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Abstract

Appearance of cosmic strings in the early Universe is a common manifestation of

new physics typically linked to some high energy scale. In this paper, we discuss a

different situation, where a model underlying cosmic string formation is approximately

scale free. String tension is naturally related to the square of the temperature of

the hot primordial plasma in such a setting, and hence decreases with (cosmic) time.

With gravitational backreaction neglected, the dynamics of these melting strings in

an expanding Universe is equivalent to the dynamics of constant tension strings in a

Minkowski spacetime. We provide an estimate for the emission of gravitational waves

from string loops. Contrary to the standard case, the resulting spectrum is markedly

non-flat and has a characteristic falloff at frequencies below the peak one. The peak

frequency is defined by the underlying model and lies in the range accessible by the

future detectors for very weak couplings involved.

1 Introduction

Searching for topological defects [1] in cosmological and astrophysical backgrounds is a

promising way to probe physics beyond the Standard Model at very high energies inac-

cessible at Earth based facilities. In the present work, we focus on cosmic strings, which

have a rich phenomenology, notably through their effect on the matter distribution of the

Universe, gravitational lensing, and emission of gravitational waves (GWs) [2, 3]. The impact

of cosmic strings can be described by one dimensionless parameter Gµ, where G is Newton’s

constant and µ is a tension (mass density per unit mass length), commonly assumed to be

time-independent. Consistency with the Planck data implies the limit Gµ . 1.5 · 10−7 at
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95% CL [4]. A considerably stronger constraint comes from pulsar timing arrays (PTAs),

which reads Gµ . 1.5 · 10−11 at 95% CL [5]. Note, however, that larger values of Gµ,

which are in tension with this upper bound, are still of interest due to the recent results

from NANOGrav [6] hinting the first detection of stochastic GW background. This signal,

if attributed to GWs, can be interpreted in terms of emission from cosmic strings [7, 8, 9].

In this paper, we discuss a different type of cosmic strings, which have a tension decreasing

with time1. The appearance of cosmic strings with such a seemingly exotic property can be

well motivated in a physical setup, which involves no constant mass scale apart from the

Planck scale due to a minimal coupling to gravity. We assume that the approximate scale-

invariance is not spoiled by loop corrections. Consequently, the cosmic string tension should

be related to the Hubble rate H, or the temperature of the Universe T . We choose the latter

option, i.e., µ ∝ T 2, so that the time-dependence of the tension is fixed to be2

µ ∝ 1/a2 , (1)

where a is the scale factor of the Universe. A concrete example of a renormalizable model

leading to such a behaviour is described in Section 2.

Evolution of cosmic strings is considerably simpler in scenario (1) compared to the case

with constant µ. Due to the scale-invariance of the model we consider, the dynamics of

melting strings in an expanding Universe is equivalent to those of strings with a constant

tension in a flat spacetime. We further elaborate on this in Section 3 and in Appendix A

for the case of Nambu-Goto strings. This equivalence plays a crucial role for defining the

number density of loops in the scaling regime: we simply use the results known from the

studies of string evolution in a flat spacetime.

An interesting feature of scenario (1) is that one can have a large tension µ without

conflicting with Cosmic Microwave Background (CMB) measurements. Indeed, even if µ

starts from Planckian order values in the early Universe, it redshifts to a negligible value by

recombination. Nevertheless, due to gravitational radiation emitted by the loops [13], melting

cosmic strings do not disappear without leaving a trace. In the present work, we estimate

the GW spectrum in scenario (1) and show that it has a markedly non-flat shape. This

contrasts the case of constant tension strings, cf. Fig. 1. In particular, the spectrum behaves

as Ωgw ∝ f 4 in the low frequency regime, which is directly related to the behaviour (1) and

hence serves as a defining property of our scenario.

In the approximation of Nambu-Goto strings and assuming that the particle emission by

string loops is negligible, we estimate the present day fractional energy density of GWs, which

can be as large as Ωgw ' 10−8 − 10−9 for Gµ ' 10−4 at formation. Such energetic GWs are

1A weak logarithmic time-dependence of the tension is common for global cosmic strings. See [10, 11]

and references therein.
2The former option with µ ∼ H2 has been considered in Ref. [12].
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in the range accessible by essentially all planned detectors, provided that the peak frequency

fpeak . 100 Hz. The peak frequency is determined by the underlying model of melting

strings. In the specific example discussed in Section 2, phenomenologically interesting values

of fpeak imply extremely weak couplings of the fields constituting cosmic strings, to the

thermal bath. In this regard, GW emission from melting strings may serve as a window to

a (very) dark sector of the Universe. We comment on the Dark Matter implications of our

scenario in Section 6.

2 From scale-invariance to melting cosmic strings

In this section, we shall demonstrate via a specific model, how cosmic strings with the

tension (1) arise. With this in mind, let us consider the following scale free renormalizable

Lagrangian:

L = −1

4
F µνFµν +

1

2
|Dµχ|2 −

1

4
λ|χ|4 +

1

2
g2 · |χ|2 · |φ|2 . (2)

Here χ is a field transforming under the U(1) gauge group; Fµν ≡ ∂µAν − ∂νAµ is the gauge

field Aµ strength tensor. The covariant derivative is given by Dµχ = ∂µχ − ieAµχ, where

e is the gauge coupling constant. The field φ is a scalar multiplet comprising N degrees of

freedom.

Assuming that φ is in thermal equilibrium with the surrounding plasma described by the

temperature T , we fix its variance to be

〈φ†φ〉T ≈
NT 2

12
. (3)

Crucially we assume that g2 is positive:

g2 > 0 . (4)

As a result, the effective potential of the field χ has non-trivial minima χmin 6= 0 located at

v ≡ |χmin| ≈
gN1/2T√

12λ
. (5)

Note that the model (2) with the choice of the sign as in Eq. (4) was discussed in Ref. [14],

and we could readily use some of the results derived there. In particular, following Ref. [14]

one can consider the field χ for the role of Dark Matter. We briefly discuss this option in

Section 6. However, the scenario of Ref. [14] deals with the Z2-symmetry group, thus leading

to melting domain walls instead of cosmic strings and hence to quite distinct predictions

regarding GWs.
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We assume that initially the field χ is at zero, χ ' 0, and remains stuck there for some

time due to Hubble friction. Rolling of the field χ to the minimum of the broken phase starts

at the time th, when the Hubble rate becomes of the order of the thermal mass:

|Mthermal,h| ≈
gN1/2Th√

12
' Hh . (6)

As the field χ reaches the minimum, a cosmic string network starts to form. Note that the

rolling phase has a finite duration, and as a result, formation of cosmic strings is postponed

until the time tl > th. To capture this delay, we introduce the parameter

ε ≡ ah
al
≈ Tl
Th

, (7)

which is independent of g and λ, and depends on the quantum fluctuation of the field χ

above the background χ = 0. This quantum fluctuation, defined by the past evolution of the

field χ at inflation and reheating, is crucial in triggering the roll towards the minimum. It is

worth remarking here, that the parameter ε naturally takes values in the range ε ' 0.1− 1.

We assume that the transition to the spontaneously broken phase occurs at the radiation-

dominated stage, so that

H(T ) =

√
π2g∗(T )

90
· T

2

MPl

, (8)

where g∗(T ) is the number of relativistic degrees of freedom; MPl ≈ 2.44 · 1018 GeV is the

reduced Planck mass. Combining Eqs. (6), (7), and (8), one obtains the temperature at the

onset of cosmic string formation:

Tl ' 9 · 10−2 · ε · g ·MPl ·N1/2 ·
(

100

g∗(Tl)

)1/2

. (9)

Substituting this into Eq. (5), we get the expectation value at the time tl:

vl ≈
2.6 · 10−2 · ε ·MPl ·N√

β

(
100

g∗(Tl)

)1/2

, (10)

where β is defined as

β ≡ λ

g4
. (11)

The minimal possible value of β follows from stability in the (χ, φ) field space, i.e., λλφ ≥ g4,

where λφ is the self-interaction coupling constant of the field φ. Consequently, β is bounded

as [14]

β ≥ 1

λφ
& 1 . (12)
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The latter inequality guarantees that we are in a weakly coupled regime, so that λφ . 1.

Furthermore, the condition β & 1 ensures smallness of loop quantum corrections, δλ '
Ng4/(4π2). In what follows, we will be primarily interested in very small self-interaction

coupling constants λ ' g4, corresponding to β ' 1. Such a choice is natural, if the model

enjoys an approximate shift-invariance, becoming an exact one in the limit g → 0.

The cosmic string tension is primarily defined by the expectation value v:

µ = πv2h

(
λ

2e2

)
, (13)

where h is a slowly varying function of its argument λ/(2e2) (see below). According to

Eq. (5), the tension relies on the square of the Universe temperature, µ ∝ T 2, and hence

decreases with time as µ ∝ 1/a2. Using Eq. (10), we obtain for the relevant quantity Gµ at

cosmic string formation:

Gµl ≈
0.8 · ε2 · 10−4 ·N2 · h

(
λ

2e2

)
β

·
(

100

g∗(Tl)

)
. (14)

For g∗(Tl) ' 100− 1000, N ' 1− 10, ε ' 0.1− 1, and h ' 0.1− 1, the quantity Gµl varies

in the range

Gµl '
(10−8 − 10−2)

β
. (15)

Following the discussion above, we choose β ' 1 meaning that Gµl & 10−8. Intriguingly,

in our setup, even cosmic strings with Gµl � 10−7 are harmless for the CMB, because the

decreasing tension becomes negligibly small at recombination. On the other hand, early time

emission of GWs, when µ is large, can be detectable by the future GW interferometers or

PTAs.

Our choice λ ' g4 imposes an important limitation on the gauge coupling constant e.

Indeed, the Coleman-Weinberg one loop correction to the effective potential is given by

VCW '
3e4

4π2
|χ|4 ln

|χ|2

σ2
, (16)

where σ is the renormalization scale. Note that the Coleman-Weinberg correction itself

may lead to the spontaneous breaking of the U(1) symmetry. In that case, one expects

formation of cosmic strings with a constant tension. In the present work, we are interested

in a different scenario, where quantum effects do not spoil scale-invariance of the model.

That is, we require that the Coleman-Weinberg correction gives a negligible contribution

to the effective potential of the field χ, in particular, to the self-interaction term ∼ λ|χ|4.

Consistency with λ ' g4 then implies that e . g. For λ ' 2e2, one has h ' 1, while for

λ� 2e2 the following asymptotic behaviour holds [15]:

h

(
λ

2e2

)
'
(

ln
2e2

λ

)−1

. (17)
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This explains the range of values h ' 0.1− 1 assumed in Eq. (15)3.

Two important remarks are in order here. Generically, the motion of cosmic strings

travelling in the surrounding plasma is slowed down by the thermal friction [2]. Contrary to

the case of constant tension cosmic strings, in our setup the thermal friction rate estimated

as Γthermal ∼ T 3/µ grows with time relative to the Hubble rate H ∼ T 2/MPl. Therefore, one

expects the motion of melting cosmic strings to be completely damped eventually. Naively,

this should compromise any phenomenological applications of the model, in particular GW

emission. However, the thermal friction can be neglected in the following analysis, if it is

very small initially and comes into play only after a large number of Hubble times. Indeed,

most energetic GWs are emitted close to the times of cosmic string formation in our case,

and thus the late time evolution of cosmic strings is irrelevant for GW phenomenology. The

thermal friction is negligible provided that Γthermal � H, which translates into the constraint

on the temperature:

T � 8π2 · (Gµ) ·MPl ·
(
g∗(T )

100

)1/2

. (18)

Then, substituting the values of the temperature (9) at the cosmic string formation, we

obtain the limit on the portal constant:

g � 800π2

N1/2
·
(
g∗(Tl)

100

)
·
(

0.1

ε

)
· (Gµl) . (19)

We will see in Section 5 that this is a very weak constraint in a sense that it does not impose

any limitation on the portion of the parameter space, where one expects observable GWs.

Therefore, we ignore the thermal friction in what follows.

Our second remark concerns the width δw of melting cosmic strings. The width δw always

constitutes a small fraction of the horizon for ε� 1 (cf. Ref. [12]), i.e.,

δwH ' ε · al
a(t)

. (20)

The time dependence here follows from δw ' 1/
√
λv ∝ a(t) and H ∝ 1/a2(t). The nor-

malization factor in Eq. (20) is obtained by combining Eqs. (8), (9), and (10). We see that

the cosmic string width, while shrinking with time relative to the Hubble radius, initially

constitutes a considerable fraction of the distance between infinite strings as well as the

size of the largest loops. Since the early times, close to the moment of the network forma-

tion ti, are most relevant from the viewpoint of GW phenomenology discussed in Section 4,

3For e �
√
λ, one has h ' ln λ

2e2 � 1. However, in this case gauge bosons are very light. As a result,

most of the energy of the long string network goes into gauge field excitations rather than into loops, by

analogy with the case of global strings. Reduced loop formation implies less gravitational radiation emitted

compared to the case of larger gauge couplings e &
√
λ.
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melting cosmic strings should be treated as Abelian-Higgs rather than Nambu-Goto ones.

Nevertheless, in the following analysis we often rely on expressions and results of numerical

simulations obtained assuming Nambu-Goto strings. We assume that this is plausible for

the purpose of crude estimation in most cases, and we comment on the situations where we

expect departures from the approximation of Nambu-Goto strings to be unacceptably large.

3 Number density of cosmic string loops

The evolution of cosmic strings in the model (2) is greatly simplified as a result of its scale-

invariance. Indeed, by carrying out the following field redefinitions of the variables χ and

Aµ:

χ̃ = χa Ãµ = Aµ , (21)

we find that cosmic strings within this model are described by the action

S =

∫
d3xdτ

[
−1

4
ηλµηρνFλρFµν +

1

2
ηµνDµχ̃Dνχ̃

∗ − λ

4

(
|χ̃|2 − ṽ2

)2
]
, (22)

where τ is the conformal time, ηµν is the Minkowski metric, and ṽ is the expectation value

of the field χ̃, i.e., ṽ = v · a. Hereafter, rescaled quantities are denoted by a tilde. According

to Eq. (5), v ∝ 1/a, hence ṽ is constant. We conclude that evolution of melting cosmic

strings in a radiation-dominated Universe is equivalent to evolution of constant tension

cosmic strings in Minkowski spacetime. In Appendix A, we reiterate this statement starting

from the Nambu–Goto action. There we also discuss the generalization to cosmic strings

whose tension has arbitrary time dependence.

The cosmic string network enters the scaling regime soon after its formation. In the case

of flat spacetime, this has been demonstrated with numerical simulations in Refs. [16] (for

long strings) and [17] (for loops). In the scaling regime, the loop production function–the

number density of loops per unit conformal time per unit loop conformal length l̃ ≡ l(t)
a(t)

–is

given by

f(τ, l̃) =
1

τ 5
f(x) , (23)

where

x ≡ l̃

τ
. (24)

The form of f(x) is independent of time. The number density of loops per unit length

produced in the scaling regime is related to the loop production function by

n(τ, l̃) ≡ dN

dxdl̃
=

∫ τ

τs

dτ ′

τ ′5
f(x′) , (25)
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where τs denotes the time, when the cosmic string network settles into the scaling regime.

Neglecting gravitational backreaction, the loop length l̃ = xτ remains constant with time.

Therefore, one has

x′τ ′ = xτ. (26)

Following Ref. [18], we make the change of the integration variable:

n(τ, l̃) =

∫ l̃/τ

l̃/τs

dx′

τ ′5
f(x′)

∂τ ′

∂x′
, (27)

and obtain

n(τ, l̃) =
1

l̃4

∫ l̃/τs

l̃/τ

dx′x
′3f(x′) . (28)

The loop number density per comoving volume per physical length n(t, l) is related to n(τ, l̃)

by

n(t, l) ≡ dN

dxdl
=

1

a(τ)
n(τ, l̃) . (29)

In the limit τs → 0, the integral in Eq. (28) takes the form of Eq. (15) in Ref. [18]4. However,

as we will see in Section 4, the most relevant contribution to GW emission comes from very

early times. Therefore, it is crucial that we do not take the limit τs → 0.

To proceed, we need to make a choice of the loop production function f(x). When

evaluating GWs, we cannot reliably account for contributions arising from small loops, with

x � 0.1, for two main reasons. First, in the model described in Section 2, strings are

relatively thick at the time of production, and thus we expect small loop formation to be

suppressed. Second, small loops, if abundantly produced, initially exhibit a strong departure

from the scaling regime, which persists for a longer time compared to large loops [17, 19, 20,

21]. Therefore, we mostly discard small loops with x� 0.1 in the following analysis, possibly

at the price of underestimating gravitational radiation. In this situation, it is natural to stick

to the velocity-dependent one-scale model (VOS) [22, 23], which assumes that the size of

loops created at any time τ is a fixed fraction of L̃ ∝ τ corresponding to the distance between

long strings. This size is chosen to match the maximum size of loops obtained in numerical

simulations [17]: l̃ = ατ , where

α ' 0.1 . (30)

That is, the function f(x) is given by

f(x) = Cδ (x− α) . (31)

4One should also set ν = 0 in Eq. (15) of Ref. [18], which corresponds to the flat spacetime limit.
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There are two ways of getting the constant C – one is analytical and is summarized in

Appendix B. It gives C ' 500. The other involves matching to the function f(x) derived

from numerical simulations of cosmic strings in a flat spacetime [17]:

f(x) ≈ AΘ (α− x)

xγ
, (32)

where A ≈ 82 and γ ≈ 1.63. The constant C is fixed by the requirement that Eqs. (31)

and (32) give the same number density of loops, when substituted into Eq. (28):

C ≈ 150 . (33)

This is only a factor three below the analytically derived value. We shall assume the

value (33) in the following analysis.

Due to emission of GWs, loops shrink in size as time proceeds, and this effect should be

taken into account when defining the number density of loops. However, as we shall now

demonstrate, gravitational backreaction practically does not affect the evolution of large

loops in our case. The mass of the loop m ≡ µl is changing according to

dm

dt
= −Hm− ΓGµ2(t) , (34)

where Γ ≈ 50 [13, 24]. The first term on the R.H.S. follows from an approximate scale-

invariance of the model: all quantities with mass dimension redshift with the scale factor as

m ∼ 1/a (modulo gravitational backreaction). Consequently, evolution of the loop conformal

length is given by
dl̃

dτ
= − ΓGµ̃

a2(τ)
. (35)

Integrating this out, we get

l̃(τ ′) = l̃(τ)− ΓGµ̃ · τ
a2(τ)

·
(

1− τ

τ ′

)
. (36)

We see that for any given τ the second term on the R.H.S. reaches a constant value ΓGµ(τ)τ

(recall that µ(τ) = µ̃/a2(τ)). Thus, for l̃(τ) � ΓGµ(τ)τ , one can neglect gravitational

backreaction. As soon as we are interested in large loops with l̃/τ ' 0.1, this inequality is

fulfilled, at least if the initial tension is not too large, Gµl . 10−3. On the contrary, in the

case of constant tension cosmic strings, gravitational backreaction is being accumulated with

time, so that loops evolve according to l(t′) = l(t) + ΓGµ(t′ − t), hence any loop evaporates

at some point.

Generically cosmic strings also emit particles (gauge and scalar bosons) on top of grav-

itational radiation. The lower bound on the length of loops, which predominantly radiate

GWs is estimated as (see Eq. (11) in Ref. [25]):

l &
εp
Gµ2

, (37)
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where εp is the energy of particle radiation produced per an emission episode. For λ ∼ e ∼ 1

assumed in Refs. [25, 26], one naturally estimates εp ∼ µ1/2 and δw ∼ µ−1/2, and the

inequality (37) reduces to l & δw
Gµ

confirmed by running lattice simulations; thus, sufficiently

thick strings predominantly decay into particles. This conclusion is not applicable to our

case, because we deal with a very different parameter space compared to Refs. [25, 26], i.e.,

λ ∼ g4 � 1 and e . g � 1. While the string width is estimated as δw ∼ 1/
√
λµ (for

e &
√
λ), we do not know, how to estimate εp for generic λ and e. According to Eq. (37),

particle emission is negligible at least for large loops with the length l ∼ 0.1 H−1, provided

that

εp � (Gµ) ·
√
µ

λ
. (38)

In the remainder of this paper, we assume that Eq. (38) is fulfilled, so that particle emission

of cosmic string loops is negligible compared to GW emission.

4 Gravitational waves from cosmic strings

4.1 Generalities

Cosmic string loops with a given length l(t) emit GWs at frequencies F (j) = 2j/l(t), where

j = 1, 2, 3, ... is the multipole number [13]. These frequencies redshift with cosmic expansion,

so that their current values are given by f (j) = (a(t)/a0) · F (j), or

f (j) =
a(t)

a0

· 2j

l(t)
=

2j

a0l̃
. (39)

Our goal is to obtain the fractional energy density of GWs emitted by loops

Ωgw(f) ≡ fdρgw
ρcdf

, (40)

where ρgw is the present day energy density of GWs and ρc is the critical energy density. We

split Ωgw(f) into a sum over harmonics:

Ωgw(f) =
∞∑
j=1

Ω(j)
gw =

∞∑
j=1

fdρ
(j)
gw

ρcdf
. (41)

Following Ref. [18], we relate
dρ

(f)
gw

df
to the power of GW emission per unit physical volume

per unit frequency P(j)
gw (t, F ):

dρ
(j)
gw

df
=

∫ t0

tl

dt′
(
a(t′)

a0

)4

· P(j)
gw (t′, F ′) · ∂F

′

∂f
=

∫ t0

tl

dt′
(
a(t′)

a0

)3

· P(j)
gw

(
t′,

a0

a(t′)
f

)
. (42)
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Here the factors (a(t′)/a0)4 and ∂F ′/∂f = a0/a(t′) take into account the redshift of the GW

energy density and frequency, respectively. In turn, P(j)
gw is defined by the comoving number

density of loops per unit length n(t, l) through

P(j)
gw (t, F ) =

∫
dl
n(t, l)

a3(t)
P (j)(l, F ) , (43)

where P (j)(l, F ) is the power emitted by a single loop. Assuming that loops develop and

maintain only one cusp, one has in the approximation of Nambu-Goto strings [13, 18, 24]5

P (j)
gw (l, F ) =

ΓGµ2(t)

ζ
(

4
3
,∞
) 1

j4/3
δ

(
F − 2j

l(t)

)
, (44)

where

ζ

(
4

3
,∞
)

=
∞∑
j=1

1

j4/3
≈ 3.60 . (45)

Strictly speaking the formula (44) works only for j � 1, however, the deviation from Eq. (44)

at j ∼ 1 is within a factor of two [24], and we ignore it in the following. Note that

Eq. (44) is commonly written for a constant tension, nevertheless, the extrapolation to a

time-independent tension is legitimate, as soon as it changes negligibly during an oscillation

period. This is indeed the case here, as F (j) � H.

As melting cosmic strings have a sizeable width (see the last paragraph of Section 2), it

is important to discuss to which extent using Eq. (44) is trustworthy. In the case of infinitely

thin cosmic strings the range for the multipole number j extends to infinity. In our case, the

frequency of GWs F (j) exceeds δ−1
w for j & l/δw, and departures from the approximation of

Nambu-Goto strings become unacceptably large. We expect the inverse string width to set

the cutoff scale on the frequencies of emitted GWs meaning a strong reduction of the power

compared to Eq. (44). Therefore, we limit to the values j close to unity in what follows.

Combining everything altogether, we get

Ω(j)
gw(f) =

1

ρc
· 2ΓG

ζ
(

4
3
,∞
)
j1/3 · f

·
∫ t0

tl

dt′
a2(t′)µ2(t′)n

(
t′, 2ja(t′)

a0f

)
a5

0

. (46)

To proceed, we make an assumption that the scaling regime is reached almost immediately

upon string formation, i.e.,

tl ' ts . (47)

In reality, it takes some time for the network to settle down into the scaling behaviour.

We will see, however, that some part of GW spectrum, namely the low-frequency part, is

5The sub-dominant contributions to the GW power come from kinks and kink-kink collisions; they decay

as j−5/3 and j−2, respectively.
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unaffected by the early time departure from the scaling regime. For the rest of the spectrum

we will be satisfied with a crude estimate. With that said, we use Eqs. (28) and (29) to

define the number density of loops entering Eq. (46):

n

(
t,

2ja(t)

a0f

)
=

1

a(τ)
n

(
τ,

2j

a0f

)
' a4

0f
4

16a(τ)j4

∫ 2j
a0fτl

2j
a0fτ

dxx3f(x) . (48)

Finally, switching to conformal time and using ρc = 3H2
0M

2
Pl, where H0 is the Hubble

constant, we rewrite Eq. (46) as

Ω(j)
gw(f) ' πΓG2f 3

3H2
0ζ
(

4
3
,∞
)
j13/3

·
∫ τ0

τl

dτ ′
a2(τ ′)

a0

µ2(τ ′)

∫ 2j
a0fτl

2j
a0fτ

′

dx′x
′3f(x′) . (49)

Note that given the time-dependence of the tension µ, the integral over τ ′ is saturated at

very early times close to τl. This is in contrast to the case of cosmic strings with a constant

tension. In particular, this results into a markedly non-flat spectrum, as we discuss in details

in the remainder of this section.

4.2 Spectrum of gravitational waves

We follow the VOS approach to model the loop distribution, such that the function f(x) is

chosen to be of the form (31). In doing so, we explicitly neglect the contribution of small

loops. As it has been mentioned in the previous sections, strings are rather thick initially,

and therefore we expect production of small loops to be suppressed. Nevertheless, at the end

of this section, we comment on the GW spectrum that would follow from the model (32),

once an abundant production of small loops is assumed. We will see that the latter may

strongly affect the spectrum in the intermediate frequency range, at the same time leaving

intact the shape of the spectrum in the low- and high-frequency regimes.

Low frequency range. With the VOS model assumed, the characteristic frequency of GWs

is given by

fpeak ≡
2

a0ατl
≈ 2Hl

α
· al
a0

. (50)

The fact that this is indeed the peak frequency will become clear shortly. We start with

the low frequency regime, f < fpeak. In this case, using Eq. (31), we can express the inner

integral in Eq. (49) as follows:∫ 2j
a0fτl

2j
a0fτ

′

dx′x
′3f(x′) =

{
0 τ ′ < τ̃ (j)

Cα3 τ ′ ≥ τ̃ (j) ,
(51)

where

τ̃ (j) ≡ 2j

a0αf
= τl · j ·

fpeak

f
. (52)
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Substituting Eq. (51) into Eq. (49), we obtain

Ω(j)
gw(f) ' πCα3ΓG2f 3

3H2
0ζ
(

4
3
,∞
)
j13/3

· µ
2(τ̃ (j))a2(τ̃ (j))τ̃ (j)

a0

. (53)

We observe that µ(τ̃ (j))a2(τ̃ (j)) = µl · a2
l and a(τ̃ (j)) = al · (τ̃ (j))/τl, and then use Eq. (52) to

express the time τ̃ (j) in terms of τl. Next, we express the time τl through the Hubble rate

Hl = 1/(alτl) and α through fpeak by making use of Eq. (50). Finally, we get for f < fpeak:

Ω(j)
gw(f) ' 1

j16/3
· 8πCΓ(Gµl)

2

3ζ
(

4
3
,∞
) · (Hl

H0

)2

·
(
al
a0

)4

·
(

f

fpeak

)4

. (54)

Clearly, higher multipoles with j > 1 contribute negligibly to the low frequency range, so

that the overall fractional energy density of GWs can be well approximated by counting only

the fundamental harmonic j = 1:

Ωgw(f < fpeak) ' Ωgw,peak ·
(

f

fpeak

)4

. (55)

Here Ωgw,peak is the peak energy density of GWs given by

Ωgw,peak '
8πCΓ(Gµl)

2

3ζ
(

4
3
,∞
) · (Hl

H0

)2

·
(
al
a0

)4

. (56)

Using the values Γ ≈ 50, C ' 150, ζ
(

4
3
,∞
)
≈ 3.60, and(

Hl

H0

)2

·
(
al
a0

)4

≈ 2.6 · 10−5 ·
(

100

g∗(Tl)

)1/3

, (57)

we obtain

Ωgw,peak ' 4.5 · 10−9 ·
(
Gµl
10−4

)2

·
(

100

g∗(Tl)

)1/3

. (58)

GWs emitted in the range of frequencies f � fpeak provide a particularly clean probe of our

scenario, because they come from times considerably later than τl, when the departure from

the scaling regime is moderate. One can also show, that the result (55) is largely independent

of f(x). In particular, we would get the same had we chosen to use the loop production

function an in Eq. (32).

High frequency range. Now let us discuss the range of high frequencies with f > fpeak. In

this case, the discussion above applies and in particular Eq. (54) holds, but only for multipole

numbers j > f/fpeak. Indeed, for j < f/fpeak, one has

2j

a0fτl
<

2

a0fpeakτl
= α (59)
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and hence, ∫ 2j
a0fτl

2j

a0fτ̃
(j)

dx′x
′3f(x′) = C

∫ 2j
a0fτl

2j

a0fτ̃
(j)

dx′x
′3δ (x′ − α) = 0 . (60)

Thus, according to Eq. (49), we must set Ω
(j)
gw = 0 for j < f/fpeak. Performing the summation

in Eq. (54) from j ≈ f/fpeak and using Eq. (56) we obtain

Ωgw(f > fpeak) ' c(f) · Ωgw,peak

(
fpeak

f

)1/3

, (61)

where c(f) is defined as

c(f) =

(
f

fpeak

)13/3

·
∞∑

j>f/fpeak

1

j16/3
. (62)

The discontinuity between Eqs. (55) and (61) at f = fpeak is a consequence of the one-scale

approximation used. In reality, the function f(x) is smooth around the peak x ' α, and the

discontinuity is avoided. One can check that the function c(f) quickly relaxes to a constant

value as one increases f :

c(f)→ 3

13
. (63)

In practice, we will set c(f) = 3/13 for all f > fpeak. Note that the slow decay with the

frequency in Eq. (61) is independent of the choice of the loop production function f(x),

and merely reflects a generic dependence on the multipole number in Eq. (44). As has been

remarked on in Section 4, using Eq. (44) is most probably not legitimate for j � 1 because

of the issue with a finite string width, at least close to the cosmic string network formation

time. Thus, extrapolating (61) to large f � fpeak is not legitimate, and we expect a strong

falloff of the spectrum in a very high frequency range compared to Eq. (61).

Possible contribution of small loops. To estimate the possible effect of small loops ne-

glected in the analysis above, one turns to the model (32). Again we assume that the

string network settles immediately into the scaling regime upon its formation. The lower

bound on the loop size is set by gravitational backreaction discussed at the end of Section 3:

x & ΓGµ(τ), where x = l̃/τ . One can show that the loops saturating this lower bound give

the main contribution to the peak energy density of GWs. As a result, the peak frequency

of GWs is shifted compared to the VOS model:

fpeak ' fV OSpeak ·
α

ΓGµl
, (64)

where fV OSpeak is given by Eq. (50). In the intermediate frequency range fV OSpeak . f . fpeak,

there is a growth of GW energy density Ωgw(f) ∝ fγ−1. In particular, for the value γ ≈ 1.6
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fitting numerical simulations of Ref. [17], one has Ωgw(f) ∝ f 0.6. In other words, the inclusion

of small loops leads to a larger value of Ωgw,peak compared to Eq. (58):

Ωgw,peak ' ΩV OS
gw,peak ·

(
α

ΓGµl

)0.6

. (65)

Thus, Eq. (58) should be viewed as a conservative lower bound on the peak energy density

of GWs (provided that the particle emission is negligible). On the other hand, the behaviour

in the low and high frequency regimes, i.e., Ωgw ∝ f 4 for f . fV OSpeak and Ωgw ∝ f−1/3, for

f & fpeak, respectively, still holds.

5 Prospects for observations

In Fig. 1, we show the spectrum of GWs in terms of Ωgw · h2
0, where h0 ≈ 0.7 is the

dimensionless Hubble constant, for differentGµl and fpeak. We compare it with the sensitivity

of current and future detectors: LIGO [27, 28], Einstein Telescope (ET) [29], Cosmic Explorer

(CE) [30], DECIGO [31], LISA [32, 33], and PTAs [6, 34, 35]. For the peak frequency lying

in the ranges 10−9 Hz . fpeak . 10−7 Hz and 10−5 Hz . fpeak . 100 Hz, one will be able to

probe melting strings with an initial tension as large as Gµl & 10−6. Note that astrometrical

measurements have a promising capability to fill in the existing frequency gap between the

SKA and LISA sensitivity curves [36].

So far, our discussion of the GW spectrum has been model-independent: it only assumed

that the tension decreases with time as µ ∝ 1/a2. Now, let us relate the peak frequency fpeak

of GW emission given by Eq. (50) to the parameters of the model (2). One first connects

fpeak with the temperature Tl at string formation:

fpeak ≈ 20 · Tl · T0

MPl

·
(
g∗(Tl)

100

)1/6

, (66)

where T0 ≈ 2.73 K is the present day temperature of the Universe. Next we substitute

Eq. (9) into Eq. (66) and obtain

fpeak ' 100 Hz ·
√
N ·

( g

10−8

)
·
( ε

0.1

)
·
(

100

g∗(Tl)

)1/3

. (67)

Note that the peak frequency is mainly defined by the portal constant g and is independent

of the string tension µl. For g ' 10−8 we enter the range accessible by LIGO, ET, and CE.

Further decreasing g, we cover the range of DECIGO and LISA. Frequencies characteristic

to PTAs correspond to extremely small constants g . 10−18. We conclude that gravitational

radiation from melting cosmic strings serves to probe particle physics in a very weakly

coupled regime.
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Figure 1: The spectrum of GWs emitted by the network of melting cosmic strings is shown

for different values of Gµl and fpeak. The choice of peak frequencies fpeak corresponds to

the choice of portal constants g ' 10−9, 10−13, 10−18 in the model (2). The shaded regions

correspond to those accessible with current and future GW detectors. Note that the spectrum

of GWs was derived in the approximation of infinitely thin strings. Therefore, the high

frequency part of the spectrum, where we expect the effects due to a finite string width to

be particularly large, is shown with dashed lines.

For substantially larger fpeak and g, away from the range accessible by future GW inter-

ferometers, emission from melting strings still may have observational consequences through

its impact on Big Bang Nucleosynthesis (BBN). GW background acts as dark radiation and

thus can be parameterized in terms of the departure from the effective number of neutrino

species ∆Nν ≈ Nν −Nν,eff, where Nν,eff ≈ 3.046:

Ωgw,BBN ≈
7

4
·
(

4

11

)4/3

· ∆Nν

g∗(TBBN)
. (68)

Using the Planck bounds Nν = 2.99±0.17 [37], which gives ∆Nν . 0.11, and g∗(TBBN) ≈ 3.4,

we get Ωgw,BBN . 0.015. Our prediction of Ωgw,BBN can be easily inferred from Eq. (58),
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which must be divided by

H2
BBN

H2
0

(
aBBN

a0

)4

≈ 2.6 · 10−5 ·
(

100

g∗(TBBN)

)1/3

. (69)

We get

Ωgw,BBN ' 1.7 · 10−4 ·
(
Gµl
10−4

)2

·
(
g∗(TBBN)

g∗(Tl)

)1/3

. (70)

The BBN bound on Ωgw,BBN can be used to set the upper limit on Gµl:

Gµl . 1.6 · 10−3 , (71)

we have assumed g∗(Tl) ≈ 100. This is a rather weak bound from the viewpoint of the

model (2), which typically leads to much smaller Gµl. While the future BBN measurements

may slightly improve this bound, we expect direct detection of GWs to be the most powerful

probe of melting cosmic strings.

6 Discussions

In the present work we have discussed cosmic strings with a decreasing tension (1). Such

topological defects can be anticipated if the underlying field theory of particle physics is

scale-invariant at high energies (modulo inclusion of gravity), and the scale-invariance is not

spoiled by quantum corrections. In Section 2, we considered an example of a model that

enjoys scale-invariance and predicts the existence of melting cosmic strings. We assumed

that the latter predominantly emit GWs, while the particle emission is negligible. Under

this assumption, we estimated the spectrum of GWs and showed that they can be observable

with future detectors in a well motivated range of parameter space.

Let us summarize our prediction of the spectrum of GWs produced by the network of

melting cosmic strings:

Ωgw · h2
0 ' 2.3 · 10−9 ·

(
Gµl
10−4

)2

·
(

100

g∗(Tl)

)1/3

·


(

f
fpeak

)4

f . fpeak

3
13

(
fpeak
f

)1/3

f & fpeak

. (72)

See Fig. 1 for further details. In the particular model of cosmic string formation (2), the

peak frequency fpeak is given by Eq. (67). Let us stress that for f & fpeak the expression (72)

should be viewed as a crude estimate, as our derivation of the GW spectrum relied on

some strong assumptions. Namely, we assumed that the cosmic string network immediately

settles into the scaling regime. Furthermore, we neglected a cosmic string width, which

nevertheless may constitute a sizeable fraction of the horizon at string formation time τl (see
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the discussion in the end of Section 2). We expect that the finite string width strongly affects

the GW spectrum at frequencies exceeding δ−1
w at emission. Therefore, it is most possibly

not legitimate to extend the expression (72) to f � fpeak. In fact, we expect a strong falloff

of the spectrum in a very high frequency range.

On the other hand, the expression (72) becomes progressively more accurate, as one

moves towards low frequencies f � fpeak. The reason is that the low frequency part of

the spectrum corresponds to GWs emitted at the times τ � τl, when the issues related to

the finite string width and settling to the scaling regime are mitigated. In this regard, the

spectral shape in the low frequency range, Ωgw ∝ f 4, which is also independent of the choice

of the loop production function, is the most robust prediction following from our scenario.

In the present work, we did not discuss the cosmological role of the field χ constituting

cosmic strings. According to Eq. (67), in the range accessible by GWs, the field χ is very

weakly coupled to the thermal bath. Therefore, one could reasonably consider the field χ to

assume the role of Dark Matter. For that purpose, we should admit a small breaking of the

scale-invariance by introducing the mass term for the field χ:

Smass = −
∫
d4x
√
−gM

2|χ|2

2
. (73)

Note that for the couplings g . 10−8, which correspond to fpeak . 100 Hz, the standard

freeze-out and freeze-in mechanisms are not efficient. Nevertheless, one can create the right

amount of Dark Matter at the inverse phase transition [14, 38, 39], when the thermal mass

of the field χ drops down to the bare mass M . The field χ gets offset from the minimum

around this time and starts oscillating. For the masses [14]

M ' 15 eV · β
3/5

√
N
·
( g

10−8

)7/5

, (74)

the energy density of these oscillations matches the observed Dark Matter abundance in the

Universe. Despite extremely weak couplings involved, this Dark Matter scenario is naturally

connected to production of GWs through the early time formation of melting strings, and

thus can be tested in future experiments.
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Appendix A: Equation of motion of melting Nambu–

Goto strings

Dynamics of infinitely thin strings is described by the Nambu–Goto action, which is extrap-

olated to the case of the time-dependent tension in the straightforward manner [40, 41]:

S = −
∫
d2ζ
√
−γµ(τ) , (75)

where ζ = (ζ1, ζ2) are the worldsheet coordinates, γab = gµνx
µ
,ax

ν
,b is the worldsheet metric,

and γ ≡ detγab. Latin indices stand for the derivatives with respect to the worldsheet

coordinates. Varying this action and accounting for the time-dependence of the tension, one

gets
1

µ
√
−γ

∂a
(
µ
√
−γγabgµνxν,b

)
− 1

2

∂gλν
∂xµ

γabxλ,ax
ν
,b −

∂µµ

µ
= 0 , (76)

which can be rewritten in a more conventional form:

1

µ
√
−γ

∂a
(
µ
√
−γγabxρ,b

)
+ γabΓρλνx

λ
,ax

ν
,b −

∂ρµ

µ
= 0 . (77)

Substituting gµν = a2(τ)ηµν , where ηµν is the Minkowski metric, one can check that the last

two terms in Eq. (76) cancel each other for µ ∝ 1/a2. We used that γabγ
ab = 2. Therefore,

for µ ∝ 1/a2, Eq. (77) simplifies to

∂a
(
µ
√
−γγabgµνxν,b

)
= 0 . (78)

We observe that µgµν = µ̃ηµν , where µ̃ = µa2 = const, and that
√
−γγab =

√
−γ̃γ̃ab, where

γ̃ab is defined as

γ̃ab ≡ ηµνx
µ
,ax

ν
,b . (79)

Finally, we get

∂a

(
µ̃
√
−γ̃γ̃abηµνxν,b

)
= 0 . (80)

This equation describes evolution of a string with a constant tension in a flat spacetime. In

fact, one could anticipate this result from the beginning, based on the scale-invariance of our

setup.

Note that Eq. (77) is generic, as it does not assume a particular time-dependence of

the tension µ(τ). Here let us make an important comment. A different equation of motion

compared to Eq. (77) has been derived from the same action (75) in Refs. [40, 41]. The latter

assume that the tension depends on the worldsheet coordinates ζa rather than spacetime

coordinates xµ as in our case. Therefore, in Refs. [40, 41], the variation of the tension µ is set

to zero, when applying the least action principle. However, in our case the tension is directly

linked to the temperature of the Universe, which depends on the spacetime coordinates.

Consequently, one cannot disregard the variation of µ.
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Appendix B: VOS model

In the VOS model, the loop production function is given by Eq. (31). In the present Ap-

pendix, we aim to analytically derive the coefficient C entering there. Our discussion of the

VOS model mainly follows Refs. [42, 43].

One assumes that loops are produced from long strings according to

dρ̃∞
dτ

= −c̄v ρ̃∞
L̃

, (81)

where

ρ̃∞ =
µ̃

L̃2
, (82)

is the rescaled energy density of long strings; c̄ is the so-called loop chopping efficiency

parameter defined numerically, and v is the root mean square velocity. Comparing Eqs. (81)

and (82), we obtain the scaling behaviour of long strings:

L̃

τ
=
c̄v

2
. (83)

Flat spacetime simulations of Refs. [44, 45] give

c̄ ≈ 0.57 . (84)

The velocity v is obtained from the equation [42, 43]

dv

dτ
= (1− v2) · k(v)

L̃
, (85)

where the function k(v) is given by

k(v) =
2
√

2

π
(1− v2) · (1 + 2

√
2v3) · 1− 8v6

1 + 8v6
. (86)

The system has an attractor solution

v =
1√
2
, (87)

as it should be in a flat spacetime [2].

The energy loss (81) is related to the loop production function f(x) by

dρ̃∞
dτ

= −µ̃
∫ +∞

0

l̃f(l̃, τ)dl̃ . (88)
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Using Eqs. (81) and (83), we get ∫ +∞

0

xf(x)dx =
8

c̄2v2
. (89)

Substituting Eq. (31), we obtain

C =
8

αc̄2v2
. (90)

Finally, substituting the values (84), (87) and using α ' 0.1, we obtain

C ' 500 . (91)

This is in a good agreement with the value (33) derived from matching to numerical simu-

lations of Ref. [17].
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