we have

16— 1913 gy < 0t (TH*F 1820 . (3:2)

for all 1 < k' < k. We say that I9 is a Q-local I1.0.0. of order m at all levels if (3.1) holds for all
k> m+1; in this case, we also say at level k = 0o

Given a bounded, open, connected set, (), with finite diameter, h = diam(Q) > 0, we recall [BS08, Lemma
4.5.3] that since @-local 1.0.0.’s have finite rank, the following inverse inequality always holds for all such
operators of order m at level k:

119 ey < ch” ~HT90| oy, forall 0 <€/ <l <m, (3.3)
whenever ¢ € H¥(Q), for some constant ¢ > 0, depending on ¢, k, but independent of h.

Remark 3.2. Observe that if I9 is an m~th order local 1.0.0. at level k, then it is also a local 1.0.0. of
order m at level k', for all k' >k, as well as a local 1.0.0. of order m’ at level k, for all m’ < m. Indeed,
one can simply “de-alias” the matriz induced by the associated constants by setting the additional associated
constants to simply be zero. On the other hand, one can also identify a canonical representative for a
Q-local 1.0.0. by letting mo be the largest integer m such that sup; €m,;(Q) > 0 and ko be the smallest integer

k such that supy ep iy = 0, for all k' > k. In this case, we may set I° = Irgo,ko without any ambiguity. It will
be convenient to exploit the flexibility in the terminology later on (see Lemma 3.10).

Remark 3.3. We will always associate an 1.0.0. to a subdomain Q. It will thus be more convenient to denote
the associated constants of I9 simply by €, ;(Q), rather than e ;(I?). This convention will be enforced after
Definition 3.9 below.

A key object in this paper is the patching together of a family of local interpolant operators to form a
global one. This is done via partition of unity. Given k£ > 2 and a covering @ = {Q,} by subdomains
C T2, let us fix any family of functions ¥ = C C* satisfyin
q y q5q ying

(P1) for each g, 14|q, = 1 and supp 1, C Qq, for all ¢, where Qq =Qq + B(0,4,), for some ¢, € (0, 27);
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(P2) there exists an integer w9 > 0 such that for all g, Qq N Qq, # @ for at most my many ¢’;

(P3) >, ¥q(x) =1, for all z €

(P4) for all 0 < ¢ <k, there exists ¢, > 0 such that sup),—||0%9g[[ 1= < cehg ) where hy = diam(Qq);
(P5) there exists § > 0 such that whenever supp ¢, Nsupp ¢,y # &, one has § 1h, < hy < dh,.

We refer to (P5) as the d—adic condition. Indeed, this condition implies that all “neighbors,” Qg4 , of Q4
have diameters equivalent to @, up to the fixed multiplicative factors §, 1. We will refer to ¥ as a j—adic,
C*—partition of unity subordinate to Q. If ¥ additionally satisfies ¥ C C*°(Q) and (P4) holding for
all k, then VU is a d—adic, C°°—partition of unity. For the majority of the manuscript, it will be assumed
that ¥ satisfies (P1)—(P5), so we will simply refer to ¥ as a partition of unity. Lastly, it will also be useful
to have additional control on the diameters in the covering. For this, we say that Q is a uniform cover at
scale h if there exists h > 0 such that §h < hy < §71h, for all q.

Before proceeding to define a global interpolant operator, let us establish two useful facts which are con-
sequences of the various partition of unity assumptions. In particular, for the moment, we do not necessarily
assume that U satisfies every property (P1)—(P5).

Lemma 3.4. Let {f,}, C L*(Q). Suppose that {1+, C L>=(Q) satisfies (P2) and (P5), and ||1bg||p~ <
A(hg), for all g, for some monotonic, homogeneous function A : [0,00) — [0,00) of degree p. Then

2

/Q S @) fy(@) | dr < Nmaxts, 612 30 A2 o2y v (3.4)

q

Proof. By the Cauchy-Schwarz inequality, it follows that
9 1/2 1/2

i X X "\ $2ZL' i 1\ /(E2(E
/Q?M Valw) | < g/ﬂwq( g ()] fa ()% %/qu( ) [t ()| f (2)2d

<> > oqrllzee | 112 fll 20
q

supp ¢qNsupp ¥ #J

N (max{§,5 })* Z)\ ||quL2 (supp ¥q)°

where we applied (P2), (P5), and the boundedness hypothesis of the 1, in obtaining the final two inequalities.
O

Lemma 3.5. Let ¢ € L'(Q) such that ¢ > 0. Suppose that ¥ satisfies (P1)—(P3). Then
e OIS ETEES Sy A (35)
5T, e a7

where o s the constant from (P2).

Proof. Let N, denote the set of indices, ¢/, such that Q N Qq # . Observe that since Qy C Q /, we have
from (P2) that #(N,) < N, for all ¢. Since Q is a cover of €, it follows that Q C Uyen, @q- Since ¢y =1
on Qg by (P1), we deduce

) / o<y Y [ RECIEED D DOty /Q by )ola)ds

q q'ENG QyNQ,

Since >, X, (¢) < #(Ny) < mo, for each ¢, we may conclude from (P3) that

X [, e )iz <7 [ ofa)da
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On the other hand, since Q is a cover of 2 and @y C Qq by (P1), it follows that

JREZEDS /Q ECZE)S /Q o(a)dr,

which completes the proof. g

Remark 3.6. Partitions of unity satisfying (P1)-(P5) were constructed in [AOT14, BOT15, JMOT19].
There, a collection of augmented squares overlapped in a regular manner to cover the domain multiple times;
one may refer to this property as having “finite partition multiplicity.” In general, the collection of open sets
to which a partition of unity is subordinate, need not satisfy this property. Indeed, let us formally introduce
this notion as follows:

Definition 3.7. Let Q = {Qq}q be a covering of Q by bounded, open, connected subsets. We say that Q
has partition multiplicity, M > 0, if there exists an integer, M > 0, and subcollections Qq,...,Qn C Q

such that Uj\il Q; =09, UQer Q=0Q, and |QNQ'| =0, for all Q,Q"' € Q;, for all j =1,..., M, where Q
denotes the closure of Q.

Lemma 3.8. Suppose Q is a covering of Q with partition multiplicity M. Then

1
M%Lqﬁ(m)dwﬁ/{)ﬂx)dwﬁ Z ‘/Qqﬁ(x)d:t, (3.6)

QeQ;
for all ¢ € LY(Q) such that ¢ >0, and for all j =1,... M.

Proof. Let Q1,...,Qu denote the M subcollections of Q that each cover €2 and each of whose respective
elements can overlap only on sets of zero Lebesgue measure. Observe that for all j =1,..., M, we have

JREZEDS /Q o(x)da,

QEQ;

which implies the upper bound. Now, upon averaging in j and applying Fubini’s theorem, we arrive at

1 & 1 al
Jomiz=53 % | ola)de = 373 /. oa)ir 3 xe,(Q)

J=1QeQ;
Since ¢ > 0 and Y17 xo,(Q) > 1, it follows that

/Q Sa)dr > ZQj /Q o(w)de,

which produces the lower bound, as desired. O

We therefore see that the first inequality of Lemma 3.5 already follows from the assumptions (P1)-(P5)
(see Lemma 3.5). Indeed, property (P2) basically asserts a type of “local multiplicity,” whereas a cover with
finite partition multiplicity is a form of “global multiplicity.” In contrast, the assumptions on ¥ allow for
the possibility of having an infinite open covering in the case of a general bounded domain, i.e., bounded,
open, connected subset of the plane. Indeed, if 2 is a disk centered at the origin, then the open covering
gwen by a small disk centered at the origin followed by consecutively overlapping concentric open annuli with
geometrically decreasing length, appropriately proportional to the radius of the disk, provides such an example.

Let us now define a global interpolant operator. For convenience, whenever we refer to a partition of unity,
we will specifically consider ones of the type described above, that is, satisfying (P1)—(P5).

Definition 3.9. Given a covering, Q = {Qq}q, of Q by bounded, open, connected subsets with hy = diam(Qy),
we say that the family, T = {I(‘Z)}q, of local 1.0.0.’s is subordinate to Q if for each q, I'9 is an mq—th
order Qq—local 1.0.0. at level ky, for some integers mq > 0 and kg > mq + 1. We furthermore say that the
family is Q—uniform if the associated constants of each I'9 € T satisfy SUP, SUPg< <k, 1 €0,j(Qq) < 00, for
each 0. We say that T is an (m,k)—generic family if there exist m > 0 and oo > k > m + 1 such that
m =mgq and k = kg, for all q.
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Given m >0 and m+ 1 < k < 0o, we say an operator L, i is a (Z,V)g—subordinate global 1.0.0. of
order m at level k if there exists a Q-subordinate family, T, of 1.0.0.’s, and Q-subordinate C* —partition
of unity, ¥, such that m < inf,mgy and k > sup, kq, and

(In 1) (x qu YT Dpg)(x), x€Q, (3.7)

whenever ¢ € ﬂq H*4(Q), where ¢q = ¢|Q .
q

Note that when the associated partition of unity is clear, we will simply say that I,,  is the Z-subordinate
global 1.O.0. with associated covering Q. On the other hand, in light of the “dealiasing” procedure described
in Remark 3.2, we see that if I,,, ; is an (Z, ¥)g-subordinate global 1.0.0., then each 19 € T is an m-th
order 4-local 1.O.O. at level k such that m < inf,m, and k > sup, k,. In particular, we immediately
deduce the following fact.

Lemma 3.10. Let m,k > 0 be such that k > m + 1. Every (Z, V) g —subordinate global I. O.O.Nof order m
at level k may be realized as an (Z,¥)g—subordinate global 1.0.0. of order m at level k, where I is (m, k)—
generic. In particular, we may choose m = infymg and k = sup, kq, where (mq, kq) denotes the order and

level associated to the canonical representative of I(9)

Without loss of generality, we may therefore always assume that any global 1.0.0., I, 1, derives from
an (m, k)—generic family Z of local 1.0.0.’s. Now, as a consequence of Definition 3.1, the properties of the
partition of unity, and (3.7), we have the following.

Proposition 3.11. Let m,k > 0 be integers such that k > m+ 1. Let L, i be an (Z,¥)g—subordinate global
L.0.0, where T is (m, k)-generic, and Q@ = {Qq}, denotes the associated covering. Then there exist constants
{e0,;(Qq)}q such that for all0 < <m

k
16— Tnidlfe <Y Y eei@Q)*h9 N6l q,) (3:8)

j=1 q

for some constant ¢ > 0, independent of h, and where €, ; can be specified as

=

j—
€0, Qq ZEZJ i Qq ) (39)

1=0

where €; ;(Qq) are the constants associated to I e I. On the other hand, if I'9 interpolates optimally over
Qq (at level k), for all q, then for all1 <k’ <k and 0 <{<Fk —1

6~ Ll < 3 2w (@R =6l g (3.10)
q
where
o (Qq)? = Z eik—i(Qq)*. (3.11)
i<t

Proof. Since W is a partition of unity, observe that

$(x) = I k(x qu — 19D g(x)).

Let « be a multi-index such that |a| = ¢, where 0 < £ < m. It then follows from the Leibniz rule that

0% — Im i) = D > ap0* Pihy(x)0° (¢ — I ).

q B<a
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Upon taking absolute values, squaring both sides, integrating over 2, summing over || < ¢, then applying
(3.1), (P4), and Lemma 3.4 (with ¢, = 0°~P1,), we obtain

¢ = T gl <c Y caBZhQ“ o =TVl 3010, (3.12)
[BI<]e|
< CZZZhQ(lJﬂ E)e 2% Qq) ||¢HH1+J(Q
q i</t j=1

_sz Z h2] Zez,] i Qq) ||¢HHJ(Q

q 1<l j=i+1

where we shifted indices to obtain the last inequality. Finally, changing the order of summation yields

6 Lukol, <e3Y (1250205010 ) (3.13)

Jj=1 q
which is (3.8).
On the other hand, if I,,, = I} interpolates optimally, then for 1 < k' < k and 0 < ¢ <k’ — 1, we apply
(3.2) in (3.12), then (P4) and Lemma 3.4, as before, to obtain

16 = 1ol < e | S eiw-i@a)® | D610 -

q i<t
which is (3.10), as desired. O
In light of Proposition 3.11, we may define the following terminology.

Definition 3.12. Let I, be an (Z,¥)g-subordinate global I1.0.0. such that T is (m,k)—generic. We say
that I, i, is Q—uniform if T is a Q-uniform family. If I, i is Q-uniform and Q is a uniform cover at scale
h, then we say that I, 1 interpolates uniformly at scale h. If I9 e T interpolates optimally over Qq at
level k, for all g, then we say I, ) interpolates optimally and denote it simply as Ij.

From Definition 3.1 and (3.7), one also easily obtains as a corollary to Proposition 3.11 and Lemma 3.5,
the following interpolation error estimates for various special cases.

Corollary 3.13. Let m,k > 0 be integers such that k > m + 1. Let I, be an (Z,¥)g-subordinate global
L.0.0, where T is (m,k)—generic, and Q = {Qq}, denotes the associated covering. If I, is Q-uniform,
then for all0 < ¢ <m

16— Tl < cz% S o, (3.14)
If Q is a uniform cover at scale h, then for all 0 § /<m
k
16 = Ikl Fye < D 02070y ern(Q)l19llFs g, ) (3.15)
J=1 q
In particular, if I, 1 interpolates uniformly at scale h, then for all0 <€ <m
16 = L, ¢ll e < CZhQ 716013, (3.16)
Jj=1
if, additionally, I,y = Ir interpolates optimally, then for all0 < ¢ <k —1and1 <k <k
16 — Iil|% < ch?*=D6]1%,.. (3.17)

Lastly, from Proposition 3.11, we also immediately deduce the following boundedness property of global
1.LO.O.s.
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Corollary 3.14. Let m,k > 0 such that k > m+1 and I, 1, be an (Z,¥)g-subordinate global I.0.0. If I, i
is Q—uniform, then there exists a constant ¢ > 0 such that

[, k@l gre < cllll gr, €=0,1. (3.18)

If, moreover, I, 1 interpolates uniformly at scale h, then

el ge, 2<€<m

3.19
Il gn,  m <<k (3.19)

[ L k@l e < Ch_é{

where c is independent of Q. In particular, if I, 1 interpolates uniformly at scale h, then I,y : HY — HF,
is a bounded operator, for all k > m + 1, where m > 0.

Proof. Suppose 0 < ¢ < m. By the triangle inequality and (3.14), we have

[ M1 < 2@l + 206 — Im x|l e < cllolFy. + 22%; ZhQ =0 ||¢||H](Q (3.20)

In the particular case m > ¢ and ¢ = 0, 1, we may apply the fact that 0 < h, < 2, for all ¢, Lemma 3.5, and
Poincaré’s inequality to deduce

[ M1 < CZZIWII < cllolFn

Jj=1 gq

This establishes (3.18).
Now, if I,,,  interpolates uniformly at scale h, then (3.20), Lemma 3.5, and Poincaré’s inequality imply

I kl|%e < 2[10)1% +c2yﬂﬂa§]wn < ch?=0|¢)%,,

This establishes boundedness from H* — H ¢ forall 0 <4< m.
Now suppose that m < ¢ < k and I, ; interpolates uniformly at scale h. By the product rule, Lemma 3.4
(with ¢ = 0y, v =a — B, |a| =4, |8 = i), and (3.1), we deduce

[ Lkl < czgzhgu—aﬂﬂ%nz .
1< q

<m%ZWZMme+m%MZme@ (3.21)

i<m

For the first sum in (3.21), we apply the facts that 1@ : Hk(Qq) — Hi(Qq) boundedly, which was just
proved, and that Q is a uniform cover at scale h. For the second, we use the triangle inequality, (3.1), and
the fact that I(9 interpolates at scale h, for all ¢, to obtain

1Dl 5y < 2 + 2l6 = 1012 m(
k—m
< 2||¢||2 + 2 Z €m,j(Qq) h2]||¢||Hm+](Q
=1

We then apply Q—uniformity, sum over ¢, and apply Lemma 3.5 to deduce

S0l g, < 26l +2 S Rl

j=1

Upon returning to the estimate of I, x¢, combining the above considerations, we apply Lemma 3.5 to com-
plete the estimate of the first sum in (3.21), the fact that h < 27, and Poincaré’s inequality to finally arrive
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at
k—m
1m0l e < ch N0 + h® )] + ™0 " 026 s
j=1
< ch™ (|91,
as desired. O

Remark 3.15. The universal constants appearing in the estimates in the proofs of Proposition 3.11, Corollary 3.183,
and Corollary 3.14 above depend additionally on £, k,m, and U through properties (P1), (P2), (P4), and (P5).
In particular, they are always independent of the diameters associated to the covering.

3.1. Examples of Globalizable Local Interpolant Observable Operators. In this section we provide
examples of local 1.0.0.’s in the sense of Definition 3.1, as well as their corresponding globalized counterparts
in the sense of (3.7). We only present a small sample of examples of immediate relevence to the context of
Data Assimilation, e.g. nodal values or local averages of velocity, but remark that several other examples
exist which accommodate other forms of data, e.g., nodal values or local averages of derivatives of the velocity,
boundary flux data, etc. We refer the reader to [EG04, BS08, Bro21] for these additional examples.

3.1.1. Spectral observables. Let Q = [a,b]?, where 0 < a < b < 27 such that 2wh = b — a, where 0 < h < 2.
Then, given N > 0, let [9¢(x) = > kenyz2 XBn (K)dre™®, where kj, = 2rh™!, xp, is the indicator function
of the ball, By, of radius N in Z2, centered at the origin, and ¢x = &, * fQ é(x)e”*?dx denotes the Fourier
coefficient of ¢ at wavenumber k such that ¢ = ¢_x. Then I? : H? (Q) — HE,.(Q), for all k > m > 0.
In particular, for any N > 0, I? is a Q-local 1.0.0. of all orders m and at all levels k with 0 < m < k that
interpolates optimally.

3.1.2. Piecewise constant interpolation. Let @@ C Q) be a bounded, open, connected subset of diameter h > 0
such that ch? < |Q| < ¢’h?, for some constants ¢, ¢’ > 0. Given ¢ € H2(Q) and g € Q, let Ty °é(z) = ¢(2q)

define the constant function, where ¢g = ¢(xg). It was shown in [AOT14] that I(% = Ty is a Q-local
I.O.O. of order 0 at level 2. In particular, one has

6 — ¢(2q)lI72(q) < Z CahQ‘MHaa(bHQN(Q)- (3.22)
1<]al<2
In light of (3.1), we see that we may take € ;(Q)* = sup|,—; coh?Ue1F D) for j =1,2.
Similarly, for any zg € @, if one defines Sy° by S;°d(z) = ¢g, where g = |Q|! fQ (y)dy, i.e., the

so-called “volume elements interpolant,” then it was also shown in [AOT14] that I¢ = S;¢ is a Q-local
I.O.0O. of order 0 at level 1 and hence, interpolates optimally. In particular,

6 = ¢alliz(g) < ch’IIVEIliz(g): (3.23)

for some constant ¢ > 0, independent of h; observe that €y 1(Q) = ch.

3.1.3. Taylor polynomials. Let QQ C 2 be a star-shaped bounded, open, connected subset of diameter h > 0.
Given ¢ € H?(Q) and zg € Q such that |z — zg| < h, for all z € Q, let T1¢(-;2¢g) denote the first-order
Taylor polynomial of ¢ centered at xg. In particular

T 9¢(z) == Thd(z;20) = d(xQ) + Vo(z)- (z — 2q). (3.24)
Then we have
o =Tyl 7o) < Y. cah® 00720 (3.25)
2<|a|<3

This is an elementary extension of the corresponding fact for constant interpolation proved in [JT92b, AOT14]
in dimension d = 2; the details are provided in Appendix B, where it is established in the greater generality
of dimension d > 2. Moreover, observe that

VI 9¢ = V(1q) = T,° V¢,
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which implies

6 =TTl gy < D cah™ 0613 o) (3.26)
1<lal<2
In particular, (3.25) and (3.26) implies that (3.1) holds for 0 < ¢ < 1 and k = 3, so that I? = T,"? is a Q-local
1.O.O. or order 1 at level 3. Clearly 7,'? is a higher-order variant of the nodal value interpolant mentioned
in the previous example. Indeed, from this point of view, ¢(zq) simply represents the zeroth-order Taylor
polynomial of ¢ centered at zq.

3.1.4. Sobolev polynomials. There are obvious shortcomings to using the Taylor polynomial as a means to
interpolate nodal observations in the context of data assimilation, specifically since it requires one to make
observations on derivatives of ¢ at given nodes. One may slightly relax this requirement by replacing nodal
values of the derivatives with their spatial averages. This was done in the zeroth order case in Section 3.1.2,
above, by replacing ¢(zq) by |Q|~! fQ ¢(x)dx . The study of such polynomials of any order is classical and
was introduced by Sobolev in [Sob63]. We recall their properties here following the treatment in [BS08]. The
reader is also referred to [DS80].
Let @ C Q) be a ball of radius h with center xg € €. For k > 1, denote the Taylor polynomial of order &
centered at x¢g of ¢ € C¥(Q) by Tyo(-;20), so that
Tioo(a) = Tio(zsag) = Y2 T 00 (o pgye, (3.27)
lo| <k

where a €

pjg is a multi-index. Fix 1) € C*°(€2) to be a radial, non-negative function such that 1/3(3:2 =1 when |z| < 1/2,
Y(x) =0 for [z| > 1, and |[¢)| 12y = 1. Then {¢}, }n>0 is a standard mollifier, where 1, (x) = h™?¢(xh™1).
For ¢ € H*1(Q), the corresponding z/;hfaveraged Taylor polynomial about z¢ is then given by

x 1 e a7
Sp2o(x) = Skdlw; 1) = 5/95 oY) (@ —y)* ¥y, (y — 2q)dy. (3.28)
| <k
Then (see [BS08, Lemma 4.3.8]) for all 0 < ¢ < k
16— Skl ey < cexh™ Nl s g (3.29)

for some absolute constant ¢, ;. Hence, I° = S,fQ is @-local 1.0.0. of order k at level k + 1.

3.1.5. Lagrange polynomial. In the context of data assimilation for the 2D NSE where it is preferable and
more reasonable that velocity measurements at nodal points are collected rather than (spatial) derivatives of
velocity. A class of interpolants that leverage nodal values of a function to reconstruct higher-order features of
the function are Lagrange polynomials. We define them here in a configuration that fits our setting suitably,
but point out that more flexibility is allowed in general, for instance, in the arrangement of the prescribed
nodes. We refer the reader to [BS08] for additional details.

Let @ C  be an open square such that |Q| = h2. For k > 1, let 'y = {0,...,k}? and Ny = {z"},er,,
where the points, 27 = (z{, 25 ), are equally spaced nodes in Q. Let

Pr:={plo:p= ij(xl)qj(:vg) polynomial, degp,,deggq; < k}. (3.30)
J

Sk 1= {0y € (COQ)) : 05(f) = J(=7), 27 € Np}. (3.31)

Note that X represents the dual basis of Py and that dim Py = |Zk| = [Ng| = (k + 1). Let Oy denote the
basis of Py and represent its elements, 6., by tensor products of one-dimensional polynomials as

/ /

6,(x)= [ (21 =2/ w2 =23 ) (3.32)

’ ’
(21 =20 )z —23)

vy'ery

!
T #v}
V275V2
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i Q. rrk+1
Finally, we define the operator Ly : H*(Q) — Py, by

LE(x) = D 04(x)o,(9). (3.33)

RIS %

Then (see [BS08, Theorem 4.6.11]) for all 0 < £ < k' — 1 and 1 < k¥’ < k, there exists a constant cg > 0,
independent of ¢ and h, such that

¢ — L&l ey < cow P TVl i - (3.34)

Hence I9 = Lg defines a Q-local I.0.0. of order k’ at level k' +1, for all 0 < k¥’ < k. In fact, L,;Q interpolates
optimally.

3.1.6. Volume element polynomials. Spatial averages of the velocity field constitute another class of physical
observations. This type of data is used in the finite volume method to approximate true solutions with
piecewise constant functions in the L2-topology. They may also be used to construct higher-order polynomial
approximations with similar error bounds to the Lagrange polynomial interpolants in higher-order Sobolev
topologies.

Let Q C Q, 'y, Ny, Pr be as in Section 3.1.5. We define functionals given by integration on square
patches within @ as follows. Let

S0 == {QV =27 +[0,1]7: 27 ENQ}
. {m (@) (D) =101 [ fede, 27 NQ}.

In Appendix C, we establish that II; determines basis for the dual space of Py and subsequently describe an
explicit construction of the corresponding basis of Py, which we denote by Z; = {{,},cr,. Using this pair

of bases we may define a projection operator VkQ : H*H(Q) — Py by

Vngb(x) = Z &y (@) (9).

YET K

The unisolvence of the polynomial space with respect to the functionals, along with a similar argument to
that for (3.34) (see, for instance, [BS08, Theorem 4.4.4]) gives the following bound: for all 0 < ¢ < k¥’ —1 and
1 < k' <k, there exists a constant ¢ > 0, independent of ¢ and h, such that

16 = Vi dll ey < cenrh™ T AV g ) - (3.35)

Then 19 = V% defines a Q-local 1.0.0. of order k at level &’ + 1, for all 0 < k¥ < k. In particular, V,*
interpolates optimally.

3.1.7. Hybrid interpolation. Let @ = {Q4}, be a covering of © by bounded, open, connected subsets such
that h, = diam(Q,). Given any (Z, ¥)g-subordinate family, Proposition 3.11 ensures that an estimate of
the form (3.8) holds. In particular, Z may be any family comprising of any combination of the operators
from above. Four possible categories of such combinations are given by the following.

e Repeated-type, Uniform. The I(9 are all of the same type of interpolating operator, e.g., all Taylor,
all Sobolev, all Lagrange, etc., and there exist m = m, and k = k, for all g. The examples of
operators considered in [AOT14] belong strictly to this class;

e Repeated-type, Non-uniform. The I9 are all of the same type, but my, kg are allowed to vary. In
this case, the induced global 1.0.0. would be given by I, x, where m = inf, mq and k = sup, k, (see
Remark 3.2);

o Hybrid-type, Uniform. The 19 consists of different types , but Mg, kq are constant in gq;

o Hybrid-type, Non-uniform. The I(? consist of different types, but mg, kg are allowed to vary in g.
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4. STATEMENTS OF MAIN RESULTS

We formally state our main results here. The first of the three main theorems provides estimates for
the radius of the absorbing ball in H* for k > 2. In particular, we properly generalize the bounds in
Proposition 2.1 to all higher orders of Sobolev regularity. Indeed, to establish the desired higher-order
convergence between the nudged solution and true solution, we will make crucial use of the a priori bounds
available for the true solution when initialized in the absorbing ball with respect to a Sobolev topology of
arbitrary positive degree.

Theorem 4.1. Let v,p > 0. Given f € Hf;_l, for some k > 2, let o), denote its k—th shape factor defined in
(2.10). Let u denote the unique, global strong solution of (2.7) corresponding to a bounded set of initial data
ug € HE. Then

O k—1
[Ju( )”H <cp (U;/j —|—G) G, (4.1)

v
holds for some universal constant cy, > 0, for all t > tg, for some ty sufficiently large, depending only on the
diameter of the bounded set.

Remark 4.2. Note that by interpolation, one may immediately obtain absorbing ball bounds in H®, for all
s> 1.

For the remainder of the manuscript, for each k& > 0, we will denote the H*-absorbing ball of (2.7) by By, so
that

, k-1
B = {vEHf,c ol ge < e (Uiﬁ-ﬁ-G) G}. (4.2)

Our second theorem establishes well-posedness of the nudging-based equation in the higher-order Sobolev
spaces HY, where k > 2, under various structural assumptions on the operator I,,, . that detail the interplay
between the system and features of the interpolation operator.

Theorem 4.3. Let p,v > 0 be given such that p = 0 if v = 0. Let m,k be non-negative integers such
that 1 + m < k < 2+ p and suppose that L, i is an (m,k)-generic (Z,V)g-subordinate global 1.0.0. Let
fe Hﬁ‘l, ug € B, and u be the unique, global solution of (2.7) corresponding to ug, f. Given any vy € Hfj,
there exists a unique v € C([0,T]); HF) N L2(0, T; H*') and dyv € L2(0,T; H*=1), which holds for all T > 0
and satisfies (2.8) provided that

2

uh, uh2 _ 1
csup Tq £0,1(Qq) +€0,2(Qq) + X(o,oo)(W) ( ) ( ) ZEO,J hﬁ“ 2 < (4.3)
q

where ¢ > 0 is a universal constant, my is the constant from (P2), €, ;(Qq) are the constants associated to
Ik, and where [p] denotes the greatest integer < p. Moreover, if I, i interpolates uniformly at scale h, then
it suffices to instead assume

[p]
ph? ph® 2(j—2) 1
< .
c 1+X(o,oo)(7)( ) ( E h <1y (4.4)

in place of (4.3). Note that we use the convention that X (0,00 (7) (%) =0, when v =0.

Since the analysis performed in [AOT14, Theorem 6] in the periodic setting can be easily extended to prove
Theorem 4.3, we relegate the proof of this theorem to Appendix A.

Remark 4.4. We note that since Q = T? is a compact manifold without boundary, property (P2) implies that
Q is finite. For general bounded domains, however, Q may be infinite. We refer the reader to Remark 3.6
and Remark 4.8 for further comments.

The third main result provides sufficient conditions on the nudging parameter, p and the density of data,
determined by h, in terms of the system parameters, v, f, alone that ensure convergence of the approximating
signal, as determined by the nudging-based system, to the true signal, as represented by a solution to (2.7),
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in higher-order Sobolev topologies, provided that the observables are interpolated in a suitable manner. In
particular, we assume that the observables are interpolated using a sufficiently nice global I.O.O. in the sense

of (3.7).

Theorem 4.5. Let p,v > 0 be given such that p = 0 if v = 0. Let m > 0, k > 2 be integers such that
1+m<k<2+p. Let I, x be an (m, k)-generic (I, V)g-subordinate global 1.0.0. Let f € H ', ug € By,
and u be the unique, global solution of (2.7) corresponding to ug, f. Suppose that u, h satisfy (2.16) and let v
denote the unique, global solution of (2.8) corresponding to vy € H;” Then there exists a constant 0 < cg < 1
such that

lo(t) = u()]| g < Oe™*/21), (4.5)
where [p] denotes the greatest integer < p, provided that p, h additionally satisfy

1
1071'0

ph?
¢ sup sup—q €i,1(Qq) +€i2(Qq) + X (0,00) (7 ( )ZEU h2(a Nl <

0<i<m q

)

where my is the constant from (P2). Moreover, if L, i interpolates uniformly at scale h, then it suffices for
w, h to instead satisfy

ph? 2(j—1) 1
— |1 R0~ < — 4.7
= + X(0,00) (7 ( )Z <1 (4.7)
in place of (4.6). Note that we use the convention that X (o,0)(7) (%) =0, when v =0.

Under stronger assumptions on Iy, j, one can obtain convergence up to the regularity level of the solution
from which the data derives.

Theorem 4.6. Let v,p > 0. Let k > 1 and suppose that Ij+1 is a (Z,¥)g—subordinate global 1.0.0. that
interpolates optimally. Let f € Hf;’l, ug € By, and let u be the unique, global solution of (2.7) corresponding
to wo, f. Suppose that p, h satisfy (2.16) and let v denote the unique, global solution of (2.8) corresponding
to vy € Hf,“ Then there exists a constant ¢ > 0 such that

lo(t) = u(®)]| g < Oe™1/2"), (4.8)
provided that p, h additionally satisfy
ph?

C;Ek,k-‘rl(qu <Tq> < 1017T0 (4.9)

where g is the constant from (P2). Moreover, if Ix+1 is uniformly interpolating at scale h, then it suffices
for p, h to instead satisfy

uh 1

< — 4.10
v 07 ( )
in place of (4.9).

Remark 4.7. In [BM17], it was proved that convergence with respect to the analytic Gevrey norm was ensured
under slightly more stringent conditions than (2.16) in the particular case when only spectral observations
are used.

Remark 4.8. In [AOT14], the case of Dirichlet boundary conditions was also treated, where convergence in
L? was obtained for a wide class of observable quantities, including nodal value observations. In light of these
results and Theorem 4.5, it remains an interesting issue to investigate whether one can show higher-order
convergence in the setting of Dirichlet boundary conditions or others, when data is particularly given by nodal
values. Moreover, in light of Remark 4.4, the framework we establish here may accommodate the case where
infinitely many 1.0.0.’s are used across the domain in the Dirichlet setting. We leave the study of this case
to a future work.
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Remark 4.9. From Corollary 5.13, we may immediately deduce from Theorem 4.5 that convergence in H?
can be ensured in the case of nodal observables by using either Taylor polynomials of degree 1 or quadratic
Lagrange polynomial as the method of interpolation. Since H? embeds into L™, this provides rigorous con-
firmation of the observation from the numerical simulations carried out in [GOT16] that the approzimating
solution was in fact converging uniformly in space to the reference solution. In particular, this also supple-
ments the result in [BM17], where the synchronization property with respect to the uniform topology, L™, was
established in the particular case of the spectral observables. In the absence of hyperdissipation, i.e., v = 0, we
note that the same assumption on u, h is imposed in either case of nodal observables or spectral observables,
up to an absolute constant.

Remark 4.10. The case of hyperviscosity is included here in order to illustrate the interplay between the
order of dissipation and the order of interpolation. It is a well-known fact that for p > 1/4, the corresponding
system (2.7) in dimension d = 3 has global unique strong solutions. We point out that the analysis developed
here applies in a straightforward manner to that setting as well. We refer the reader to the work of [Youl0]
for the relevant details.

5. PROOFS OF MAIN RESULTS

We will first prove Theorem 4.1 in Section 5.1. We will then prove Theorem 4.5 in Section 5.2. Recall
that the proof of Theorem 4.3 will be supplied in Appendix A. To prove these results, it will first be useful
to collect various estimates for the trilinear term that appears in the estimates. The proof of these estimates
are elementary, but we supply them here for the sake of completeness.

Lemma 5.1. Let u be a smooth, divergence-free vector field in T2, and v be any smooth function. Then
given £ > 2, for any |a| = £ we have

(0 (u- V), 8°0)| (5.1)

1/2
g( S Nl /

IIUIIHz + llull o lull
1<1<0—2

1/2 1/2

1/2
o [ e [

IIUIIHHl IIUIIHI

" ||u||H1||v||Hm||v||m>.

For all B < a, we have

5 5 201 1
(0% v- V)07, 0%u)| < cllull gellvll 702 V]l L2 (5.2)
and
42
((0*Pu- V)P v,0%v)| < cllul| g (”vl fﬁilﬂvvll”l + ||U||H/z+1 ||VU||L2) ’ (5.3)

for some constants ¢ > 0, depending on £.

Proof. By the Leibniz rule and the fact that u is divergence-free, we have

= (0%(uw V)0,0%) = ¥ cpal((0°Pu) V)P0, 0%) = > + > =L+,
B<a B< |8]=0,6—1
1<|5\<z 2

where we interpret § < a as §8; < ay, for ¢ = 1,2. By Holder’s inequality and interpolation we have

o— o 1/2 1/2 1/2 1/2 o
ol <e ST 1109 Pullpa| VOPv| pal|0vll e < ¢ ST Null2 sl ol ol 0%l 2

HE—H»I Hl—l Hl+2 Hl+1
B<a 1<i<e—-2
1<|8|<e—2
—1
<e ) IIUIIHM IIUII IIUIHMIIUII 10%]| L2
1<1<0—2

On the other hand, by Holder’s inequality and interpolation we have
1] < [10%ull L4l V0| 22]|0%0]| Lo + [[Vue]| 2] 00|24

1/2 1/2 1/2 1/2
< cllull 2 Nl 20 g ol 2 ol + el ol e [0l e
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Combining the estimates for I, and I, then summing over |a| = ¢, yields (5.1).
Now consider

1= [((0° - V)oPu,0%0)| = D"+ D" + > =1+ 1T +11.

B<a B=a |B|=0 B<a
|8]#£0

We treat 11, as
(1| = [{(v: V)0%v,0%u)| < C||U||L°°||VU||Hf||U||Hf

1/2) 1/2 et
< cljvll e 1 [ ey Y < dllo| ! grellVllps 1ol e llull ge-
We treat 11, as

11| < c((0%v V)u,0%0)| < c[|0%vl|74 ]| V7

-1
< cllvll gesalloll eI Vul 2 < c||v||H,Z+1 Vol 2 [Vl za.

Finally, we treat I, as
II| < e > [((0*Pv-¥)0%,0%u) < ¢ D 110° v o Vol g [[07ul| s

B<a B<a
|B]#0 [B1#£0
1/2 1/2 1/2 1/2 de-2|p|-1 2181+t 1/2 1/2
< ellvll e DML s ol ol el e < e STl ezt IVl Tl il g -
B<a B<a
|B]#0 [B]#0

Upon combining I1,, I, I1. and applying the Poincaré inequality, we obtain (5.2).
Lastly, we consider

111 =Y [(0° P 0;0%" 0°v')| = | Y + > | = IIL, + I,
B<a 1B|=0 B<a«
|B]#0
We estimate 111, with Holder’s inequality, interpolation, and Young’s inequality to obtain

o 1/2 1/2 1/2 1/2
I11,] < cllull gl Voll s [070] o < ellull g Vol L2 NT0l L2Vl 2 o]

< CIIUIIHEIIWIIMIIV ||“1-
We treat I, and consider the case ¢ = 2 separately. When ¢ = 2, we apply Holder’s inequality and
interpolation to obtain
IT1| < 37 110 ul al|0” Vol 297l s < cllull 2 lfull g7 ol 1 Vol

B<a
|80

1/2) 1/2 3/4 5/4
< cllulllul g IV ol Vol 32"
When ¢ > 3, we use the divergence-free condition to write I11; as commutator. In particular
II1, = = > {[0%,u- Vv, 0°v).
|a|=¢
By Holder’s inequality, a classical commutator estimate [KM81] and interpolation we obtain

11| < CIIVUHLwIIVUIIHe—l||v||He + cllull ge IVl Loe [0l e

< CIIVUHLwIIVUII ||Vv||Lz + cllull e[Vl gre [ Vol 22

1/2 1/2
< clfull 3l IIVUII IIWIILz + cllull e [Vl ge [ Vol 2

Upon combining I11,, I11,, and applying the Poincaré inequality, we arrive at (5.3). O
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5.1. Higher-order absorbing ball estimates: Proof of Theorem 4.1. Let uy € H; and let u €
C([0,00); HL) N L2,.(0,00; H?) be the unique strong solution of (2.7) corresponding to initial data uo and

external forcing, f. Let us recall that the Grashof number is defined by (2.9) and the k—th order shape factor
of f is given by (2.10).

Proof of Theorem 4.1. Let A C H(’j denote the global attractor of (2.7) corresponding to forcing f. It will
suffice to show that

HUHHk < c(a;/kl +G)k_1G,
124

for all u € A. Indeed, since A uniformly attracts bounded subsets of H¥ it would then follow that

lu(t; wo, £l g < 2c(ol/k + G)F~1@, for all t > tg, for some tg = to(uo, f).
Let ug € A such that

ol . = max{o]] v € A}.

Denoting u(t) = wu(t;u, f), for all ¢ € R. Then, owing to the divergence-free condition, the basic energy
balance in H* is given by

1d a— j [ « [
Eaﬂuﬂék—kV”VuH%k == > Y a0 Pui9;0%" 0%ty + Y (07 P, f,0%)
|a|=k B<a || =k
=1+1I.

In particular, by choice of u(0) = ug, observe that 4 [|u(t; uo, f)| }t:O =0, so that
v|Vuol%, = I+ I1.

By (5.1) of Lemma 5.1, we have

1] < ¢l Vuoll 2 Vo | e o (5.4)
For 11, we integrate by parts and apply Holder’s inequality to obtain

(1] < [P fll s |Vl e = P01 Gl o]
Upon combining the estimates for I, 11, we arrive at
v[|Vuoll g < ¢l Vuol 2 |uoll gro + v2or—1G.

Observe that by interpolation

[[uoll grr < CIIVuoH [ Vuoll - (5.5)

With this and Young’s inequality, we estimate
VI Vol o < el Vuoll & [ Vuoll -+ v2on- e

[Vuol| 2
v

v
< §||Vu0||Hk +ec? ( —I— Vior 1G

< LVl e + G 4 120, 1
Hence
[ Vol e < er(e; + Q)G (5.6)
Returning to (5.5), it follows that

H'LLO”Hk < ( l/k —|—G>k IG— (|VU0”L2) < (O_Ii/kl_FG)k 1G

v v

which proves (4.1), as desired.
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5.2. Synchronization in higher-order Sobolev topologies. Let p > 0 and ug,vg € By N By, where
1+m <k <24pand u and v denote the corresponding unique strong solutions of the following initial value
problem

u:Pa'f7 PUUZO, U(O)ZUO;

)
5.7
) (5.7)

O — vAu+ (=AY + P, (u-V
. ’U:Paf_NPUJm,k(’U_u)u PGU:07 U(O):U07

v — vAv + (=AY o + Po(v-V

where Jo, k = Ik — (Im k), where I, . is an (Z, ¥)g—subordinate global I.0.0. with associated covering Q,
and (I, ;) denotes the operator such that (I,,, k)¢ = (2w) ™2 fW I k¢(z)dx. Let w := v—u and wy = v — uo,
so that w satisfies

Ow — vAw + (=AY w + P, (w-V)w + P, (w- V)u + Py(u- V)w = — Py Jp pw, Pow =0, w(0)=wp.
(5.8)

We will ultimately show that lim;_,||w(t)| ;e = 0. Our approach will be to bootstrap convergence in higher-
order Sobolev topologies, starting from H'. Note that we adopt the following convention for applications of
the Cauchy-Schwarz inequality or Young’s inequality in the analysis below, which we will invoke repeatedly:

abgcap—i-ibp/, a,b>0, l—i—lzl,
100 p P

for some ¢ > 0 depending on p,p’. There is nothing essential about the constant 1/100, except that we never
add more than 50 of such terms in a given argument. In particular, we make no attempt whatsoever to
optimize such constants. This can certainly be done by the interested reader, but in order for this to be a
meaningful exercise, one must also carefully track the constants from Lemma 5.1, which we also neglect to
do. The important feature that we care to emphasize is the manner in which the constants from the 1.O.0.’s
appear in the analysis, as the development of these operators is the main novelty of this work.

Lemma 5.2. Let m > 0 and 1+ m < k <2+ p. Let I, be an (Z,¥)g-subordinate global I.0.0. that is
(m, k)—generic. Suppose that u,h satisfies

‘uhQ ) ) ,uh2 [p] 5o 1
esup | = | 120.1(Q0)” +202(Qu)” + X0 (1) | ;e(),j+2(@q> WS g (69)
where [p] denotes the greatest integer < p. Then for ¢, > 0 sufficiently large and p additionally satisfying
p>dv(l+log(l+@Q))G, (5.10)
one has

: t Vw2
[Vw(t)||72 < 67%“t|\Vw0H%2 and /0 [Vw(s)||72ds < m. (5.11)

If, additionally, I, 1 = Ir+1 interpolates optimally, then it suffices for p, h to satisfy

2
2 [ 1he 1

—1 )< 5.12
Cszpal,l(Qq) ( v | S Tomg (5.12)

where g is the constant from (P2).
On the other hand, if I, is uniformly interpolating at scale h, then we may instead suppose that i, h
satisfies

2 [p]

ph 25
e— | 14 X0 (7) ¥ <= (5.13)

in place of (5.9). If, additionally, I, 1 = Ix+1 interpolates optimally, then it suffices for p, h to satisfy
wh? 1

c— <

—. .14
v ~— 10 (5.14)
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Proof. Upon taking the L?-inner product of (5.8) with —P,Aw, integrating by parts, then using the fact
that ((w- V)w, Aw> = 0, we obtain

L VwlZa + vl Aw]Zs + | Vel 2+l (~A) 20
= (w-Vu + u Vw, Aw) — p{w — Jp pw, Aw) =T + I1.

2dt

To estimate I, we again invoke the property that (w-Vw, Aw) = 0, then apply Holder’s inequality, the
Brézis-Gallouet inequality, and Proposition 2.1 to obtain

11| = [(w- Vw, Au)| < |l p=||Vw| 2 ||Aul|pe < cv||Vwl|3s (1 + log IV IL?) (gi/2 + G)G.

To estimate I, we appeal to Proposition 3.11 and invoke (5.9) and Poincaré’s inequality, so that

|IIA| < C_ ZZEO;] Qq h2]||wHH](Q 100||Aw||L2

qu

2 2\ 2
_ o [ 1Ry 1 2 2 “_hq L 2
= C/LZ £0,1(Qq) < v 107 ||V’LU||L2(Q~q) + CV; €0,2(Qq) V 1070 ||A’LU||L2(Q )

2
; 1
+CVZZ €0,j+2 Qq < ) gj - m HA’U}H;J(QQ)

q j=1
IIVw||L2 + 10 IIAwIIL2 + —OH(—A)”WwHiz
< Enwnw + EHAwHLz + ol (=A) 72w 3,

If I, = Ip41 is further assumed to interpolate optimally, we then proceed to apply Young’s inequality,
(3.10) of Proposition 3.11, and invoke (5.12), so that

T3] < en Y era(Qa)PRIAw]2, g + 155Vl
q
2
2 [ Py 1 v 2
Scuz €1,1(Qq) <7 T [ Aw HLz(Q EHAWHB‘*‘NOHVU’HB
< Slawls + s I Vule.

Now let us consider the case when I, ; interpolates uniformly at scale h. To estimate I1, we apply the
Cauchy-Schwarz inequality, Corollary 3.13, Young’s inequality, and (5.13) to obtain

2 k
lj/ .
(15| < pllw = I g 2] Aw| 12 < e > hH fwll, +

Jj=1

2 2 [p]
ph? ph? uh? ;
=cp <—V ) [Vw|[?2 + cv <—V [Awlf72 + ey o A > on¥|Aw]?, + 100|\Aw|\m

j=1

100 ”Aw”L2

g
< 2 IVulda + o Aulda + LI (-A) 2 Aw]3.

If I, 1, = Ix41 is further assumed to interpolate optimally, then we integrate by parts first to write
II' = W(V(w — I41w), Vw),

where we have used the fact that VJiy1 = VIgi1. If I 41 also interpolates uniformly at scale h, then by
(3.17) of Corollary 3.13, Young’s inequality, and (5.14), it follows that

[T < pllV(w = Ippaw)l| 2 |Vl 2 < pehl|Aw| 2]Vl 2 < — I\Awl\m T I\le\m
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Upon combining I and either IT4 or II/; or IIg or Iy, we have

d 3 8 v |lAw|? 1/2 [Aw|?
a1Vt + I APl < —pg 2 g — (4 O Lklog e | IV wlE

Since p additionally satisfies (5.10) (see [AOT14, Lemma 2]), it follows that
31wz < 2l vwlz.,
so that Gronwall’s inequality yields
[Vwt)is < e[ Vw72,
as desired. O
We are now ready to prove Theorem 4.5.

Proof of Theorem 4.5. Observe that Lemma 5.2 covers the case m = 0,1. It suffices then to consider 2 <
¢ < m. Let 9% denote any partial with respect to z of order |a] = £. Upon applying 9¢ to (5.8), taking the
L?-inner product of the result with 9%w, integrating by parts, then summing over all || = ¢, we obtain the
following energy balance
1d
2.dt
== (0w V)w + 0%(u V)w + 0% (w- V)u, 0°w)) + p »_ (0w = Jpm pw),0%w) = I+ 1T  (5.15)
|oo|=¢ loo|=¢

— Il +vIVwllZ, + pllwllh, +7I1(=A)2Vwll%,

We estimate each the terms I and II. Observe that I may be expanded as
I =—(0%w- V)w, 0%w) Z ZCQB (0°Pwi 9;0%u’, 0w Z Z Cor3(0° P01 0;0Pw', 0w’

la|=tB<a la|=¢ B<a
=1, + I+ I..
We treat I, with (5.1) of Lemma 5.1, then apply Young’s inequality to obtain
c
1] < el Vol IVl gellwl e < 105 V0l + S 1Vwl3 ]

We treat I, by first integrating by parts, then applying (5.2) of Lemma 5.1 and Young’s inequality to obtain

ull e\ 1o
iVl < s ivut, +or (P g,

For I., we apply (5.3) of Lemma 5.1 and Young’s inequality to obtain

[Io| < clful gellwl]

L] < cllull e (nwu“l IVl 5+ [Vl ||Vw||L2)

flul o [l t

U\l £re U £re

< Wil fre lullgge 2 v
= ( v ) ( v ) Hw”Hl 100H wH

Upon combining the estimates I, Iy, I, then applying Theorem 4.1, we obtain

1/¢ -1 \?*
1] < TSIVl + <[Vl s fwl, +cv (1+ (o 46) " 6) i,

Now we treat I1. First observe that upon integrating by parts, we get
IT=—p " 3 (0% (w— Ly w), 0°T w). (5.16)

la|=¢ o/ <
o' |21
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Note that we used the fact that P, commute with derivatives and that 8ﬁJm7k = 8ﬁIm7k, for any |5] > 0.
then by the Cauchy-Schwarz inequality, Proposition 3.11, Young’s inequality, and the assumptions that
1 <k <2+ p, we have

1 e S5 QD ) + 2Vl

qu

@—ZZWM%WWWM\ a0 * o0l VI
Jj=1 q

ph;; phg i
+Cﬂz€e 16(Qq)? Vq ||w|\2‘ )+CVZ€13 Le+1(Qq)? by ||Vw||H@(Q

y h2 k—¢—1
+y (;) X[ZOO)(@Z ( ) Z o-1,j+04+1(Qq) h2]||vw||He+J(Q ) (5.17)

q Jj=1
On the other hand, if I,  is uniformly interpolating at scale h, we estimate as above and apply Corollary 3.13
in place of Proposition 3.11 to obtain

11| < Zh2ﬂ —6+1) IVwl|%,,

100|

ph? 2 ph? i Nh2 (Y 2j 2 2
o (2 ) ol + e (25 ) 190l rer (2) (A5 ) (0 ) Iy vul,. Gas)

j=1
Finally, upon returning to (5.15) and combining the estimates for I and either IT or II’, then applying
the Poincaré inequality and (4.3) or (4.4), respectively, we see that

d 9 unwn 3
Ellwl\ + VIleHmLu( - 2 wlf%, +57||(—A)”/2Vw|\§ﬂ (5.19)

1/¢ -1 N %
<ev <1+ (U/1+G) G) Vw25 + cv <;> (inf hg)* =l ..

Lastly, we invoke the fact that ug € By, the estimate (5.11) of Lemma 5.2, and ultimately Gronwall’s inequality
to deduce

2
v
IVwoll2

-1 \?*
nmw;y%Mme+wQ+@%+® G)|wwﬂé -

u 2 t Vol 5
e <_) n / e_u(t_S)Hw(S)H?ﬂ—ldS e (5.20)
v 0

for all 2 < £ < m. The remainder of the proof can be completed by a basic induction argument, where the
assumption of the induction step is ||w(s) < O(e™+s). O

ey

Proof of Theorem 4.6. We let £ = k and proceed exactly as in proof of Theorem 4.5, except that we instead
treat 11 without integrating by parts in (5.16) and use (3.10) of Proposition 3.11 to obtain

111] < cpllw = Teawll gallwll e < cpllw = Teea [ +

h2
< cz/zEk k41 Qq) ( ) vaHHk (Qq )+ 100”“’”
Now observe that from Lemma 3.5, we have

YTl > 2 3 IVul g, -
q
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Hence, arguing as we did in Theorem 4.5, we arrive at

d ph? 9 v |Vu|2,
El\wll +I/Z ——ak;m(Qq)( ) IVl g, +“<S_MV7 [wl|%.

-1 \?*
<cv (1+ (Ué/gl—i—G) G) [Vwl||2.

Upon invoking (4.9), then applying of Gronwall’s inequality and Lemma 5.2, we obtain (4.8).
On the other hand, if Iy41 is also uniformly interpolating at scale h, then

uh?
|H’|<cu< >|v s+ Lo .

Arguing we did before, we obtain

d 9 ph? 9 v|[Vuw|Z Juall e \ *
EHU’H?{L; +v 5 ¢ <7> HVU’H?{z T <g - ;TLZ ||U’H§{z <ev|l+ Tm Vw7,

We then apply (4.10) and deduce (4.8) once again.
O
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APPENDIX A. WELL-POSEDNESS OF NUDGING-BASED EQUATION IN HIGHER-ORDER SOBOLEV SPACES

We will now supply the proof of Theorem 4.3 in H k where k > 2. Recall that we will consider the system
(2.7). Recall that for p > 0, we denote by (—A)?P the operator defined by (— )P¢( ) = |k|?P¢(k), whenever
k ¢ 72\ {0}. Given v > 0, consider

ou — vAu+ (=AY u+ P (wVu= P, f, P,u=0, u(0)=uo, (A1)

where ug € H(’f and f € Hfﬁ’l, where k£ > 2. We note that the analog of Proposition 2.1 still holds for
(A.1), for all p > 0, as well as all bounds for the v = 0 case. For m > 0 such that k > m + 1, let I,;, , an
(Z,¥)g-subordinate global 1.0.0., let

fu = Pof + puPsJm ru, (A.2)

where Jp, k= Ik — (Im.k), (Im.x) denotes the operator such that (I, x)¢ = (2r)~2 fw Iy ;¢(x)dx, and P,
denotes the Leray projector (see (2.6)). Let u € C([0,00); H¥) N L2, (0, 00; H*1) denote the unique, global

solution of (A.1) corresponding to ug € H k and f guaranteed by Proposition 2.1. Then for vy € H(’j, we
consider the initial value problem

v — vAv + (=AY + Py (v-Vo)o = Py f — uPydmi(v—u), Py,u=0, v(0)=up. (A.3)
We prove the existence of solutions to (2.8) via Galerkin approximation. Let Py denote the Galerkin
projection at level N > 0 and let vy denote the unique solution to the following system of ODEs

d
N _ vAvy + (=AY oy + Py Py (un-V)oy = Pnfu— pPNImivn, Veuy =0, on(0,2) = Pyvo(x),

dt
(A4)

where p > 0 and v > 0. We will develop uniform bounds for vy in the appropriate topology over the maximal
interval of existence [0, T ), independent of N. This will imply global existence for the projected system,
and therefore global existence for (A.3). Uniqueness and continuity with respect to initial data will follow
along the same lines as in [AOT14].
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To prove Theorem 4.3, we will make use of the following lemma, which controls the growth of J,, ru, where
u is a strong solution to (2.7) evolving within an absorbing ball.

Lemma A.1. Let m >0 and k > 2 such that k > m+ 1. Given f € Hk’l, let By denote the kaabsorbing
ball of (2.7). Suppose that I, interpolates uniformly at scale h. Then given ug € By, for all 1 < ¢ < m,
there exists a universal constant ¢ > 0 such that

sup <||Jm,ku(t)||m) <ec (05121 4Gt +zk:hj—é Li et el (A.5)

t>0 v =1

where u denotes the corresponding unique strong solution of (2.7).

Proof. Since £ > 1, by the boundedness of the Leray-projection and the triangle inequality, observe that
[Tl e < [ Tmgull e < lu— I eull e + [[ul] gre-

From Corollary 3.13, Proposition 2.1 (for £ = 1), and Theorem 4.1 (for £ > 2), it follows that

k k
u— I gull e < > W ull g <> W0} + GYTG,
j=1 j=1

lull e < ev(ey” +G)1G.

Combining these estimates, then taking the supremum over ¢ > 0 yields (A.5). O
Lemma A.2. Let 4 >0 and k > m + 1 such that k > 2. Let
5 1/2
v 9 o 2
Fl = (-) UlG +U1 , (A6)
I
N S I, )| -
o Sl Tn® )
v
There exists a universal constant ¢ > 0 such that
d 9
GIVonlEat == 3 (vlBuna, + +22I(-AP/* o laq, + l Toli,)
q
< ey F? —|—C—ZZEOJ Qq)*h% |\UN||HJ(Q (A.8)

j=1 q

where mg is the constant from (P2). Moreover, if I, i interpolates uniformly at scale h, then

d 9 w2
L |Gy + 2ol + 2B ox [ + Lul Vo < B+ e S Wl (A9)
j=1
holds for all p >0, 0 < h <27, and N > 0.

Proof. Upon taking the L?~inner product of (A.4) with —Awy, using the identity (P, (vy: V)vn, Avy) = 0,
and integrating by parts, we obtain
1d

2 dt”vaHL2 +v|Avy |32 + Y I(=A) 2 on]22 + pl| Vo |[32 = (Vi Von) + p(on — Jmkvn, Avy)

=I'+1I"
We estimate I' by applying the Cauchy-Schwarz inequality, Young’s inequality, so that

2 2
] < o [(_) (|ng2|H1> . (g) (nfm,kunm)
7 v v v
2
< cu? l<£> 01G? + U?

+ B Vol

+ B V3.
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On the other hand, we treat 11! by applying the Cauchy-Schwarz inequality, Corollary 3.13, and Young’s
inequality, to obtain

|Hl|<c_zzaojcgq ol a,) 100||AUN||L2 (A.10)

Jj=1 q

Upon combining I, (A.10), and Lemma 3.5, we obtain

d 9
Gl VonlEat =37 (VlAonliaq, ++21(-2)"* onlia, + #lVenlia,)
q

2
< cuv? [(%) o1G? + ﬁf

On the other hand, if I,,, ; interpolates uniformly at scale h, then

+c—ZZa~oJ Qq)*h2 x|,

Jj=1 ¢

2
I < pllony = Jmpon ||zl Aoy |2 < C%HUN — L ko2 | Avn | 22

9 k
K 2j 2
o Dol + Tl A3 (A1)

Hence, upon combining I and (A.11), we obtain

d 9 9
@ | Vonla + 2lAvn 229 (~A) w3 + L Von 3.
v\ 2 ~2 12 s
<ow | (£) at62 4 01|+ e S,
j=1

This completes the proof. O

Lemma A.3. Forall ¢ > 2, let
y 9 ) 1/2
Fp = [(;) o G4+ U, (A.12)

- I, 131"
U, = SuptZO” ,ku( )”m (A.13)

v

Letm >0, k > 2 be given such that k > m + 1. There exists a universal constant ¢ > 0 such that

2 &\ 2 2
|| ¢ hl-F .
(HUN(V)”Hk ) <exp |ev (M - ) " l( ||”OI|/Hk) + ]ﬂL2(k—1)Fk?71

2
t 1-k . 2(k+1)
+cy/ exp | e (L) (t—s) (M) ds, (A14)
0 12 12

holds for all p >0, 0 < h <27, and N > 0.

Proof. Now, we estimate in H*. By taking the L?-inner product of (A.4) with (—1)l*l92*vy, where |a| = k,
integrating by parts, then summing over all |a| = k, we obtain
1d
2dt
= > (0"Pofu,0%vn) — > _ (0" Tmivn, 0%vn) — D> (9°((vn- V)ow),0%vn)
lol=k || =k lol=k
=TI+ 11% + 117" (A.15)

lon 1 + VI Von G + Y1 (=2)P Vo |13



MESH-FREE INTERPOLANT OBSERVABLES FOR DATA ASSIMILATION 27

We treat I* by integrating by parts, then applying the Cauchy-Schwarz inequality, Young’s inequality,

(2.9), and (2.10), to obtain
(Uadlane Y, (1" (nsl )’
2
v v v

2
< epPv [(Z) 71 G* + Ui—l
I

Next, we treat I7%. We observe that 0%J,, x¢ = %I, ¢, then apply the Cauchy-Schwarz inequality,
(3.3), Corollary 3.13, Poincaré’s inequality, and Young’s inequality to obtain

|I¥ < a? ‘|'_HVUNHH;c

100

+ = Vox |2

\IT%| < cp|| I pon || o llow || e < eth™ F | Ly k0N | gron | VON || i

< eph™F (lonll g + lon = IOl g ) [ VON | g

k
< eph™ | flon g+ DB lowllgs | IVonl g
j=1
/L2 2(1—k) 2
< R0 oy |2 + 1o Von .. (A.16)

Lastly, we estimate I11*. Indeed, observe that due to the divergence free condition, we have
<6°‘((UN- V)’UN), 6QUN> = <[6a, UN* V]’UN, 6%N>.

Thus, by Holder’s inequality, a classical commutator estimate (see for instance [KP88, KPV91]), and inter-
polation we have

|IIIk| < Z | UN,a UN | <c Z H ]UN||L4/3||aavNHL4
lal=k la|=¢

<e Y l0%on]ZalVonlize < el Vol gellonl g Vo e

lal=k
IVon ||z ) 2* Y
v NYENTL2 .
2 o3 ( >

Upon returning to (A.15) and combining I*, IT* and I11*, we have that

d 9
w2 + 2VIVon B +29]| (- A) 2V |2,

2(k+1) pi-k\ 2
< PvER ot <M> + v (“ . ) lonlZe. (A7)

< clVon | I19oxll 5 < oo

v
Hence, by Gronwall’s inequality, it follows that

2
hl—k 3
Jon ()12, <exp (“ ) | (o3 +v2h2 D F2)

2
¢ 1-k L2 2(k+1)
—0—01/3/ exp |cv <Mhy ) (t—s) <M) ds, (A.18)
0

as desired. O

Under certain assumptions on I, , one may then identify conditions on u so that the sequence {vn}nso0
is bounded uniformly in time in H', independent of N. Provided that the initial data belongs to an absorbing
ball for the dynamics, these bounds can then be expressed explicitly in terms of its radius.
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Corollary A.4. Suppose that 1 +m < k <24 p. Then there exists a universal constant ¢ > 0, independent
of N > 0, such that if n > 0 and {hy}, satisfy

ihg “hQ 3 2-2) | < L
esup =% |20, 1(Qq) +20,2(Qq) + X(0,00)(7) ZEOJ )?hi = Tome’ (A.19)
then
2 2
(M) <e 7ol (M) +emoFE,  forallt > 0. (A.20)
1% 1%

On the other hand, if I, i interpolates uniformly at scale h, then there exists a universal constant ¢ > 0,
independent of N > 0, such that if p > 0 and 0 < h < 27 satisfy

C'u7h2 1+ X(0,00) (7 ( )Zh“ b g% (A.21)
where [p] denotes the greatest integer < p, then
('v’UNV(t)|L2>2 < ont (||VUV0||L2>2 L eF2 forallt >0, (A.22)
In particular, if vg € By and ug € By N By, then
sup (M>2 <c|l+ (Z>2 o1+ i(ojl-ijl + @)UY G2, (A.23)
t>0 4 H i=1

for all N > 0.
Proof. By (A.20) and the Poincaré inequality we have

2 2+[p]

d 18 1 .
EHVUNH%2 Rl “ D €04(Qy)’hT | (=2 on[F2q,)
=3

2
h2 ﬂh2
_VZ 5770 < q) £0,.2(Qq)’ HAUNH%z( ,MZ (— —C—Eo 1(Qq) ) HV”NHiz(Qq) 4 o 2.

Since (A.19) holds and k& < 2+ p, it then follows upon shifting the index and upon applying Lemma 3.5 that

3
2 2 2 12
S IVonlze < ——27TO/LH Vun||zz 4 cur”Fy.

We deduce from Gronwall’s inequality that
[Vun @))% < e 70! | Vol 2e + cMV2F2,

as desired.
On the other hand, if I, ; interpolates uniformly at scale h, we apply Lemma A.2, so that by (A.9) we
have

d 9 unz\’ 2 24l
EHVUNH%z tv|g—c <T> [Avn|Z247 | 2 = 07 SO n¥ | (=P oy |7
Jj=3

9 h
<—p (— - c“—> IVonl|3s + e FE,

Since (A.21) holds, it follows that



MESH-FREE INTERPOLANT OBSERVABLES FOR DATA ASSIMILATION 29

An application of Gronwall’s inequality, then yields
Vo3 < e [ Vuol2s + v FP,
which implies (A.22). We deduce (A.23) by applying Lemma A.1 and Proposition 2.1. O
Upon combining Lemma A.3 and Corollary A.4, we obtain the following corollary.
Corollary A.5. Suppose that 1 +m <k <2+p. If p and {hqy}q satisfy (A.19), then
Js\rli%oi?gT leN Hk + 1// [Vun(s) HHk +7/ (- /QVUN(S)||§-{kd5 < 00, (A.24)

holds for all T > 0. Moreover, if I, 1 interpolates uniformly at scale h and p, h satisfy (A.21) in place of
(A.19), then (A.24) still holds.

Proof. We directly apply (A.20) or (A.22) in (A.14), to deduce uniform-in-time bounds on |[vx|| z«. Upon
returning to (A.17), we integrate over [0, T, then apply the uniform-in-time bounds just obtained for ||vx|| 7«
to deduce (A.24). O

duy
dt -

Lastly, we establish bounds for the time derivative

Lemma A.6. Under the assumptions of Corollary A.5, we have

dv
sup/ = ( (s)[|32ds < oo,
N>0

for all T > 0.
Proof. Observe that

d’UN

— 2 < llov @l g2 + low- Vowllze + 1 full 22 + pll S pow | 2
<IHIT+I1IT+1V

We treat I by Poincaré’s inequality and Corollary A.5. For II, we apply Cauchy-Schwarz inequality and
interpolation to obtain

(] < Jlonllzs[Von s < llowllp2llon] g

Thus, we may ultimately control II with Poincaré’s inequality and Corollary A.5. We treat I1I with the
Cauchy-Schwarz inequality and Lemma A.1. Lastly, we treat IV with the Poincaré inequality, Corollary 3.14,
and the fact that 1 +m < k <2+ p, so that we have

1V < pllLnpon g < cpllonllgrasn < cull(=2)P2Vox | .

Hence, by Corollary A.5, we conclude that

dv
sup/ | Z (5) [2.ds < oo,
N>0

for all T > 0. |
Finally, we are ready to prove Theorem 4.3.

Proof of Theorem 4.3. By Corollary A.5 and Lemma A.6, we may apply the Aubin-Lions compactness the-
orem to extract a subsequence of {vx}nso such that vy, — v in L2(0,T; H¥), where v € L>(0,T; H*) N
L2(0,T; H*1YN L2(0, T; H*+1*P). This is sufficient to pass to the limit in (2.8) and show that v indeed sat-
isfies the equation. Moreover, by Lemma A.6, we also have dv/dt € L*(0,T; H~*). Hence v € C([0,T]; H¥),
so that, in conjunction with v € L*(0,T; H*), we deduce that v € C([0,T]; H*). Uniqueness of solutions
follows in the same way as in [AOT14]; the relevant details can be inferred from the analysis performed above
in establishing the synchronization of solutions (see Proof of Theorem 4.5). O
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APPENDIX B. TAYLOR INTERPOLANT
We prove a preliminary lemma, which is a generalization of that found in [JT92b].

Lemma B.1. Let h > 0 andd > 2. Let Q = [0, h]? and ¢ € C*(Q), where 0 < k < d. For each1 <k <d-—1,
there exist universal constants by, > 0, for each multi-indez 0 < |a| < k, depending only on d, such that

sup  [lo(, 9) 172 onr) < Z bath” T[99 25 ) (B.1)
yelo,p** 0<a|<k

Proof. Let k=d — 1. For yq < x4, we have

¢(I17---,Id71,l‘d)—¢($1,---7$d71,yd):/ d(adéb)(ﬂﬁl,---,fdflﬁ) dr.

Ya
By applying the Cauchy-Schwarz inequality, then integrating with respect to dx; ... dx4 over €, we deduce

Mo ya)ll 720 pa-1) < 2081720y + 20%VE 720

for all y4 € [0, h]. Dividing by h?~! establishes (B.1) for k = 1. Observe that it now suffices to assume d > 3.

We argue by induction. In particular, suppose that (B.1) holds for all £ = k,...,d — 1, for some 1 <
k < d—1. We show that (B.1) holds for k — 1. Let us denote by 2, the projected point (z¢,...,z4), where
1< ¢ <d. Observe that z = 2y = (21,...,21,2141), forall L =1,...,d — 1, and 24 = 2z4. Fix z € Q. Given
any y € Q, we denote ¢(-,9¢) = d(x1,...,2e-1,9¢), for £ =1,...,d — 1. We have
)

O k) — 0, r) =(6(-, xa—1,%q) — &(-, xa—1,9a)) + (6(-, Ta—1,9a) — &(-, Ya—1, Ja))
+ 4+ ((b( y Lk yk+1) - (b( aykvngrl))'

Y

It follows that

¢( 7527@) - ¢( 7:&]9) = /Id (ad(b)( 7T) dr + /mdil(ad—l¢)(' » T gd) dr

Yd Yd—1

- /wk(a,gqs)(. i) dr (B.2)

Yk
Applying Cauchy-Schwarz yields

d—k—1

h
¢, a0)|° < (d—k+2) |¢>(x>}2+h/0 046, 7)[* dr + > / 05607 s 0| dr

k 2en o ar S [ o ji+1)|”
==+ |6l +1 [ oot A ar+n Y [7fosterisenl

Integrating with respect to dzx; . ..dxq over £ then gives

d—1
R G )1 720,01y < € | 1811720 + RV 200y + S IO g oy | - (B3)
j=k
It follows from the induction hypothesis that
IV 9) 122 (0,ni-1) < Z Clath= I TIN97V )17, (B.4)

0<la|<j—1
Therefore, upon substituting the bounds in (B.4) into (B.3), then combining like terms we arrive at

d—1
R 50 120,001y < coll Bl T2y + D blah 210Vl 72 0 -

lor|=0

The proof is complete upon dividing by h?—*+1. O
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Proposition B.2. Suppose d > 2. Let Q = [0,h] and ¢ € CH(Q). Given y € Q, let T1¢(-;y) denote
first-order Taylor polynomial of ¢ centered at y. There exists an absolute constant C > 0, independent of y,
such that

16— Tig(-59) 1720y < Z ¢l 2109V 6|72 ) - (B.5)
1<[al<d

Proof. Let (z1,x2, (y1,y2) € Q. Then observe that
d(x1,22) — 11, 02) = P21, 22) — G(Y1,Y2) — Vo(y1,y2) (T — y1,¥ — y2)
= (21, 22) — d(z,y2)) + (d(z,y2) — d(y1,y2)) — Vo (y1,y2)- (x — y1,y — y2)

= [[@0)0.5) ds+ [ .00, ds — 0u0)w112) = 1) — Oy)(1.1) (0~ 12)

Y2 Y1

= [[000)(w.9) — @,0)(w.) ds + [(0,6)w:12) — @,0)w1.2)] (0~ 32

Y2

+ [ (006,32 — (0:0) 01,10 s

Y1

Yy S Y x xT s
= 82¢) , drds + 02010)(T, drds + 82(;5 , drds.
/w/yzuxmws /yz/yl(zl)(Tyz)TS /yl/uxm)rs

Y1
It follows from Holder’s inequality that

|p(w1, 22) — T1g(21, 22)|
Y Y i x x x
S/ / |822¢(x,7')| drds—l—/ / |O2010(T, y2)| drds—|—/ / |812¢(7',y2)| drds

Y2 Y Y2 Y2 YY1 Y1 Yy
< ly —yoln!/? (||322¢($7 Mrz(,n) + [|02010(: 792)|‘L2(0,h)) + e =y R 207 6(-, y2) |l L2 om)
<32 (H5§¢($7 NMz20.m) + 102016, y2) L2 0,0y + |07 (- 73/2)||L2(0,h))
The Cauchy-Schwarz inequaliy then implies that
6 — Tigll 720y < ch*[|05]|72(q) + ch® (H3231¢(',y2)|\%2(o,h) + |07 (- ayQ)H%?(O,h)) : (B.6)
By Lemma B.1, we have
[[4(: 73/2)”%2(0,@ < boh71||1/)||2L2(Q) + blh”V?/fH%?(Q)-
We apply this to 1) = 92016, 07¢, so that (B.6) becomes

6 — Tagll72(q) < coh® D 10:V )72y + rh® > 10:0;V]72 (g,

§=1,2 i,j=1,2

as desired, which establishes the case d = 2.
Now suppose d > 3 and let x = (z1,...,24) and y2 = (y1,...,Yd), where z,x € (. For convenience,
in addition to the notation Z, introduced in the proof of Lemma B.1, we define z; = (z1,...,2¢), so that

z = (2, 2041). By the fundamental theorem of calculus, we have

o(z) — Thd(z;y) = d(z) — d(y) — Vé(y)- (z —y)
=(0(Z1,%2) — O(J1, 22)) + (¢(Y1, 22, 3) — O(F1, Y2, 23)) + (0(J2, 3, T4) — A(Y2, Y3, La)

d
+ 1+ (¢(gd—27 Yd—1, xd) - ¢(gd—27 Yd—1, yd)) - Z a](b(y)(x.] - y])
Jj=1

x2

=/ 1 (O10(s1,22) — O1¢(y1, 1)) ds1 +/ (020(y1, 52, 3) — O20(y1, Y2, U3))ds2

Y1 Y2
Tq

—i—/ 4(53¢(3727 53,24) — O30(Y2,Y3,Ya))ds3 + - - - +/ (04 (Ud—1, $a) — 0ad(Yda—1,Yd))dsa. (B.7)

Ys Yd
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Let us interpret §p as an empty position and let (-, 2,) = ¥(ge—1,2¢), for all £ = 1,...,d. Then for
1<j<d-—2, we have

050(- 585, Tj+1) — (-, Yj, Uj1) = 0;0(-, 85, %j41) — 050(-, ¥, Tj+1)

+(9590(, xj11, Tjy2) — 050(-, Y1, Tjr2)) + -+ (06(-, 2a) — 059(- ,ya))

Sj Tjt1 Td
= 3J2¢(',5,57j+1)d5+/ aj+1aj¢('757§5j+2)d5+"'+/ 040;9(- , s)ds. (B.8)

Yj Yj+1 Ya
Similarly, for j = d — 1,d, we have

Sd—1 Td
0a—10(-, 8d—1,%d) — 0a—16(- ,Yd—1,0d) = / 97 _16(-, s, 8q)ds +/ 0d04-19(- , s)ds
Yd—1 Yad
Sd

0a(-,54) = 0ad(- ,ya) = | 03o(-,s)ds. (B.9)

Yd

Now interpret Z441 as the empty position. Suppose z € {s,xx} and observe that for 1 < j < k < d, upon
applying the Cauchy-Schwarz inequality, then integrating over @) with respect to dx; . ..dzg, we obtain

. 2k 2
/ (/ / ak5j¢('78750k+1)d8> dr < BP0k (Fk—1, - )72 o pya-r+1): (B.10)
Q \Vyi Juk

Upon returning to (B.7), applying (B.8), (B.9), taking the square of the result, integrating over [0, h]? with
respect to dzy .. .dzg, then applying the Cauchy-Schwarz inequality and (B.10), we have

16— Tiéll720) < canh 1067y + Y cmP IOk (Tr—1, 720 pjars1y-
i<k
(i,5)#(1,1)

Finally, we apply Lemma B.1 to obtain

6 — Tiol32(0) < canh*086lF2) + D S cGmblaht T 0%0k0;8l172 )
i<k 0<|a|<d—k+1
(4,5)#(1,1)
Switching the order of summation completes the proof. O

APPENDIX C. VOLUME ELEMENTS

We describe an approximation operator based on data given by integration over subsets of each cell. In
particular we construct the operator on the unit cube [0, 1]¢, from which its definition on affine images in the
domain follows. For this particular section, we refer the interested reader to [Bro21] for additional details.

First we define an index set and collection of subsets of the cube

d
A, = {QE{O,..,m—l}d} and E, ::% (a+[0,1]d) :H[%,alﬁ—:—l]'
i=1
The degrees of freedom are then given by integration on the subsets. Define the set of functionals ¥ =
{00}aca,,, where o, : LL _([0,1]¢) — R are given by

oa(9) = | ¢(z)dz.

Eq
Now let us recall that unisolvence of a function space X with respect to a collection of functionals ¥ is
equivalent to ¥ forming a basis for the dual space of X. Unisolvence will ensure that the approximation
operator constructed from the functionals will act as identity on X . Prior to proving unisolvence of the tensor
product volume element in general, we begin in one dimension.

Lemma C.1. Letm > 1. Then Pp—11 = {22:01 prx® i py € R} is unisolvent with respect to the functionals

Y = {ox}7" given by ok (f) = :H f(x)dz. In particular, there exists a unique set © = {0,}7 ;" € P11
such that oy, (0¢) = 6F.
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Proof. For each functional o} and monomial 27, where 0 < k,j < m — 1, we have

) E+1 ka4 1)+l _ i+t
Uk(CCJ):/ vidp = EED :
k

j+1
Define a matrix M by My; = op—1(2?71)

J ki

The matrix M = (k7 — (k- l)j)kj has the same determinant as M up to a factor of j for each row:

-1

det(M) = ﬁj det (M) - % det(M).
j=1

M is the difference of two simpler matrices

= (4),, - (-1,

In particular, if we define

1 ifj=k
V= (kj)kj7 T= (Tk_j)kj, where Ty; = —1 ifj=k—1
0 otherwise.

Then we have M = VT. Observe that det(T) = 1. Also V is a Vandermonde matrix whose determinant is
thus given by

det(V)= [] *k-0.
1<e<k<m

We therefore conclude that

1 N1 1
det(M) = — det (M) = — det(V) det(T) = — 411 (k — 0).
1<f<k<m

Thus det(M) # 0. Define a collection of polynomials © = {0 }7)' € Pr,_1,1 with the coefficients of each
given by the columns of the matrix M ~!. In particular, let the coefficient of 27 in @, be given by the (j+1)-th
entry in the (k + 1)-th column of M1

2 for0<k<m-—1.

Since Myj = op—1(2771) we have, for 0 < £,k <m — 1,

—

m— m—1

i —1 -1 4
oe(Or) = Y oe@ )M ey = D Miern) G0 Mgy ey = Ok
: pr

J: ‘_
We conclude that there exists a basis © = {9@}2”:_01 of Pp—1,1 such that oy (0¢) = dxs and therefore that the
collection ¥ = {0}, forms a basis for Pr11 O

We proceed to the case of general dimension.

Proposition C.2. Let m,d > 1. Then Pp_1,4 = {ZaeAm paxo‘} is unisolvent with respect to the

functionals ¥ = {0a}aca,, gwen by oa(¢) = [, o¢(x)dx, and in particular there exists a unique set
{05} s, C Pm—1,n such that o4(05) = 65.
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Proof. Upon rescaling, we may apply Lemma C.1, to deduce that for m > 0 and 0 < k < m — 1, there exists
a univariate polynomial 8 € P,,—11 such that

£4+1

" Or (x)dx = 5%

£
Let n > 1, and define for each o = (o, .., ag) € Ay, a polynomial 8, € Pr—1.4

‘We have

d
Ou(21,..,2q) = HGal(xl)
i=1

B1+1 Batl 4 d Bi+1 d

m

0p(0) = - HGai (x;)day -+ -dxy = H N On; (z5)dz; | = H&gz
i=1

P1 Bd
m

m

=3 .
i=1 m =1

Thus, given m € N, there exists a collection of polynomials © = {6, }ac.4,, such that

05(0a) = 02

As dim Py, 1, = |¥|, we conclude that 3 forms a basis for Py, _; ,, bi-orthogonal to © as constructed. [

We now define an operator I, : Li . — Pp,_1., given by

Im(b(x): Z Ua(¢)9a(x)'

aEAn,

By Proposition C.2

05 (Imd) = [E Ind@ids = [ 3 0u(@)0a@)de = /E 05(6)05(x)dz = 05(6).

Eg acAn,

Observe that I,,, is indeed a projection onto Py,_1 ,; for any polynomial p € P,,_1 ,, and a € A, we have
0a(p) = 0o (Imp), and therefore by Proposition C.2 we have p(z) = I,,,p(z), as desired.
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