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Fully Distributed Nash Equilibrium Seeking for High-order Players
with Bounded Controls and Directed Graphs

Maojiao Ye, Lei Ding, Shengyuan Xu

Abstract—This paper explores distributed Nash equilibrium
seeking problems for games in which the players have limited
knowledge on other players’ actions. In particular, the involved
players are considered to be high-order integrators with their
control inputs constrained within a pre-specified region. A linear
transformation for the players’ dynamics is firstly utilized to
facilitate the design of bounded control inputs incorporating
multiple saturation functions. By introducing consensus protocols
with adaptive and time-varying gains, the unknown actions for
players are distributively estimated. Then, a fully distributed
Nash equilibrium seeking strategy is exploited, showcasing its
remarkable properties: i) ensuring the boundedness of control
inputs; ii) avoiding any global information/parameters; and iii)
allowing the graph to be directed. Based on Lyapunov stability
analysis, it is theoretically proved that the proposed distributed
control strategy can lead all the players’ actions to the Nash
equilibrium. Finally, an illustrative example is given to validate
effectiveness of the proposed method.

Index Terms—Nash equilibrium; actuator limitation; directed
networks; games.

I. INTRODUCTION

As a fundamental and key issue to be addressed for game
theoretical applications to large-scale distributed systems,
Nash equilibrium seeking in neighboring-communication envi-
ronment has attracted remarkable attention in the past several
years from researchers in the control community [1]- [14].
For practical control engineering problems, communication
structure (i.e., undirected or directed), system dynamics and
actuator limitations are all critical factors that may seriously
influence control design and implementation. In this regard,
to promote the penetration of game theoretical approaches for
distributed control systems, it is essential to develop distributed
Nash equilibrium seeking strategies taking these factors into
full consideration. In spirit of broadening the applicable fields
of distributed games, some efforts have been made to deal
with high-order players, e.g., see [4]-[6]. However, for games
with high-order players, there have been few works regarding
actuator limitations and fully distributed designs under directed
graphs.

It is well recognized that, due to hard physical constraints, it
is inevitable for players to suffer from the limitation of control
inputs/actuation in practical distributed game applications,
which probably causes degradation or even damage of control
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performance. In order to address this issue, [7] constructed
bounded controls for first- and second-order integrator-type
systems to find the Nash equilibrium. Moreover, high-order
players were considered in [10]. Backstepping techniques
were employed for the control design and the “explosion
of terms” induced by backstepping was addressed through
a fixed-time sliding mode observer. However, the seeking
strategies [7], [10] contain centralized control gains whose
explicit quantifications require the knowledge on the network
structure, the size of the game as well as the players’ objective
functions.

As centralized information can hardly be obtained by every
engaged player in practical situations, the tuning of control
gains is in fact a matter of trial and error. In particular,
when communication structures change or there is any player
joining/leaving the game [3], the control gains for the designed
strategies may need to be re-quantified, which implies the
loss of plug and play property. To address this problem, [3],
[8], [9] found some ways out by proposing adaptive designs
for control gains and thus developed fully distributed control
laws for games in neighboring communication environment.
Different from the two-hop communication based algorithms
constructed in [8], [9], only one-hop communication is needed
in [3]. However, it should be pointed out that the adaptive
designs in [3], [8], [9] is only applicable for undirected graphs
and cannot be directly extended to deal with directed graphs.
To the best of the authors’ knowledge, how to achieve fully
distributed Nash equilibrium seeking under directed graphs is
still an open and challenging issue. Furthermore, it is noted
that, practical actuator limitations introduce high nonlinearity
and bring some difficulties in distributed control design for
games, but they are not taken into account in [3], [8], [9].
Therefore, it is a non-trivial and challenging task to establish
Nash equilibrium seeking strategies under bounded controls
in a fully distributed manner, especially when communication
topologies are directed.

Motivated by the above observations, this paper aims to
develop fully distributed control laws for high-order players,
which can accommodate actuator limitations and directed
communication structures. Highlighting the improvements for
the existing works, the contributions and novelties of this paper
are stated as follows.

i) This paper solves games with high-order players whose
control inputs are required to bounded in a fully dis-
tributed fashion. By employing a linear transformation
to convert the players’ dynamics, the control inputs with
multiple saturation functions are constructed. Through a
synthesis of an optimization method, a consensus algo-
rithm and time-varying/adaptive gain designs, a fully dis-
tributed Nash equilibrium seeking strategy with bounded
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control inputs is established.

ii) As first- and second-order dynamics are special cases
of high-order ones, the presented methods provide al-
ternative approaches for the problem considered in [7],
while covering more general cases and removing the
requirements on any global information. In addition, the
presented methods can accommodate the heterogeneity on
the system order and require less computation expenditure
than that of [10], especially when the order of the system
is high.

The proposed strategy is fully distributed in the sense that

no centralized control gains are involved and no knowl-

edge on any global information is required for the players.

In particular, compared with the adaptive designs under

undirected graphs in [3], [8], [9], the proposed strategy

allows the graph to be directed and only requires one-
hop communication, which is preferable for distributed
systems.

iv) The proposed methods are analytically studied and it is
theoretically proven that the Nash equilibrium is globally
asymptotically stable under the proposed methods. Sev-
eral special cases are discussed to provide more insights
on the connections with the existing works.

iif)

II. PROBLEM STATEMENT

This paper considers a network of high-order integrator-type
players with labels from 1 to N, successively, where N > 1
is an integer. The state of player 7, denoted as x; € R"™¢, is
generated by

T = Az + Biug, Yy = Cimy,

where A; = [Omél é’}ll} e Rmixmi B, =
mifl
0 -0 1" e RmXL ¢ = [1 0 0 0] €

R'*™i and m; > 1 is a positive integer. Moreover, u; € R
and y; € R are the control input and output/action of
player i, respectively. Assume that each player has a local
objective function defined as f;(y) = fi(yi,y—i), where y =
[ylvaa U 7yN]T7 Y—i = [ylv Y1 Y1, ayN]Ta and
each player aims at minimizing f;(y;,y—;) through adjusting
its own action y;, i.e.,

Jilyi, y—i). (1)

Suppose that each player cannot directly access all other
players’ actions and

miny,

lui| < U; (2)

where U is a positive constant denoting the actuator limitation
of player <.

The paper aims to design fully distributed w, that satisfies
(2) to drive the players’ actions y to the Nash equilibrium y*,
whose definition is given below.

Definition 1: An action profile y* = (y/,y*,) is a Nash
equilibrium if for all y; € R, i € V,

filys y2i) < filyi, yZs),
where V is the player set given as V = {1,2,--- , N}.

3)

Remark 1: 1t is worth mentioning that in the paper z; €
R™:i where m; for ¢« € V can be different from each other,
indicating that the heterogeneity on the order of the players’
dynamics is allowed.

For notational clarity, define [x;|yec as a column vector
whose ith entry is y;. Moreover, let [x;;]vec (diag{x;;})
for i,7 € V be a column vector (diagonal matrix) whose
entries are X1, X12, " » X1 X21> " s XN N> respectively. In
addition, [x,;] is a matrix whose (i, j)th entry is x;;.

The remaining sections are based on the assumptions below.

Assumption 1: The players’ objective functions f;(y) for
1 € )V are continuously differentiable with their gradients
V. fi(y) being globally Lipschitz, i.e., for y,z € RY,

IVifi(y) = Vifi(z)|| < Llly —zl|,Vi € V,

9fi(y)
o

“

and

for some positive constant l;, where V,f;(y) = m

Vifi(z) = 2L

0y |y:z :
Assumption 2: For y,z € RV,

(y - Z)T([Vifi(}’)]vec = [Vifi(2)]vee) > wlly — Z||2a (%)

for some positive constant w.

To design fully distributed control laws, it is assumed that
there is a directed communication graph among the players
described by G(V, £), where V and £ C V x V stand for the
node set and edge set, respectively. Let (i,7) € £ and aj;
be an edge from node 7 to 5 and its weight, respectively. If
(i,4) € &, aj; > 0, otherwise, a;; = 0. In this paper, a;; = 0.
A directed path is defined as a sequence of edges of the form
(i1,42), (i2,i3), -+ . A directed graph is strongly connected
if for every pair of distinct nodes, there is a path. Define A =
[a;;] as the adjacency matrix of G. Then, £ =D — A, where
D= diag{Z;\;1 a;j}, is the Laplacian matrix of G [15]- [17].

Assumption 3: The directed graph G is strongly connected.

Remark 2: Assumptions 1-3 are commonly adopted and
mild conditions (see, e.g., [1], [2], [11] and many other ref-
erences therein). Assumption 2 is employed to characterize a
unique Nash equilibrium, which is globally exponentially sta-
ble under the gradient play for games with globally Lipschitz
gradients (Assumption 1) [1]. While existing fully distributed
Nash equilibrium seeking schemes [3], [8], [9] are established
for undirected communication topologies, Assumption 3 sug-
gests that asymmetric information exchange among the players
is sufficient for the developed methods.

III. MAIN RESULTS

This section develops a fully distributed Nash equilibrium
seeking strategy for the considered problem, under which the
associated convergence analysis is provided.

A. Strategy Design

To deal with the players’ dynamics, a transformation is
firstly conducted by defining z; = T;Z; to convert (1) to

z; = Ai%; + Byu,, (6)
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in which A, = 0 0 0 -6, and B, =
I CO AR A
11 - 1", T, = R(A;, B)R(A;,B;)~ " is a non-

singular matrix , R(A, B) denotes the controllability matrix of
(A,B) and 6; € (0,1) is a constant to be further determined
[20]. Based on the above transformation, the fully distributed
bounded control input u; is designed as

m;—1
ui:_zk 1
m;—1
—opo @+ 11 9’“/ Vifilzi(n)dr),  (7)

9§¢‘(ji (mi—k+1))

s ZiN]T and

N
Zij =—(cij + pij)(zk:

t
+ a;;(zi +/0 V;fi(z(1))dr)),
Cij =P (®)

in which z; = (21, 22, - - -

L @ik (Zij = 215)

pi; = (Cney ain(2ij — 2k5) + i (215 + fy Vfi(z5(7))dr))?,
and ¢;;(0) > 0. Moreover, ¢;(-) is a saturation function
defined as ¢;(c) = sign(s) min{|s|,A;}, where A, is a
positive constant that can be adjusted according to the actuator
limitation.

Remark 3: The saturation function utilized in the control
design ensures the boundedness of the control inputs. More
specifically, given any positive constant U;, one can choose
A; such that

0;
1-0;

A < Uy, 9

to ensure that |u;| < U;.

Remark 4: The adaptive design, inspired by [19], ensures
that p;;(t) is non-negative and c;; (t) is monotonically increas-
ing as ¢;;(t) is non-negative. Moreover, #; can be determined
in a decentralized fashion. Therefore, all the control gains
are independent of any global information. In addition, the
update of the auxiliary variables z;; depends only on local
information exchange. Hence, the control input in (7)-(8) is
fully distributed. Note that as the communication graph is
directed in this paper, the adaptive designs in [3], [8], [9]
cannot be applied.

Remark 5: 1t is worth mentioning that the linear transfor-
mation is not unique. For example, one can also choose a
non-singular matrix 7; to convert the players’ dynamics to

& = Aidi + By, (10)
0 6, 0 0,
00 6 0,
in which 4, = |0 0 0 = 0} 4ng B =

m1 .1

mi— 1
Ui = — E
¢ k=1

—0;¢9;(Zi1 + 9?“71/0 Vifi(zi(7))dr),

. In the case, u; can be designed as
0i i (Ti(m,—k+1))

Y

for which the convergence analysis follows that of (7)-(8).

B. Convergence Analysis

In this section, the method in (7)-(8) is analytically inves-
tigated. Before proceeding to the convergence analysis, the
following supportive lemmas are given.

Lemma 1: For each 6; € (0, 2) there exists a constant
T'(6;) > 0 such that for all i € V,

|i‘ik(t)| SAi,VtZT,kE{Q,"' ,mi}. (12)

Proof: See Section VII-A for the proof. 0

Remark 6: Lemma 1 demonstrates that there exists a non-
negative constant 7' such that for ¢t > T, |Z;(¢)| for all
k=2,---,m;—1,m; can evolve into the unsaturated region,
indicating that the effects of the saturation function on |Z; (¢)]
for Kk = 2,--- ,m; — 1, m; vanish within finite time. Based
on this conclusion, the stability analysis for the closed-loop
system is largely simplified.

Now, we focus on the evolution of Z;;(t) by considering a
reduced system as

m;—1

= 0o+ ] 9’“/ Vifi(z()dr).  (13)

Let z T;1 = Ill =+ Hm171 Hk fO szl(ZZ(T))dT Then,

RGO RS | A O]

Consequently, the subsequent result can be derived.

Lemma 2: Suppose that |V, fi(z;(t))| < vy for all ¢ > 0
and there is a constant T > 0 such that for all ¢ > T,
" OV fi(zi(t))|. Then, the trajectory & (¢ )
generatéd by (14) stays bounded for all ¢ > 0 and there exists
a e KL anda~y € K such that for t > T,

(&1 ()] <B(1Zin (D))t = T) +( sup |Vifi(zi(7))).
T<r<t

Proof: See Section VII-B for the proof. 0

Lemma 2 demonstrates that with bounded V; f;(z;(t)), the
trajectory of ;1 (¢) will always stay bounded. In addition,
if |Vifi(zi(t))| is decreasing to be sufficiently small and
stays therein thereafter, |7;;(¢)| will be upper-bounded by
B(Ja (T),t — T) + 1(5upg s, Vi fi(2s(7))]), indicating
that if |V, fi(z;(¢))| vanishes to zero as t — oo,

/tmf[ 054 £ (i (7))dr| = 0.

To this end, one needs to further consider the evolution of
V. fi(zi(t)), which is investigated by considering the follow-
ing auxiliary system,

—(ci5 + Pij )fija

(14)

lim |Z;1(¢) (15)

t—o0



where Pij f ggj, Cij(()) > 0, 51-]- = Z}quzl aik(zij — ij) +
aij(zi; + fo V;fi(zj(1))dr). Let & = [§;;]vecs 2 = [2ij]vees
H =L X IN + Ao, AO = diag{aij}, c = dlag{c”} and
p = diag{pi;}. Then, & = H(z+ Ly @ ([} Vifi(z(7))dr]oce).
and £ = H(—(c+ p)€+ 1y @ V, fi(zi(1))).

The following result can be obtained.

Lemma 3: Under Assumptions 1-3,

t
Jim 1= | Vufimr)drlee =yl =0,

t—o00

t
ﬁdeU+1N®vFWﬂ@KﬂMﬂmM:O- (17)
0

Moreover, ¢;; for all ¢, j € V converge to some finite values.
Proof: See Section VII-C for the proof. O
Based on the above results, the convergence result can be
established for the control design in (7).
Theorem 1: Under Assumptions 1-3 and the control input
in (7),
Jim [y (#) = y*[| = 0. (18)
In addition, all the other variables stay bounded and converge
to finite values.
Proof: See Section VII-D for the proof. [ ]
Theorem 1 illustrates that the Nash equilibrium is globally
asymptotically stable though the boundedness of the control
inputs is considered. Furthermore, all the other variables (i.e.,
x;(t), ¢;j(t) and z;;(t) for all 4,5 € V) stay bounded and
converge to some finite values.

I'V. DISCUSSIONS ON THE PRESENTED RESULTS

In this section, we provide some insights on the presented
results, in terms of first- and second- order players, undirected
graph and no actuator limitation. This helps to establish a link
between the presented results and the existing works.

A. First- and second-order integrator-type players

For m; = 1, the system (1) can be written as

Ti1 = Uy, Yi = Ti1. (19)
Then, one can design u; as
t
wi=—o @+ [ Vil o)
0

where the definitions of other variables follow those in (7)-
(8). Following Theorem 1, the subsequent corollary can be
obtained.

Corollary 1: Under Assumptions 1-3 and the control input
in (20)

Jim [ly(t) ~y*|| =0, 1)
and all the other variables stay bounded and converge to some
finite values.

Proof: See Section VII-E for the proof. (]

Moreover, for second-order players, the seeking strategy in
(7) is written as

u; = — 0;¢;(xi2)

t
—07¢;(0ivi + wio + 91'/ Vi fi(zi(T))dr),
0

(22)

with other variables defined in (7).

Compared with bounded controls designed for first- and
second-order players in [7], the control inputs in (20) and
(22) provide alternative designs to achieve distributed Nash
equilibrium seeking with bounded controls. Moreover, the
presented methods have the following elegant features:

i) The presented methods are fully distributed while the
methods in [7] contain control gains depending on some
global information.

ii) It is shown that the Nash equilibrium is globally asymp-
totically stable under the proposed methods, while in
[7], only semi-global results were given for second-order
players.

iii) The requirement on the boundedness of L(yj for all

B . 0y 0y
1,7 € V in [7] is removed from the paper.

B. Undirected communication graphs

In [3], adaptive approaches are proposed to achieve fully
distributed Nash equilibrium seeking for first-order players
under undirected communication graphs. For the case of undi-
rected communication graph, following the adaptive design in
[3], u; is designed as

mifl
Ui == Zk:l 9§¢i(fi(mﬁk+1>) (23)
m;—1 t
— o ouea + [] 0 [ Vistaran,
k=1 0
Zij = — ¢iz&yj, Gij = €5y

Correspondingly, the following corollary can be obtained.
Corollary 2: Under Assumptions 1-2 and the control input
in (23),

Jim [y (#) = y*[[ =0, (24)
and all the other variables stay bounded given that the com-
munication graph is undirected and connected.
Proof: See Section VII-F for the proof. 0
Corollary 2 indicates that under undirected communication
graphs, the adaptive law in [3] can be employed to establish
the control law for high-order players. However, the analysis
depends on symmetric information exchange among the play-
ers and hence, the adaptive designs therein fail to work for
directed communication graphs. Therefore, this paper has the
following advantages:

i) Unlike [3], [8], [9] that only consider undirected infor-
mation exchange, the presented design in this paper can
accommodate directed graphs.

ii) Different from [3] that only considered first-order play-
ers, players with multi-integrator type dynamics are ad-
dressed, which cover first-order ones as special cases.
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Fig. 1: The strongly connected digraphs for the players.

iii) The control inputs in this paper are restricted within a
predefined domain, while in [3], [8], [9], the actuator
limitations were not addressed.

iv) Different from [8], [9] that required two-hop communi-
cations, only one-hop communication is needed, which is
desirable for distributed systems.

C. Without actuator limitation

If the system is without any actuator limitation, the satu-
ration function can be removed from the designed controls,
which gives the following control input

m;—1
i b
Ui = — Zk:l 0; Ti(m; —k+1)
mi—l

t
— 07" (a1 + H Gf/ Vifi(zi(7))dr), 25
k=1 0

with other variables defined in (7)-(8).

In this case, the proposed method is still effective and the
following corollary can be obtained.

Corollary 3: Under Assumptions 1-3 and (25),

Tim [l (1) — y*|| = 0. (26)
In addition, all the other variables stay bounded and converge
to finite values.
Proof: The proof can be completed by following Steps 2-3 in
the proof of Theorem 1. O
From the above discussions, it is clear that the considered
problem covers the problem addressed in [7] as a special case.
Moreover, for undirected graphs, the adaptive design in [3] can
be employed in the control design to find the Nash equilibrium
in a fully distributed fashion.

V. NUMERICAL VERIFICATIONS

In this section, a numerical example with 6 players is
simulated. In the considered game, each player ¢’s objective
function is defined as

fl(y) :y7,2 +y1 + (yz - yi+1)27i S {1727 e 75}7
fo(y) =y +ve + (ys — v1)°,

by which the Nash equilibrium is y;, = —0.5,Vi €
{1,2,---,6}. In the simulation, the communication graph G
is given in Fig. 1, which is directed and strongly connected. In
addition, 0; = %, m; = 3, 2;1(0) = ¢ and the initial conditions
for all the other variables in (7)-(8) are set as 1.

In the simulation, it is supposed that A; = 1, which ensures
that |u;| < 0.4815 for all + € {1,2,---,6}. With the control

6 0.5

player 1
player 2 0.4t

"""""""""""" 0.4815

5 player 3 | 4
player 4
player 5
player 6| |

0.3fF

0.2

01}

The control inputs
o
T
i =
i

The players' actions

02t

03}

0.4}

| ibmmmmmgmeeegeeeeeeoo-- -0.4815
o] 20 40 60 80 0] 20 40 60 80
Time (s) Time (s)

Fig. 2: The players’ actions y;(¢t) and control signals u;
generated by (7)-(8).
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Fig. 3: The evolution of the auxiliary variables c;;(¢) and z;;(t)
fori,j € {1,2,---,6} generated by (7)-(8).

input design in (7)-(8), the evolution of the players’ actions and
control inputs are shown in Fig. 2, from which it is clear that
the players’ actions are convergent to the Nash equilibrium and
the control inputs are restricted within the required domain.
Moreover, the auxiliary variables ¢;;(t) and z;;(t) are plotted
in Fig. 3, from which it can be seen that they stay bounded
and converge to finite values. To this end, the convergence of
the developed algorithm has been numerically validated.

To further illustrate the functionality of the saturation
functions in the proposed method, they are removed and
correspondingly the method in (25) is simulated. With all the
settings kept the same as the case with saturation functions,
the players’ actions and control inputs generated by (25) are
plotted in Fig. 4. From this figure, it is clear that the players’
actions are still convergent to the Nash equilibrium but the
controls are sometimes out of [—0.4815,0.4815]. Comparing
Fig. 2 with Fig. 4, it can be concluded that the saturation
functions are effective to restrict the controls within the
required domain.

VI. CONCLUSIONS

This paper contributes to finding the Nash equilibrium in
a fully distributed fashion for high-order players subject to
actuator limitations. A linear transformation is firstly applied
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Fig. 4: The players’ actions and control inputs generated by
(25).

to the players’ dynamics, based on which multiple saturation
functions are employed to develop the control inputs. With the
saturation functions, the control inputs can be restricted within
the required region. Moreover, the control gains are designed
to be adaptive, which allow asymmetric information exchange
among the players and lead to fully distributed schemes. It
is proven that, by the designed bounded control inputs, the
players’ actions are convergent to the Nash equilibrium.
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VII. APPENDIX
A. Proof of Lemma 1
By (6) and (7), it can be obtained that

1
0i0;(Tim,) — Z 05 &5(Zi(m,—141))
m; —1

— 0" (2 + 0; tVz‘fi(Zi(T))dT)
gy

< = 050 (Tim,) + 070/ (1 = 05).
Define Vi, = Oimi
obtained that
AF/2 + (|Tim,
T, /2
Therefore, V;,,, is positive definite and radially unbounded.
By Lemma 4.3 in [18], there are K., functions o and as
such that a1 (|ZTim,|) < Vim, < a2(|Tim,|). Taking the time
derivative of V;,,, gives
< = 010:6; (Zim,), (28)
for |¢z(ilm1)| > HZAl/((l — 0'1)(1 — 6‘1)), where o1 € (O, 1)
is a constant.
Case I: |, (Zim, )| = A;. Let 0 be a positive constant such
y = 1. Then, it is clear that V;,,, < 0 is always

mg—

27)

¢;(T)dr. Then, it can be easily

> A

—A)A,;

‘/;:m»; =
<A,

0
that W
satisfied for 6; € (0,6;), indicating that if |Z;m, (0)] > A,
|Zim, (t)| is bounded and there exists a positive constant T
such that |Z;,,,, (t)| < A, for t > T7.
Case II: |0,(Zim,)] = Tim,. In this case, VZm <
— 01007 (Tim, ), for all |Zi,,| > %. Note that as
Vim, itself is a K function, one can choose o1 (|Zim,|) =
a@2(|Zim;|) = Vim, and hence, if 6; < 07, U—GSW < 1.
Then, there exists a class KL function /5, and for every
|Zim, (0)] < Ay, there exists a constant 77 > 0 such that

|Zim, ()] <B1(|Zim, (0)], 1),V < T, )
|jimi (t)| <91A1/((1 — 0'1)(1 — Hi)),Vt > 1T,

(29)



based on Theorem 4.19 in [18].

Summarizing the above two cases, one gets that for any
initial condition, |Z;m, ()| < A;,Vt > Ty, For some T} > 0.
Note that for each 6; € (0, 3), o asy < 1 is satisfied
and hence, the above conclusion holds for all § € (0, %)
Recalling that

Zi(mi—1) =0iTim, + i,
it can be easily obtained that there is no finite escape time for
Ti(m,—1)(t) based on the boundedness of Z;,,, and the control

inputs. Therefore, ;(,,, _1)(t) would stay bounded for ¢ < 7.
Moreover, for t > T}, one has

Ti(mi—1) = OiTim, + Ui
== 070 (Zi(m,-1)) — Zk 13

mi—1

— 07, (2 + H eﬂf/ Vi fi(zi(7))dr).

9k¢ (‘T’L mlkarl))

(30)

Define Vi(p,—1) = [i Titmi= ¢ (7)dr. Then, it can be easily
obtained that

‘/z(mlfl) < 9 (b (xz mlfl)) +93A |¢ ( Li(m;—1) )|/(1 - )

By similar analysis to that for Z;,,,, one gets that there
exists a positive constant 75 > T3 such that |7, —1)(t)] <
A;,Vt < Ty, given that 6; € (0,6;). Repeating the above
process, it can be obtained that there exists a constant 7" > 0
such that if ¢ > T, |Z;,(t)| < Ay, forall k=2, m,.

B. Proof of Lemma 2
As |V, fi(zi(t))| < vy for all ¢ > 0, one gets that

mifl
|£Z'i1 (t) — Tl (O)| < HTIAJ + Hk:l Hfult,

from (14) by utilizing the Comparison Lemma in [18]. There-
fore, for any bounded ¢, Z;1(t) is bounded and the system in
(14) cannot have finite escape time.

'The following analysis is conducted for ¢ > T. Define Vii =
2 . (T)dT. Then, for t > T,

T
Via =¢-($i1)(—9- 0y (Tin) + Hk:
— 07 P (341) /2,

for all |¢;(Z:1)| > 5| [T1y " 05V fi(zi(t)))-

Case I: [¢,(Z;1)] = A;. If this is the case, Vi <

19’”1(;5 (%;1), is always satisfied as for t > T, A; >
A | [Ty 07V fi(zi(t))|, indicating that for all | (T)| >
A, |x11( )| will evolve into the unsaturated region after some
finite time.

Case II: ¢;(Z;1) = Z;1. In this case, Vi < 9““(;5 (Zi1),
2

for all |Z;1] > 7 L ORY fi(za(t)))- Therefore by
Theorem 4.18 in [18], one gets that for ¢t > T
|#1 ()] < B(I1Za(T)],¢ = T)
+ortoauwr e 2 TTL, OV G)10)
<B|Ea (D)t = T) +(sups, o, |Vifilzi(T))),

€1V

-1
. 0;Vifi(zi(t)))
(32)

where (-) is a K function as a;(-) and az(-) are Ko func-
tions (defined in the proof of Lemma 1) for all |21 (T)] < A;.
To this end, the conclusions have been obtained.

C. Proof of Lemma 3

To show the convergence property of (16), let V =V} +
V5 + V3 in which

m:%e/wmmmmm—wﬁ

=X >
Vi=eY 12 (33)

where P = diag{p;;} satisfies PH + H'P = Q, Q is a
symmetric positive definite matrix as the communication graph
is strongly connected, € and c¢* are positive constants to be
further quantiﬁed. Then,

VQ :Ezzng ng

=1 j=1

N N N N
=€ Z Zpij(cij + pij)pij + € Z Zpijpfj-

i=1 j=1 i=1 j=1

Dij CZJ =+ p13/2)ngv

Dij CZJ_C ) /2,

pz_] =+ EZZPW ng

=1 j=1

)pij

(34)

In addition,

B=ey 20

Combmm%v (34)-(35), one can derlve that Vo + V3 =

€ j= 1sz(CzJ +ng)ng ""EZZ 127 1}%3(/)”"'01]
c*)p”, in which

DI

=2¢ Z’L 1 Z p” CZJ + pw>£w£u
=—et'(c+p)(PH + H"P)(c+ p)&
+2e"(c+ p)PH(An @ [Vifi(2i()]vee)
<— AT (c+ p)c+ p)E
+2¢€" (¢ + p)PH(1x @ [Vifi(2i(t))]vec),
where )\ is the minimum eigenvalue of Q.

Note that 2e¢7(c + p)PH(In @ [Vifi(zi(t))]vee) <
2¢|€" (¢ . T plliPHLYy @ (Vs fz(?) -
Vifi(l= [y Vifi(zi(r ))dT]vec)]veC” +  2|€ (¢ +
PIPHLy — ®  [Vifi(l= [y Vifi(2:(7)d]vec)  —

mmwma|s?se+me;ms+qug+
p)c + pE + deN max{p;; }*|| H|| r;ax{l}IIH L1111 +

AN max{pi; }?|| H||* max{l:}*[|[~ [y Vifi(2i(1)dT]vec—y H2
A€y

Moreover, ¢ Zl 1 Z —1DPij (PU +Cij — )pu = (p—|—

c)(p+ c)§ — (emin{p;;}c* — W)HEH2 Summarlzmg
the above inequalities, one can derive that

Va+ Vs < —(eA/2— e\ E  (c+ p)(c + p)€

t
—wmeévmmew¢m—wW—mmm (37)

pzy CU - C*)pij' (35)

Dij CZJ =+ plj)plj




where  p; = 4NZmax{p;; }?*||H||* max{l;}?/(Ae1)
and  po = emin{p;;}c*  — max{py;}e/A —
4eN max{p;; }2||H||* max{l;}*||H*||?/A. Furthermore,

Vi = 1T Vifi(2i)]vec

=T [Vfi([- t i fi(zi(7))dr
- / Vi £i(2(7)dTuee) e

A

TV filzs) - Vifi([— / Vo fo(2a(1))dT e e <
0

t
= wllr[[* + max{li}[|z + 1y @ [/O Vi fi(2i(7))dT]vecl| |||l

< —wl[r]]* + max {1} | H]]1€]]][x]|
max{l; }|| || max{l;}||H""[|ex
< —(w = ——5——)lrlI* + |I€II*,
261 2
where r = [— fot V.ifi(zi(7))d7|pec — y* is defined for

notational convenience. Therefore,

V < —(ed/2—Ea)/)ET (c+ p)(c+p)E

— (emin{pij}¢* — max{p; }e/A — max{l;}[|H||e1 /2~
4eN max{p; }*|[H|[* max{l;}*||[H |/ D)[|€]1* — ps][r]|?,

AN? max{pi; }?||H||* max{l:;}> _

max{l; }[|H ]|
A€y '

where p3 = w — S
max{l;}||H |

Choose €1 such that ¢ > 50 +
2 a2 2 2

4N max{p”}}\uHH max{l;} : and ¢ < % In
. ; max{pf,-}e max{l¢}||H71||61

addition, ¢ > W{;”} + " Zemimn{p] +

. a2 2 N2 r—12 .
de moxtpu A maolt PP phen, < 0 and
A ¥

V is bounded so as [— fot Vifi(zi(1))dT]vee,  &ij
and Cij- In addition, for V. = 0, ||¢]| = 0, and
|| = [Jo Vifi(zi(7))dT]vee — y*|| = 0. By further recalling
the definition of ¢;;, one can obtain that it is monotonically
increasing, and hence it converges to some finite value as it
is bounded.

D. Proof of Theorem 1

The proof can be completed by several steps.

Step 1: Analyze the evolution of the system for t < T
and ¢ > T, respectively. According to Lemmas 1-3, there is
no finite escape time for Z;;, 2;; and ¢;; where 7,j € VV and
ke {1,2,---,m,;}, indicating that for ¢t < T, Z;x(t), 2;;(¢)
and ¢;;(t) are all bounded. Moreover, by Lemma 1, it can be
obtained that for ¢t > T,

mi—l

t
Zn =07,z + [] 95/ Vifi(zi(7))dr),
k=1 0

(cij + Pij)fija (38)

where p;; = 51%

Step 2: Analyze the evolution of 7,y for ¢t — oc.
By Lemma 3, lim;oc || =[5 V; £(2;(7))dr]uee — y*I| =
0, and hence, by Barbarlat’s Lemma [18], one gets that
limy o0 V; fj(2;(t)) = 0, indicating that there exists a posi-
tive constant 77 > T such that for all £ > T7,

[Za (0] < BT (T1)],t = T1) +( sup  |Vifi(zi(7))]),

T <1<t

Zij = — Cij = Pijs

by Lemma 3. Recalling that lim, ,., V; f;(z;(t)) = 0, it is
clear that lim;_, |Z;1(t)] = 0.
Step 3: Analyze the steady state of z;;, for k €<

{2, ,m;}. Recalling the dynamics in (6), it can be obtained
that for ¢t > T,
.’i‘ig = —6‘?“71@1'2 — 9;’“@(5511) 39)

Regard vj,,, = 0;"¢;(Z;1) as a virtual control input. Then,
it can be easily obtained that the system in (39) is input-to-
state stable by defining a Laypunov candidate function as V =
272, As for t — 00, |, (t)| vanishes to zero, one gets that
lim;_, oo |Zi2(t)| = 0. Moreover, for t > T,

. mi—2 — mi—1 - ™y ~
Tz = =0, Tz — 0" Tip — 071 0 (Tin).

(40)

Let Vi(m,—1) = —9;”7‘_1:771-2 —0;"¢,;(Z;1) be the virtual control
input, then, it can be easily obtained that (40) is input-to-state
stable. Noticing that lim; ;oo |Vs(m,—1)(t)| = 0, one gets that
limy o0 |.’Z'i3 (f)| =0.

Repeating the above process, one gets that

tligolo |fzk(t)| = O,\V/k S {2, cee ,mi}.

Step 4: Analyze the steady state of y(¢). Recalling that
T; = Ti_lii, and y; = x;1, one can obtain that

m;—1 m;
Yi = fil/(szl 05) + Zk:2 9k (0i)Zik,
where gy (6;) denotes some function of 6;.

Note that by Lemma 3, limy o0 ||— [ Vi (2:(7))d]vec—
y*|| = 0, and limy o0 ||2(t) + 1y @ [ [ Vifi(2i(7))dT]ueel| =
0, then it is clear that lim; . ||y(t) — y*|| = 0, by fur-
ther noticing that lim; o y;(t) = Zi1(¢)/( 21;1—1 0%), and
limy o0 Zi1 (1) = [T17 " 0Fy; for all 4 € V. To this end, the
conclusions are apparent.

(41)

E. Proof of Corollary 1
In this case,
t
T = — ¢i(wa +/ Vifi(zi(1))dr),
0
(cij + Pij)fijv
where p,;; = 5%. Following Step 2 in the proof of The-
orem 1, limy,o |Z;1(¢)] = 0, in which Z;(t) = zn +
fot Vifi(zi(7))dT in this case. Moreover, by Lemma 3,
limy o0 ||[— fot Vifi(zi(7))d7|vec — ¥*|| = 0, and hence

lim; o ||y (t) — y*|| = 0, from which the conclusions can
be easily obtained and thus, the rest of the proof is omitted.

Zij = — Cij = Pij> (42)

F. Proof of Corollary 2
To prove the result, define an auxiliary system as

Z.Iij = _Cijgij CZJ == é'fj (43)
Define V. = 3|l = [J V;fi(z(n)drhuce — y7I* +
(z + In ® [[3Vifi(z(1)drlvee) Hiz + 1v
o Vifi(a;(T)drluee) + 350, 250 (e — ). Then,
following the proof of Lemma 3 and [3], one gets that
limy oo || — [fy Vi fi(2(1)d7]vec — y*|] = 0, and
limy o0 ||2+ 1n @ [ V,; £(2;(7))d7]vec]| = O for (43). The
rest of the proof follows those in Theorem 1 and is omitted.
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