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Abstract

An iterative Noether scheme, advocated by Deser, is used to introduce gauge invariant
couplings to nonrelativistic matter with global symmetries related to usual charge con-
servation and dipole conservation recently discussed in fractonic theories. No reference to
any gauge principle, fractonic or otherwise, is required. A dual description is found where
the theory is defined either in terms of the usual vector gauge field or, alternatively, in
terms of higher derivatives of a symmetric tensor field given in fractonic theories. A con-
nection between these two descriptions is obtained by providing an explicit map between
the vector and tensor fields. This method yields a novel ‘minimal’ prescription involving
tensor fields which is identified with the usual minimal prescription that involves vector
fields, by using the mapping. It also spells out the structure of the pure gauge field action
in both formulations. Extension of the abelian U(1) invariance to the nonabelian SU(N)
invariance is done for the standard formulation.

1 Introduction

The recent study of a new class of nonrelativistic symmetric higher rank tensor gauge theories
[1, 2, 3, 4] has led to the intriguing possibility of the existence of novel topological excitations,
called fractons. Their analysis has found applications in various condensed matter contexts
[5, 6, 7, 8, 9] and even in gravitational physics [10, 11, 12]. They have the unusual property
of restricted motion which may vary from complete immobility to mobility in subdimensional
spaces. This is a consequence of nonstandard conservation laws since the matter sector admits
general global symmetries which, apart from the usual charge symmetry, also has dipole sym-
metries. This makes even the pure matter action (‘free’ fractonic theory) non-gaussian, leading
to nonlinear equations of motion. The matter action is constructed up to leading orders in
the derivatives by using the specific structure of the charge and dipole moment symmetries.
Interactions are introduced by exploiting the fractonic gauge principle [13] which demands that
the original invariance of the pure matter sector under global symmetries is retained under the
local transformations. This requires the introduction of a new symmetric higher rank tensor
(fractonic) field with a specific transformation property.

Simultaneously, in a parallel but related development, it was shown [4] that interactions may
also be introduced using the usual vector field where the gauge principle now ensures that all
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ordinary derivatives are replaced by their covariant expressions. Thus there are two competing
approaches, based on usual vector fields (standard formulation) or on symmetric tensor fields
(nonstandard formulation).

Long back Deser [14] developed an approach where interactions are inducted by an iterative
Noether prescription without any need for a gauge principle. This method, which emphasises
the role of interactions, proceeds by adding to the original theory a source that is obtained
from the free part itself, followed by the addition of a further source due to this one and so on
till the iteration stops due to the lack of any new source. It was originally applied to obtain
the SU(2) Yang-Mills theory (a nonlinear theory) from the linear Maxwell theory where self
interactions were suitably inducted. Several examples of this approach can be found including
an extension to matter fields whose interactions with gauge fields naturally lead to the minimal
coupling [15, 16, 17, 18, 19, 20]. All these applications consider relativistic theories where the
basic starting lagrangian is quadratic with linear equations of motion.

In this paper we use this formalism in a completely different context, namely, nonrelativistic
theories where the pure matter sector is nonlinear. It is therefore a new application of the
method which has to be generalised to incorporate the fact that the starting lagrangian is
not quadratic and also includes higher derivatives. The purpose of the paper, however, is
not merely to provide a new (and somewhat nontrivial) application. More importantly, it
yields fresh insights in the construction of interacting gauge theories beginning from a matter
sector that admits generalised global symmetry yielding conservation of both charge and dipole
moment.

Starting from a pure matter sector that has both these symmetries, the implementation of
the formalism leads to a dual description of interacting gauge theories. In one scenario the
vector current is gauged with the usual vector field and the interacting theory turns out to
be the one where all ordinary derivatives are replaced by their covariant derivatives. Thus the
standard minimal coupling prescription obtained by the gauge principle is reproduced. However
there is another possibility. The consequence of two global symmetries necessarily leads to a
construction where the vector current is expressed as the gradient of a second rank symmetric
tensor current. This comes out naturally in the Noether prescription. Instead of considering the
vector current as the source, the tensor current is taken as the source in the iterative scheme.
This leads to the fractonic gauge theory recently considered in the literature [1, 2, 3, 4, 6, 12].
As already mentioned the two currents are related by a spatial derivative. This is used to
find an exact map between the vector field and the tensor gauge field, thereby relating the
two descriptions. We further extend the analysis to include more global symmetries. The dual
picture still holds, except that the relation connecting the gauge fields becomes different.

The iterative Noether scheme is introduced in section 2 where, starting from the free
Schroedinger theory, the minimally coupled interacting theory is obtained without using any
gauge principle. Dual description of gauge theories, the central point of the paper, is treated
in section 3. There is an overview of conservation laws related to charge and dipole moment
symmetries. Next, the matter sector is given and interactions are found by the method of
iteration. This gives a dual description expressed either in terms of a standard vector field or,
alternatively, in terms of a symmetric second rank fractonic tensor field. A connection between
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the two formulations is found. The interactions involving the tensor field can also be obtained
by a novel ‘minimal prescription’. Its connection with the conventional minimal prescription is
elucidated. The explicit structures for the pure gauge field lagrangians are given. Finally, an
extension to SU(N) invariance is done. Section 4 discusses similar findings if other conservation
laws besides charge and dipole moment exist. Conclusions are given in section 5.

2 Schroedinger Theory from Noether Approach

Here we show how interactions in the usual Schroedinger theory are introduced by adopting
an iterative Noether prescription [14] instead of resorting to any gauge principle. Consider the
free Schroedinger theory for a complex scalar field,

L0 =
i

2
φ∗(

↔

∂ 0)φ−
1

2m
∂iφ

∗∂iφ (1)

It has a global U(1) symmetry,

φ → eiαφ ; φ∗ → e−iαφ∗ (2)

which leads to the conservation law,

∂0j0 − ∂iji = 0 (3)

from Noether’s first theorem. This theorem yields the explicit structures for the currents,

αj0 =
∂L0

∂(∂0φ)
δφ+ c.c. ; αji =

∂L0

∂(∂iφ)
δφ+ c.c. (4)

where c.c. stands for complex conjugate. Using δφ = iαφ we obtain,

j0 = −j0 = −φ∗φ ; ji = ji =
i

2m

(

(∂iφ)φ
∗ − (∂iφ

∗)φ
)

(5)

The standard way to introduce interactions is to make the transformation parameter α local
and adopt the gauge principle which ensures invariance under the local symmetry by replacing
the usual derivatives by covariant derivatives. Here we follow a different path.

We obtain the final lagrangian by an iterative process. The analysis is done separately for
the time and space components. For the time component, the first correction to the lagrangian
is obtained by adding the term,

L1 = j0A0 = −φ∗φA0 (6)

Since there are no derivatives, the Noether prescription (4) does not yield anything and the
iteration concludes. Thus the final lagrangian, for the time part, is given by,

Ltime = L0 + L1 =
i

2
φ∗(

↔

∂ 0)φ− φ∗φA0 (7)
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which may also be expressed in the standard minimal coupling form,

Ltime =
i

2

(

φ∗D0φ− φ(D0φ)
∗

)

; D0φ = (∂0 + iA0)φ (8)

We next repeat the analysis for the space part. The first correction is obvious,

L1 = jiAi =
i

2m

(

(∂iφ)φ
∗ − (∂iφ

∗)φ
)

Ai (9)

Since derivatives occur, there is a next correction to be evaluated by the Noether prescription,
replacing L0 by L1 in (4). We find,

αji1 =
∂L1

∂(∂iφ)
δφ+ c.c. (10)

which yields,

ji1 = −
1

m
φ∗φAi (11)

The contribution to the lagrangian is given by,

L2 =
1

2
ji1Ai = −

1

2m
φ∗φA2

i (12)

The half factor is necessary to reproduce the expression for the current from a variation of the
action,

ji1(x) =
δ

δAi(x)

∫

L2 (13)

Since there are no derivatives, the iteration stops and the final lagrangian for the spatial part
is given by adding the contributions,

Lspace = L0 + L1 + L2 = −
1

2m
∂iφ

∗∂iφ+
i

2m

(

(∂iφ)φ
∗ − (∂iφ

∗)φ
)

Ai −
1

2m
φ∗φA2

i (14)

which may be rearranged to display the minimal coupling form,

Lspace = −
1

2m
(Diφ)

∗(Diφ) Diφ = (∂i + iAi)φ (15)

The complete interacting lagrangian, which is a sum of (8) and (15), is given by,

LI = Ltime + Lspace =
i

2

(

φ∗D0φ− φ(D0φ)
∗

)

−
1

2m
(Diφ)

∗(Diφ) (16)

Expectedly, the above lagrangian is invariant under the local gauge transformations,

φ → eiα(x)φ ; Aµ → Aµ − ∂µα (17)

The dynamics for the gauge field is given by the usual Maxwell type term,2

Lgauge = C1F
2
0i − C2F

2
ij F0i = ∂0Ai − ∂iA0 Fij = ∂iAj − ∂jAi (18)

The extension to the nonabelian case may be done along similar lines, This analysis is deferred
to section 3.2.3 when the higher derivative example is treated.

2Contrary to the relativistic case, the coefficients C1, C2, multiplying the electric and magnetic parts can be
different.
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3 Dual Description of Gauge Theories

Recently a new class of higher derivative gauge theories which exhibit, apart from standard
charge conservation, other conservation laws related to the dipole symmetry have come to the
fore. Their study has led to the discovery and understanding of a new type of topological
matter called fractons.

After a general overview that discusses the various global symmetries in fractonic theories,
we show that the Noether prescription correctly reproduces the various conservation laws as-
sociated with them in a concrete example involving complex scalars. The iterative Noether
approach is then applied to obtain the explicit couplings of these scalars to gauge fields. The
higher derivative nature of the theory allows for either minimal or nonminimal couplings, lead-
ing to a dual description.

3.1 Overview of Symmetries and Conservation Laws

Let us consider some matter theory that has, as sources, J0 and a symmetric tensor Jij satisfying
[4, 12],

∂oJ0 − ∂i∂jJij = 0 (19)

This can be achieved, for instance, by coupling these sources to A0 and Aij , respectively. Here
Aij is a symmetric tensor gauge field that can, among others, characterise a fractonic gauge
field that transforms as,

δAij = ∂i∂jα (20)

while A0 satisfies the standard rule (17). Gauge invariance under these transformations ensures
the conservation law (19).

We now analyse the global symmetries. There is the obvious ordinary global symmetry with
currents,

j0 = J0 ji = ∂jJij (21)

satisfying,
∂0j0 − ∂iji = 0 (22)

with the usual conserved charge,

Q =

∫

space

j0 =

∫

space

J0 (23)

Further, it has a vector global symmetry with currents,

ji0 = xiJ0 jij = xj∂kJ
ki − Jij (24)

having the conservation law,
∂0j

i
0 − ∂jjji = 0 (25)
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The corresponding conserved charge is given by,

Qi =

∫

space

ji0 =

∫

space

xiJ0 (26)

The global symmetry (25), (26) is interpreted as a dipole symmetry just as the usual one (23)

is considered as a charge symmetry. It implies that a single charge cannot move although
restricted mobility is allowed for a system of charges. These features are characteristic of
fractons.

3.2 Matter Sector and Interactions

An explicit construction of the matter sector in terms of complex scalars, satisfying the conser-
vation laws (22) and (25), has been given in the literature. We briefly review this construction
and then show how gauge couplings are introduced using the iterative Noether prescription.
The couplings can be interpreted either in terms of a standard gauge field or, alternatively, in
terms of a higher rank tensor field that occurs in fractonic theories.

Since the theory obeys both charge and dipole conservation, the appropriate symmetry
transformation on the complex scalar takes the form,

φ(x) → eiα(x)φ(x) α(x) = α0 + αix
i (27)

where α0, αi are global (constant) parameters. The matter lagrangian invariant under the above
transformations modifies the spatial derivative terms of (1) and is given by [13, 4],

L0 =
i

2
φ∗(

↔

∂ 0)φ− s ∂i(φ
∗φ)∂i(φ

∗φ) + t (iφ∗2∂iφ∂
iφ− iφ2∂iφ

∗∂iφ∗) + u |φ∂i∂jφ− ∂iφ∂jφ|
2 −λ|φ|4

(28)
where the leading order terms containing fourth powers of the field as well as the derivatives
have only been retained.

The conserved currents are found by the Noether procedure. Noting that,

δφ = iαφ δφ∗ = −iαφ∗ (29)

the time component of the current is given by,

αj0 =
∂L0

∂(∂0φ)
δφ+

∂L0

∂(∂0φ∗)
δφ∗ = αφ∗φ (30)

so that,
j0 = φ∗φ (31)

This has the same form as conventional theories because there is no time dependence in the
transformation parameter α.
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For the computation of the space component, we consider the various terms one by one
using the same definition as (4). There is no contribution from the term involving s. For the t

term the result is,

α0j
i =

∂L0

∂(∂iφ)
δφ+

∂L0

∂(∂iφ∗)
δφ∗ = −α0 ∂i|φ|

4 (32)

so that,
ji = − ∂i|φ|

4 (33)

This can be put in the form ji = ∂jJij (see 21), where,

Jij = −δij |φ|
4 (34)

This relation was earlier given in [4] by using a polar decomposition of the fractonic field
that simplified the algebra. Thus the general analysis in section 3.1 goes through and both
conservation laws (22) and (25) hold. Observe that we have taken only the constant parameter
α0 in (32) to keep parity with the standard Noether definition.

The analysis for the u term in (28) is more involved since it involves double derivatives on
the fields. In this case the derivation of the Noether current is based on the Euler-Lagrange
equation valid up to second order derivatives which is given by,

∂L

∂φ
− ∂µ

∂L

∂(∂µφ)
+ ∂µ∂ν

∂L

∂(∂µ∂νφ)
= 0 (35)

This leads to the Noether current, which is a generalization of (4),

α0j
i =

∂L0

∂(∂iφ)
δφ+

∂L0

∂(∂i∂jφ)
∂j(δφ)−

(

∂j
∂L0

∂(∂i∂jφ)

)

(δφ)

+
∂L0

∂(∂iφ∗)
δφ∗ +

∂L0

∂(∂i∂jφ∗)
∂j(δφ

∗)−
(

∂j
∂L0

∂(∂i∂jφ∗)

)

(δφ∗) (36)

Substituting the u-term from (28), keeping terms proportional to α0, yields the following
result,

α0j
i = −iα0 ∂j

(

φ2(φ∗∂i∂jφ
∗ − ∂iφ

∗∂jφ
∗)− φ∗2(φ∂i∂jφ− ∂iφ∂jφ)

)

(37)

Equating terms proportional to α0, we find,

ji = ∂jJij (38)

where,

Jij = −i
(

φ2(φ∗∂i∂jφ
∗ − ∂iφ

∗∂jφ
∗)− φ∗2(φ∂i∂jφ− ∂iφ∂jφ)

)

(39)

which reproduces the structure (21) from the general discussion. Incidentally, this relation
appeared earlier in [4] by using equations of motion in polar form.
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3.2.1 Gauge Couplings

In this section we discuss the introduction of gauge couplings to the matter fields by adopting
the iterative Noether prescription [14]. This method, successful in conventional theories, also
holds here, leading to new insights. Especially, it provides a minimal coupling prescription for
tensor gauge fields encountered here. Also, this analysis is used to give a map that connects
the tensor field with the usual vector field.

We begin from the lagrangian (28) and first consider the temporal part. This has the same
form as standard theories, eventually leading to the minimally coupled form (8).

The remaining terms involving spatial derivatives are now considered. For the s term,
as already stated there is no contribution to the Noether current. Thus there is no coupling
associated with this term. To see that the same conclusion also follows by adopting the minimal
prescription, the ordinary derivatives are replaced by covariant derivatives. The result is,

(

(∂i − iAi)φ
∗φ+ φ∗(∂i + iAi)φ

)(

(∂i − iAi)φ
∗φ+ φ∗(∂i + iAi)φ

)

(40)

The Ai terms in each of the big brackets cancel out leaving just the original terms. Thus there
is no effect of the minimal coupling. This came out naturally in the Noether scheme.

We next consider the t term in (28). The current for this term was already computed in
(33). Thus the new addition in the lagrangian is given by,

L1 = jiAi = − ∂i|φ|
4Ai (41)

The iterative Noether process continues since the lagrangian involves derivatives. The corre-
sponding current is obtained, as usual, by replacing L0 in (32) by L1,

ji =
∂L1

∂(∂iφ)
δφ+

∂L1

∂(∂iφ∗)
δφ∗ = 0 (42)

There is no contribution to the current and hence there is no correction to the lagrangian. Also,
the iteration terminates and the final expression for the t term is given by,

L = L0 + L1 = (iφ∗2∂iφ∂
iφ− iφ2∂iφ

∗∂iφ∗)− ∂i|φ|
4Ai (43)

In this form invariance is realised by the fact that the change in the pure matter sector under
the local transformations ( where α(x) is arbitrary and not confined to the special form given
in (27) is precisely cancelled by the change in the coupling term.

Although not obvious, the above lagrangian can be expressed in the standard minimally
coupled form,

L = iφ∗2(∂i + iAi)φ (∂i + iAi)φ− iφ2(∂i − iAi)φ
∗ (∂i − iAi)φ∗ (44)

Now gauge invariance under the local transformations becomes manifest, exactly as happens
for the usual case.
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It is possible to rephrase the entire discussion in terms of nonminimal couplings and non-
standard gauge fields, recently introduced in the literature as fractonic gauge fields. The origin
of this lies in the fact that the vector current ji can be expressed as the gradient of a symmetric
tensor current Jij (see (33, 34). Thus, instead of writing the coupling term as in (41), it is
written as,

L1 = JijAij = −δij |φ|
4Aij (45)

The complete lagrangian (43) is now expressed as,

L = L0 + L1 = (iφ∗2∂iφ∂
iφ− iφ2∂iφ

∗∂iφ∗)− δij |φ|
4Aij (46)

Local gauge invariance3 is retained provided the tensor field transforms as,

Aij → Aij + ∂i∂jα (47)

which reproduces the structure (20).

It is also possible to establish a connection between the standard and nonstandard formu-
lations by expressing the coupling in a dual form,

L1 = jiAi = ∂jJijAi = −
1

2
(∂iAj + ∂jAi)Jij (48)

by appropriately shifting derivatives.

Comparison with (45) yields 4 ,

Aij = −
1

2
(∂iAj + ∂jAi) (49)

The consistency of this identification is proved by recalling the transformation of the usual
vector field (17) that immediately yields (47). This gives a dual description of the theory
where standard gauge fields with minimal coupling are used or fractonic fields with nonminimal
coupling5. Later on we discuss the complete theory, expressed either in terms of a conventional
gauge field or a fractonic field.

Let us now concentrate on the last u-term of the theory (28). The current is defined in (38,
39). Hence the first correction to the lagrangian is given by,

L1 = −i∂j

(

φ2(φ∗∂i∂jφ
∗ − ∂iφ

∗∂jφ
∗)− φ∗2(φ∂i∂jφ− ∂iφ∂jφ)

)

Ai (50)

The ensuing analysis is simplified by rephrasing the theory in terms of a fractonic field involving
nonminimal coupling, following previously described steps,

L1 = −i
(

φ2(φ∗∂i∂jφ
∗ − ∂iφ

∗∂jφ
∗)− φ∗2(φ∂i∂jφ− ∂iφ∂jφ)

)

Aij (51)

3It is actually quasi invariance since the lagrangian is invariant modulo a boundary term.
4This relation appeared earlier in footnote 10 of [4].
5The presence of derivatives in (49) indicates that the coupling JijAij is nonminimal.
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where the field Aij is defined in (49). Since derivatives are involved, the iterative process
continues. The new current is obtained by concentrating on the α0 part of (36), so that,

ji =
∂L1

∂(∂iφ)
(iφ) +

∂L1

∂(∂i∂jφ)
∂j(iφ)−

(

∂j
∂L1

∂(∂i∂jφ)

)

(iφ)

+
∂L1

∂(∂iφ∗)
(−iφ∗) +

∂L1

∂(∂i∂jφ∗)
∂j(−iφ∗)−

(

∂j
∂L1

∂(∂i∂jφ∗)

)

(−iφ∗)

= 2∂j(|φ|
4Aij) (52)

where L1 has been used from (51). In terms of the symmetric tensor current, the result is,

ji = ∂jJij , Jij = 2|φ|4Aij (53)

Thus the contribution to the lagrangian is,

L2 = |φ|4A2
ij (54)

so that the functional derivative of the lagrangian (54) reproduces the current (53),

Jij =
δ

δAij

∫

L2 (55)

Since no further derivatives occur, the iteration is over and the complete interacting lagrangian
for the u- term is given by adding the contributions from (28), (51) and (54),

L = |φ∂i∂jφ− ∂iφ∂jφ|
2− i

(

φ2(φ∗∂i∂jφ
∗−∂iφ

∗∂jφ
∗)−φ∗2(φ∂i∂jφ−∂iφ∂jφ)

)

Aij+ |φ|4A2
ij (56)

The iterative method clearly spells out the ‘minimal prescription’ that takes one from the
original ‘free’ theory, which here is the u-term in (28), to the final form (56). The appropriate
prescription is,

φ∂i∂jφ− ∂iφ∂jφ → φ∂i∂jφ− ∂iφ∂jφ− iAijφ
2 (57)

Then the pure matter sector goes to the full interacting theory (56),

|φ∂i∂jφ− ∂iφ∂jφ|
2 → |φ∂i∂jφ− ∂iφ∂jφ− iAijφ

2|2 (58)

reproducing (56). The currents in the interacting theory are likewise obtained by the same
prescription (57). From (39) we obtain,

Jij → Jij + 2|φ|4Aij (59)

The extra piece, expectedly, turns out to be the one found in (53).

Gauge invariance of the lagrangian (56) (or (57) is easily seen by noting the covariant
transformation property,

(φ∂i∂jφ− ∂iφ∂jφ− iAijφ
2) → e2iα(x)(φ∂i∂jφ− ∂iφ∂jφ− iAijφ

2) (60)
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The nonstandard minimal prescription (57) can be related to the standard one where ordi-
nary derivatives are replaced by covariant derivatives. To see this the double derivative term
there is first symmetrised and then the minimal prescription is imposed,

φ∂i∂jφ − ∂iφ∂jφ =
1

2
(φ∂i∂jφ+ φ∂j∂iφ)− ∂iφ∂jφ →

1

2
[φ(∂i + iAi)(∂j + iAj)φ + φ(∂j + iAj)(∂i + iAi)φ]− (∂i + iAi)φ(∂j + iAj)φ (61)

On simplification this expression yields,

φ∂i∂jφ− ∂iφ∂jφ → φ∂i∂jφ− ∂iφ∂jφ+
i

2
(∂iAj + ∂jAi)φ

2 (62)

which, on using (49), is identical to (57).

In terms of the vector field, therefore, the interacting lagrangian, in the standard formula-
tion, has the structure,

L = |φ∂i∂jφ− ∂iφ∂jφ+
i

2
(∂iAj + ∂jAi)φ

2|2 (63)

One can also reproduce this form from the iterative Noether process by directly working with
the vector gauge field.

3.2.2 Gauge Field Lagrangian

To obtain the complete theory one has to include the gauge field lagrangian. For the standard
case, this is simply the conventional Maxwell type term given in (18). Thus the complete
lagrangian is given by,

L = C1F0iF0i − C2FijFij +
i

2
φ∗(

↔

D0)φ+ .... (64)

and the ellipses denote terms that were calculated in the previous section and involve both
matter and gauge fields. Specifically these do not involve the A0 field

6. Since our purpose is to
calculate the gauge transformation properties, the irrelevant terms are dropped. The equation
of motion for the A0 field is given by,

2C1∂iF0i − φ∗φ = 0 (65)

The time derivative is eliminated in favour of the the canonical momenta which is defined as,

πi =
∂L

∂Ȧi

= 2C1F0i (66)

6Note that in either description, the A0 field appears. It is the multiplier that enforces the relevant Gauss
constraint, as shall be shown shortly.
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so that (65) takes the form,
∂iπi − φ∗φ = 0 (67)

The left side is just the Gauss operator that generates the standard gauge transformation (17),

δAi(x) = {Ai(x),

∫

space

α (∂jπj − φ∗φ)} = −∂iα(x) (68)

For the dual description in terms of the nonstandard fractonic field Aij , the pure gauge field
lagrangian is given by,7

Lgauge =
1

2
(E2

ij − B2
ij) (69)

where the electric and magnetic fields are defined as,

Eij = ∂i∂jA0 + ∂0Aij , Bij = −∂i∂kAjk + ∂j∂kAik (70)

The above lagrangian is dictated by the fact that it is the simplest generalisation of the Maxwell
lagrangian that is gauge invariant under (47) and (17). The complete lagrangian is therefore
given by,

L =
1

2
(E2

ij −B2
ij) +

i

2
φ∗(

↔

D0)φ+ .... (71)

where the ellipses denote terms containing matter and gauge fields but do not involve any A0,
similar to (64). The basic difference from (64) is in the pure gauge terms, which is expressed
in terms of the vector field Ai. Note that while the gauge field lagrangian (69, 70) agrees with
the form given in the literature, the iterative Noether procedure is discussed in terms of the
vector field and conforms to the lagrangian (64).

The equation of motion for the A0 field is given by,

∂i∂jEij − φ∗φ = 0 (72)

The time derivative on Aij is eliminated in favour of the canonical momenta,

πij =
∂L

∂(∂0Aij)
= Eij (73)

so that (72) is expressed as,
∂i∂jπij − φ∗φ = 0 (74)

the left side of which is the Gauss operator. Using the usual Aij −πkl Poisson algebra it is seen
that this Gauss constraint generates the desired transformation (47),

δAij(x) = {Aij(x),

∫

space

α (∂k∂lπkl − φ∗φ)} = ∂i∂jα(x) (75)

7Here also the coefficients of the electric and magnetic terms can be different. These are taken equal for
simplifying the algebra.
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It is observed that the coupling of the A0 and matter fields in either description remains
unchanged. In both cases it acts as a lagrange multiplier that enforces the Gauss constraint.
The structural similarity of the Gauss constraints (67) and (74) is noted. It ensures that, in
both descriptions, the scalar field transforms identically as,

δφ(x) = {φ(x),

∫

space

α (∂k∂lπkl − φ∗φ)} = {φ(x),

∫

space

α (∂kπk − φ∗φ)} = iαφ(x) (76)

This demonstrates the validity of the choice (71) as the lagrangan since the correct gauge
transformation properties are reproduced.

3.2.3 Extension to SU(N) Invariance

The extension to the nonabelian invariance is carried following similar steps as for conventional
systems. In this case, however, the dual formulation cannot be done. Only that in terms of
the standard vector field is possible. This is explicitly shown for the t-term in (28). Consider
therefore,

L0 = (iφ∗2∂iφk∂
iφk − iφ2∂iφ

∗

k∂
iφ∗

k) , φ2 = φkφk (77)

where k runs from 1 to the dimension of the representation of SU(N) under which the scalar
fields transform. The lagrangian is invariant under the global SU(N) transformations (2). The
corresponding Noether currents are given by,

jiaαa = ji =
∂L0

∂(∂iφk)
δφk + c.c. = 2iφ∗2∂iφk(iα

a(T a)kjφj) + c.c (78)

so that,
jia = −2(φ∗2∂iφ(T

a)φ+ φ2∂iφ
∗(T ∗a)φ∗) (79)

where T a denotes the SU(N) generators. This current, unlike its abelian counterpart, cannot
be written as the gradient of a tensor current like (38). Hence the dual formulation in terms
of a fractonic field cannot be done. Nevertheless, it is feasible to continue with the Noether
process and find the gauge couplings. From (79), the contribution to the lagrangian is written
as,

L1 = −2
(

φ∗2(∂iφT
aφ) + φ2(∂iφ

∗T ∗aφ∗)
)

Aa
i (80)

Since there are derivative terms the iterative process continues. The next stage Noether current
is obtained by replacing L0 by L1 in (78). The result is,

jiaαa = ji = −2φ∗2(T )aklφliα
b(T b)kjφjA

a
i + c.c. (81)

so that the current is given by,

jib = −2iφ∗2(T )aklφl(T
b)kjφjA

a
i + c.c. (82)

Observing that the factor multiplying the gauge field is symmetric in (a, b), the contribution
to the lagrangian comes out as,

L2 = −i
(

φ∗2(T )aklφl(T
b)kjφj − φ2(T ∗a)klφ

∗

l (T
∗b)kjφ

∗

j

)

Aa
iA

b
i (83)
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The iteration terminates. The final lagrangian is given by the sum of three contributions (77),
(80) and (83). The result is,

L = iφ∗2(Diφk)(D
iφk)− iφ2(Diφk)

∗(Diφk)
∗ (84)

where the covariant derivatives are defined as,

Diφk = ∂iφk + iAa
i (T

a)klφl (85)

Thus the minimally coupled form is reproduced without referring to any gauge principle.
The other terms in the matter action (28) may be similarly treated.

It is worthwhile to stress that, in the non-abelian example, only the ‘ordinary’ SU(N)
transformation is a symmetry as there is no analogue of the dipolar symmetry. This is further
seen from (84) which is obtained by gauging an ordinary SU(N) symmetry.

4 Inclusion of Other Conservation Laws

So far our analysis was confined to the conservation laws generically expressed in (22) and
(25). Physically, these correspond to the charge (23) and dipole (26) symmetries, respectively.
However there is a possibility that other conservation laws along these lines exist [1, 2, 11, 12].
Thus there could be a situation where a dipole can move only normally to the dipole moment
imposing further restrictions on the mobility of particles. In analogy with (26) this is expressed
by the conservation of the quantity,

Q =

∫

space

x2J0(x) (86)

It is possible to verify that conservation of all three charges (23, 26, 86) holds if the global
symmetry indicated by (19) is modified to,

∂oJ0 − (∂i∂j −
1

d
δij∂

2)Jij = 0 (87)

where d is the spatial dimension. Now the corresponding symmetry transformation on the
complex scalars takes the form (27) where,

α(x) = α0 + αix
i + βx2 (88)

with a constant β. A specific realisation of the matter action satisfying this property may be
done but this is not necessary for the ensuing analysis.

We show that once again a dual description is possible, either in terms of a standard
gauge field or in terms of a symmetric traceless tensor field. A connection between these
two descriptions is derived which is obviously different from the earlier example.
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The conservation law (87) may be expressed in the form (22) where [12],

j0 = J0 , ji = ∂jJji −
1

d
∂iJkk (89)

The temporal component remains identical to the earlier model. So we concentrate on the
spatial current. Coupling with the standard Ai field may be rephrased in favour of a symmetric
tensor field as,

jiAi = JijAij (90)

where,

Aij = −
1

2
(∂iAj + ∂jAi −

2

d
δij∂lAl) (91)

The condition (90) is general and is a manifestation of the dual nature of the fields. Any
change in the relation between the vector and tensor currents is precisely compensated by a
corresponding change in the relation between the vector and tensor gauge fields, such that the
condition (90) is preserved. For instance, in the present case, (89) and (91), respectively, give
the relations between the currents and the gauge fields. Similarly, for the earlier case involving
the charge and dipole symmetry only, the relation among the currents is given by (21) while
that between the gauge fields is (49). It is easy to verify that, given any one relation among
(89) and (91), the other can be derived by exploiting (90). As an example, contracting (91) by
Jij, appropriately shifting the derivatives, using (90), leads to (89).

The tensor field in (91) is traceless (Aii = 0) and is a consequence of the modified symmetry.
Using (17) the transformation of the above tensor field is given by,

δAij = ∂i∂jα−
1

d
δij∂

2α (92)

While the magnetic field (70) remains gauge invariant under this new transformation, the
electric field is not. To make it gauge invariant, the definition of the electric is modified to,

Eij = (∂i∂j −
1

d
δij∂

2)A0 + ∂0Aij , Bij = −∂i∂kAjk + ∂j∂kAik (93)

The lagrangian of the theory is defined by (71) with the electric and magnetic fields given
above. The pure matter sector naturally is different but its explicit form is not required here.
We want to compute the Gauss constraint from this lagrangian and deduce the transformation
law (92). The equation of motion for the A0 field is altered from (72) to,

(∂i∂j −
1

d
δij∂

2)Eij − φ∗φ = 0 (94)

Since the momenta has the same functional form as (73), the Gauss constraint follows from
(94),

(∂i∂j −
1

d
δij∂

2)πij − φ∗φ = 0 (95)
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which reproduces the transformation (92),

δAij = {Aij(x),

∫

space

α[ (∂k∂l −
1

d
δkl∂

2)πkl − φ∗φ]} = (∂i∂j −
1

d
δij∂

2)α (96)

while the transformation of the scalar field remains same as before. This shows that the
suggested lagrangian yields an appropriate generator (Gauss constraint) that generates the
desired transformation laws. The formulation in terms of the standard gauge field is carried
out as usual with a Maxwell type term (see (64)).

5 Conclusions

The gauge principle, which requires the invariance of a physical theory under local gauge
transformations, is a cornerstone in the development of modern field theory and gravity, both
relativistic and nonrelativistic [21]. It has also formed the basis for introducing interactions in
a free theory of matter invariant under global symmetry transformations. Ordinary derivatives
are replaced by covariant derivatives such that the additional connection term compensates for
the difference in the transformation of the field at two neighbouring points. Field strengths
and/or curvatures are now defined using the Ricci identity and the action can be written. Thus
the origins of the gauge principle are more geometrical than physical.

An alternative and more physical approach was presented by Deser [14] where interactions,
instead of the gauge principle, play the pivotal role. It is based on an iterative Noether pre-
scription where interactions are introduced in a step by step process. The term found from
the original source is used to calculate the source for the next step and so on till the iteration
terminates when no new source is obtained. This method is therefore a bridge between the
two theorems of Noether. Starting from a theory that has a global symmetry (Noether’s first
theorem), the iteration eventually yields an interacting theory invariant under local symmetry
transformations (Noether’s second theorem).

So far the iterative Noether scheme was applied to usual (non higher derivative) systems [15,
16, 17, 18, 19, 20]. Here we presented an application to higher derivative theories invariant under
both charge and dipole symmetries. Such theories have been discussed recently, both on general
terms [4] as well as by concrete examples [4, 13, 12]. They have generated considerable interest
since they predict a new type of topological matter, called fractons, that have restricted mobility.
The iterative prescription, which begins from the free (quadratic) theory, has to be suitably
generalised to account for the fact that the new ‘free’ matter theory is no longer quadratic.
Also, in the present case, the presence of higher derivatives is an additional complication.
The application of the present scheme yields a dual picture which is traced to the presence of
multiple global symmetries.

The iterative Noether prescription allows the introduction of interactions in two distinct
ways, the origin of which is in the dual picture stated above. In one case they are inducted
by a vector field and the additional terms can be written so that the complete theory is the
standard minimally coupled theory, where ordinary derivatives are replaced by their covariant
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expressions. Alternatively, interactions may also be expressed in terms of a symmetric tensor
field recently encountered in fractonic theories. In fact this method of introducing interactions
naturally led to a nonstandard ‘minimal prescription’ where the complete theory is expressed by
replacing the ordinary double derivatives by appropriate ‘covariant’ expressions involving the
tensor fields (see (57). Furthermore, an equivalence of these two minimal coupling prescriptions
is shown by exploiting a map that relates the vector and tensor gauge fields.

The analysis also dictates the structure of the pure gauge term in the lagrangian. Self
consistency is established from the constraint structure of the total lagrangian including gauge,
matter and interacting sectors. Extension to other fractonic theories with more conservation
laws following from additional global symmetries is shown.

It would be desirable to apply the methods formulated here to an analysis of the current
algebra in these theories. As we mentioned, the presence of multiple global symmetries yields
a dual description leading to distinct currents. Their algebra, with or without the inclusion of
gauge fields, could possibly provide new sights into the structure of these theories.
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