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ABSTRACT: Conformal geometry is studied using the unfolded formulation & la Vasiliev.
Analyzing the first-order consistency of the unfolded equations, we identify the content
of zero-forms as the spin-two off-shell Fradkin-Tseytlin module of so(2,d). We sketch
the nonlinear structure of the equations and explain how Weyl invariant densities, which
Type-B Weyl anomaly consist of, could be systematically computed within the unfolded
formulation. The unfolded equation for conformal geometry is also shown to be reduced
to various on-shell gravitational systems by requiring additional algebraic constraints.
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1 Introduction

Conformal geometry plays an important role in many areas of gravitational and high energy
physics as well as in certain fields of geometry. It extends the diffeomorphism invariant Rie-
mannian geometry with local rescaling symmtery, namely the Weyl (rescaling) symmetry.
Conformal geometry can be also viewed as the geometry of the asymptotic boundary of
the bulk spacetime with negative cosmological constant [1], and hence it can be used in the
AdS/CFT correspondence [2]. Conformal gravity in four dimensions is an alternative grav-
itational theory enjoying Weyl symmetry besides diffeomorphism. Since its introduction
by Weyl and Bach, many studies were devoted to it (see e.g. [3-5] and references therein).
As a four-derivative gravitational theory in four dimensions, it is power-counting renormal-
izable as opposed to Einstein gravity and has many interesting features which might be
relevant in phenomenological models of gravity: notably, it has the conformal symmetry
which the early universe seems to exhibit, and hence conformal gravity or its variant may
replace Einstein gravity in the very early time of the universe (see e.g. recent works [5, 6]
and references therein). More generally, when we consider various modifications of gravity,
conformal geometry also plays a distinguished role since the diffeomorphism plus Weyl
rescaling is the maximum gauge symmetry that a theory of symmetric rank-two tensor
field can afford.

Another prominent use of conformal geometry is in conformal field theories where it
appears as Weyl anomaly (see e.g. [7] for an historical overview). Like the other anomalies,
Weyl anomaly is subjected to the Wess-Zumino consistency condition, and the classification
of Weyl anomalies by the relevant cohomological analysis has been innitiated in [8, 9] with
results up to dimension six. The structure in general dimensions, postulated already in
[9], was confirmed first by using the technics of dimensional regularization on the effective
gravitational action [10] and later by a cohomological analysis [11, 12]. According to
these results, a Weyl anomaly in d = 2n dimensions is the spacetime integral of a linear
combination of the following densities multiplied by the Weyl rescaling parameter o.

e Type-A anomaly, associated with a-coefficient: Euler density, £ = €4;...q; R***2A---A
Ro-1%4 where R is the Riemann curvature two-forms.

e Type-B anomaly, associated with c-coefficient: strictly Weyl invariant density, which
is a specific contraction of (covariant derivatives of) Riemann tensors, including any
full contraction of n Weyl tensors.

The explicit form or even the number of the non-trivial Weyl invariant densities — by
“non-trivial Weyl invariant densities”, we mean Weyl invariant densities which are not
contractions of Weyl tensors — are not known in general dimensions but up to dimensions
eight. In six dimensions, it was shown in [9, 10, 13] that there exists only one non-trivial
Weyl invariant density (see also [2]). In eight dimensions, the authors of [14] showed,
by employing purely algebraic methods based on a Weyl covariant tensor calculus [15] and
with a help of computer program, that there exists five non-trivial Weyl invariant densities.
The covariant derivative and the calculus used in [15] is closely related (see [16] for the



relation) to the Thomas D operator and the tractor calculus for conformal geometry [17].
See e.g. [18] for more background in this topic. The current work originated from the
attempt of understanding the above structure from a different angle.

As Riemaniann geometry can be understood as the gauge theory of an isometry group,
such as Poincaré or (Anti) de Sitter group, conformal geometry can be viewed as the gauge
theory of conformal group SO(2,d). Such algebraic approaches to geometries have been
pioneered by Cartan and Weyl, and known as Cartan geometry (see e.g. [19]). It incorpo-
rates not only Riemaniann, but also parabolic geometry of which conformal geometry is an
example. In physics, there have been several attempts to obtain conformal gravity actions
using s0(2, d)-gauge fields. Analogously to the re-derivation of Einstein action using the
isometry-algebra-valued gauge field [20] (see also [21]), four-dimensional conformal gravity
action has been expressed as an action of s0(2,4)-gauge field subject to certain off-shell
constraints [22-24] (see also the review [25]). In three dimensions, the Chern-Simons the-
ory of s0(2,3)-gauge field provides a Weyl invariant theory with all necessary constraints
integrated in it [26]. It has been also shown that conformal gravity actions can be obtained
from an ambient space formulation [27] and from a dimensional reduction [28].

Yet another framework intimately related to the Cartan geometry is the Vasiliev’s
unfolded formulation [29-33]. It is basically the zero-form extension of free differential
algebra introduced in the context of supergravity [34]. Thanks to the zero-forms, dynamical
equations can be expressed in an integrable first-derivative form, and the consistency of
dynamical system becomes purely algebraic. The unfolded formulation has been originally
introduced for higher spin gravity [33, 35, 36] but can be applied to any dynamical system.
In particular, a huge variety of free dynamical systems governed by the conformal algebra
s0(2,d) have been analyzed in the unfolded formulation [37, 38|, and it has been shown
that the structure of the representations appearing there matches that of the Bernstein-
Gelfand-Gelfand resolution (see e.g. [39]). In [40], Fefferman-Graham ambient construction
has been integrated into the unfolded system as Hamiltonian constraints.

In this work, we unfold conformal geometry starting from the so0(2,d) gauge connec-
tion. As mentioned above, the merit of the unfolding procedure lies in the zero-form sector
and we closely look into this part and fill the details which are not delineated in the lit-
erature. By explicitly analyzing the first-order consistency of the unfolded equation, we
find that the content of zero-forms corresponds to the spin-two off-shell Fradkin-Tseyltin
module [37, 41] (see also [42]), that is the module associated with the off-shell spin-two
Fradkin-Tseytlin field [25]. In this paper, we are primarily interested in the unfolding of the
off-shell system. Indeed, the unfolding formulation can be applied not only to dynamical
systems but also systems without prescribed dynamics, namely, off-shell systems [38]. See
[43, 44] for recent works on the off-shell extension of higher spin gravity. An interesting
point of off-shell unfolding is that it can be posteriorly reduced to an on-shell system by im-
posing additional algebraic constraints on the zero-form sector. In this way, once we unfold
conformal geometry, we can reduce it to the on-shell conformal gravity, namely Bach-flat
geometry, by eliminating some zero-forms with additional algebraic constraints. Moreover,
by imposing additional constraints on both of the one-form and zero-form sectors, one can
reduce it even to Einstein gravity or various modifications of it. If we restrict to the linear



equation, then the unfolded off-shell spin-two Fradkin-Tseytlin system can be reduced to
on-shell Fradkin-Tseytlin system, as well as partially massless or massive spin-two systems
[45, 46]. In this paper, we mostly consider the spin-two cases, but clearly, many of the
above reductions can be generalized to higher spins. Let us note — to avoid a potential
confusion of interpreting the above statements in the AdS/CFT context — that all these
theories are defined in the same d dimensional spacetime.

Another merit of the unfolding of conformal geometry is that it allows to revisit the
classification of Weyl anomalies, which was our original motivation. As we shall show below,
the classification of Weyl anomalies a la unfolding is essentially the same as the method
proposed in [14]. The latter makes use of Weyl-covariant derivatives of Weyl tensors,
which carry reducible Lorentz representations, to make an ansatz for Weyl invariant density.
Instead, the unfolded equation is equipped with the zero-forms carrying irreducible Lorentz
representations, and the ansatz for a Weyl invariant density is made by these zero-forms.
Unfortunately, the unfolding does not gain sizable computational efficiency, and to revisit
the eight dimensional classification or even to attack the ten dimensional problem, it would
be inevitable to use a computer programming, like in [14], which was beyond the scope
of the current work. Despite this limitation, we still find it useful in understanding the
general structure of unfolding conformal geometry and the essence of the Weyl anomaly
classification problem. The explicit knowledge of the zero-form content and their first-order
gauge transformation allows us to do a few preliminary assessments of the classification.

The organization of paper is as follows. In Section 2, we begin with a review of the
50(2,d) gauge formulation of conformal gravity and set the problem of unfolding conformal
geometry, which can be approached perturbatively in the power of zero-forms. In Section
3, we explain how the linear part of the unfolded equation in the zero-form expansion
defines a s0(2,d) representation in the space of zero-form fields. This differs from the
analysis of linearized equations around a specific background as the latter captures only
the isometry part of s0(2, d) . We solve the consistency conditions of the linear part by using
cell operators and find explicit form of the equation up to linear order in the zero-form. In
Section 4, we review the spin-two off-shell Fradkin-Tseyltin module, and show its so(2) &
s50(d) decomposition coincides with the content of the zero-form fields. We comment also
on the subtle points on the active and passive actions and the role of dual representation.
In Section 5, we sketch the structure of the unfolding at nonlinear orders and show how
the nonlinear equations can be systematically determined by moving up from the zero-form
field equation of the lowest conformal weight. In Section 6, we review the gauge symmetry
of an unfolded system, and show how the non-trivial Weyl invariants could be determined
as gauge invariant d-forms. In particular, we determine the unique quadratic part of the
Weyl invariants in eight and ten dimensions. We also provide discussions on higher order
parts. In Section 7, we show how various on-shell systems can be obtained by requiring
certain algebraic constraints which are invariant under special conformal transformations.
We also discuss how the off-shell conformal system itself can be viewed as a constrained
system.



2 Unfolding conformal geometry

In this section, first we review the s0(2, d) gauge formulation of conformal geometry, which
has been known since [22-24] (see also [47] for a recent use of it). Then, we introduce the
unfolding scheme to conformal geometry with a rather pedagogical account.

2.1 Gauge formulation of conformal geometry
Let us begin with setting the convention for the conformal algebra: the Lie algebra so0(2, d)
is generated by anti-Hermitian generators M4 with the Lie bracket,

[Mag, Mcp] = napMpc + nscMap — nacMpp — nspMac (2.1)

where 145 is the flat metric with signature (2, d) . Taking the basis with indices A = +, —, a
anda =0,1,...,d—1 wheren,_ = 1 and n® is the d-dimensional flat metric with signature
(1,d — 1), the Lie bracket of Moy = Jop, Ma+ =P, M, =K, and M+_ = D read

[jaba jcd] = nadjbc + nbcjad - Uacjbd - nbdjac s [jaba [)] =0,
[jaba Pc] = nbcpa - nacpb ) [Jaba KCa] = e Ko — Nac Ky ,
[ﬁvpa]:ﬁ)av [Dyf(a]:_f(aa [Kmpb]:nabD_Jah (2-2)
From now on, all the Latin indices a,b, ¢, d, ... are lowered and raised by 74, and 7.

Let us review now the gauge formulation of conformal geometry. We consider the
gauge one-form taking value in so(2,d) algebra,

. R 1 R N R
A:e“Pa+§w“bJab+faKa+bD, (2.3)

where e%,w®, f%, b are one-form fields which are all independent at this stage. For geometric
interpretation, we assume the one-form e® has components e, which are invertible, and the
inverse is denoted by EY, which define vector fields E, = EY 0y - The curvature two form,

F=dA+ ANA=FLPy+ 5 FJup+ Fi Ko+ Fp D (2.4)

has the components,

Fe =Dl +p)er,  FP=R"-2flne,
Fp=@OF=b)f,  Fp=db+f"Neq. (25)

Here, D¥ is the Lorentz covariant differential,
DLVe =dve +w VP, (2.6)

and R is given by
RY® = dw® + w* Awl. (2.7)

This system has s0(2, d) gauge symmetry,

SA=dA+[A A, OF=I[F,A]. (2.8)



Labeling the components of the gauge parameter A as

. 1 . . .
A:eaPa—i—i)\“bJab—i—m“Ka—kaD, (2.9)
the one-forms transform as

be? = (DX +b) e — X% el — g e, (2.10)
5t = DEAD 1 9¢la 8l 4 o flacdl (2.11)
§f* = (DY —b) k= A% fO 4 o £, (2.12)
0b=do — e kq +€* f,. ( )

We would need a partial gauge fixing as well as imposing constraints to recover the usual
geometry based on metric tensor.

Let us review the set of constraints which bring the so(2, d)-gauge theory to conformal
geometry. First, we impose the torsionless constraint,

a CL!
Cp F&=(D"+b)e* =0, (2.14)

which is modified by the presence of b. Here, we use the notation < to emphasize that it
is a constraint that we decided to impose. We also impose the curvature for dilation D to
vanish

Cp:  Fp=db+f'Aea=0. (2.15)

Cp + Blp:  F{Ae=0, (2.16)
Cp + Bly:  Fiie,=0, (2.17)
BI; : DLF® — 2l AP =0, (2.18)
Bl : (D¥ —b) FE — fy AF$" =0, (2.19)
where we implemented the constraints Cp (2.14) and Cp (2.15). Let us express
Fio = = Cupea € At Fioo= s Cope® A 2.20
Jab = 5 Cabed© Ne?, ko= 5 Cabee Aec. (2.20)

Then Cyp cq and Cy p. are given in terms of Regqp = i i Req and fp o = 14 fry with i :=ip,
(OI“ Ry = %Rab,cd e A et and Ja= fa,b eb) as

Cab,cd = Rab,cd — Nad fb,c + Mbd fa,c + Nac fb,d — Neb fa,d ) (221)

C’a,bc =2 (DL[b|fa,\c] -2 b[b| fa,|c]) ’ (222)

where D = e* D%, . The first two identities, namely, the algebraic Bianchi identities are

equivalent to
CP + BI[D — Ca[b,cd] = O, (223)

Cp + Bl = Clag=0, (2.24)



so they are irreducible GL, tensors:

Cab,Cd ~ %%’ Cc,ab ~ l (225)

Moreover if we impose the trace-free constraint on Cyp cq »

Cj:  1Capea=0 + i, FP=0, (2.26)
the trace of the differential Bianchi identity (2.18) requires Cg . to be trace-free as well:
C; + Bl; = n®Cape=0. (2.27)

In fact, the constraints Cj and C; are not independent, and the former is a consequence
of the latter together with other constraints. To recapitulate, we impose the following set
of constraints,'

o ! . ab ! !
F&=0, iaF$=0, (Fp=0), (2.28)

and the resulting algebraic Bianchi identities are
Capped) =0, Clapg =0, 1" Cape = 0. (2.29)

The differential Bianchi identities (2.18) and (2.19) read

(D¥ = 2b), O — 25 C =0
(DY = 30)kC% i) — fox C*%ea) = 0. (2.30)

The above is the starting point of the unfolding machinery. Before moving to that, let us
review how the usual conformal geometry can be recovered from this setting.

Reduction to metric formulation
All the constraints can be solved algebraically:

e The constraint Cp determines wyp e = icWap (Or wap = wWap,c€°) in terms of e* and b
as
Wab,e = Efé EY% 0y ean + El! EZ} Oy epy + Ef“g o1 O ey + 2bpg Mye - (2.31)

q [ al

e The constraint Cp determines f[, ) in terms of b:
a0} = Ol by » (2.32)
where 9, = Ef 0, = E, .
e The constraint C; determines f(, ;) in terms of Ry, = Ro€pe: from (2.21), we find

_ 1 nabR
f(a,b) “d_9 (Rab 9 (d — 1)> . (233)

'In parabolic geometry [19], these constraints are what define “normal connection”. See Section 7 for

further discussions.



After solving all the constraints, the so0(2, d)-gauge symmetry reduces to?

de? = (DX +b) e — X% el — g e, (2.35)
0b=do — e kg + € fo. (2.36)

We can fix the gauge symmetries associated with K, and Jg as follows.
e The gauge symmetry of K, allows us to set b, to zero:
0k by = Kq = b, =0. (2.37)

Note that in this gauge, the K, symmetry must transformation under the D symimne-
try with the parameter,
Kaq = 040 . (2.38)

e The gauge symmetry of jab is
5)\62 =\ Ebu 5 (2.39)

which allows us to fix the degrees of freedom of ¢}, besides those in
G = Nab €5y €5 (2.40)
The residual gauge symmetries are those of D and ]5,
e The gauge symmetry of D gives the Weyl rescaling,
o Guv = 20 Gy - (2.41)
e The gauge symmetry of p gives the diffeomorphism,

Oe Juv = Vv + Vyeu, €y = ez €a - (2.42)

After the reduction, we find that Rgpcq and Cgp cq coincide with the usual Riemann

and Weyl tensor, and Pop = f(qp) and Cype = Vi Poe — Ve Py with the Schouten and
Cotton tensors.

?In fact, the constraints are not invariant under the gauge transformation (2.13) with the parameter e*:
SFE=Fe,,  8(iaF")=ia FL e, 0Fp=—Ffea. (2.34)

However, the gauge symmetries can be properly modified by a “non-geometrical” curvature term [23] so as
to leave all the constraints invariant. In fact, this modification naturally arises in the unfolded formulation.
See Section 6.1 for the details.



2.2 Unfolding conformal geometry

Let us now consider the unfolding of conformal geometry. Remind that we have used the

equations,
DXe? =0,
DKUJab - 26[(1 A fb} _ %ec A ey Cab,cd’
DEb+ e A f, =0,
1
DX fo = 5 @A ee cvbe (2.43)
with
Ca[b,cd] =0, C[a,bc] =0, 77ab C’ab,cd =0, Uab Ca,bc =0. (244)

In the former set of equations, we slightly simplified the expressions by introducing K =
SO(1,1) x SO(1,d — 1) or £ = s0(1,1) @ s0(1,d — 1)3 covariant derivative DX, which acts
on a s0(1,d — 1)-tensor with conformal dimension A as

DElAlab _ pLyylalab- A pylAlab- (2.45)

and assigning the conformal dimensions A = —1,0,0, 1 to e®, w®, b, f*, respectively.* Note
here that the eigenvalue of the dilation operator D is —A. This reflects that the fields
WAt carry in fact a dual (or contragredient) representation which is obtained by the
anti-involution (P“, jab,f?,f(“) — (P“, —Jab, —f),f(“). See Section 4.2 for more discus-
sions on this point.

In the following, we sketch the key reasoning of the unfolding scheme.

e The system (2.43) can be regarded as a set of equations for one-forms e?, w®, b
and f® as well as zero-forms C%°@ and C*%. Note that C%<°? and C** have
conformal dimensions A = 2 and 3, respectively. The zero-forms are completely,
namely algebraically, determined by the equations, and hence no new degrees of
freedom are introduced by employing them. About the one-forms, basically the
equations tell how the (covariant) derivatives of the one-forms are determined by
the other fields without any derivatives. Consequently, the one-forms are subject to
certain conditions which are necessary for the system to be equivalent to conformal
geometry.

e Viewing (2.43) as a dynamical system for the associated fields, that is, the one-forms
e®, w® b and f* and the zero-forms C%°? and C%%°, it is more natural to intro-

duce a new set of equations which determine the evolution—that is, the (covariant)
derivatives—of C%d and C%be:

DEgabed — (DL — 2p)C®c = ¢; 0P 1 (pre-existing fields),
DEC®be — (DL — 35)0" = ¢4 C¥"4 4 (pre-existing fields) . (2.46)

3The maximal compact subalgebra of so(2,d) is not so0(1,1) @ so(1,d — 1) but 50(2) ® so(d). However,
the two subalgebras are intimately related as we shall comment later in Section 4.1.

4 Assigning the conformal dimension —1 to dz*, the fields eﬁ,wzb,bu,fﬁ have conformal dimensions
0,1,1,2 identical to the numbers of derivatives of the corresponding fields in the metric formulation.



On the right hand side of the equations, we have introduced a new set of zero-form
fields C9-cde and %P4 besides what can be expressed in terms of pre-existing fields.
The new fields C?¢4¢ and C**>? should be subject to a proper set of conditions so
that the new equations (2.46) with the new fields neither introduce any new degrees
of freedom nor remove any pre-existing degrees of freedom. For this, one need to
examine the compatibility of the new equations (2.46) with the Bianchi identities
(2.30).

e Viewing (2.43) and (2.46) as a dynamical system for the one-forms €%, w?, b and f,
and the zero-forms C%cd Cabede Cabe gnd C*bed we can again introduce ‘evolution
equations’ for C?%cd¢ and C%*? in a similar manner as we did for C?¢4 and C%¢

e This procedure can be continued iteratively, and introduces infinitely many zero-form
fields with infinitely many equations in a way that such an extension of the fields and
equations does not alter the content of degrees of the freedom of the system.

In order to work with an infinite number of additional zero-form fields, we need to
label them efficiently, and the subalgebra ¢ = s0(1,1) ®so(1,d— 1) can provide such a good
label:® in the following any zero-form fields will be labeled as traceless fiberwise tensors
with two groups of totally symmetric indices,

C[A}al"'am,br"bn’ (2‘47)
subject to the Young projection condition,
ClAl@rambbabn — (2.48)

In this way, the fiberwise tensor carries an irrep under so(1,d — 1) corresponding to a
two-row Young diagram. We adopt the following common short-hand notation,

CAla(m).b(n) — [Alar--am,bi--bn (2.49)
Sometimes, it will be more convenient to use what we will refer to as “depth” 9, than the
conformal dimension A:

olYam)bin) _ olalamybn) 5 A—mtn (2.50)
, sl .

The zero-form fields C21#(2):6(2) and CBla2):b should be identified with the usual Weyl and
Cotton tensors:

Ca@6(2) — clarlbfa2)be cBla2)b — (ar,a2)b (2.51)

If we relax the above identification condition, the zero-form equations that we will elaborate
below has the capacity to describe a system of any integral spin.

5 At this stage, it is not clear whether the K-label would be sufficient without necessitating an additional
label to distinguish two fields of the same K-label. As we will show below, the K-label is sufficient to
describe all the fields in the system. In other words, in the decomposition of the zero-form module into
K-irreps, there is no multiplicty.



The infinite amount of the K-covariant equations for zero-forms that we need to iden-
tify will take the following form,

DKC[A}a(m),b(n) _ ecg[A+1}a(m),b(n)\c(C) + fc J—_-[A—l]a(m),b(n)k(c) ’ (252)

where gA+Ha(m).b(m)le(C) and FlA-1a(m)b()le(C) are functions of the zero-forms with total
conformal weight A + 1 and A — 1. Let us recall that the conformal dimensions of e?, f*
and DX are —1,1 and 0. We can consider the Taylor expansion of 5[A+1]“(m)7b(”)‘c(0),

5[A+1}a(m),b(n)\z:(c) _ glAa+l]a(m)b(n)le ~[A+1]d(p).e(q)

d(p),e(q)
Y gl sl gladp)e@ oA 90 4 . (2.53)
Ay,A 7 7
A1+Ag=A+1
where the expansion coefficients 5([£(Ap;:i](c;()m),b(n)|c and 5&@5)1?(2])71(‘2))7;({;)) I are made only by

Kronecker delta symbols so that they only rearrange or contract indices. The func-
tion FlA-la(m)bmle(C) can be expanded analogously. Identifying the general form of
glattlatm)bmle(cy and FlA-1alm)b)le(C) is a highly non-trivial task, and hence we first
identify the linear parts, which will determine the content of the zero-forms. The identi-
fication of non-linear terms can be worked out, in principle, order by order in A. Due to
the boundness of A > 2, DK CAla(m)b(n) wil] involve at most [(A + 1)/2] order terms.

3 First order unfolding of conformal geometry

3.1 First order unfolding

Let us consider the system only up to the linear order,
DKC[A]a(m),b(n) + e (Pc C)[A]a(m),b(n) + fc (Kc C)[A]a(m),b(n) _ 0(02) , (3'1)

where we have used the notation,’

Se [Ala(m),b(n) _ _ elA+1]a(m).b(n)le ~[A+1]d(p),e(q)
(PeC) = i) ela) CETEREL,

(K¢ C)Blam)b(n) — _]:C[lﬁo);}(zgm)vb(")\c C1A-1]d(p).e(q) (3.2)
Remark that the linear terms of £A+Halm)bmle(C) and FlA-Ualtm)bmle(C) are denoted
by the actions of P and K¢, respectively. It will become shortly clearly that they indeed
correspond to the action of translation and special conformal transformation. Remind also
that the action of Pa and Ka on the space of zero-form fields is not yet defined. The
equation (3.1) suggests to combine the linear terms with the K-covariant derivative as

DYC = 0(C?), (3.3)

with
D =DF 4¢P+ f°K,=d+w®Jy +bD +¢* P, + f* K, . (3.4)

Note that (O T)*™)*™) denotes the a(m),b(n) components of the tensor O T. Here, T is not a tenor
of type (m,n) but OT is.

~10 -



The Bianchi identity is the consistency of the equation (3.3) associated with

(DG)2 = fa N eb ([Ka, pb] + jab — Nab ﬁ)
+et NP Py By + fO A P Ky Ky + O(C). (3.5)

Since the action of (D%)? on C is at least quadratic in C, the following should hold.

(B By O)SNtmde) — (g, Ry ) Nelmbm) —
L (3.6)

(Ko Byl + Jap — nap D) )12 —
and, we find that the consistency of the equation requires the operators P, and K, coincide
with the actions of translation and special conformal transformation. Therefore, the linear
part of D& can be viewed as a G = SO(2, d)-covariant derivative.

The most general form of a P, action on the space of tensors with two-row Young
symmetry is simply

(Pc C)[A}a(m),b(n) _ (Pf+ C[A-}—l])a(m),b(n) + (Plc_ C[A—i—l})a(m),b(n)

+ (732c+ C[A—l—l])a(m),b(n) + ('PS_ C[A+1})a(m),b(n) ’ (37)
where the operators Py, and P35, are the operators which map the tensors with the Young
symmetry (m F 1,n), and (m,n F 1) to the tensor with the Young symmetry (m,n).
Since these operators are unique up to overall factors (see Section 3.3 for the details), the

unknowns are only the proportionality constants which depend m,n and A. Similarly, the
most general form of a K action can be written as

(kc C)[A}a(m)b(n) _ (IC¢1:+ C[A—l])a(m),b(n) + (’Cf_ C[A—l])a(m),b(n)
+(KS,. cla-thatmibn) 4 (s gla-1lyalm)bn) (3.8)

with similarly defined operators Kf, and Kg,.

3.2 Linearization around (A)dS background

Before moving to solve the conditions (3.6), let us consider the linearization around a (A)dS
background where the zero-forms all vanish:

ClAla(m).b(n) — ¢ (3.9)
and the one-forms satisfy
fr=Ae*, b=0, (3.10)
and hence,
do® + @ Aol — 208 NE’ = 0. (3.11)

Repeating the analysis for the linear fluctuation, we find that the background G-covariant
derivative reduces to a background H-covariant derivative

DY =D =d+a®J, +é& (P, +AK,), (3.12)
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where H is the subgroup SO(1,d) for A > 0, SO(2,d — 1) for A < 0 and ISO(1,d — 1)
for A = 0 generated by Ju and P, + A K, . In this case, the Bianchi identity gives the
condition,

(p[c Pd] C)[A}a(m),b(n) 4+ A2 (f{[c Kd} C)[A]a(m)7b(n)
+2A (([Kio, Byl + Jea) ©) B2 — g, (3.13)

Since the above, being identities, should not impose any relation between fields of different
A, the three terms should separately vanish we can recover the three conditions among
the ones in (3. ) When the cosmological constant vanishes, we have only one con51stency
condition, (P[ Pd] C)[A]“(m) b(n) = 0, which determines only the P, action, then the P,
action alone defines the zero-form field content of linearized conformal geometry around
flat spacetime (that is, the spin-two off-shell Fradkin-Tseyltin system). Since the field
content of the linearized system should be the same as the field content of non-linear one,
the P, action should be enough to determine the zero-form field content of conformal
geometry. However, when we consider an on-shell reduction of the system, it is necessary
to have the information of the K, action, which cannot be obtained from the linearization
around flat space.

It would be instructive to rewrite the linearized zero-form equation using the depth §
(2.50) instead of the conformal weight A:

DECamb) g (pg_ othyemibn) 4 ¢ (ps, clot)alm)bm)

+Ae (K, clohyalm)bm) 4 Ag, (k5 clohyatm)bn)

+é. (PS, clotihyatm)bn) g (ps  cioF1hyalm)bn)

+ A e, (K§_ ctothyamib)  pg (g, clo-1halm)bin) — ¢, (3.14)

Remark that the half of terms in the Pa, K, action above preserve the depth, but not the
conformal dimension, of the fields. If we impose the condition,

P, =Py =K{_=K5, =0, (3.15)
then the system can rely on fields of a single depth:

DLOmbn) 4 g (pe CABHyalmbm) 4 & (e CO}yalm) b
+ A (K5, CBhyamib) L NG (ks cohyemibin) — g (3.16)

The resulting system is nothing but a non-conformal system such as massless, partially-
massless or even massive spin two. These systems are studied in [45, 46]. The ¢} and o3
operators used therein correspond in our case to

ol =e, P, ol =Ae,Kfy, 0?2 =N, K§_, ol =e, Py, . (3.17)
Furthermore, if we impose the restriction,

P =K3_ =0, (3.18)

- 12 —



then we end up with only two operators o_ = o1 = &,P% and oy = a}r = Ae, Ky,
which describe the massless spin-s dynamics. Therefore, the system (3.14) encompasses
the dynamics of (partially-)massless and massive as well as conformal fields—the goal of
the current paper—with a consistent choice of Py and K, . We will come back to this
point later in Section 7.

3.3 Cell operators and Recurrence relations

As mentioned earlier, the operators P, and K¢, are proportional to the cell operators
which adds or removes one box with index a to a two-row Young diagram [45, 46, 48,
49]. These operators are unique up to proportionality and their precise expressions and
properties are given in the latter references. Here, we use their realizations as differential
operators acting on auxiliary variables: we contract the zero-form fiberwise tensors with
two set of auxiliary variables u, and v, as

ual...uam bel...'Ub

CIAImm) () — C1AJa(m) bln)

. PR (3.19)

Then, the irreducibility and traceless conditions of the tensors read
w- 0, CAIMM (y )y =0, &2y 4) =0, (3.20)

and the Lorentz generators act as the differential operator,

Jap =2 Ulq 8ub1 + 2 Vla 81,;,] . (3.21)
The one-cell operators, denoted henceforth by V%, can be defined as’
Vi =Iyu®, V¢ =TIy d,, , Vs, =Ty, Vi =TIy 0y, , (3.25)

where Ily is the projection operator onto the space of traceless tensors of two-row Young
diagram symmetry. Beside the one-cell operators, let us also introduce ‘two-cell operators’
defined by

b _ b b _ b b _ b
Vi 1y =y uu®, Vigy = yu?, Voo, =y v™”, (3.26)

Vil =Ty 0y, 0y, V5 =Tydy,0y,, Vi b =TIy 8,0y, (3.27)

"More explicitly, the one-cell operators, when acted on (m, n) tensors, have the form,

ViZ = 0uy + g 0 0u Oy V5 =0y, , (3.22)

a _ a 1 2 _ 1 .
Vip =u Tam 3 W Oue — g3 UV 0u,

1 2
+ (d4+2m—2)(d+m+n—3) u v a“ ava ’ (323)
ya _ .0 (m—n) 28 _ 1 ) a
2+ =V @ren-—a(m-ntD) ¥ % = Gnonyn ¥V Oul
— mon—l UV Oy, + d+2m—4 U-VV - Oy O (3.24)
(m—n+1)(d+m+n—3) Ua (m—n+1)(d+m+n—3)(d+2n—4) U HVa :

2
UV Oy Ou,

1 2 2
= tm—n+D)(d+mt+n—3)(d+2n—1) ¥ (v 0u)” Ou, -

1
+ (m—n+1)(d+m+n—3)
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and

y?_i_g_ = HY uaa’vb ) yg-i,-li— = HY Uaaub ) (328)
Ve b =TIy ud,,, Vb =TIy v®d,, . (3.29)

We can express the product of two one-cell operators as two-cell operators as

b b b b b b
Ve =W Ve =Viwte, Vi Vor =Vou Vo = Vison, (3.30)
b b b
y3+yf+:yf+g+v yf+y2+:yf+2++ﬁy1+%+v
Y vy =yprh Vo Vi =V 4+t n+1yl 5
yﬁ yg— y1+2— ) y2 y1+ - y1+2— m y1+2— ’ (3'31)
b
Vs, Vi_ =58, W_Vs =88 — s Vot
a b _ya b 1 a b a b _ vya b 3.32
Vi V- =V — gt YVero— s Yoy Voo =Voio s (3.32)
b b b b b
ViV = Wi+ — m VI~ Gy Yoo (3.33)
_ 2(m—n)(d+m+n—2)+(d+2n—4)
yg‘ y2+ y2+2 R n+1 77 (m—n+1)(d+2n—4)(d+m+n—3) y2+2—
1 b 1 b
o (mfn+rf)(§+m+n73) y1+1— T m—n+1 yl'*‘(ll— ) (3'34)

where m,n are the eigenvalues of u -9, and v -9, that is, the length of the first and second
rows of the Young diagram on which the operators act. Since the two-cell operators are
independent, we can solve the Bianchi identities by expressing all the operators appearing
there as linear combinations of the two-cell operators. In particular, the Lorentz generator
can be expressed as

=V -V Vs - WS (3.35)

The operators P, and Ky are both proportional to Y/, :

c [Alya(m+1),b(n) Ya1 * " Uam1 Vby *" Vb, _ [Almn e [A](m,n)
(Piz &) (m+1)! 1 n! ~ P V=€ (u,v),
¢ lAlya(m)b(ntl) Yar " Uam Vbr """ Ubpir _ [A mn e ~[Al(mn)
(P2 C) m! (n£1)! Vo € (u,v),
¢ AAa(mED)b(n) Yar ** Yamer Vb =" Vb, 5 [Almn qye  ~[A](m,n)
( 1iC ) (m:i:l)' n! - kl:i: ylic (u7 U)
(kS Clalatm)b(ntt) Yar " Yam B s _ plAmn e o[Almn) () - (3.36)

m! (n+1)! — 7

where p[ Imn - and k[A]mn are the proportionality constants. We will determine these

constants by asking the operators P% and K®, defined by (3.7), (3.8) and (3.36), satisfy
the conditions (3.6) which arose from the Bianchi identities of the zero-form equations and
implies that the operators P* and K® form a representation of conformal algebra so(2,d)
together with J% and D. Note that P% . and K¢, can be viewed as differential operators
acting on CAI™7) (4, v), whereas P% and K® cannot because they alter the conformal
dimensions A.
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Firstly, the condition [P,, P;) = 0 gives

pla st e men [A AL (Bl o (3.37)
sy R — Sl R =0, (339)
plytmtn A dimnog pIAtmetl p[amn _ o (3.39)
it pltimen _ diman—g JA-mtLn [Ame g (3.40)

T e S
ey e =0, 341)

pf[ﬁ_l]m’n_l P (m—n-‘rfl)—z_dZ—Tm-‘rn—B) pia e p[ﬁjm’n
ol o el o, (o

Secondly, the condition [Ka, Pb] = Nab D - jab gives two kinds of equations: homogeneous
ones and inhomogeneous ones. The homogeneous equations are

kﬁ:—l]m:ﬁ:l,n p[li]m,n . p[ﬁ:—ﬁ-l]m:l:l,n kgi]m,n -0, (343)
kgi—l}m,n:tl p[Qi}m,n _ p[zi-l-l}mv’“il kgi]mvn =0, (344)

and

kgéfl]m,nflpge]m,n . p[QAiJrl],mfl,n kgé]m,n + 1 k[Afl]mfl,n p[lA,me _ 0’ (345)

m—n+1 "V2—
m—n 1. [A=1lmmn+1 [Alm,n 1 [A=1lm+1,n [Al,m,n
m—n+1 kl-}— Doy T m—n+2 k2+ 1+
m—n A+1lm+1,n ; [Alm,n
A+1lmn+1 ; [Almn A—1lm—1,n [A]lm,n A—1lm,n+1 [A]lm,n
st o ot i et fon
kgA_—l]m—i-l,n p[lﬁ]m,n . p[ﬁ_—i—l]m,n—l k[QA_}m,n + d+min,3 p[2A_+1]m+1,n kﬁ_]m,n —0 (3.48)
(KA1 Al o plAFHIT EIA]Y (3.49)
The inhomogeneous equations are
A—1lm—1,n_[Alm,n A—1lm+1,n [Alm,n
k[1+ } p[l_] - d+23an k[l— ! p[1+]
m—n—1 [A-1]m,n+1 [Alm,n [A+1]m+1,n ; [Alm,n
~ (m—n+1)(dFm+n—3) k27 Doy —DPi- k1+
A+1lm,n+1 ,; [Alm,n
o pl P A (3.50)
[A—=1lm,n—1 [Alm,n 2(m—n)(m—n+2) [A—=1lm,n+1 [Alm,n
kot Pa= T Gt 2 (@ 1) Koo Pay
m—n4+3 [A-1lm+1,n [Alm,n m—n)(m—n+2) [A+1m,n+1; [Almn
- (m—n—l—l)(d—tm—&—n—i&) kl* Piy ¢ (m)f(nJrl)2 Py k;2+
1 [A+1lm+1,n ; [Almn  m—nit2
T m—n+1F1- kl-i— - _m—nil ’ (351)
(KA1 plAl s plA+T] Al (3.52)
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and
A—1lm+1,n_ [Almn A+1lm+1,n, [Alm,n
A p[1+] —plat ku
m—n A—1lm,n Alm,n A+1lm,n Alm,n
+mfn+1 (kg— ! +1p[2+} _p[2_+1} +1k[2+] ) - _A, (353)

Finally, [K,, K3) = 0 gives

ottt plAme _men g Adm L lamn g (3.54)

By T — S T T =0, (355)

gy e A dimneg g lAsmntd p[Ame g (3.56)

giatimntpldimn _ dymincg plAtimtie p[Ame _ g (3.57)
i i g i e

T iy ke T =0, (3.58)
I — ey 0

_ (m—n)(m—n+2)(d+2n—2) k‘[A

+1)m,n+1 ; [Alm,n
(m—nt1)2(dt2n—4) "2— kyy ™ = 0. (3.59)

When identifying consistent sets of equations for zero-form fields CI2"™" one needs to
take into account the ambiguities (or redundancies) of field redefinitions,

clAlmn)  __, plAlmn olAlimn) (3.60)

This would affect the action of Pa and Ka as

[Alm,n [Alm,n
Alm,;n [Alm,n 1Y Alm,n P Alm,n
™" P — (pm_l]mﬂ,n i, AT i ) : (3.61)
and
[Alm,n [Alm,n
[Alm;n 5 [Alm,n 1Y [Alm,n P [A]lm,n
(ki kay ) — (p[A+1]mi1’n 1+ > m 24 ) . (3.62)

3.4 Solutions

We can first consider the equations (3.37)—(3.42) from [P,, P,] = 0, which are homogeneous
equations for the pﬁ]m’n coefficients. One can first observe that the ‘seed’ zero-form C'?(2:2)
generate other zero-forms with integer A > 2 and their Lorentz label (m,n) are restricted
since they should be related to (2,2) by actions of A — 2 one-cell operators. A simple
reasoning reveals the following. For even and odd A, the admissible Lorentz labels of
zero-forms are depicted as the black bullets in the (m,n) lattice of Figure 1 and Figure 2,

respectively.
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2 ® L
1 o [ ] [ ]
0 o
2 3 4 ) A m

Figure 1: Admissible Lorentz labels of zero-forms for even A

n

2 @ L 2
1 { ]

0 o

2 3 4 ) A m

Figure 2: Admissible Lorentz labels of zero-forms for odd A

In other words, the conformal dimension A of the zero-forms with Lorentz label (m,n) is
restricted to the ones with non-negative integer depth (2.50):

A=m—-n+2§, 0=1,2,.... (3.63)

In the following we shall label the conformal dimension in terms of the depth §. The above
content of zero-forms coincides with the basis tensors of Weyl invariants used in [15].

When we build the Pa and Ka action, we assumed that there exist one zero-form for
each {d}(m,n) label, which is now restricted to admissible ones. This ‘multiplicity-one’
assumption can be verified by demonstrating that the recurrence relations arising from
[Pa, Pb] = 0 uniquely determines pii}m’n after fixing all field redefinition ambiguities. As
mentioned before, the content of zero-form is determined solely by the P, action because if
we linearize the system around the flat background, we only obtain the condition [15&, If’b] =
0. The other consistency conditions will be served to determine the K, action together
with the value A.

Let us demonstrate how the recurrence relations (3.37)—(3.42) can be solved. First,

using the field redefinitions p{5}m’” with m > 3, we fix all p‘l{i}m’n with m > 3 to 1. Note

that this leaves out the field redefinitions p{®}2” as the corresponding coefficients pid_}zn
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already vanish. Then, the equations (3.37) and (3.39) determine pgi}m’" in terms of péi}z’n
as
d 5 d 2a
)" = e =01,
é y — g )
Rt ] (309
The remaining equations (3.40)—(3.42) determine also pﬁr}m’n in terms of péi}ln as
Stm,2 812,2 {5-1}2,1
pim? = L pPR el nt,
{6}m,n (m—1)(d4+m)(d+n)(d+2n—2) {0}2,n+1 {6}2,n .
b1y - (d+2r:;(m—n+rlr;(d—f—’:—l)(d—fm-l—n—Q) 2— Doy [7’L =0, 1] 5
(3.65)
. . {0}2,n
and impose the constraint on py,' ™",
512,22 {5)2,1 d(d—2 8¥2,1 {6-1}2,0
i} P§+} = mpé—} p§+ ) [0 >2]. (3.66)
In the end, we are left with pé(s_}m, péi}m, péi}m, pgi}zo subject to the above equations.

For § = 1, we have only two non-zero coeflicients péi}m and péi}Q’O and they can be fixed

by the field redefinitions ,0{1}2’1 and p{1}270, respectively. If all the coefficients and field
redefinitions, except for ,0{1}272, are fixed up to an order § — 1 with 6 > 1, we can determine
the four coefficients péi}2,27 péi}zl, péi}zl, péi}ZO by using the equation (3.66) and the
three field redefinitions pt0122, plo}21 510320 By induction, we can determine all the

coefficients péi}zn and hence the P, action. In doing this, we used all the field redefinitions

{1}32,2

except for p The latter field redefinition corresponds to the overall rescaling of the

homogeneous equation, and hence it is trivial. To recapitulate, we have shown that the
recurrence relations (3.37)—(3.42) determine uniquely the p[ri]m’n coefficients, namely the P,
action, by making use of the freedom of field redefinition. This proves the correctness of the
‘multiplicity-one’ assumption. Let us restate the zero-form field content of the conformal

geometry:

P o2 g GloHmD g ¢ 18}m0)

1 m=2

0o o0
— @ @ C[m—2+25](m,2) ® C[m—l—l—?é](m,l) ® C[m+25](m,0) ) (367)
0=1 m=2

P

fe%)
I

If we do not aim for conformal geometry, then there are more possibilities: instead of
determining pgi}m, péi}m, péé_}Q’l, pgi}Q’O with field redefinitions, we can set some of them
to zero and solve the conditions (3.66) as 0 = 0. In this case, the fields whose redefinition
could fix such péi}Q’n coeflicients simply decouple from the theory, and hence we can remove
them. Since we have less zero-form fields compared to the off-shell system, the resulting
system will be an on-shell theory. See Appendix A for more details.

Next we can move to the inhomogeneous equations (3.50)—(3.53) arising from [K,, Py] =
Nab D—Jy. They uniquely determine the following quadratics: for n = 0, 1,2 we obtain

[A+1mA1n 4 [Almn _ (m—1)(d+m)(m—n+24+A)(d+m+n—24+A)
by kiy = 2(m—n+1)(d+2m)(d+m+n—2) ’

[A-1]m+1n [Almn _ (m—1)(d+m)(m—n+2—A)(d+m+n—2—A)
kl— pif - 2(m—n+1)(d+2m)(d+m+n—2) ) (368)
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and for n = 0,1 we obtain

[A—i—l}m,n—&—lk‘[A]m,n _ (d=1)(n—m+A)(d+m+n—2+A)
Dy 24+ T (At (m—n)(d+tn—2)(d+mtn—2)
[A—1]m,n+1 [Almn _ (d—1)(n—m—A)(d+m+n—2—A)
kay” Por = D) (m—n)(dtn—2)(d+m+n—2) ' (3.69)

Since the p[ri]m’n are already determined to be non-vanishing numbers, the above equations

alone determine all the kﬁ]m’n coefficients. One can check that such kﬁ]m’n readily satisfy
the remaining equations (3.43)(3.49) and (3.54)—(3.59) arising respectively from [K,, P =
Nab D —J,, and [Ka, Kb] = 0. Therefore, both P, and K, action is entirely determined and
hence the linear part of the unfolded equation for conformal geometry.

At this point, one can observe from (3.68) and (3.69) that p[lA_JerH’n kﬁ]mn and

[A+1]m,n+1k[A]m,n [A-1]m+1,n [Alm,n
Dy 2+

never vanish but &j_ [A-Tmntl p[ﬁ]m’n

Piy and k5_ can vanish

for some A, m,n. Since p,[ft]m’n are not zero, we find that the coefficients /@[ﬁ_”m’n (depicted
as orange arrows in Figure 3) should vanish.

n

2 @@ @ @ L

X
1 [ @ @@ o ([ ([ J
X
0 ® ® ® X
£+2 A=d+¥¢ m

Figure 3: Vanishing k cofficients

[A—=1]m,n

r—

For a generic ¢, the black bullets, which have vanishing k&
vanishing k,ﬁ_”m’" coefficients (depicted as green arrows in Figure 3), and hence the corre-
sponding zero-forms Cl4+4(mn) can be still obtained from Cld+H=H(m—1.n) op Cld+L=1](m,n—1)
by the K, action. On the contrary, for ¢ = 0, the zero-forms Cl4(20) can never be obtained

from Cl4=1mn) by the K, action: See Figure 4.

coefficients, still keeps non-
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Figure 4: Decoupling of Cd(20)

Therefore, the field C14(20) cannot be obtained from a K action. In fact, the tensor C1#(20)
corresponds to the Bach tensor, and the decoupling of C1#(20) under K, action assures that

[d(20) — (. As mentioned earlier,

one can consistently impose the Bach-flat condition C'
the zero-form fields carry certain dual representations of highest weight representations
of 50(2,d). The decoupling of C!4(9) implies that its dual state is a lowest D state and
generates an invariant sub-representation, which can be quotiented out to get an “on-
shell” representation. In order to understand better the relation between the zero-form
module and the highest weight representation of s0(2,d), we review a few results of the

representation theory in the following section.

Figure 5: K actions on zero-form fields in 4,6, 8 dimensions are depicted as the edges of
graph.

4 Representation

4.1 Off-shell Fradkin-Tseytlin module

The actions of P, and K, identified in the previous section, together with those of jab and
D, define a s0(2,d)-representation realized on the space of zero-forms ClAla(m).b(n) with
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field content (3.67). In this section, we demonstrate how one can recover the same field
contents from an analysis of §0(2, d) representations. For that, let us review a few basics:
the (generalized) Verma module V(A,Y) of s0(2,d) is given by

V(AY) = é [A+n+2m,Y® (n) (4.1)

n,m=0

where [A,Y] is the lowest-weight representation (or primary state),
K,[A Y] =0, (4.2)

which carries a finite-dimensional irrep of so0(2) @ so(d). We denote the Young diagram Y
as a row vector,
(n,m,1%) = (n,m,1,...,1). (4.3)

~—
k

The Bernstein-Gelfand-Gelfand resolution provides various (non-unitary) representations
of 50(2,d) as a successive quotient of Verma modules V(A,Y) [37, 41] (see also [42]). The
spin-s Fradkin-Tseytlin (FT) module,

D(2,(s,s)) =S(2—s5,(s)©D(s+d—2,(s)), (4.4)
with

S2-5,(5)=V2-5s,(s5) V(1 —-5s,(s—1) @D —s,(s - 1)),
D(s+d—2,(8)=V(s+d—2,(s)) & V(s+d—1,(s—1)), (4.5)

is the one related to the on-shell conformal spin-s field, but what we need is the module
related to the off-shell conformal spin s, in particular the off-shell conformal spin two,
namely conformal geometry. Above, D(1 —s, (s —1)) is the module of the spin-s conformal
Killing tensors. Note that the module associated with an on-shell system is the quotient of
the module associated with its off-shell system by the module associated with the equation
of motion. For the conformal geometry with s = 2, the equation of motion is the d-
derivative Bach equation. Therefore, conformal geometry must be associated with the
module §(0, (2)) which does not involve any d dependent quotient. The logic extends to
other spins, and S(2 — s, (s)) is the off-shell FT module, also sometimes referred to as the
shadow module. Let us decompose S(2—s, (s)) into s0(2) so0(d) modules [A,Y] for s = 2.
The spin-two conformal Killing tensors are nothing but the so(2, d) adjoint representation,

D(_lv (1)) = [_17 (1)] ©® [07 (17 1)] @ [07 (O)] @ [17 (1)] ) (46)

and hence we find

§(0,(2)) =v(0,(2)) e V(-1,(1)) ® D(-1, (1)) (4.7)
= @ 24+ n+2m,(n+2,2)]®[3+n+2m,(n+2,1)]®[4+n+2m,(n+2).
m,n=0
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The same result can be also obtained from

S(0,(2) =P V@ +E, (2,2,1%), (4.8)

k=0

where the successive quotients represent the implementation of the Bianchi identity and
the Bianchi identity of the Bianchi identity etc. The decomposition of the above into
50(2) @ so(d) modules are shown, in Appendix B, to reproduce the result (4.7).

In (4.7), the lowest conformal weight state is (2, (2,2)), which is the representation of
the Weyl tensor, and the space coincides with the zero-form field content (3.67). Remark
that in the unfolded equation, the zero-form fields carry finite-dimensional representations
of K = SO(1,1) x SO(1,d — 1), which is different from SO(2) x SO(d). However, they
are related by the “Wick rotation” on the 0-th and d-th components, which maps the
generators D = My to iD and (jij,jol-) to (jij,ij()z-). To repeat, the Wick rotation
maps the Lie algebras so(1,1) = Spang{i D} and so(1,d — 1) = Spang{i.J;} into the Lie
algebras 50(2) = Spang{D} and so(d) = Spang{iJ;;, Jo:}, respectively. It is important to
note here that the Wick rotation does not alter the vector space on which the generators
act, and the same vector space carries a representation of so(1,1) & so(1,d — 1) as well
as a representation of s0(2) @ so(d). In a vector space carrying an irreducible unitary
representation of s0(2) @ so0(d), D has a real eigenvalue A, and i.J;; and Jy; are represented
as finite-dimensional Hermitian matrices. The same vector space carries a finite but non-
unitary representation of so(1,1)@so(1,d—1), which was used to label the zero-form fields.
Let us note also that the decomposition of a G = SO(2,d) representation into (infinitely
many) non-unitary finite-dimensional representations of K does not imply that the G-
representation is a non-unitary one. In fact, a state in the G-representation is not a finite
but an infinite linear combination of finite-dimensional K-representations. If we adopt the
standard norm of finite-dimensional representations (which is not positive definite since K
is non-compact), the norm of a state in the G-representation may diverge. Therefore, we
need to introduce a new scalar product for the G-representation, which will be singular for
a finite-dimensional K-representation. This new scalar product can be positive definite,
though the Fradkin-Tseytlin module is not of this type. What we discussed just above is
analogous to what happens in the Taylor expansion of L? space: each Taylor coefficient
has a divergent L? norm, whereas a L? state may have a divergent norm with respect to a
well-defined scalar product in the space of Taylor coefficients.

Before moving to the next section, let us make a remark on the relation between
S5(0,(2)) and D(d,(2)), namely the relation between the off-shell spin-2 FT module (or
the spin-2 shadow module) and the on-shell massless spin-2 module. In terms of nonlinear
system, such a relation is about the interplay between the d-dimensional conformal geome-
try and the (d 4 1)-dimensional Einstein gravity with negative cosmological constant. The
massless spin-2 module D(d, (2)) can be branched into s0(2) @ so(d) as

D(d,(2)) = V(d,(2)) ©V(d +1,(1)) (4.9)
= P ld+n+2m,(n+2)]@[d+1+n+2m,(n+2,1)]@[d+2+n+2m,(n+2,2)].
m,n=0
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Comparing (4.9) with (4.7), one can see that the two vector spaces are isomorphic as so(d)
representations, but have different so(2) eigenvalues. One can obtain the same result (4.9)
via the so(1,d) decomposition of D(d, (2)),

o0

D(d, (2) = Pk +2,2)ao(1.4) (4.10)
k=0

which is the zero-form content of massless spin-2 field in its unfolded formulation. Here,
one need to remind that the expansion in k£ should be considered as a Taylor expansion
of a function even though it is not normalizable in Taylor basis but in a harmonic basis.
Each of the (k +2,2)40(1,4) module can be further branched into so(d) irreps as

k
(k +2, 2)50(1,d) = @(k —m+ 2, 2)so(d) S5 (k —m+ 2, 1)5o(d) D (k —m+ 2)5u(d) . (4‘11)

m=0

The expansion (4.10) with (4.11) reproduces the decomposition (4.9) with m = k — n, but
without the so(2) labels.

4.2 Zero-form module

In this section, we provide a more detailed explanation about the connection between the
representations of zero-form fields and the off-shell F'T module. All zero-form fields of
conformal geometry can be packed into

_ Ala(m),b(n) \J, (—A4]
C= ) ClmMm g b (4.12)

A,m,n
by contracting them with the basis vectors, denoted by \TJ([I(WA@% b(m)’ of the underlying rep-

resentation, denoted by S(0, (2)). Then, all zero-form equations can be obtained from
dC + AC = 0(C?), (4.13)

and the gauge symmetry simply reads

0C = —(e" Py + A Jup + £ Ko + 0 D) C + O(C?). (4.14)
with
D ‘i’g_(ﬁ%,b(n) =-A ‘i'g_(m%,b(m )
e ¥ oy = (M VP
b (e WL — R U )
+P[1A7]m’n Nea i’L}ﬁfig7b(n) + P[zAjm’n Meb ‘i’gfi;fbl(]n—l) ’
Ko Wi sy = (m o+ 1) ™ 00
Ry (e = e T b))
R e WL ST ) R e WL (4.15)
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The basis vector @L}Tﬂ b(m) CATL be realized various ways, for instance as we have introduced
earlier in the paper, as a function of auxiliary variables:

ai . bn

..uam 'Ubl""U

é
Fl-Alambm) — L U

J! m! n! ’ (4.16)

with A = m —n 4+ 2§. Note here that we have introduce also a Lorentz scalar auxiliary
variable ¢ to generate fields of different conformal dimensions. The above realization is
compatible with the grading,

ﬁua:—ua, ﬁva:+va, ﬁt:—Zt, (417)

In terms of these, all the generators of s0(2,d) will be realized as differential operators
acting on the auxiliary variables:

A

Jab = 2u[q Oyp) + 204 Oyl

D=u-8,—v-0,+2t0,

P =P + P+ ()"t (PS4 +PL),

K= K§, + K% + (K&, + K)o, (4.18)

where Pfy and K¢, are defined in (3.36). Therefore, we constructed an oscillator repre-

sentation which is realized on the space of functions,
8(0,(2)) = {tu uP v v Fap ealt )} U {8 0 0 0 gup ot )} U £ u v hog(t, )}, (4.19)

subject to the conditions u - 9, S(0, (2)) = 0 and 92 S5(0, (2)) = 0. It will be interesting to
relate the above representation to the one that can be obtained from the reductive dual
pair correspondence of (O(2,d), Sp(4,R)) (see [50] for a review of the correspondence).
Note that S(0,(2)) has vectors with negative conformal weights, which are bounded
from above (—A < —2). The representation S(0,(2)) is in fact isomorphic to the dual
representation (aka contragredient representation) of the off-shell FT model S(0, (2)). The

isomorphism is given by the anti-involution,®

P(Pa) =Py, p(Ka) = K&? p(Jab) = —Jap, p(f)) =-D. (4'22)

More precisely, we can define a non-degenerate bi-linear form (-|-) for S(0, (2)) x S(0, (2))

as
A < [—A
(Wm0 | Py or) ) = O Gt B oo ot - (4.23)

8The anti-involution p flips only the sign of £ generators. If we take s0(2) @ so(d) at the place of £, then
the anti-involution would correspond to minus the Cartan anti-involution. Note that p is different from the
Chevallay anti-involution 7,

T(P) =Ko, 1K) =P., 7(Ja)=—Jw, 7(D)=D. (4.20)
used in [37]. They are related by p = 7 o ¢ through the involution ¢ given by

(P =Ko, oKy =P,, i(Jw)=Jw, o(D)=-D. (4.21)
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where () b(n)|e(m),d(n) 15 the projection operator onto the space (m, n), and \I/ﬁ]n) b(n) and
ﬁl[c(n?”)] d(ny 2re the basis vectors of (A, (m,n)] € 8(0,(2)) and [-A/, (m/,n')] € §(0,(2)),
respectively. Then, for any v € S(0,(2)) and w € S§(0,(2)), the actions of an element
X € 50(2,d) on each spaces satisfy

(0] Xw) = (p(X)v]w). (4.24)

The duality between S(0,(2)) and S(0,(2)) implies that [A, (m,n)] C S(0,(2)) is the
subspace of (generalized) highest weight states annihilated by K, , if and only if there is
no w € S0, (2)) such that K, w € [-A, (m,n)] € 5(0,(2)):

K.[A, (m,n) =0 in 8(0,(2)) —  K,8(0,(2) ¢ [-A,(m,n)].  (4.25)

This shows that the field C1¥29 is dual to an invariant highest-weight representation
generated by [d, (2,0)] € S(0,(2)) as it cannot be obtained from Cl4~1(mn) by K, actions.
So far, we have considered only the passive transformation of so(2, d), which acts only

on the basis vectors \i/[_A

a(m% b(n) but not on the coefficients C1212(m):5(n) We can also consider

the active transformation of 50(2, d), which acts only on Ct2a(m):b(") hut not on \ilgf(ﬁ% b(n)’
as the linear part of the gauge transformation with constant parameters, namely the global

transformation: the active action of an element X in 50(2,d) can be defined as

% Ala(m),b(n) .__ R Ala(m),b(n
X Clalmde) g o Cllambe) | (4.26)

Here, C[Ala(m).b() ghould not be viewed as the coefficients, but as the dual basis vectors.
Indeed, the active representation of the zero-form fields is dual to the passive representation,
S(0,(2)). Therefore, the active representation of the zero-form fields is simply the off-shell
FT module §(0,(2)). What is noteworthy in the active representation is that it is related

m),b(n)

to the gauge transformation § C1Ala( which is in fact nonlinear in C. We will come

back to this point in Section 7.

5 Higher order unfolding of conformal geometry

5.1 General structure

Let us discuss the structure of the nonlinear unfolded equations for the zero-form fields.
For that, let us label the zero-form fields by a collective index I = [A]a(m),b(n) as

ol = ¢lAla(m)b(n) (5.1)

In this notation, the nonlinear unfolded equations read simply®”
DECT = ¢, £0%(C) + f, FI(C), (5.3)

90One may think that it could be more useful to express the equation as
DYCT = eq £12,(C) + fo Faly(C), (5.2)

then, act D¢ on it to get the Bianchi identity. However, such a computation could lead to an inconsistency:
the LHS of the Bianchi identity is quadratic in C since (D%)? = O(C), whereas the RHS is cubic in C. The
mistake is due to the incorrect assumption of the G-covariance of the multi-linear forms hidden in the RHS
of (5.2). More formally, the cocyle of the corresponding Chevalley-Eilenberg complex is covariant under K
but not under G.
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where the conformal weight of C!, &7 and F! are A;,A; + 1 and A; — 1, respectively.
Using the relations,

1
DFe? =0, DKfazieb/\ecC[?’]ab’c,
1 A A N
(DF)? = e CRlachd J o+ e A fo (Jup — nap D) . (5.4)

we can simplify the action of DX on (5.3) as

L 2lacpd, 1L mlcap o1 Jb oE!
Ozea/\eb ZC ’ (chc) —50 7FC(C>+87(C)

aC7
- ogta oF!b
ab I ab ~I J,b __ecJa
—i—eaAfb((J C)f + A CT 4+ FH(C) 557 = €7(0) 8CJ)
dFla
+fa A fy FPR(C) o7 (5.5)

We require the above equation to hold identically — it becomes the Bianchi identity for the
zero-form fields. Moreover, each line should vanish separately since the equation should
hold independently of the choice of e* and f*. This requirement, together with the Bianchi
identities (2.30) of the one-form fields, determines the functions £/%(C) and F5¢(C), up
to (nonlinear) field redefinitions of C.

Since the identity should hold for any value of C!, we can expand the functions in the
powers of C as

ghe(C) = igéva(c), Fhe(e) = if,{’“(C), (5.6)
n=1 n=1

and the equation (5.5) should hold identically order by order in powers of C. The first
order part of the equation,

agl,a C afl’a C
ea v &) 0D g gy R0 DO
j 08,"(C) oF*(C)
ab 1 ab ~I J,b 1 J,a 1 _
+€a/\fb (J C) _Aln C +‘F1 (C)W_El (C)T —O,(57)

is what we have worked out in the previous section, and 511 “ and .7-'1[ "* are determined by
the actions of P, and K, . Moving to the second order, we find

L 2ackd 5 ool L ab rle sb 1 062" (C) | by 061 (C)
€a N\ € [4 c? (Jea C) — 3 chl, F1C)+&E77(0) ;CJ +&7(C) éc]
I, - OE3(C) T, OETNC) g WOFSNC)  ga,  OFTN(O)
+ €a A fb ‘Fl (C) acj + J:Q (C) 80‘] - gl (C) 80‘] - 82 (C) acj
16, - OF(C) |y, OF](C)
+ fa N fo | F; (0)75011 + F (C>750J =0. (5.8)
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Since 81[ “ and .7-"1] * are already determined, the above defines inhomogeneous linear equa-
tions for 821 “ and .7-"21 “. Finally, at the order n > 3, we have

n ol (o
ea N ep (; Bl b Fle )+ > 5,{;’)(0)”51&?( >>
m=1

n gL (C) OFLy _ (C)
J,b n+l—-m _coJa n+l—m
n oFLe  (C)
J,b n+l—-m _
+ fa A fo ;1 Fal(O) =5 55— =0, (5.9)

which define again inhomogeneous linear equations for &M and FL® where the coefficients
are given by (5%, Fh%) with m =1,...,n — 1. In this way, one can iteratively determine
all power series coefficients &L and FL° by solving the linear equations. The index I =
[Ala(p), b(q) takes infinitely many values, but at a fixed order n only finitely many A can
appear because the conformal dimensions A is additive and bounded from below (A > 2):

[55] (55
gdlae) =3 gy, Fee)= Y BYe). (5.10)
k=1 k=1

Moreover, for a finite A, finitely many (m,n) tensors appear. Therefore, the procedure of
determining the functions £5%(C) and F1¢(C) — that is, the unfolded equations for the
zero-forms — can be decomposed into finite-dimensional linear equations.

We have seen that the linear part of the unfolded equation for conformal geometry
defines the representation S(0,(2)) of conformal group SO(2,d), but the system is not
consistent without higher order completion. In general the unfolded equations can be
viewed as a Lie algebroid with an infinite-dimensional base manifold corresponding to the
zero-forms. In the conformal geometry case, the structure constant of the Lie algebroid is
at most linear in C', whereas the anchor, given by £14:¢(C) and FI21¢(C), are higher order
polynomials in C.

5.2 A few lowest A

Let us show more explicitly, but still schematically, how the nonlinear part of the consis-
tency equations (5.8) and (5.9) can be organized as a series of finite-dimensional linear
equations by arranging them in the total conformal dimensions Ay = A + Ay + Ac.

e Ay = 4: We have only one non-trivial condition from e® A e®,

1 . 65[2]717](0[3})
=+ ~[2]ac,bd 2] Bl,[a (2] RyZe1  \~

=0, (5.11)
which is an equation for 52[3]’(1(0[2},0[2]). Here, we suppressed the Lorentz label
a(m), b(n) in the tensors C1Aa(m):b() for simplicity of the expressions, and one should
note that there are more than one tensors for a given A > 3. Since £P¥¢(0) is at
most quadratic in C, by solving the above equations, we can determine & [3}’“(0)
completely.
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e Ayt = 5: We still have only one equation from e A e, which reads,

30[2]“,1)(1 (Jo C)3) — %C[zﬂc[a,b} Flle(clz)

oo oy
ocC2]

ol (o)

s (ell, ol =

+&7H ) ~0, (5.12)

and it determines 52[4]’a(0 I By, Since £M49(C) is at most quadratic in C, it is also
determined.
e At = 6: In this case, we find two non-trivial conditions from e® A e® and e® A fb.

— First, from e® A e®, we obtain two quadratic and one cubic conditions. The first
quadratic condition is proportional to C2 ¢4

o e ol
oCB]

1 S a
1 C[Z}ac,bd (ch Cv)[4] + 51[3]7[ (C[4])

[4],8]  ~[5]
Blila, ~[2] 4961 (CY)
e, o) P o, (5.13)

and it determines 82[5]"1(0[2},6’[4]). The second quadratic condition is propor-
tional to OB CBI,

o c oy
och

_% 8l o8] Flile(clBly | gl2hlo (o))

“ 85[4]717] 0[5]
Ll (0[31,0[31)180551) o, (5.14)

and it determines 52[5]@(0 B3], ¢Bl) . The cubic condition is

352[4]vb] (c2, oB))
oCBl

oMM ()

+ g?]’[a(c[ﬂ , cl2 , 0[2]) T

52[3]’[“ (C[?}7 0[2])

=0 ,
(5.15)
and it determines 5%5]’@(0[2],0[2],0[2}). With these, £°h%(C) is completely
determined as it is at most cubic in C.

— From e A f°, we find one condition,

352[4}’“(0[2] ,CB
oCB]

[4].a/ ~5]
56 121 21y 961 (C)
+ FRH (OB, ot E

oFe (B

_ 52[3]’1’(0[2}, cl

=0, (5.16)

which determines .7:2[5]’G(C’ 2 ¢P1), and hence FI1¢(C) as it is at most quadratic.

Even though that the above sets of equations are finite-dimensional linear equations, they
are tedious to solve and hence it would be more desirable to use a computer program code,
which is beyond the scope of the current paper.
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6 Weyl invariant densities

In this section we discuss how Weyl invariants can be classified within the unfolded formu-
lation of conformal geometry.

6.1 Gauge symmetry

Let us consider our system within the general framework of the unfolded formulation.
Our system has two kinds of differential forms, the one-forms taking values in the adjoint
representation of s0(2, d) and the zero-forms taking (infinitely many) values in the off-shell
FT module §(0, (2)) of s0(2,d),

w4 . e, w® b, f*, Cr. (6.1)
Their equations have the general structure,
dwA +GA(w) =0, (6.2)
with the (generalized) Jacobi identity,

OGA(W)

B
GZ(W) 5B

=0. (6.3)
The system is invariant under the gauge transformations,

B 0GA(W)

A_ A
oW =dw” +w B

(6.4)

where w4 are the (p — 1)-form gauge parameters associated with the p-form field W4 .
Applying this to our system, we find the “standard” gauge transformations for e* and b as

e =DFe + \%¢, — ey, Sb=DFo 4+ ¢ f,+ K¢, (6.5)
and “deformed” gauge transformations for w® and f* as
Swi — DE)ab 4 gla bl +eeed ( fb]d C[2acbd) 7
5 f* = DR+ A f, + 0 fi + € eq Ol (6.6)

The modification terms are proportional to the curvatures and corresponds to the “non-
geometrical” terms considered in [23].
The zero-forms transform as

§CT =X (Jp OV — Aro O + €, ELY(C) + ko FIO(C) (6.7)

involving nonlinear functions £/:%(C) and F52(C).

As we discussed earlier, the gauge transformations by A% and k% can be used to reduce
the system to the metric form, whereas the transformations generated by €* and ¢ become
the diffeomorphisms and Weyl transformations.
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6.2 Constructing Weyl invariants a la unfolding

Let us revisit the classification of Weyl invariants, which consist of the type-B Weyl anoma-
lies, within the unfolded formulation of conformal geometry. Weyl invariants are the scalar
densities made by curvatures, which are strictly invariant under Weyl rescaling, without
relying on a total derivative term.

The Weyl invariants should correspond to a gauge invariant d-form within the unfolded
formulation. The invariance under D and jab requires the basis for the d-form to be made
by e* and f® only. The P, gauge symmetry is the diffeomorphism, so its invariance can
be achieved only up to a total derivative term. On the contrary, the K, gauge symmetry
is related to a Weyl rescaling, so we require the strict invariance without relying on an
integration by part. From this, we can rule out the dependency of f* as it transforms with
derivatives, which can never be compensated if integrations by part are not allowed. In
the end, the ansatz for the Weyl invariants is

Ij=€qpag € N Ne Iy (C). (6.8)

The invariance under the Lorentz and dilatation is guaranteed by considering Z;(C') where
all the Lorentz indices of C' are fully contracted without using any external tensors and the
total conformal dimension is Ao = d. The gauge variation under translation and special

conformal transformations give

6Ig = degyay DEe™ Ne® A - A% Ty(O)

+ €ayeag €A A e [e. ELE(C) + ke F1E(C)] aédc(,lc) (6.9)
With a total derivative term, the above can be expressed as
0I; = d[deg,.q €™ €2 N+ Ne Iy(C)]
+€ayoay [AE €2 N Ne% Ae,+ g0 e A - Ae®] EDLE(C) agdc(f)
+€ayoay (EL 2N - A€ A fot Kee™ A Ae) FLC(C) 8?6(,?) . (6.10)

The first line is a total derivative term proportional to the translation gauge parameter % .
The second line vanishes identically:

€aray [AE €PN NeV Nec+ec €PN Ne] =0, (6.11)

due to the properties of antisymmetrizations. Only the third line poses as a non-trivial

condition,
9Z4(C)
oct

which ensures the gauge invariance under translation and special conformal transformation

Fleo)

=0, (6.12)

at the same time. In the end, it is sufficient to ask the special conformal invariance of the

density Zy(C'):

9Z4(C)
oCT

6 Ta(C) = k® Flo(C) =0. (6.13)
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To find an explicit form of Weyl invariants, one needs to begin with a general ansatz
Z4(C) = Ty(cP Bl L cld=2y (6.14)

with a certain finite number of undetermined coefficients ¢; . For instance, for d = 4 we
have only one term,

C2a(2):0(2) 2 |

L(C) = & TRm— (6.15)

whereas for d = 6, we have three terms,

CMla(2):6(2) 12 CBla(3):6(2) ¢B CBla2),b o3
T6(C) = &1 y (2),6(2) T o = (3),6(2) + e 5 (2),b

= ¢ (C11C2)|ClRIR2)y 4 ¢y (OBIBG2)|CBIG2)Y 4 g (0B CBIRD)Y (6.16)

In the last line, we used the convention,
<f|g> = €xp (am ) auz + av1 ) an) f(’Lbl, ’02) g(u% ’02) |U1=U2=0 : (6'17)

v1=v2=0

By checking the special conformal transformations of 7, and Zg, we find Z; is already
conformally invariant:

0 I4(C) =0, (6.18)
whereas the conformal invariance of Zg requires
5 T6(C) = K (c1 kP2 + 26 k) (9, CPIGD) | 0IR2)
+ 1 (er KPP 4 203 kP2 (u, CBID | 0RIR2)y — o (6.19)
The above defines the system of linear equations for ¢y, co, c3,
e ) (2)-() o
RSP0 2kl 0;2», 0

In any d, the above has one-dimensional solution space,

B d—2 (d—2)?
(617027C3>_C3<4d+47<d+1)(d+4>71>7 (621)

where we fixed p[2A_}2’2 = p[ﬁ_p’l = p[ZA_]Z’1 = 1 using field redefinition freedoms (we will keep

this choice in the following analysis). Likewise, once the form of F/¢(C) is determined,
the problem of finding Weyl invariants becomes a pure algebraic exercise.

6.3 Quadratic Weyl invariants

As we have seen in 6d case, the ansatz for quadratic Weyl invariants are easy to handle
so it allowed to determine the invariant using the explicit expression of K, action. Let us
extend this analysis to 8d and 10d. In these cases, the quadratic Lorentz scalars that are
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invariant under the linear part of K, action should be complemented by cubic (and also
quartic for d = 10) terms to compensate the nonlinear part of K, action.

In the following, we determine the quadratic part of Weyl invariants, that is, the
quadratic Lorentz scalars invariant under the linear part of K, action. In 6d, there are
3 quadratic Lorentz scalars with A = 6, and 2 quadratic Lorentz vectors with A =5, so
a generic action of K, would have left one dimensional solution space for quadratic Weyl
invariant. This is to be contrasted with the situations in higher dimensions: as shown in
Appendix C, there are 7 quadratic Lorentz scalars with A = 8, and 8 quadratic Lorentz
vectors with A = 7; and there are 12 quadratic Lorentz scalars with A = 10, and 19
quadratic Lorentz vectors with A = 9. See Table 6.3 for the summary.

A |6 8 10
Number of quadratic scalars with A 3 7 12
Number of quadratic vectors with A —1]2 8 19

Because of the “inversion of numbers” in 8d and 10d, we need explicit computations to
identify the kernel of K, action in these cases.

Eight dimensions As mentioned above, there are 7 quadratic Lorentz scalar with A = 8
leading to the ansatz,

Zs(C) = 1 (Cl6122) | ¢RI22)y 4 () (0PIG32) | oBIB2)y 4 g (cPIED | oBIZD)Y
+ o4 (CHE2) | o2y 4 (o (G | CHIGD)
+ ¢ (CHIE2) | o2y 4 o (cMIR0) | clE0)y L o(C3). (6.22)

The invariance of Zg(C') under K, transformation requires

EPB2 2 00 0 0 0 0
KPP0 kPR 0 0 0 0 ‘1 0
o K" o 2P 0 0o o0 = 0
o KB o 0 2B o 0 “1 o 693
o K™ 0 0o 0o 2 o 24 o (6.23)
o o B oo wPR oo 0 CZ 0
o o K o 0o 2k o o 0
0 0 K2 0o o o0 P 0
With explicit values of kri]m’n, we find the solution space is one-dimensional:
(c1,c2,¢3,¢4,¢5,Cq,C7)
o 24 d (d—4)(d—2)? 24 d (d—4)%(d—2)? 24.d (d—4)(d—2)
7 ((d+4)(d+6)(d2—1)’ (d-1)(d+1)2(d+4)(d+6)* ~(d+4)(d>—1) °
R S R ). o
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Ten dimensions We have 12 dimensional ansatz,

T10(C) = ¢ (CBIZ2) | lI22)y o ¢y (B2 | oBIB2)) 4 ey (0D | CBIE D)y
+¢q (C1O1A2) | Ol&2)y 4 o0 (CBIGD) | B 4 o (C161(22) | oHI2:2)y
+ ¢7 (C10120) | HI20)y 4 o (OBIG2) | @BIG2)Y 4 g (OB | By (6.25)
+ c10 (CPIG2) | oBIB2)y 4 o)) (BB | @BIGO)Y 4 ¢y (0PI | CBIEDY L 0(C3).

The K, invariance of Z1o(C) gives

RIB24222 6 o o 0 o o o o o o 0

)20 22 0 0 0 0 0 0 0 0 0
o w42 k[fj]f'2 0 0 0 0 0 0 0 0 0
o kP o kB132 o 0 0 0 0 0 0 o 0
o P70 0 o kP2 0 0 0 0 0 . 0
0 o w31 kﬂz'l 0 0 0 0 0 0 0 02 0
o o k22 o o 4B21 o o o o o o ° 0
0 0 k[ff 0 0 o KPEL 0 0 0 0 “ 0
0 0 o kP2 0 0 2k[1ﬂ4’2 0 0 0 0 e 0
0 0 0 k[z“:]fl 1o 0 0 0 2k£414‘2 0 0 0 c6 =10 (6.26)
0 0 0 k[1‘13’2 0 0 0 0 0 2k[14l4’2 0 0 er 0
0 0 0 o &L g 0 o 2l o 0 0 cs 0
0 0 0 o kP32, 0 0 o 2l o 0 Co 0
0 0 0 o kP3O o 0 0 0 o 2e3t o 10 0
0 0 0 0 k:gi]f’l 0 0 0 0 0 o 2lst c11 0
0 0 0 0 0 kgsia,z 0 o 0 2k[1ﬂ2’2 o 0 C12 0
0 0 0 0 o kPP o 0 0 0 o 2ufi22 0
0 0 0 0 0 Y 0 0 2k[1ﬂ2’° 0 0
0 0 0 0 0 o P21 o 0 0 o axfH®O 0

which has one-dimensional solution space,

(Cl, 2, (3, ¢4, C5, Cg, C7, C8, C9, C10, C11, 612)
— ¢ (d—4)(d—2)(d+4) 3(d—4)(d—2)(d+4) 3(d—4)(d+4) (d—4)%2(d—2)(d+4)
= “12\ 2(d=6)(d+6)(d+8)* 4(d+1)(d+6)(d+8)’ 4(d—6)(d+6)’ 2(d+1)%(d+6)(d+8)’
(d—4)(d+4) 3(d—4) (d—1)(d+1)(d+4) (d—4)%(d—2)?(d+4)
(d+2)(d+6)’ d+6 * 2(d—6)(d—2)d ’ 16(d+1)3(d+6)(d+8)°

3(d—4)2(d+4) (d—4)2(d+4) 3(d—1)(d+4)
SN S S 1) - (6.27)

Let us note that the densities Zg and 77y are invariant under Ka action in any dimen-
sions. Multiplied by the volume form, they become Weyl invariants in 8 and 10 dimensions.

6.4 Higher order Weyl invariants

In the previous section, we identified the quadratic part of Weyl invariants in d = 8 and
10, and this analysis can be straightforwardly extended to any even dimensions as we know
the linear part of the K, action explicitly. In principle, to identify higher order parts, we
would need explicit expressions of F/*(C) up to A; = d — 2, which requires many steps
even for d = 8 as we have seen in Section 5.2. However, even without the nonlinear part
of K, action being identified, one can still guess the number of Weyl invariants. Let us
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explain this point in the following. The K, gauge transformation is a linear differential
operator on the space of C' and hence can be expanded as powers of C' as

§=0W 41 §@ 45 4 ... (6.28)

where §™ ~ C"™ 9¢ . The commutativity of K, transformation implies

n—1

— (m) g(n—m) _
by =0 = Y e =0. (6.29)

m=1

In 8d example, the Weyl invariants have at most cubic terms:
Is =10 + I, (6.30)
and the K, invariance of the above is equivalent to
ST =0,  dWIY 4+ 09I =0. (6.31)

The first equation is what we have solved in the previous section, and we already identified
Iéz). Turning to the second equation, we need to solve again linear equations for Iég) with
inhomogeneous term (5<2)I§2), which obscures the existence of the solution Iés). By taking
the antisymmetrized §) variation of the second equation, we find

§W (5(2)1(2>) — P

a Oy L3 o (6 I7) = 0. (6.32)

]
This tells that the inhomogeneous term 532)2522) is 6M closed. If 6&2)19 is not in the &M
cohomology of the space of C3 vectors with A = 7, then we know the solution will exist,
and it will be sufficient to identify the kernel of 6 in the space of C? scalars with A = 8.
We know from [14] this is indeed the case and the dimension of the kernel is four: the
number of C3 scalars and vectors are 11 and 7, and hence 67V is surjective.

Let us consider also the 10d example, where the Weyl invariants have at most quartic
terms:

To =Ty + Iy + L1 - (6.33)

The K, invariance gives
SWIY =0,  SWIR +6PIY =0, VI +6PIY +69IE =0,  (6.34)
where the inhomogeneous terms in the second and third equations are 6V closed:
0 (6 Ti) = =0 (8 Iig) = 0.,
SO T + SPTE) = —00 (O T + 60T — 50 SPTH = 0. (6.35)

Again, if the inhomogeneous terms are not in the 5 cohomology of the space of C*® and C*
vectors with A = 9, then the solution will exist for I{‘E) and I{‘g, respectively. Therefore,
in such case, one can just identify the kernel of 6 in the space of C? and C* scalars with

A =10.
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Let us discuss more about the underlying algebraic structure. At a fixed order C™,
the variation 6 = 5}? defines the cochain complex (Am",é};)) where A™™ :
S(0,(2))®™ and n is the subalgebra of s0(2,d) generated by K,. By introducing the co-
differential 5;) from the P, action, the associated homotopy operator H is given by

H = {8,600} = P* Ko +n(A—d+n). (6.36)

We find that the (5;) cohomology is trivial if A # d — n as it lies in the kernel of H. Weyl
invariants precisely concern the other cases with A = d — n and we need more detalied
analysis. For explicit computations of the 5}? cohomology, it will be useful to recast all
higher-order forms of C' as d%ifferential operators in auxiliary variables. If we combine

different C™, we have A" = ®2_,A™" : 0" @ P4(8(0,(2)) — R and the differential and
2
co-differential 5;? and 5;) are deformed to the full gauge variations d; and ¢ which are

nonlinear in C. This can be viewed as a deformation of Lie algebra cohomology to a Lie
algebroid one.

7 Reduction by constraints

So far, we have considered the unfolded equation for conformal geometry, that is, the off-
shell system for conformal gravity. In this section, we discuss how an off-shell system can
be reduced to various on-shell systems. The reduction can be achieved by imposing certain
algebraic constraints ® on the fields,

L (e,w, f,b,C) =0. (7.1)

A constraint generates infinitely many consequent algebraic constraints through (succes-
sive) gauge variations,

5--- 0@ (e,w, f,,0) =0, (7.2)

where each gauge variation J makes use of different gauge parameters, and they are not
nilpotent operators. If the constraints are Lorentz tensors, Lorentz transformation will not
generate any consequent constraint. If the constraints can be decomposed into homoge-
neous ones under dilatation, dilatation will also leave the constraints invariant. On the
contrary, translation always generates additional algebraic constraints at the level of the
unfolded system, but they are related to the derivatives of original constraints. Therefore,
we can disregard the constraints which can be obtained by a P, transformation. We will
refer to this class of constraints as descendant constraint. In this way, we are left with an
assessment of the effect of special conformal transformation on the constraints. Below, we
consider two cases of non-descendant constraints.

e Primary constraint:!” the constraints which are left invariant under dilatation and
special conformal transformation. If we further restrict to the constraints which

10This is not to be confused with the primary constraint of Hamiltonian system. We use this term because
this class of constraints generalizes the concept of primary fields.
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contain linear term in fields, we find only two possibilities because only C[2/(2:2) and

Cld20) gatisfy the primary field condition K, CRI22) = 0 and K,CMZ0) — ¢
respectively. The former case corresponds to the conformally flat geometry,

o220y = P2 — ¢, (7.3)
The latter case corresponds to the Bach flat geometry,
P20 () = cl20) 4 o(Cc?) =0, (7.4)

where we have included non-linear terms O(C?), which is necessary in compensating
6,ClE0) = O(C?). This nonlinear term in (7.4) can be removed by a nonlinear
field redefinition of Cl4(20)  If we consider primary constraints which are at least
quadratic in fields, then the Weyl invariant densities belong to this class. They are all
scalars, but one could equally consider tensor analogues of these nonlinear constraints.
These constraints generalize the concept of primary fields to a nonlinear level because
the K, transformation acts nonlinearly on the field C' and the constraints are in
general nonlinear functions of C.

e Section constraint: the constraints which are neither primary nor generate new con-
straints under K, action. In this case, the variation necessarily constrains the gauge
parameters and breaks a part of conformal symmetry. A simple example is the Ein-
stein equation,

O (f,e) = f*—Ae®, (7.5)
whose gauge variation, dropping the local Lorentz part, is
50%(f,e) = DH(K* — Ae®) — (K" + A b+ o(f* + Ae®) + e CPIP = 0. (7.6)
The above results in the symmetry breaking,
kY= Ae®, oc=0, (7.7)

and s0(2,d) will be reduced to either so(1,d),s0(2,d — 1) or iso(1,d — 1) depending
on the parameter A. Another example is

q>a(fa €, C) = fa - Mab(o) €y, (78)

where p®(C) is a rank-two tensor function of C. The simplest non-trivial case
is pu®(C) = K%C'[‘l]“b, and it leads to a four-derivative theory. Therefore, in the
unfolded system of conformal geometry, the dynamical equations of various on-shell
gravitational systems can be treated as algebraic constraints.

In order to obtain conformal geometry, we have used the constraints (2.28). These
constraints can be also regarded as primary constraints imposed on an even larger system,
where none of two form curvatures are constrained:

Fg =ep A ecB[l}a;bc’ [%’ =ep A CCB[?’]G;IJC,
F = e. peq BEed . Py = ey Aoy BRI, (7.9)
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Here, the zero-form fields B[Ala1ambibn gre reducible Lorentz tensors (no Young sym-
metry condition is imposed on them)!! with two groups of fully antisymmetric indices,
aj---apm and by - --b,. They are subject to the Bianchi identities,
D[Ié Bmd;bc] - 5[651 B[Z]bc] - B[Z]d[a;bc} = O(BQ) ) ( )

€] d el; d el;
Df BRI,y — 25 BB — 2 19 Bk, ) = 0(B?), (7.11)
(7.12)
(7.13)

B[2]bc] _ BB][a;bc} + f[(ziz Bmd;\b | = (’)(32) ’
D[]g B[g]d;bc] - fﬁz B[2]de;|bc] + f[ill mec} = 0(32) :

a

Dl

lasbe T order to obtain the

Here, the nonlinearities are due to non-vanishing torsion Bl
gauge transformation §BAlarambi-bn  we need to determine their unfolded equations.
But since they are equivalent to these Bianchi identities, we can read off the relevant
information from (7.10)~(7.13) directly. First, the field BNt being the lowest A field,
does not have any f term in its equation (7.10). This means that its K, transformation
vanishes and hence it is primary. From the antisymmetrization [abc| in (7.10), we find
that the descendants of B4t do not contain the traceful H} projection Bl2labicd  The

Bl2labied ¢ontaing f term, and hence these fields

projection of (7.11) to such components of
are neither descendant nor primary. We may call these constraints “secondary” since their
K, variations vanish upon imposing primary constraints. Finally, all the components of
BBlabe are descendants of the primary or the secondary constraints. Therefore, imposing
all the secondary constraints would trivialize the system and imposing only the traceful
[T part of the secondary constraints gives conformal geometry. To recapitulate, in this
enlarged unfolded system, which is nothing but the off-shell s0(2,d) gauge theory with
invertible ej,
secondary constraints.

conformal geometry is obtained by imposing all the primary and a part of

The unfolded system asks us to work with the space of functions in the zero-form
fields. The vector space that the zero-form fields take value in carry an infinite-dimensional
representation, which can be viewed as the Hilbert space of the corresponding quantum
system. Then, it is natural to interpret the space of functions in the zero-form fields as
the Fock space of the corresponding quantum field theory. In this regard, it would be
tempting to understand whether and how a suitable quantization of the unfolded system
can actually associate the space of functions in the zero-forms with the Fock space. After
such a quantization, the Fock space will be endowed with nonlinear actions of SO(2,d).
It will be equally interesting to understand the physical meaning of this nonlinear actions
and the associated representations in the context of conformal field theory.
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" Eor more concrete analysis, it would be better to decompose BlAl ™ into irreducible tensors,

but for the current discussion it is enough to deal with reducible tensors.
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A Unfolding free fields

As shown in Section 3, the P, action is determined by the coefficients péé_}l?, pgi}m, pgé}Q’l

and pgi}w subject to the condition (3.66). We also showed that all these coefficients can
be determined by field redefinitions leading to the off-shell system (conformal geometry)
or some of them can be set to zero and solve the condition (3.66) as 0 = 0. In the latter
cases, the corresponding fields decouple from the system. In the following, we provide a
few solutions of this kind.

Let us begin with the off-shell system where none of péi}2,27 péi}z’l, péé_}m and p{6}2’0

2+
vanish: in Figure 6, the coefficients p[li}m’n and p[ﬁ]m’n are depicted as the lines which start
from the Young diagrams [A, (m,n)] and ends at [A —1,(m+1,n)] and [A -1, (m,n£1)],

respectively.

A=2 H
/\
A=3 HE B
VAN
A=4 = = 55} m
VAVAVSS AN
A=5 o [T =P — P
A=6 =BG === === 1 R =] @
A=T | [ [ [ B B[] [F
A=s = Sl S s 0 == s I i B -t P = B e A sl O =21 B

Figure 6: Off-shell system

Let us examine the consequences of setting some of py_}m, péi}m pgé_}Q’l and pgi}Q,O

to zero. At the lowest depth, we find that the possibility pgi}z’l = 0 which gives massless
system since the zero-form content depicted in Figure 7a matches that of massless system.
Moving to the next depth § = 2, we can consider péi}zl = 0 where the condition (3.66)
reduces to pip’l péi}z’o = 0. If we take the possibility péip’o = 0, then the zero-form

content in Figure 7b matches that of the on-shell Fradkin-Tseyltin system (on-shell con-

formal spin two). If we take the other possibility pﬁ}m = (, then we find yet another
system with a scalar degrees of freedom. We can impose also p§2_}2,2 = 0 together with
péi}m = péi}zo = 0, and get a system (see Figure 7c) with one helicity-two and one

helicity-one degrees of freedom, which match the degrees of freedom of partially-massless
spin-two field. Moving to the third depth, we find many possibilities, among which the
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condition pgi}ll = pi}Q’O = 0 gives the spectra (see Figure 7d) which match the system

given by (0B, = 0, where By, is the four-derivative linearized Bach tensor.

e N
L i
J AR/

| | s | [

1}2,1 2321 1}2,0
(a) pi* =0 (b) pi21>t = pii*0 =0
H o
[Ean B B F
[Eaga Sl - g 2] =]
I Bol [ T o P
| (s el B el R O el R = B 2
aa/ﬂm\a}m | (| (@] [mo| (] (B
2121 2122 1}2,0 3121 212.0
() p§+} = p;_} = pé_,_} =0 (d) pé-q-} = p;_,_} =0

Figure 7: Various on-shell systems

B Decomposition of the off-shell spin-2 Fradkin-Tseytlin module
Let us decompose each Verma modules appearing in the off-shell FT module (4.8) into
50(2) @ so(d) irreps,

V(2 4k, (2,2,1%) = é 24k +n+2m,(2,2,1%) @ (n)]. (B.1)

n,m=0

-39 —



The tensor product of so(d) irreps are given by

(2,2, @) =Var @ Vi1psr  [k>0], (B.2)
where V;, o has three irreducible pieces,

Vo= (n+2,2)@0p>1 (n+1,1) D dp>2(n), (B.3)
whereas V;, , with k > 1 is

Vork =m+221M o m+1,2,2,1" Yo n+1,2,1" ) @ (n,2,2,1772)
BOp>1 (n+ 1,15 ) @ (n,2,1%) @ 6,50 (0, 1%) @ (n — 1,2,1%71). (B.4)

Using these results, the Verma module can be expressed as

VE2+E (221%)= B R+k+n+2m Vg ©2+k+n+2m Vo] (B5)

n,m=0

Finally, using the above result in (4.8) and redefining the summation variable, we find

m=0 k=0

=P (@ BDF2+k+n+2m Vol o PEPD 2+ k+n+2m, Vn,k]>
mozo 0220 k=0 n=0 k=1

= @ @[2 +n+2m, V, o] (B.6)
m=0n=0

which can be simplified as

[e.9]

Dott(2,(2,2)) = €P 24 n+2m, (n+2,2)]®[3+n+2m, (n+2,1)] & [4+n+2m, (n+2)].
m,n=0

(B.7)

C Number of ansatz for Weyl invariants

Since each zero-form fields correspond to a $0(2) @ so(d) modules inside of the spin 2 FT
module §(0, (2)), the number of possible contractions of the zero-forms can be obtained
from multiple symmetrized tensor products of S(0,(2)). The latter can be conveniently
handled in terms of Lie algebra character, and all symmetrized tensor products are gener-
ated by the plethystic exponential,

o0

PE[x] (q,) = exp (Z ;x@",w) ,

n=1
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where ¢ = (21, ..., xd/g) and ™ = (27, ... ,xg/2) . The above can be expanded as a series of
t characters, and the number of all possible contractions of zero-forms, which is a Lorentz
tensor Y of dimension A, is equal to the coefficient of the ¢ character corresponding to

the irrep [A,Y]. Therefore, the numbers N and M are the coefficients of the character

)}( x) = ¢% and de L] (g, ) = g1 X?;gd) () in the expansion of PE[XS(07(2)](q, x)

[ (0
(C.1). Using the expression of the so(d) character,
1 d_ (0t 4 d_ s —(f4+d
det (xfj+2 Ty G+ J)> + det (xfj+2 g e ])>

s0(d) ( )
2A(zy 427t .. T )
1 1 > »Ld /2 d/2

(617'“7£d/2) ’ (Cl)

where A(z) = [, (2
namely the multiplicity, of the module [A, ({1,...,£q/2)] as the multiple integral,

—x;) is the Vandermonde determinant, one can extract the number,

/2
meq[AH] ngQ . 4 _ni1 (2_5€d/270)A(3€1+x1_17~-vxd/2+$§/12)PE[XS(O,(z))](qny)'
zx
(C.2)
It is also useful to expand PE[x](q,x) as
9)=> x"9), x"9)= > H kjk , . (C3)
n=0 jit2ds b jamn kst K
where we used the compact notation g = (¢,) and ¢g" = (¢",x™). The n-th order

part x“"(g) corresponds to symmetrized tensor product of the n copies of the relevant

representation. First few y©" reads

x“H(g) = x(9).
1 1
X (9) = 5 x(9)" + 5 x(9°),
1 1 1
X7 (g) = ¢ x(9)° + 5 x(9) x(9°) + 3 x(g%). (C.4)
X9 = o () + 5 (92 09D + 2 (0D + = x(9) X(g%) + + x(g*)
24 4 8 3 4
For our purpose — computing the numbers of the dimension d scalars and the dimen-
sion d — 1 vectors — it is sufficient to consider n = 2,...,d/2 since C' has minimum

d
conformal dimension 2. The last piece X?(QO ) corresponds to the contractions of d/2

copies of CRla(2)0(2)  which are trivially Weyl invariant. Therefore, we consider only
o(5-1)

Xg(ng(g))a .. ’XS(O @) and the expressions (C.5) are sufficient up to d = 10.

Eight dimensions In d = 8, the relevant x?& (2))’5 are the Xg(QO @) and XS(O( 2)" From
X??Q(Q)) =q [X(z,z) (X(s,z) + X(2,1)) + X632 (X(4,2) + X3,1) T X(2,2)
+X(2,1) (X(3,1) + X(2,0) T X(2,2)) }

+4° [Xcz 2+ X(s2) T Xy + X(a + Xy X(2o) T X2
+ (irrelevant terms), (C.5)
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we find Ms = 8 and Ny = 7, which simply coincide to the numbers of terms. From

Xg(?)g,(z)) = (]7 [ (X(S,Q) + X(2,1)) X?z?g)]
+¢° [ (X(a,2) + X310 + X(2,0) + X(22)) X(Qg?g)

+X(2,2) <X(3,2)X(2,1) + X%?Q) + X%?l)) ]
(C.6)

+ (irrelevant terms),

we find M3 =7 and N3 = 11 from the integral.
Ten dimensions In d = 10, the relevant Xg(% (2))’8 are the Xg(QO @) Xg(?’o @) and nglo 2)°
From

X??Q(Q)) =¢’ [X(2,2) (X(3,2) =+ X(z,l)) T X(3,2) (X(4,2) T X(2,2) T X(371))
+X(2,1) (X(3,1) + X(@2,2) + X(2,0)) + X(4,2) (X(5,2) T X@32) T X(471))
+X(2,2) (X(3,2) + X(2,1)) + X(3,1) (X(3,2) + X(4,1) T X3,0 T X(2,1))
+X(2,0) (X(3,0) + X(2,1))}
+q" [X%zz) + X%3,2) + X%2,1) + X%4,2) + X%2,2) + X%3,1) + X%zo)
2 2 2 2 2
+X(5.2) + X(z2) + X(ay) T X2 T X?&O)]

+ (irrelevant terms),

we find My = 19 and Ny = 12. From

3 9 2
x?;?(o,(g)) =q [(X(5,2) +X@,2) X1 + X1 + XE0) X(®272)
3 2 3 2
+X(2) T X@2) X1y T X T X@21) X3
+X(2,2) (X(3,2) + X(2,1)) (X(4,2) +X(@2,2) T X@3,1) T X(Q,o)) }

+q" [ (X(6,2) + X(a2) + X(5,1) T X(3.1)) X?fg)
+ (X(4,0) + X@2,2) + X(2,0)) X?g?g) + X(2,2) Xa?g)
+X(2,2) (X%?l) + Xg?g) + X%?O)) + (X(4,2) + X2 T X@3,1) + X(Q,O)) X%?g)
+ (X2 + X2 T X631 + X20) X?g?l)
TX(3,2) X(2,1) (X(4,2) +X(2,2) T X(3,1) T X(z,o)) + X(2,2) X(3,1) X(2,0)
TX(2,2) X(4,2) (X@2) + X(@3,1) T X(Q,O)) + X%g,g) (X(3,1) + X(2,0))
+X(22) (X.2) T X21) (X620 + X3.2) + X(a1) + X(21) + X(3,0))]
(C.8)

+ (irrelevant terms),
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we find M3 = 85 and N3 = 62. From
4 9 3
i@@@>ZQ[@@m+Muﬂxaﬂ
+q" { (X2) + X@22) + X3.1) + X(20)) X(QQ?Q)

2 2 2 2
+ (x%yg) + xg,l)) X(22) T X(32) X(2,1) X%,z)}
+ (irrelevant terms), (C.9)

we find M4 = 46 and N4 = 83.
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