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Abstract

In this work we consider a spacial kind of spacetime called AdS accelerating black
holes. This is a kind of black holes which contain a stringlike singularity along polar
axises attached to the black hole and it accelerates the black hole. By using a string as
a probe we study the properties of complexity growth of black holes following the CA
duality. Our result is the growth of complexity is independent of acceleration but the
string probe detects the effects of acceleration.
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1 Introduction

An interesting goal of quantum gravity and cosmology is to reveal the inside of the black
hole horizon or information problem of black holes [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. In order
to reveal such a mystery, complexity is getting attention in recent research [11, 12, 13,
14, 15, 16, 17]. Especially it is expected to relate with the transparency of black hole
horizon, the existence of “firewalls” and black hole information paradox [18, 19, 20, 21].
By the holographic principle [22, 23], one can expect that the complexity on the boundary
CFT is dual to the “holographic complexity” defined in the bulk gravity theory. If this
is true, the black hole has dual quantities and it is helpful to answer the questions about
black hole physics stated above. There are two reliable conjectures — CV and CA. The
first one states that the holographic complexity is equal to the maximal volume of the
Einstein Rosen bridge. It is called complexity - volume (CV) [14, 12]. The other one
states that the holographic complexity is equal to the action calculated in a certain space
time region. It is called complexity - action (CA) [24, 25]. In this paper we focus on the
CA conjecture. According to this conjecture, the black hole complexity is

C =
SWDW

π~
, (1)

where SWDW is the action on the Wheeler-DeWitt patch. The Lloyd bound is stated in
[26]. CA conjecture is tested in various spacetime setting [27, 28, 29, 30, 31, 32, 33, 34,
35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49].

Here we add a probe string. The whole system is described by the above Einstein
Hilbert action and the Nambu-Goto action where the integration is performed over the
Wheeler De-Witt patch, a specific region characterized by boundary time. This string
extends to AdS boundary and then the Lloyd bound is satisfied.
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Accelerating black holes [50, 51] is an important kind of black holes. However, the
complexity of these black holes is not well studied ever. The spacetime of such a black
hole spacetime is described by a class of “C-metric” [52, 53, 54, 55, 56, 57, 58], and for
AdS cases, see [51]. The holographic complexity on these black holes are studies in [59, 60]
In [60] it is found that the growth rate is independent of the acceleration parameter while
it depends only on the deficit angle K for which K = 1 case it recovers the usual AdS
Schwarzschild black holes. According to them, the complexity growth at late time is
dC/dt = 2m/(πK). For the range 0 < K < 1 this growth rate does not respect the Lloyd
bound while in the range K ≥ 1 this follows the Lloyd bound.

To look the effects of acceleration we introduce a probe string in this work. For flat
spacetime case this method is applied to find a relation of drag forces and energy loss
of the charged quarks [61]. Before we studied the effects of a probe sting on the AdS
Schwarzschild black holes in [62, 63, 64]. In the recent research this method is applied for
the case of (n+ 2)-dimensional massive gravity [65, 66, 67].

2 Accelerating black holes

We first review AdS accelerating gravity in four dimension. The action of the Einstein
gravity with a negative cosmological constant is

Sbulk =
1

16π

∫
M
d4x
√
−g(R− 2Λ), (2)

where R is the scalar curvature and the cosmological constant is given by the AdS radius
as Λ = −6/`2.

The AdS accelerating black hole is known as a solution of this system. This solution
is a kind of C-metric [56]. That metric is given [68] by

ds2 =
1

Ω2

[
− f(r)dt2 +

dr2

f(r)
+ r2

(dθ2
Σ

+ Σ sin2 θ
dφ2

K2

)]
. (3)

In the above the functions are defined as

f(r) = (1− α2r2)
(

1− 2m

r

)
+
r2

`2
, (4)

Ω = 1 + αr cos θ, Σ = 1 + 2mα cos θ. (5)

The physical singularity is located at r = 0 and the horizon is determined by f(rh) = 0.
Here Ω is the conformal factor which determines the conformal boundary of the spacetime.
α is the acceleration parameter. In the following discussion, we use the length unit
where AdS radius is ` = 1 for simplicity. The acceleration horizon is the point where
f(rah)|m=0 = 0. Explicitly this is f0(rah) = 0 that is 1 + (`−2 − α2)r2ah = 0, rah =
`/
√
α2`2 − 1.

Special cases The above solution includes the following parameters — the scale of the
acceleration α, the deficit angle K, AdS radius ` and the black hole mass m. For m = 0
case the coordinate transformation

1 +
R2

`2
=

f(r)

(1−A2`2)Ω2
, R sin Θ =

r sin θ

Ω
(6)

gives a pure AdS spacetime metric [51].
K gives the deficit angle around the axis δ = 2π(1 − 1/K) = 8πµ, where µ is the

tension of the non-singular cosmic string which gives the acceleration to the black hole
[69, 70]. However, this can be eliminated from by setting K± = 1 ± 2mα so that the
deficit angle at the north/south pole vanish [71].
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3 Probe string effect

Here we introduce a probe string. In this case, it is still natural to assume that the string
moves along the great circle of sphere part. That motion is parametrized as [61, 62, 63,
64, 67]:

t = τ, r = σ, φ = ωτ + ξ(σ). (7)

In this setting we calculate the Nambu-Goto (NG) action:

SNG =

∫
dτdσL, L =

√
−det gind. (8)

Here the induced metric is

gind =

−
(
f(σ)− ω2σ2

K2

) ωσ2ξ′

K2

ωσ2ξ′

K2

1

f(σ)
+
σ2ξ′2

K2

 . (9)

The unknown function in (7) is ξ(σ). First we need to find this function. The equation
of motion for ξ is

σ2fξ′

K2

(
1− 1

K2

ω2σ2

f
+
σ2f

K2
ξ′2
)−1/2

= c, (10)

where c is the integration constant we determine later. By solving the above equation for
ξ′(σ),

ξ′(σ) =
cK2

|σ2f |

√
σ2f − ω2σ4/K2

σ2f − c2K2
, (11)

where we impose that c is a real positive number and use the fact that K is positive
real valued: 0 < K < ∞. We impose the reality condition to ξ′(σ). It requires that the
numerator and the denominator in the square root become zero at the same point.

We define σH as F (σH) − ω2σ4H/K
2 = 0 where F (σ) := σ2f(σ). The value of σH is

larger than ≥ rh (horizon), i.e., it is located outside of the horizon. By the value σH , c is
determined as

c2 =
F (σH)

K2
=
ω2σ4H
K4

. (12)

Then

ξ′(σ) =
ωσ2H
|F |

√
F − ω2σ4/K2

F − ω2σ4H/K
2
. (13)

The numerator in the square root is

F (σ)− ω2

K2
σ4 = (1− α2σ2)(σ2 − 2mσ) +

(
1− ω2

K2

)
σ4. (14)

Since the denominator

F (x)− c2K2 = (1− α2)x4 + 2mα2x3 + x2 − 2mx− c2K2, (0 ≤ α < 1) (15)

goes to infinity when σ → ∞, F (σ) − (ω2/K2)σ4 must behave in the same way in order
to maintain the reality. This imposes 1− α2 − ω2/K2 > 0.

|ω| < K
√

1− α2. (16)

Then there is the upper limit for the string velocity.
By summering them, the NG action is

dSNG

dt
=

∫
dσ

√
1− ω2σ4

K2

1

F
+

F

K2
· ξ′2 =

∫
dσ

√
K2 − ω2σ4/F

K2 − ω2σ4H/F
. (17)

Let us see the behavior of some solutions.
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No deficit angle case (K = 1) In this case, the action becomes

dSNG

dt
=

∫ rh

0
dσ

√
σ2f − ω2σ4

σ2f − ω2σ4H
, (18)

where σH is determined by f(σH)− ω2σ2H = 0. This solution is plotted in Figure 1. This
reproduces the result of usual Schwarzschild black holes [62].

Non-trivial deficit angle (K 6= 1) These cases are shown in Figure 2 and Figure
3.

Acceleration dependence The behavior for different acceleration parameter is shown
in Figure 4.
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Figure 1: action - string velocity (K = 1, α = 0)
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Figure 2: action - string velocity (K > 1, α = 0,
m = 5)

As stated in Section 2, the acceleration is thought to be caused by the cosmic string
attached the black hole at the north and the south poles. The tension at the north (+)
and south (−) poles are

8πµ± = 1− 1

K
(1± 2mα). (19)
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Figure 3: action - string velocity (K < 1, α = 0,
m = 5)
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Figure 4: action - string velocity (K = 1, α ≥ 0,
m = 5)
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Figure 5: action - string velocity (different
masses fixed K, α = 0.1)
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Figure 6: action - string velocity (different α,
m = 10)

Conventionally, we can set K = 1+2mα to set the deficit angle on the north pole to zero.
It makes the north pole regular while leaves the deficit angle on the south pole. We have
imposed the condition 1−α2−ω2/K2 > 0 on the string velocity (16). Now this translates
into the condition by the acceleration and mass:

|ω| < (1 + 2mα)
√

1− α2. (20)

By this convention the free parameters in this system are only the acceleration α and
black hole mass. Let us plot this dependence again. The first figure (Fig.5) is the plot for
string velocity dependence for different masses. It says the effect to the complexity is an
increasing function of mass in the same way as the usual Schwarzchild black holes. The
next figure (Fig.6) is the plot for different acceleration values. It shows that the maximum
value of the complexity growth decreases when the acceleration grows. We can also see
that even when the string velocity is zero, the complexity growth does not become zero.
It can be said that the acceleration decreases the effect to the growth of complexity.

4 Discussion

In this paper we studied the effect of the prove string on the AdS accelerating black hole.
The study of these kind of black holes is still unknown, especially in the perspective of CA
conjecture. Our new methods is using a prove string on these spacetime. We summarize
the new result in this study.

First, according to the result in [60], through the CA conjecture, the growth rate of
the complexity is independent of the acceleration and only depends on the deficit angle K.
However, by using a rotating string as a probe we could find the acceleration dependence
directly. Notably, under the relation and the convention stated Eq.(19) and its below, the
acceleration parameter α and the deficit angle K are related and we can only focus on
the acceleration parameter. That results are shown in the last two figures (Figure 5 and
Figure 6). Although the Lloyd bound is destroyed in the parameter range 0 < K < 1, as
stated in [60], under the convention (19), K does not take such values.

Second, we also find that there is a limit for string velocities (20). As we found before.
the slower the probe string moved, the larger effect was given to the complexity growth
[62], Specifically its effect became zero at the vicinity of light speed. For the accelerating
case, there is a limit for the range of string velocities. As shown in Figure 3 or Figure 5,
the effect of the string becomes zero at the upper limit of velocity. Actually the plots do
not make sense outside of the range |ω| < 1. In Figure 6 we restrict the plot in the range
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|ω| < 1. We conclude that the non-zero string effect survives at the light speed, unlike
the usual Schwarzschild case.

Finally, there are other predictions for holographic complexity. One is the revised
version of CV duality. It is called “CV-2 ” [17]. The other is the revised version of CA
duality. It is called “CA-2” [72]. It is interesting to consider the effects of probe sting
on these conjectures. Moreover, this method can determine which conjecture states the
properties of holographic complexity.
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