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ABSTRACT

It is known that the (a, ¢) central charges in four-dimensional CFTs are linear combinations
of the three independent OPE coefficients of the stress-tensor three-point function. In this
paper, we adopt the holographic approach using AdS gravity as an effect field theory and
consider higher-order corrections up to and including the cubic Riemann tensor invariants. We
derive the holographic central charges and OPE coefficients and show that they are invariant
under the metric field redefinition. We further discover a hidden relation among the OPE
coefficients that two of them can be expressed in terms of the third using differential operators,
which are the unit radial vector and the Laplacian of a four-dimensional hyperbolic space
whose radial variable is an appropriate length parameter that is invariant under the field
redefinition. Furthermore, we prove that the consequential relation ¢ = 1/3leg0da/0lcg and
its higher-dimensional generalization are valid for massless AdS gravity constructed from the

most general Riemann tensor invariants.
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1 Introduction

In a curved space, a conformal field theory (CFT) suffers from an anomaly that the trace of
the stress tensor acquires a nonvanishing expectation value [1,/2]. In d = 4, this conformal
anomaly reads (we discard the Maxwell part)

a
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(1)

where E® and I¥ represent the Euler density and the Weyl tensor squared of the geometric
background respectively. Central charges a and ¢ are important characteristics of the CFT, es-
pecially for the stress-tensor sector. Specifically, a-charge measures massless degrees of freedom
and is the value of the a-function evaluated at the fixed point |[3H5], and c-charge is proportional
to the canonical normalization of stress-tensor two-point function [6], i.e., Cr|s—s = 40/7c,

where

(Ty(o)Tuy)) = LLEZI 2
They encode the coefficient Appp of the operator product expansion (OPE) of the stress-
tensor [7], can further probe the conformal collider physics [8,9] and the averaged null energy
condition (ANEC) [10].

In N = 4 super Yang-Mills (SYM) theory, the two central charges are identical, but they
are not in general the same, e.g., N' = 1, 2 supersymmetric theories [§]. It is insightful to study
the large N CFTs with sparse gap (Agap > 1), which are expected to have weakly-coupled
local gravity duals in AdS [11]. The central charges are encoded in the pure gravity sector,

based on the holographic dictionary [12-14]. The causality analysis at the Regge limit in AdS
gravity imposes CEMZ bound [15]

la — | 1
<
c ~AZ (3)

which was later obtained purely from the sparse CFTs [16H18] and extended to more general
three-point functions (e.g. [19-21]).

The above known relations among the central charges and also the OPEs are algebraic in
nature. By studying “massless” higher-curvature gravities that have only massless graviton in
AdS, a linear differential relation was proposed and it survived many checks [22]. It is

1 Oa
_ = 4
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where log is the (effective) radius of the AdS vacuum. In this paper, we consider pure gravity
of the most general Riemann tensor invariants and derive the explicit general holographic

formulae for the (a,c) charges that enable us to prove this relation.



AdS gravity that corresponds to the large-N and sparse CEFT can also be approached
as an effective field theory (EFT) and higher-order curvature invariants arise order-by-order
perturbatively. In this EFT approach, there are no massive modes within the appropriate
cutoff and therefore it is necessarily to consider all possible such terms. However, we actually
have less nontrivial higher-order terms since there is a redundancy that one can perform field
redefinitions of the metric in terms of curvature tensors order-by-order without altering the
physics. (This is referred to as the “equivalence theorem” [23].) It is thus useful to express
the relation eq. in terms of the length parameter 09 that is invariant under the field

mv

redefinition, namely

_ 1 (0 da
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We consider AdS gravity up to and including the cubic order of the Riemann tensor poly-
nomials. At this order, we can derive the three OPE coefficients A\rpr as well as the (a,c)
charges holographically. We verify that they are indeed invariant under the field redefini-
tions, and therefore so is eq. . In doing so, we confirm the known result that the central
charges are linear combinations of the OPE coeflicients. Furthermore, we discover further hid-

den differential relations among the OPE coefficients by differential operators that live in the
(0)

four-dimensional hyperbolic space whose radial coordinate is £; ;.

The paper is organized as follows. In section 2, we consider pure gravity constructed from
general Riemann tensor invariants. With the assumption that the theory admits an AdS
vacuum, we derive the explicit formulae for (a,c) central charges and derive the differential
relation for massless gravities. In section 3, we treat the higher-order curvature invariants

perturbatively and consider the most general polynomial invariants up to and including the

(0)

cubic order. We derive the proper /; ;. that is invariant under the field redefinition and becomes
log when the theory reduces to massless gravity. We prove the relation . We find further
differential relations among the OPE coefficients of the three-point function of the stress tensor.
We conclude the paper in section 4. In appendix A, we generalise our four-dimensional results
to general dimensions. In appendix B, we present the field redefinitions in general dimensions
and derive the invariant length parameters. In appendix C, we study the OPE coefficients of

the three-point function of the stress tensor.



2 Holographic central charges

2.1 Generalties of higher derivative gravity

For our purpose, we consider pure gravity theories constructed from general Riemann tensor

invariants in (d 4 1) spacetime dimensions:

1
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We assume that the theory admits an AdS vacuum of radius fog. It is instructive to introduce

tensors Pyupe and Cfs"0 (24,25
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When evaluated on the vacuum, the tensor structures are rigidly fixed

PpHvpo _ nggu[pgﬂv’
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In holography, as we will see shortly, the coefficients £;—g.3 contain all the information per-

taining to the central charges and hence OPEs Appp. Some useful identities were proved [26]

and we quote them here

] 4d . 4d(d
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Here, a prime denotes a derivative with respect to feg, but with subtleties that should be
clarified. To be precise, the Lagrangian in @ should be written as £ = L(Rupo, 9", )
where « denotes all the coupling constants, including the bare cosmological constant Ag. Off
shell, these coupling constants are all independent of /., and they become related by the
on-shell condition, namely the left equation in @ The derivative is implemented off shell, but

assuming that the metric is AdS of radius f.g, namely [24}25]

oL  ORHre
/ —
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We consider in general theories with a bare cosmological constant and we solve the on-shell

condition by express the Ag in terms of l.g and other coupling constants. It is clear that the



derivative in does not explicitly involve in Ag. The rule for higher derivatives follows
straightforwardly.

Gravity of Riemann invariants is in general a 4’th-order derivative theory and the spectrum

contains not only the usual massless graviton hg%), but also a massive spin-2 hgzl\)/[) and a massive

scalar h. The effective Newton constant Gg\c,l:ffl ) and the masses of additional modes can be

expressed in terms of ;—g3 [24}25]
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It is important to note that first equation above is the coefficient of the kinetic term of the
graviton and hence it does not explicitly depend on the bare cosmological constant Ag. In our

proof of eq. , we need to decouple both massive modes by requiring
26+ (d+1)§3+4ds2 =0, 2§ +&=0. (16)

The resulting theory is phrased as massless gravity in [22] that include quasi-topological grav-

ities [27H30].

2.2 General formula of holographic central charges

The conformal anomaly in CFT, can be reconstructed from the AdS bulk by considering FG
expansion [31}32]
d 2 _ ggffd 2 1 d Zd i _ 2
s =1 P +;gij zdz’ 9ij = 9oij + 91ijp + G2ijp” + -, (17)
where p — 0 is the AdS boundary. We introduce the ultraviolet (UV) cutoff parameter € > 0
and evaluate the boundary integrals at p = €. Correspondingly, the action can be expanded as
1 5 - 1 4 A
5:7(5) dm\/—g5£:7(5) d*z/—go dp(---+—+--+), (18)
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where the coefficient A of p~! is interpreted as conformal anomaly, because p~! gives rise to a

logarithmic dependence of the UV cutoff

1 .
Sanomaly = - /d4£L‘ —30 §<TZZ> 1Og€a (19)

which manifestly breaks the scaling invariance.



For convenience, we consider a reduced FG expansion: we explicitly construct an AdS with
5% x S? boundary [33]
0
ds” = (5o’ (f1< JA + f2(p)d3) | (20)

and (f1, f2) can be closely solved as the truncated FG expansion

fi = fio+ fup+ fizp* + -+, fo = foo + foip+ foep* + -+, (21)

where
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The constants fig and fog simply represent the radii of the two spheres. We define the ratio
v = f10/ fe0, but take fi9 = fo0 = 1. The Euler density gives the topological number of S? x S,
whilst the Weyl-squared on the boundary depends on +:

B =5 9= (24q+1). (23
3 Y
We can then readily find
1492 3 ( 451) < 251)
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from which we can read off the central charges
_ méolog o Tl (5 n 451) _ Tl ' (25)
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We can then show generally Cr|s—4 = 40/7*c in holography since Cr is necessarily propor-
tional to 1/ Gg\?‘)eﬁp. (For explicit low-lying examples, see e.g., [34,35].) In Appendix |A| we will
generalize our results to arbitrary dimensions and prove generally that the a-charge above can
be read off from the entanglement entropy of spherical entangling surfaces, demonstrated in

some explicit low-lying examples |36/-38].

2.3 Proof of the central charge relation

The identities and (|13) imply that the relation between G )ff and b’ (Lo ):

1 03 128
B) = eff(5) <b/(€eﬁ) 52 (fl — 1052 — 253)) (26)
GNeff 24GN eff

The term b'(feg) can also be obtained by a derivative of eq. , followed by substituting
eq. @ We have We have

c= 12GS\57) (350 + ﬁeﬁfaTCH + g(& — 1082 — 253))
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The second term above vanishes after imposing the massless conditions . We therefore
prove the universal relation of holographic central charges for massless AdS gravities. It
should be emphasized that since the massless conditions in general involve £og, we should
take the flog derivative of a before imposing the massless conditions such that the relevant
coupling constants are independent of .

In appendix A, we generalize the relation to arbitrary dimensions and the subtleties of the

Leg derivative are further clarified with explicit examples.

3 Holographic CFT as AdS EFT

3.1 General arguments

In this section, we use the EFT approach to the weakly-coupled bulk gravity, where higher-
order Riemann tensor polynomials are perturbative corrections to Einstein gravity with a bare

negative cosmological constant
d(d—1)
202

For the theory to be valid below the energy scale M > 1/, graviton is the only light particle

Ao =— (28)

and the massive states are all beyond M, i.e.,

# #
21+ (d+ 1) +4d&2 = 15 + M42£3 +oe
# o #h
260 +& =5+ + e (29)
M2~ M4

Furthermore, we assume the following hierarchy [39]

1 11
W»M >>58T“ lo ~ O(1). (30)

We consider only the tree-level gravitational physics, of the leading order in (’)(G%H)), which
is dual to the large Cr (Cr ~ N?) limit of the boundary CFT. Schematically, we may write
the effective Lagrangian as (we only consider parity-even gravity)

L(Rywpo,g™) =R =280+ 3. 3 gadl BT, (31)

n=2 1

where g, ;s are Wilson coefficients associated with higher derivative terms [Rl(n)] that denote

i’th curvature invariant operators with 2n derivatives. In flat space, dimensional analysis



indicates the scaling behavior g,; ~ 1/M 2(n=1). however, it becomes more complicated in
AdS. The subtlety arises from the fact that g(,1); can also enter the coupling g, under field
redefinitions. Thus the most general power-counting for each gy, ; involves all 1/(M 2(”_1_k)€%k )
terms with £k =0,1,2,---

In this framework, # and #’ are dimensionless quantities that depend on Wilson coefficients
of higher derivative terms; however, they are not invariant under the field redefinition, and
neither does fy. It is always possible to find a field redefinition that brings eq. to eq.
[29]. As physical observables, central charges should be invariant under the field redefinitions.
It is thus natural to expect the relation eq. should have a general form for AdS EFTs,
g( )

where f.g is replaced by a certain field-redefinition invariant quantity that coincides with

Lo for massless gravity. This leads to eq. .

3.2 Example: to the cubic order and OPE relations

For a concrete example, we truncate the AdS EFT to the cubic order and show the field
redefinition invariance of central charges and the validity of the relation eq. . Cubic is also
the minimum order that fully enumerates three-point structures of the stress tensor. (We shall

return to this point later.) The complete set of quadratic and cubic operators is

[RP] = {R’ RHVR s Rypo R}

[R®] = {R® RR,,R", RURSR:, Ruypo R* R", RRypo R*"7, R" Rypon R,/
R, RP" gR,, RMP RV, 7R R, R, RORY . (32)

The contributions to central charges from this set were obtained in [33] and we review them
in Appendix [B] To the cubic order, the Wilson coefficients can be expressed in terms of three

sets of dimensionless parameters (g;, g, ¢;):

qi i

92’i:M2+M4€g’ 1=1,2,3,
gg,i:%, i=1,2,....10. (33)

We now show the rigidity of central charges under the general field redefinition:

G = do g + > dri[ RV + Y doil RV (34)

where the d,, coefficients are given explicitly in appendix [B] and

[R(l)]wf = {Ruua Rgul/} >
R, = {RuporRu "7, Rupwo R?, Ry R, RyupRE, R2 g0,
RpaRp"gW, R,,UWR”‘”"gW, VMVVR, DRW, DRgW} . (35)



Note that g,, on the RHS of eq. shall be further scaled by dy such that the Einstein
Hilbert term is invariant under the field redefinition. (There is no such scaling needed for the
Minkowski vacuum.) The consequence is that we have to introduce §; to absorb the descendants
of the higher-order ¢; terms under the field redefinitions. Under this scheme, the bare £y must
also vary under the field redefinition. The explicit rule how Wilson coefficients vary is recorded
in Appendix [B| (see eq. ), and here we simply quote our findings. The coefficients ¢3, c7

and cg are explicitly invariant, and there is one more invariant combination
- 8
43 = gz — 4(5¢5 +c6) + §(5Q1 +q2)q3 - (36)

We can construct six invariant length parameters

Dy 10(5¢1 +g2)  10(5¢1 +G2) | 10(4(25¢1 + 5c2 + c3 + ca) — 3(5q1 + 72)?%)
v 70 3M2(, 3MAe3 3MAG ’
@ _ B 1005a+a)e /3 _ @
T 20 T MR T T AR
P
W= 5 S — i E 37
inv M4€8 ) inv M4£8 ’ inv M4£g ( )

Any linear combinations of the above could be the invariant “AdS radius” fi,y, as long as the
leading term is ¢y. Thus we find that the central charges are indeed invariant, but there is an

ambiguity in the expression:

g?nv 7 #2 #3 Eignv “ #/2 #g
CTew g, thn) T o e P Y

where #Z and #; are invariant dimensionless coefficients, depending on the choice of a fiducial
length parameter. Part of this ambiguity stems from the choice of the OPE basis for the stress
tensor, which we will discuss presently. For now, we simply aim to find a particular f,, that
validates . The logic is straightforward, we would like to make a field redefinition, bring
gravity theory to massless gravity with standard hierarchy go; ~ 1/M? g3; ~ 1/M* (ie.,
Gi = 0). To satisfy the differential relation for massless gravity, finy is fixed to be leg|massless-
(In this order-by-order approach, we impose the massless condition at each order that gives
two leg-independent linear relations of the coupling constants. The subtlety issue of 9/0g of

the general Riemann tensor theory does not arise.) This procedure uniquely determines

(0) 71 7 26 11 (i)
¢ ( 13737 ) ¢

inv 67 3 9 2 (39)

inv >’

where the dot - denotes the internal product of two vectors. Adopting this Zi(r?\), for the (a,c)

expressions, we find that the invariant dimensionless coefficients are
#1:#/1:]_’ #2:3#,2:_12%7

10



Figure 1: Einstein, quadratic and cubic terms enumerate the stress-tensor three-point struc-

tures.
#3 — —3%/:23 = 16q§ — 6(]:/)) + 36¢7 — 9cg . (40)

The specific ratios #; / #; above lead to the differential relation eq. .

It is known in CFTs that central charges can be expressed in terms of Appp, i.e., OPEs
of (TTT) [7]. According to conformal symmetry, there are only three parity-even conformal
invariant structures in (I'7T'T"). (In d = 3, there are only two structures.) The three-point
function (T'TT) is thus determined by the three tensor structures multiplied by the intrinsic
OPE Arpr. The three structures are enumerated by KEinsten, quadratic and cubic gravity
vertices, as depicted in Fig[l] All higher derivative terms either repeat these Appr’s or encode
higher point contact structures. For this reason, we may argue that the results we obtain about
the OPE coefficients may be universal.

One can think of Appp as a three-dimensional vector, and there is ambiguity in the choice
of the OPE basis, which can explain part of the choices in defining fi,y, since Apprpr must be
expressible in terms of these invariant lengths. However, there are only three OPEs, but we
have five free parameters to define a seemingly valid #i,,. In fact, one can immediately see that
the coefficients of 61(12“), and El(g‘), must be equal in the three-point function from the bulk Witten
diagram, because g3 and g3 combine to give gz 3. However, the field redefinition appears to

allow different coefficients. In other words, there exist fi,,’s that cannot express any OPE

by Ef’nv. More specifically, those fi,,’s that can represent OPEs via ﬁf’nv have to include the
combination
1
#(lon + ) — 75 (5 + 6 + 1847 (41)

where # is pure number. To resolve this issue, we note first that at the perturbative order
considered, we have Ei(:f\), = (61(5\),)2 /lo, and therefore, Ei(fg should not be considered as an
independent length parameter. Secondly, we may also take the view that the ¢; terms are
introduced passively in order to absorb the descendants of the higher order terms from the
field redefinition. We should therefore set the invariant quantity g5 to zero to avoid introducing
artificial variables. This leads to the precise balancing between three independent length

parameters and three OPE coefficients. In fact we can use the field redefinition from the

beginning to remove all terms associated with the Ricci tensor and Ricci scalar, in which case,

11



we have only three nontrivial parameters (g3, 2¢7 4 cg, log). (In five bulk dimensions, the cubic
Lovelock gravity is trivial for which we have 2¢7 + ¢g = 0.) Our approach of using /i,y yields
the same result, but makes the procedure more covariant under the field redefinition.

To elaborate this further, we note that the three-point basis proposed in [7] is often used
in the literature, e.g., [34,35,40-42], where OPEs are denoted as A, B,C, and in d = 4 one
has [7]

6
™
a= 2880(13,4 2B —40C) = A,
c= 480(9A B-10C)=C. (42)

OPEs A, B,C can be explicitly calculated in our example by using ANEC operator [§], which
are recorded in Appendix [C| These results establish holographically the relations in .
Another natural choice is the orthogonal basis [43,44], where the orthogonality is defined
with respect to three-point pairing [45], because the orthogonal basis in the flat-space limit
precisely corresponds to R, [R®] and [R(®)] respectively. The details of these structures are
lengthy and we leave them recorded in Appendix [C] In general dimensions d > 3, we find

N (A(d*+d—2))+4C(d+1)+2B
T d(d? - 4) ’

£\ 2(d—1)(2A+4C — B)
TIT = " (d—2)d(d+3)

RO A(=d*>+d+4) +4C(d+ 1) — 2dB (43)
T d(—d>+d+2) '

In the orthogonal basis, we can immediately observe )\(Tl%T x c. We can thus rotate to a ﬁgﬁf

2 1 i
9 38 13 5()

E?If\t/h (1’1’1’_187_373) inv ’ (44)
for which
()3 ™ (1
=T 5 opMTIT: (45)
8va ) 20
The a-charge is a bit more complicated, with
- ~ ~ 4 -
#1=1,  fh=-8s, #s=3(37cr— ey~ 6d;+16g3), (46)
which satisfies
™ (@ @) 3)
=5 o (50N + 35000 + 1A%, ). (47)

Regardless the basis, the linear relations among a, ¢ and three Appr’s show that we may treat
three Appp’s as independent, and (a, ¢) charges are derived quantities. The detail coefficients

of the relation depend on the basis that we would like to choose.

12



Hidden relation emerges when we choose a specific invariant length Ei(r?i. It leads to a linear
differential relation between (a, c). We can further establish a new differential relation between
a-charge and the third linearly independent combination of the OPE coefﬁcientﬂ

76

BEW<9A_2B_QC):DZ§S‘)/Q’ (48)
where
0
V)= %K% , O, =Ve(Ve—1). (49)

(See appendix [C| for detail derivation.) This relation, together with eq. have a profound
implication: even through stress-tensor OPEs are algebraically independent, they are related
to each other via differential operators from the holographic point of view! Furthermore, we
have a geometric implication of these differential relations. The differential operator [y is a
Laplacian of the four-dimensional hyperbolic space of radius 1/3, with radial coordinate ¢:

9(dl? + da? + dy* + dz?)

dSZ = 62 )

(50)

which is Euclidean AdS4 in planar coordinates. In particular, Vy is the radial vector of unit
length in the hyperbolic space. We expect that there is a systematic way to generate more
differential relations among OPEs, and they might be organized under the hidden symmetry
associated with the isometry group of the metric , and we leave the construction of this

interesting systematics for future study.

3.3 Further comments: a-theorem and functional relations?

Holographic analysis indicates that there is differential relation between central charges. It can

be established for general Riemann tensor gravity or for perturbative EFT. Perturbatively, the
T

mv

relation is established by differentiating with that asymptotes £y in the M — oo limit.
However CFTs a priori do not know the parameter £y, it is therefore hard to make sense of
the differential relation from the CFT perspective. Here we argue that an analogous differen-
tial relation can be established if we extend central charges to radius-dependent functions by

deforming away from AdS, exactly following the same approach as addressing the holographic

a-theorem [46]. In this approach, one simply replaces Ei(r(l)\), by A’(r), where r — oo is the AdS
boundary and A(r) flows to 61(2\), in pure AdS. We find the following differential relation is valid
da(r) A" (r)
=3 ol
dr e(r) Al(r)”’ (51)

1We are grateful to Andrés Anabalon for pointing out that the B in our first version is not independent, but

equal to (¢ —a)/9.

13



which can be deduced from eq. by using the differential chain rule. As was proved in [47],
at the conformal perturbation level to all loops, one has

da(p)

i Gi;B'B, (52)

where G;; > 0 and B's are fB-functions. Here p is the energy scale that flows to UV and

corresponds to 7 in the AdS bulk. This is exactly the a-theorem, and we conclude

A" ()
Al(p)’

GiiB'B = 3c(p) (53)

which is consistent because of A”(r)|aqs = 0. Since ¢(r) > 0 for any unitary theory, we thus
find holographic a-theorem is validated provided A”(r)/A’(r) > 0. It is interesting to study
the relation between A”(r)/A’(r) > 0 and the null energy condition in a generic AdS EFT
in the future. More nontrivially, eq. then implies a novel differential relation among the
OPE B-function and the (a,¢) functions, which are themselves OPE functions:

/ —d — a/(ﬂ) 2
() —a'(p) W) B(u). (54)

4 Conclusion

Two related topics were addressed in this paper. One is that we proved the differential relation
of [22] and its higher-dimensional generalization for massless gravities that are constructed
from the most general Riemann tensor invariants. The second is to approach this relation
perturbatively, order by order. This allowed us to find more differential relations among the
OPE coefficients of the three-point function (I'T'T") of the stress tensor.

We considered AdS gravity extended with general Riemann tensor invariants up to and
including the cubic order. We showed that the (a, ¢) central charges and three OPE coefficients
(A, B,C) were all invariant under field redefinitions of the metric. We reconfirmed the known
fact that both central charges could be expressed as certain linear combinations of the OPE
coefficients. By recombining these OPE coefficients to (.,Zl, B, é), we find that two of them can
be expressed as differentials of the third:

C=V,0A, B=0wA. (55)

inv inv

where V, and [, are the unit radial vector and the Laplacian of the four-dimensional hyperbolic
space respectively. The central charge differential relation is the consequence of the
first relation above. However, there is a difference: The relations in are perturbative results
since OPE coeflicients can only defined perturbatively. The central-charge relation , on the

other hand, can be promoted to for general massless gravities whose higher-order couplings

14



are not necessarily small. The hidden relations tantalizingly suggest that there may exist a
deep organizing principle for the correlation functions of CFTs, associated with the isometry
group of the metric , which can be viewed as Euclidean AdS4 in planar coordinates.
However, the understanding of the differential relations from the CFT perspective remains
illusive, since Ei(g‘), does not have an immediate translation to any quantity in CFTs. We
argue that we can use the analogous approach in the holographic a-theorem and obtain the
corresponding differential relations of (a,c) functions but also those of the OPE coefficients.

However, the subject requires further investigation.
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Appendix

This Appendix includes: generalization of the relation of central charges to general dimensions
(sec. A), details of field redefinition of Wilson coefficients up to cubic order in general dimen-
sions (Sec.B), three-point structures of (I'T'T) in general dimensions and the calculation of

corresponding OPEs from ANEC operator in d = 4 (Sec. C).

A Relation of central charges in general dimensions

A.1 Holographic central charges

The differential relation of the central charges can be generalized to general dimensions d > 3.
However, there is a subtlety since in higher dimensions, there are more central charges and
they can be very complicated. Nevertheless, the central charge Cr and a can be universally
defined. (The identification of C7 with a suitable ¢ was only done holographically in [49]). It
is also important to note even though there is no conformal anomaly in odd d, Cr is always
well-defined

eI (d +2) 04!

8(d—1r () ¢\

Cr =

(56)
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The substitute of a-charge in odd d is the entanglement entropy (EE) for spherical entangling
surface S92 [38]. It is shown that EE for spherical entanglement surface can be mapped to
thermal entropy of R x H% ! via an appropriate conformal map. In holography, EE for half
of $4=1 of R x S9! boundary of global AdS boils down to black hole entropy of hyperbolic
topological black hole in d 4+ 1-dimension [38]

?”2

dr?
d862i+1 == —fdtQ + 7 + Tdei*l,k:*l‘) f - E - 17 (57)

which is locally AdS. According to the Wald formalism [48], we have

wk»d*1£g§1 ab _cd
S = EEveTE (Pabcdf € ) , (58)
8GN r=Legt
where Pp.qge®ed = —4&o and wy, ¢—1 denotes the entangling surface and it is divergent in even

d, . It is instructive to simply divide by wy 41 and define the density

414 pd—1
_ L
* Qd 1 S _ 2 gO G;H = (59)
47ka7d,1 AT (d) GSV"" )

where (2;_1 is the volume of d — 1-sphere. It is clear from the Wald formalism that a* does
not explicitly depend on the bare cosmological constant, which we solve for in terms of /. and
other coupling constants in the theory.

In even d, this reproduces a known fact that EE for spherical entangling surface is propor-
tional to a-charge. To show this, we apply the reduced the FG trick in general even dimensions
by restricting to S?~! boundary topology.

ds® = @id;ﬂ + F0) 42 , (60)
4p? p
which Kkills all the Weyl invariants. We expand the action

S=—an /derl T/ =Gar1 L (61)

16G

around the AdS boundary p — 0

da
L :Evac+£1‘p_>0p+£2‘p_>0p2+---+E%‘p_>0p2, (62)
- lofp _d+2 d logp _d+2 .4
V=01 = %ﬁp En (ao +aip+agp” + - +agpg> ~ %ﬁp ek (63)

and then collect all the terms contributing to p~!. The ansatz for f is

M\&

f= fot hip+ fop® + fap® + - “+ fap>. (64)

16



Performing variation with respect to the coefficients f; and then applying the variation prin-

ciple, we find

2y e d-2
= e = —E£ e << —
fl 2 ) f 16f()7 f’L 07 3_Z— 92 (65)
Thus we have
d 4d 2d2 fa
L= Loac +£,,0§, Lyac = _75 ) La = 7725 ) 66
: G " : egff ] " (66)
d d
Ga = ggﬂ“ (_4)2 F(dTQ)Q fdf% ag = _(_4)2 F(%F fg (67)
9 d 2 T(d+1)’2’0 7 d T(d+1)"°
We find precisely
a=a", forevend. (68)

It is of interest to note that from this action procedure to calculate the a-charge, we need
to know explicitly the on-shell condition Ly, = —242—‘150, while the equation does not
eff

explicitly involve this relation.

A.2 Complete the proof of the relation

The proof is analogous to the D = 5 example presented in the main text. It follows from
and that we have

1 0y 8d>

- (6, 69
G 2d(d - )G (h( Wt (g 5) (%)

where § = (d — 3)&1 — 2(d + 1)&2 — 2£3. We therefore have

Cr = (70)

Qual(d+2) 5" QqaT(d+2)08? (h’( ot 8d2>

16md+1(d — 1) Gg\cll;f'ﬁl) N 32md+1d(d — 1>2G§\C/f+1) I ¢

Taking a derivative of eq. gives:

= Qqal(d+2) d+2 pr d—1
cr = 327rd+1d(d )QG(d-H) |:€ L ( eﬁ) — 8§0d€eff S+ AdY
Qq 16000

_ T(d+2)

= (d )2 Ceft 8591{ SWG%—H)
I'(d+2) o da* Qg 10(d+ 2)d

wd(d —1)2 off Mot Ard+1(d — 1)2(;53'*‘1)

1 9%
eff ageﬁ

Qa4 1d i3

+ 8a20 |

(71)

After imposing the massless conditions that imply £ = 0, we obtain the universal central charge

relation

~ T(d+2) da*
Cr = md(d — 1)2&3 et

(72)
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Again we should emphasize that the derivative with respect to feg should be done before
imposing the massless conditions such that all the coupling constants are independent of feg.
We shall illustrate this with two explicit examples in the next subsection.

This differential relation was first proposed in [22], and was independently noticed in [26],
where a* was replaced by a quantity from the free energy of sphere. As was explained in the
main text, from the EFT approach of AdS gravity, we only have to replace £og by a suitable
79 and the differential relation holds. We record £°) for the cubic example in appendix B.

inv inv

A.3 Two explicit examples

Here, we address the subtleties of taking a derivative with respect to feg using two explicit

examples. In this paper we consider a general class of theories of the type
L=R~-2No+ L(Ryupo, g", @), (73)

where « denotes all the dimensionful coupling constants of the Riemann tensor invariants.
We assume that the theory admits an AdS vacuum of radius f.g and the on-shell condition,
i.e. the first equation in @D This enables us to express Ag as a function of g and « which is
independent of fog. Our derivative with respect to feg is thus taken such that da/0leg = 0.
(In fact, the derivatives of various quantities with respect to feg do not involve Ay explicitly
either.) The massless conditions, on the other hand, relate coupling constants that could

involve f.¢ and therefore the conditions should be imposed after take the derivatives.

A.3.1 A polynomial example

We first consider the Einstein-quadratic-cubic-AdS theory in five dimensions (d = 4). The
theory was studied in detail in section [3] as an effective theory. Here we treat it as a classical
theory where the coupling constants are not necessarily small. The three quadratic and eight
cubic Riemann tensor invariants are summarized in . We use (q1,42,93), (c1,c2,...,c8) to
denote the quadratic and cubic coupling constants respectively. We have

6 4(10q1 + 2¢2 + g3)

lea log
+2 (400¢q + 80c¢y + 16¢3 + 12‘54 + 40c5 + 8cg + 4c7 + 308)’
eff

Ao =

(74)

and (a,c) central charges

™
a = ——

= (fgﬁf —4(10q1 4 2¢2 + @3) Lot
(5)
8GC
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+3 (400¢q + 80c¢y + 16¢3 + 16¢4 + 40c5 + 8cg + 4er + 308))
geff ’
c = B) (ﬁzﬁr —4 (1()q1 + 2q9 — Q3) boit
8GN
n 1200c¢; + 240c¢o + 48c3 + 48¢c4 — 40c¢5 — 8cg — 36¢7 + 2108>
geff .

™

(75)

Taking a derivative of a with respect to f.g, while treating ¢; and ¢; couplings as independent,

we have
1 da T
c = *feﬁ + 5,
37 Olog 3G53)feff
€ = 3(200c; + 40cg + 8¢z + 8¢y — 4ey + 3eg) — 2(5q1 + g2 — qg)fgﬁc . (76)

From the massless conditions

3
g3 = —q1 — % + =5 (40c1 + 12c2 + 4e3 + 3cq + 16¢5 + 4eg + 4er),
) 2 202
‘ 1
cg = ?f’f (4q1 + g2) = 5(240¢1 + 52¢5 + 12¢5 + e + 16c5 + deg), (77)

we can easily check that £ = 0, giving rise to . In the past literature [22,[33] the massless
conditions are impose at each order independently, such that one has two linear relations for
q;’s, as well as for ¢;’s, which then do not involve fo¢. One can therefore imposing the massless
conditions before taking the f.¢ derivatives in these cases. In the next, we present a nontrivial

example where the massless conditions necessarily involve o .

A.3.2 A fractional example

Here we consider a more complicated fractional theory in five dimensions, with the Lagrangian

[0
1+ B1R? + BoRy R + B3Ry po RHVPT

The on-shell condition for the bare cosmological constant is

L=R—-2A¢+

(78)

6 all; (72081 + 1448, + 7285 + £44)
ANp=——5+ Z\2 (79)
2 2(4008; + 8082 + 40083 + (1)

Using the techniques outlined in the main text, we can easily obtain the (a, c) central charges:

T 5 4o (1081 + 2B + B3) g
@ |l T 2 )
8G (Cdg +40 (1081 + 282 + B3))
B i 3 4o (10&1 + 2089 — ﬁg) fgﬂg
CcC = W Eeﬁ =+ " 2 .
SGN (eeff + 40 (1051 + 2085 + ,83))
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Again these can be obtained without explicitly solving for Ag. We therefore have
1.0 2mal?
5665 c%a T et 5§
el 3GY (U4 +40 (1081 + 282 + fB3))
& = (By —5P1 — B2) Lag + 120 (5087 + 5 (4B + 383) 1 + 2835 + B3 + 3B233) - (81)

CcC =

In the above, the derivative with respect to f.¢ was taken by treating (o, 3;) parameters as

being independent of .. The massless conditions are

4 + 156085 + \/egff — 16805304 + 1440033

= 4 =
B2 B3, B 5200

(82)

We find that & vanishes identically under these conditions, giving rise to . In this example,
we see that the massless condition will necessarily make the couplings depending on feg and

therefore, the derivative must be taken before the massless condition.

B Field redefinitions and invariant central charges

Here, we consider the perturbative approach to AdS gravity in general dimensions. We consider
Einstein gravity with a negative bare cosmological constant, extended with Riemann tensor

invariants (31), up to and including six derivatives total.

B.1 Effective AdS

First, we present the general holographic central charges of effective AdS of radius feg. The
equations of motion relate the bare cosmological constant Ag and Leg
dd—1) d(d—3) d(d—5)
g T 7] 6
2055 200 2005
+d2(d +1)g32 + d29373 + d2gg74 +2d(d + 1)g35 + 2dgs 6 + 4937 + (d — 1)93,8)- (83)

Ag = — (d(d +1)g21 +dgoo + 292,3) - <d2(d +1)%g31

a-charge and C7 charge are explicitly given as follows [33]

Oy - _
a= d(d1+1) (ngfl - 2<d(d +1)g21 + dga2 + 292,3)f2ﬁ3 +3(d*(d+1)g3

167Gy

+d*(d+ 1)g3 2 + d*g33 + d*gs4 + 2d(d + 1) g3 5 + 2dgs e + 4g3 7 + (d — 1)g378)£g§5>,
(84)

Qq-1'(d +2) d—1 d—3
Cr = g —2(d(d+1)g21 + dgo,2 — 2(d — 3)g2,3) L5

167+ (d — )G (6" e

+(3d2(d +1)%gs1 + 3d*(d + 1)g32 + 3d%g3 3 + 3dgs 4 — 2d(d +1)(2d — T)g3 5

—2d(2d — T)gs. — 12(2d — 5)gs.r + 3(3d — 5)9378)6355) . (85)

In d = 4, we have Cp = 40/7c.
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B.2 Field redefinitions

The general field redefinition that is relevant to the cubic-order of curvature tensor is given by

(34) with
g Bo Q; Q; Bi
dy = — dgi = —- .
MEE T DA SR VERS VP Mt

Note that the scaling coefficient dy of the metric is to ensure that the Einstein Hilbert term is

do =1+ (86)

invariant under the field redefinition. This requires that
1
ap = —d (g + (d+1Dag), Bo=—d(a + (d+1)az) — Zd2(d + 1) (a1 + (d+ L)ag)?, (87)

The bare cosmological constant is not invariant under the field redefinition; it is shifted by

A

~ A
A0—>A:A0+ d

M2 Dk (88)
with
A d?(d? — 1) (a1 + (d + 1)ag)
q— = 402 )
0
d?(d?> = 1)(a1 + (d+ Da)  d3(d? —1)(d +2)(a1 + (d + 1)ag)?
Ao =— . = . . (89)
405 8¢5
Thus we have
d(d+1) d*(d—3)(d+1) 5
fo — 60 + m(al + (d + 1)0[2) — 32M4fg (al + (d + 1)0(2)
dd+1),_ -

Note that the coefficients g,; are given by . The rule of the field redefinition for each

coupling coefficients g, ; is explicitly presented below

1 d—1

q — q1+ 5041 + Ta2, q2 — q2 — aq,
5 5 1. d—1_ dld—1 did—1)(d+1 d(d—3
Q1—>Q1+§Oé1+ 5 Qg + (2 )ﬁ3+ ( 3( )ﬂ5— (2 )0116]1

d(d—5 d(d—3)(d+1 d(d?> —4d — 1

RELCEE RS YU S (T

dld—1)(d—=5)(d+1) 4

_ - a2,
- - 5 dld—1 dld—1 dld—1D(d+1
G2 — G2 — a1 + ( )B2+ ( )54+ ( 2)( )56

d(d—3 d(d—5 dld—3)(d+1 did—3)(d+1

IR N T E Tl EETIES IR CELTLES I
5 . did—1 did—1)(d+1 d(d—3
Q3—>Q3+g51+ ( I )57— ( )(041+(d+1)042)Q3,
01—>C1+%ﬂ3+ 5 1B5+2;1q11+8a11+2a2q1+34 a;aggTaz,
02—>02+§ﬁ2—ﬁ3+§54+ 5 56—5041(4611—@)—104%—1' 1022 = 5 a1as,
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c3 — c3 — Ba+4daigs + ol c4 — ¢4 — P2 — 201 (q2 + 2q3),

1 1 1
cs — c5 + §ﬁ1 + Br + 5(041 + (d — 3)a2)gs, ce — c6 — 1 — 20143,

2
cg — cg — Pog — an(q2 + 4¢3),

1 -1 d+1
ci0 = c1o + 559 + 5 Bro — (a1 + 2das)qr —

a2q2 + 1q3 — 2ai2g3. (91)

It is not hard to use this rule to bring any cubic gravity to, e.g., quasi-topological gravity and
Einsteinian cubic gravity, analogous to flat-space [29].
Invariant quantities include g3, c7, cg, together with

2d(d — 3)

G5 = 3 — d((d+ 1)es + c6) + ——

((d+1)q1 + q2)g3 - (92)

The d = 4 case was present in the main text.

B.3 Relation of central charges

In the previous subsection, we obtain the transformation rules for each coupling coefficients,
including the bare cosmological constant, under the general field redefinition. We are interested
in showing that the physical quantities such as central charges are indeed invariant under the
field redefinitions. It is clear that the coupling coefficients ¢3, ¢7, cg are manifestly invariant.
For general extended gravity up to and including the cubic orders, we find a total of six

(4)

inv

field-redefinition invariant lengths ¢

D) (@ Dat+g) dd+1) (d+1)a+ )
v =0T 9@ =) M2, 2(d—1) M43
d>(d+1) (d+ 121+ (d+1)ez + c3 4 ¢4 — %((d + g1 + ¢2)?
+ 2(d —1) M43 ’
B d(d+1) ((d+1)q1 + g2)g3 M _ G
v T 200 T 2(d— 1) M43 ’ v A3
4) _ % (6) _  ¢1 (6) €8 93
inv M4£% ’ inv M4£8 ) inv — M4£8 : ( )

From the perturbative point of view, the length scale ¢;,, can be chosen to be (W plus a linear

(4)

combination of 4, (i = 2,3,4,5,6,) with any numerical coefficients. Regardless the choice of

linv, we find that the central charges can always be expressed as

Qg1 d—17, a3 #2 | a5 #3
a= ginv #1 + Zinv a2 T einv ara | o
167G ( M? MA

Qg1 (d+2) A1 | sd-3Fh | a5 P
CT = ginv # + Einv + ginv ) (94)
16md+1(d — 1)G'EY ! M?2 M4

where the coefficients (#“ #;) are invariant under the field redefinition, thereby proving that

the central charges are invariant.

22



There exists a particular choice of ¢, which we name Ei(g\),. For this choice, ﬂi(r?\), reduces to

Lo when the field redefinition brings us to massless gravity. It is given by

(4)

60 = (g1 y2. 394,95, Y6) - Lo (95)
_ _ 2 _
y1 =1 Y2 2= (d=3)(2d 1) Z)EQT D ) Y3 = Foddtl gidi 1,
vy — (d-3) 2((25_—;)2(261— 1) R - 2(3d d—_l()1d+5) e %<4d_5). (96)
In terms of Ki(g\),, we find
Bi=#=1, == 20 1)@ 2,
g = j: ;#g ¢ 5 & (12(d —1)ey — 3(d — 1)cs — 2(d — 1)@ + 4d(d — 3)2q§) ., (97)

which manifestly satisfies the relation

T 2 *
Cr — (d+2) /0 Oa

7Td(d _ 1)2 inv af(())

mv

. (98)

(0)

Thus the hidden relation between C7 and a* manifests itself when the invariant length £; ' is

chosen. As we saw in the main text, more hidden relations exist between the central charge

and OPE coefficients under this choice of invariant length.

C Stress-tensor three-point functions

C.1 Three-point structures

Three-point function of stress-tensor (T'T'T) was first obtained in [7]. The expression is quite
cumbersome, we contract the three-point function with graviton polarizations (which are null
€2 = 0), where the indices can be recovered by using Toda operator [50]. We further fix the

conformal frame (0, z, c0) to simplify the structures
1
<TTT> = iAw_d_Ll <62 . 63(21’261 . 63(.%'261 € — 2x - €1z - 62) — (d2 — 4)(.%' . 61)21‘ €9 ¢ 63)
+(d2 —4)x - €1x - o - €3(€1 - €27 - €3 — €1 - €3T - 62)>

1
—i—ZBiL'_d_G 2.%262 - €3T - 61(1' . 63(—(d — 2).1‘ CE€1T - €9 — 2$2€1 . 62) + 21‘261 - €3T - 62)
+z - €1 - €3 (a: a1z €3(2(d + 2)aPer - 2+ (d — 2)(d + 4)z - €17 - €2)

—22%¢; - es((d—2)z - €1z - eg + 22%¢; - 62)))
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1
+§C.’L‘_d_6 (4.%'2$ C€1T - €T - 63(d61 - €3X - €2 — (d + 2)61 - €90 - 63)
+(CII . 61)2 <4d$262 + €3 - €9 + €3 — (d — 2)(d + 4)(.T . 62)2(.T . 63)2 + 21’4(62 . 63)2)
+2x4((61 ce9)? (- €e3)% 4 (€1 - €3)*( - 62)2)> . (99)

In general, there are three independent structures with parameters A,B and C, which are

interpreted as OPE coefficients of the associated OPE basis
(TTT) = (A, B,C) - (TTT)V . (100)

We can arbitrarily rotate the OPE basis, i.e., three-point structures (T'T'T) () and read off the
corresponding OPEs. One choice is the orthogonal basis [43,44]

w

(TTT) = S A (11T, (101)
=1

where the orthogonality is defined with respect to three-point pairing [45]. These are

2_ —d—
(TTT}E)Rh %m =6 (4302:1: - €1 <(d +4)er - €e3x - €2 — (d + 2)ey - o - 63)
x(da: - €90 - €3 + 21’262 . 63) + 2:114 (61 . 63((d + 4)61 . 63(:6 . 62)2 — 4%261 © €2€9 * 63)

+(d + 4)(61 . 62)2(56 . 63)2 — 4(d + 2)61 * €3€1 " €T - €2X - 63)

+(d+4)(z - e1)*(4d2’es - €32 - €9z - €3 + (d — 2)d(x - €2)*(z - €3)? + 22 (e - 63)2)> ,

(TTT) 32, = — g ga ( — 241 (61 ce3((d® + d — 4)er - e3(x - €2)?
+4(d +1)x%€; - egen - €3) + (d* +d — 4)(e1 - €2)*(x - €3)® — 4(d + 1)eq - €3€1 - €92 - €2 - 63)
+(z-e)?(=2(d? +d — 4)azt (ez - €3)*

+4(d — 3)(d + 2)x%es - €32 - €z - €3 + (d — 3)(d — 2)(d + 2)(d + 4)(x - €2)*(x - €3)?)

+4z%z 1€ - 2w - €3 + €1 - €3z - €2)(2(d + 1)aen - €3 + (d — 3)(d + 2)x - 27 - €3)

<TTT>E)r‘)ch (d(:lZ_)ld).Z‘_d_G 4%‘2.7} * €1 (d€1 c€9X - €3 — (d — 2)61 * €37 - 62)

X <<d + 2).%' - €20 - €3 — 21‘262 . 63) + 21‘4 (61 . 63((d — 2)61 . 63(1‘ . 62)2 + 4.%'261 © €9€9 - 63)

—|—(d — 2)(61 . 62)2(x . 63)2 — 4deq - €3€1 - €9 - €2 - 63> + (d — 2)(.%' . 61)2<

—4(d + 2)x262 c€3x - €22 - €3+ (d+2)(d+4)(x - 62)2(x . 63)2 + 2:E4(62 . 63)2)> . (102)
In the flat-space limit of d = 3, this orthogonal basis reduces to three-point vertices R, [R(Q)]

(which is vanishing in d = 3) and [R®)]. Tt is easy to show that (TTT)), =0 in d = 3 by
parameterizing € = (eq, ea,iy/€3 + €3). It is then straightforward to find eq. ( .
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C.2 OPEsind=14

Directly evaluating stress-tensor three-point function from Witten diagram is highly challeng-
ing because of unmanageable bulk tensor structures. Nevertheless, one can instead consider
ANEC operator

Ext,zth) = /dx_T(x‘F,x_,fL), (103)

where 2+

are lightcone directions. ANEC operator and more general light-ray operators [51]
are especially useful to constrain AdS gravity, e.g., bound a/c and suggest EFT prescription
[8,9,52], and can even sharply provide superconvergence sum rule [53]. To encode stress-tensor
three-point function, we can evaluate the expectation value ANEC under states excited by the

stress tensors [8]

TET)|p+—
(TENbrmo |, ,

€1-n)(e2-n €1 -n)2(eo - )2
N ™

(€1 - €2)? _d2—1)’

where 7+ = 77/(1 + n%~!). The holographic side is much simplified, since the ANEC operator

excites a shock wave in the bulk, namely
o Bg o o ; 2
ds* = %dﬁ + 7 (dxidx’ + ()W (p, ) (dx™)?), (105)
where
W(p,a) ~ (a1 — @1 + g — zof + g /72) 77, (106)

and we have made the following coordinate transformation from the Poincare AdS

1 _ o |#E 22 . zt _ lgat
Tt —— 2 = _ -, =, i== . (107)
xt ot xt xt z

Consequently, we only have to find the contribution that the shock wave couples to two gravi-

tons. After calculation, we find

24 2160
ty = —C—T(4093,5 + 8936 + 108g3 7 + 45938 — 2025.923) , 4 = O (2937 +g38) - (108)

(The generalize the result was obtained in [42].) We can readily verify that they are field

redefinition invariant. Use the identities [8]

_ 15(5A+4B —12C) ~ 15(17A+32B - 80C) w2
2= T 9A_B_10C ' ty = JOA—B_100) Cr= 12(9,4 B—10C), (109)

we find, in terms of 79 that

mnv?

6443 24¢3 6
A=— inv _ 32(267 + CS) - 21@3 )
iy (3l )
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196(¢)3
ELLC O L D (2018(2e7 + c5) — 3993s))

97T5GN 49M2 (ginv)2 343M4 (einv)4

92(¢V)3 336 6

975G 2302(60)2 161040

where

g 30 33
G5 = 3+ 5 (501 + g2 — 43)as — 2005 — deg — —er + s, (111)

is an invariant combination under the field redefinition. Before proceeding further, we would
like to recall that Ei(g\), is the invariant expression associated with the effective AdS radius of
massless gravities, satisfying the massless conditions ¢ = ¢3,q2 = —4¢3 and g3 = 0, (the
Gauss-Bonnet combination), together with [33]

1
¢ = %(1603 + 6¢4 4 160c5 + 40cq + 52¢7 — 9cg)

1
Ccy = %(—1203 — 764 - 8065 - 2006 - 2467 + 308) : (112)

There are six-parameter family of cubic massless gravities, but the (a,c) charges depend only
on (es5,c¢q,c7,c8) |33]. The same is true for the OPE coefficients (A, B,C). In fact they are
grouped into two combinations (2¢7 4 cg) and ¢3. From the perturbative perspective, the field
redefinition can be used to reduced the family of theories further down to one cubic theory,

e.g. with a non-vanishing cg, since the cubic Lovelock combination with 2¢7 4+ cg = 0 vanishes
(0)

identically in D = 5 bulk dimensions. We can thus consider a fiducial ¢; ; associated with
quasi-topological gravity (c¢5 = 3/8,¢6 = —9/7,¢7 = 0,¢cs = 1), for which ¢3 vanishes. Since
the central charges can be expressed as linear combinations of the OPE coefficients. It is

instructive to define the following linearly independent combinations

6

~ T

= 1 —2B—-4 =
A 28%0( 3A B 0C) =a,
~ T

= —2B -2
B 20616(9A B C),
~ T

= — —-B-1 =c. 11
C 480(9A B 0C)=c (113)

There are hidden linear differential relations among these OPE coefficients, given by eq. .
The above choice of the linear combinations for A and C is unique, but it is not for the B. If
we instead choose 3 = z(2¢7 + ¢g), we can define

6

™

B = 353880

((1620 — 1192)A — 8(45 + 282)B — 40(9 — 142)C> , (114)

which also satisfies . Since (/Nl,l%,é) are linearly independent, different choices of z spec-
ifies different basis for the OPE coeflicients, but the differential relations is unchanged.
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Thus the (a, c) relation is valid for all massless gravity even in the non-perturbative sense

where the coupling constants are not necessarily small, the statements in is valid only

perturbatively where the OPE coefficients can be defined.
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