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Abstract

A reconfigurable intelligent surface (RIS) consists of massive meta elements, which can improve the perfor-
mance of future wireless communication systems. Existing RIS-aided channel estimation methods try to estimate
the cascaded channel directly, incurring high computational and training overhead especially when the number of
elements of RIS is extremely large. In this paper, we propose a cost-efficient channel estimation method via rank-one
matrix factorization (MF). Specifically, if the RIS is employed near base station (BS), it is found that the RIS-aided
channel can be factorized into a product of low-dimensional matrices. To estimate these factorized matrices, we
propose alternating minimization and gradient descent approaches to obtain the near optimal solutions. Compared to
directly estimating the cascaded channel, the proposed MF method reduces training overhead substantially. Finally,

the numerical simulations show the effectiveness of the proposed MF method.

Index Terms

Channel estimation, matrix factorization, reconfigurable intelligent surface.

I. INTRODUCTION

Due to the increasing bandwidth requirement of modern wireless communication systems, many new
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technologies such as millimeter wave, hybrid precoding, and massive multi-input and multi-output (MIMO)
have been introduced. Though these technologies can provide high spectral efficiency, the hardware cost
of these technologies is also large [1]. Recently, the reconfigurable intelligent surface (RIS) is proposed
as an aid to the wireless communications. An RIS directly reflects the received signal with many low-cost
meta elements [2], through which the performance of existing systems is improved without high hardware
cost. Another advantage of RIS is that it establishes a reflected transmission path for the communication
if the direct transmission is blocked [2]. By carefully deploying the RIS near the boundary of a cell, RIS
also helps to improve the performance of cell-edge users [3]. Overall, to achieve these benefits introduced

by RIS, channel state information is key.
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In RIS-aided communication systems, the signals are transmitted by the BS to RIS through the BS-RIS
link, and reflected passively by RIS, then received by UE through the RIS-UE link. The channel estimation
task is to obtain the estimate of the cascaded channel which consists of the BS-RIS link and RIS-UE link.
The recent works focusing on estimation of the RIS-aided channel can be categorized into two types. The
first type focuses on estimating the cascaded channel as a whole [4]-[6]. The work in [4] proposed a
minimum mean square error channel estimation approach. To handle the high training overhead, the work
in [5] divided the high-dimensional channel matrix into low-dimensional sub-groups. In [6], a compressed
sensing based method was proposed to estimate the angle-of-arrival (AoA) and angle-of-departure (AoD)
associated with the RIS-aided channel. Although the cascaded channel is sufficient to design transmit and
passive beamforming [7], [8], the structure of the cascaded channel is not fully considered in [4]-[6]. The
second type of existing works focus on estimating the channels of BS-RIS link and RIS-UE link [9]-[11].
A tensor decomposition method was proposed in [9], which leverages the parallel factor tensor modeling
of the received signals. The work [10] proposed a two-timescale framework based on the characteristic
that the BS-RIS link is quasi-static, while the RIS-UE link is mobile. The authors of [11] presented a two-
stage method that utilizes the techniques of sparse matrix factorization and matrix completion. However,
these methods [9]-[11] require high overhead [9] or additional system constraints, such as dual-link pilot
transmission in [10] or sparsity of RIS phase shifts in [11].

In this work, we develop a cost-efficient method for RIS-aided channel estimation by factorizing the
channel matrix as a product of low-dimensional matrices, which helps to reduce the training overhead
without any additional system constraints. Specifically, we perform rank-one matrix factorization (MF)
to formulate the RIS-aided channel estimation as a phase retrieval problem, which is solved by gradient
descent or alternating minimization methods. We then extend the proposed MF method into multi-user
scenarios. The simulations illustrate that the proposed MF method achieves more accurate estimation than
existing works and has low training overhead.

Notations: A bold lower case letter a is a vector and a bold capital letter A is a matrix. AT, A*,
A" AL tr(A), ||All and ||a|, are, respectively, the transpose, conjugate, Hermitian, inverse, trace,
Frobenius norm of A, and 2-norm of a. [A] ; and [A], are, respectively, the ith column and ith row of
A. vec(A) stacks the columns of A and forms a long column vector. diag(a) returns a square diagonal
matrix with the vector a on the main diagonal. Re{z} and Im{z} are the real and imaginary parts of the
complex number z, respectively. A ® B and A o B denote the Kronecker and Hadamard product of A

and B, respectively.

II. CHANNEL MODEL

In this section, we introduce the signal and channel model of an RIS-aided communication system.



Suppose the BS has N antennas, the RIS has M elements, and the UE has one antenna. The BS-RIS
channel is G € CM*¥ and RIS-UE channel is h,, € CM*! and the BS-UE channel is h; € CY*!. For the
RIS, 6 € CM*! denotes the phase shifts, i.e., @ = [31e/%, ..., B, ... Brel®]T, where 6, € [0, 27)
and f3,, € [0,1] are the phase-shift value and amplitude reflection coefficient of the mth element. Here,
we let 3,, = 1,Vm to maximize the signal reflection [4], [8].

In this work, we assume there is line-of-sight (LOS) path1 between BS and RIS. Then, the channel
model G is given by

G = fSprag(¢)ag(v), (1)
where Spp is the complex path gain, ¢ € [0,1) and ¢ € [0,1) are the effective AoA and AoD of RIS
and BS, respectively. In this work, it is assumed BS and RIS have uniform linear antenna array (ULA)
[6], [11]. Thus,

1 . ,
ap(y) = —[1,6_32”’, .. ,76—J2W(N—1)]T c CNXI’

[1’ e—j27r¢>’ o e—j27r¢>(M—1)]T c (CMXI,

ar(¢p) =

are the array response vectors of BS and RIS. The proposed method in this paper can be extended to the

-5

planar antenna array at RIS by expressing ag(-) above in a 2D form [1].
For the channel h, between RIS and UE, we assume that there is no LOS path and it is the Rayleigh
fading channel [12], i.e., h, = Bzyz, where Sgy is the complex path gain, and z € CM*!

Gaussian random variable CN(0, 1).

is a complex

III. RIS-AIDED CHANNEL ESTIMATION VIA MF

In this section, we discuss the down-link and single-user RIS-aided channel estimation by using the

MF method.

A. Problem Formulation
In the down-link transmission, the received signal at UE is
r = (hf +h70G)x +n, (2)
where © = diag(0) € CM*M x € CNV*! is the transmitted signal, and n € C is noise distributed as
CN(0,02).
We assume that the channel of direct path h; is accurately estimated, which can be done by using
traditional channel estimation methods before enabling the RIS. Here, we suppose there are K > M

transmit pilots for channel estimation. Then, the received signal at the kth training transmission is

. = h7@,Gx;, + ny, = 0 diag(h)Gx;, + ny, 3)

'The LOS path between RIS and BS can be achieved by deploying RIS near BS. We extend it to other channel models in Section III-E.



Algorithm 1 Down-link and single-user RIS-aided channel estimation via matrix factorization

1: Input: BS antennas N, RIS elements M, transmitted signals {x;}# |, received signals {r;}X_, step
size 7.

2. Initialization: a® and ¢(? are from (8) and (6).

3 for p=20,1,2,... do

4. Update a®, w(p) to a®Pth, w(pﬂ) according to gradient method in (11), (12) and (13) or the
alternating minimization method in (10) and (9).

5. If the iteration statures or the maximum iteration is attained, it terminates the iteration.

6: end for N

7. Calculate the estimation of cascaded channel: H, =a"*Daf (p+),

8: Output: H..

where 6, is the kth phase shifts of RIS, and x; is the kth transmitted signal with ||xx||2 = 1, thus
SNR = 1/0?2. The effective cascaded channel is expressed as H, = diag(hf)G € CM*¥ Plugging the

model of G in (1), we express (3) as
1. = O aag (V)xy + ny, )

where a = diag(h?)Bgrar(¢) € CM*!, and H, = aal (v). Then, the task in this work is to estimate
¢ and a from {r;}X_ . From the model expressed in (4), the problem formulation of maximal likelihood
estimation is,
K

rg%ﬁn ; |6f aaf (v)x;, — rk‘z . ®)
For convenience, the objective function in (5) is defined as J(a, ). If we ignore the structure of ag(1)),
the problem in (5) is a conventional phase retrieval problem, which can be solved by low-rank matrix
recovery techniques [13]-[15]. However, these approaches do not take the structure of ag(1)) into account.
In this work, we aim to estimate a and 1) instead. As (5) is a non-convex problem, we consider the use of
alternating minimization and gradient descent approaches to find its solution. The details of the proposed

RIS-aided channel estimation are shown in Algorithm 1.

B. Initialization

Solving the non-convex optimization problem (5) using either alternating minimization or gradient
descent approach requires good initialization. In the following, we discuss how to initialize these variables.

According to (4), we define S = v N /K Zle re@;xt € CM*N_ Then, the initialization of v is given
by

Y = argmax ||Sap ()] , (©6)

which means that ag(¢(?)) is most correlated \jvpith S. The problem in (6) is one-dimensional, which can
be solved by using coarse grid search and then refining the result gradually.

To initialize a, we solve (5) with the initialized (),



a® = argmlnz |6, aaj ( (W N)xy, — i ’ : (7)
k=1
which is a common least squares (LS) problem. Define r = [r1, ..., 75| € CE*! and B € CK*M with
[BO),.. = afl (1)x,07, the problem in (7) is rewritten as
a® = argmin |IB®@a —r||2, (8)
a

where the solution is a(® = ((BO)#B©))~1(B(®)#r, Because we assume that K > M, (B®)#BO is

invertible.

C. Alternating Minimization
After initializing the ¢ and a with ¢*) and a(?), respectively, we iteratively refine these variables as
follows:

« Fix a, solve the optimization problem (5) over ).

« Fix 1), solve the optimization problem (5) over a.

We denote p as the index of iteration. For the optimization of 1 with fixed a(®, the sub-problem is

given by
K
PP = argmin Z 107 a®all (y)x; — 1|2
k= 1
By denoting A® € CV*K with [AP)], , = §7aP)x,, the problem above can be simplified as
Y0 = argmin a3 () AT — x|, ©)

which can be solved by using similar technique as (6). For optimizing a with fixed ¢)"*1), the sub-problem

is a®+!) = argming S°8 | |87 aall (v Pt1)x, — 4|2, whose solution is
a1l — ((B(p+1))HB(P+1))‘1(B(p+1))Hr, (10)
with [BP+Y)], . = all (v P+Y))x, 67

D. Gradient Descent

Apart from the alternating minimization, we can also employ a gradient descent approach to obtain the
local optimal solution of (5). The gradient J(a, ) in (5) with respect to the real and imaginary parts of

a are given by

ﬁ;} = Re {Z 2xflap ()07 (afh (1)x07 2 — m} ,

dJ
dIm{a} = Im {Z 2x ap(1)0) (aj; (¥)x,0; a — Tk)} s



respectively. From the chain rule, the gradient of .J(a, ) with respect to ¢ is given by

dJ_( dJ )TdRe{aB}l< dJ )lem{aB}

4y \dRe{ap}) dv dm{ag})  dy
where K
dJ
m = {; OTan Hekxk ap — ,,,,]]j)} )
dJ o
dRz;B}::\ﬁvanw%)oz d“jfB}z;E%ame>on

with z = 27[0,1,..., N — 1]7. Therefore, the updating rules of a and ¢ are explicitly,

- dJ
Re{aP*V} = Re{a®}-— ndRe{a} R (11)

dJ
Im{a®*Y} = Im{a®}— ndlm{a} e (12)
PPt = ) nﬂ 7 (13)

d¢ h=1)(P)

where 7) is the step size of gradient descent.

E. Discussions of the Proposed MF Method

In this subsection, we talk about the extension of proposed MF method when the channel model has
the different structures as provided Section II.
Remark 1: When there are more than one paths in BS-RIS link, i.e., G = S5 | ﬁggaR(gé(l))ag (p®),
where L is the number of paths, the cascaded channel can be expressed as
L
H. = diag(h/")fpar(6®)af (v) ZH

=1
Each Hg) can be estimated by the proposed MF method after subtractlng the contributions of the previously

estimated paths.

Remark 2: When the RIS is located near the UE resulting in a LOS path between RIS and UE and
no LOS path between BS and RIS. The channel of RIS-UE link is h, = Sryag(¢), where Sgy is the
complex path gain and ¢ is the AoD of RIS. The channel G € CM*¥ of BS-RIS link is Rayleigh fading.
Thus, the received signal at kth transmission in (3) is

re = (Bruar(9))"©,Gx; + ny,
= ap(¢)"O0,Gxy, + ny,
where G = BryG. In this scenario, the channel problem is to estimate ¢ and G. The proposed MF

methods can also be applicable. It is worth noting that the number of minimal required training pilots is

M N because G is full rank.



Algorithm 2 Up-link and multi-user RIS-aided channel estimation via matrix factorization

1: Input: BS antennas N, RIS elements M, number of users (), transmitted signals ¢, Vg < Q, k <
K,t < T, received signals {Ry;}}_ |, phase shift {6, }7,.
Obtain the signal of gth UE S, through (16).
Estimate v of the BS-RIS link through (19).
forq=1,2,...,Q do
Estimate {a,}<; of the RIS-UE link through (21).
Calculate the estimation of cascaded channel of gth UE: ﬁq = aB(QZ)éf :
end for
Output: {Hq}qQ:l.

A A S

IV. EXTENSION TO MULTI-USER SCENARIOS

In the down-link and multi-user RIS-aided systems, each user can estimate the channel separately,
which is a trivial extension of the method discussed in Section III. Therefore, in this section, we mainly

focus on the up-link and multi-user RIS-aided channel estimation by using the MF method.

A. Problem Formulation

Suppose there are () users, the channel between BS and RIS is G € CY*M | the channel between the RIS
and UE ¢ is h, € CM>1 which are all defined in a similar way as down-link scenario in Section III. The
received signal at the BS is the summation of ) UEs, i.e., r = Z?Zl G diag(@)h,z, +n € CN*1 where
|z,] = 1 denotes the transmitted signal of gth UE and n € CV*! is noise distributed as CN(0, %1 y). For
the channel estimation framework, it is assumed that there are K transmitted blocks. In each block, the
RIS fixes the phase shifts, and each UE sends 7" symbols. Preciesly, in the kth block, the received signal
at BS is Ry, € CV*T, given by

Q
Rj, =Y Gdiag(6)hx,, + Ny, (14)
q=1
where X, = [Tgk1,- -, Tgrr] € CT*! is the transmitted signal of gth UE in kth block, 6, € CM*!

denotes the kth RIS phase shifts, and Ny = [ng 1, ..., n57] € CV*T denotes the noise in kth block.

We assume the signals transmitted by different UEs are orthogonal, i.e., xé{kxpvk = 0,Yq # p and
x! xqr = T,Yq, which can be achieved if 7' > (). Thus, we right multiply x; , for (14) to obtain the
signal associated with gth UE as

Ryx; . = TG diag(6),)h, + Npx ;. (15)
By defining s, = (1/T)Ryx;, € CV*! and ng, = (1/T)Nyx;, € C¥*!, we rewrite the expression in
(15) as
s..r = G diag(0y)h, + n,, = G diag(h,)6) + n,,

where the entries in n, are i.i.d. with distribution of CA(0,02/T). We then collect K blocks {s,x}_,



of the gth UE as S, = [s 1, - - -,Sq.x) €CV*X in the following,
S, = Gdiag(h,)[61,...,0k]+ng1,...,n,k]
= Gdiag(h,)® + N, (16)
where © = [0, ...,0k] € CM*E and N, = [n,1,...,n, ] € CM*K_ Therefore, from (16), the cascaded
channel for gth UE is H, = G diag(h,) € CM*¥_ Since G = Bprap()ak (¢) in (1), we express S, in
(16) as
S, = ap(v)a)© + N,, (17)
where a, = (Bprall (¢) diag(h,))” € CM*L. Then, the cascaded channel for gth UE is given by H, =
ag(tp)al’. Therefore, the channel estimation task is to estimate ¢ and {éq}qQ:l. Because of the Guassian

distribution of N, we consider the following optimization problem:
min ZHS —ap(y)alO|3. (18)
{aq}q 1 g=1
In the following, we complete the estimation of ¢ and {éq}le from (18) in two steps. In the first step,

we estimate the channel associated with BS-RIS link, i.e., ¥, which is shared among multiple users. In

the second step, we estimate channel associated with the RIS-UE link, i.e., {éq}ff:l

B. Multi-User Channel Estimation

1) Estimate v): We collect the observations of @ UEs as S = [Sy,...,Sg] € CV*E@Q Tt is from (17)
that S is a rank-one matrix, whose column subspace is spanned by ag(1)). Thus, the estimation of 1) from
(18) is formulated as follows,

Y = argmax |ag(v)"S|3, (19)
which can be solved by using similar techniqlfle as (6).

2) Estimate {éq}ff:l: With the estimation of aB(QZ), solving the problem in (18) with respect to {éq}ff:l

can then be separated. In particular, for the gth UE, we now need to solve the following problem,

a, = argmin||S, — ap(¢)al ©|[3. (20)

By vectorizing the notation as vec(aB(qz);f(:)) = 07 @ ap(V) vec(all) = ©T ® ap(V)a a}, the problem
in (20) can be rewritten as a, = argmin,_|| vec(S,) — ©" @ ap(¢ )aq||2. Since this is a LS problem, and
the solution is given by

a, = (VO V @) V(@) vee(S,))* @1
where V(1) = ©T @ ag(¢)) € CN5*M_ We can check that HV(¢)||F — MK. Given ¢ in (19) and &,

in (21), the estimate of cascaded channel of qth UE is ﬁq = ag( )ﬁ The details of the multi-user RIS

channel estimation are in Algorithm 2.



TABLE I: Training Overhead of Channel Estimation Methods

Channel Estimation Methods | Minimal Training Pilots
Proposed MF-GD M
Proposed MF-AM M
LS [4] MN
LR [14] M+ N
KBF [9] MN

3) Design of Phase Shifts of RIS: By denoting V(¢)! = (V(¥)AV(4)) 'V (¢)# € CM*NK  we can

calculate the mean-square error (MSE) of ﬁq as follows,
E[[V(9)vec(S,) —agll3 =E[[V ()" (V(¥)a;+vec(N,)) —ay]l3,

where the equality holds from S, = V(¢)a; +vec(N,). Here, we assume that the estimation of ¢ is
accurate, so we have V(@Z)TV(@b) ~ I,;. Then, the MSE can be approximated as
2

MSE(8,) ~EI|V () vee(N,) [ = Z-tx((V(0) V() ). (22)

Therefore, to minimize the MSE with respect to a,, we need to solve the following problem,
min tr((V ()" V(¥)) ™), subject to [V ()]} = MK. (23)
The following lemma stz(iates the condition for ®, which achieves the minimal MSE of a, in (22).
Lemma 1: When the phase shift matrix © in (16) satisfies ®©©®7 = KI,,, the minimal MSE of
a,,q=1,...,Q in (22) can be achieved, whose value is MSE(a,) = 0?M /(KT).
Proof: Suppose the eigenvalues of V(@E)HV(@E) are given by A1, ..., \js. Because we have ||V(QZ) 1% =
MK, then \i+,...,+A\py =M K Thus, the problem in (23) becomes

H’IIHZ)\ subject to Z)\ = MK, N\ > 0.

i=1
The above problem is mimmlzed when i = K, Vi, and the minimum is M /K. The optimality condition

means that V(@)HV(@ = K1, precisely,
(0" ®ap(1)"O" ®as(d) = KI,. 24)

Using the fact aB({D\)H aB(qz) = 1, we can simplify the optimality condition in (24) as @O = KI,,.
Substituting the design of © into (22), the minimized MSE is given by ¢?M /(KT). This concludes the

proof. [ ]
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Fig. 2: Spectral efficiency vs. SNR (dB) in down-link and single-user scenario (N = 32, M = 50).

V. NUMERICAL RESULTS
A. Training Pilot Overhead

In Table I, we compare the minimal training pilots of our proposed MF with gradient descent (MF-
GD) and MF with alternating minimization (MF-AM) with the existing LS method [4], low rank matrix
recovery (LR) method [14], and KBF method [9] in the down-link and single-user scenario. As shown in
Table I, the proposed MF-GD and MF-AM only require minimal M/ training pilots, which are much less
than that of the existing works in [4], [9], [14].

B. Single-User Scenario

In Fig. 1, we compare the estimation accuracy of our proposed MF-GD and MF-AM with the LS method
[4], LR method [14], and KBF method [9] in the down-link and single-user scenario. The normalized
MSE (NMSE) is defined as E[||[H, — H,||2/|[H.|/%]. Since LS and KBF require K > MN to obtain a
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Fig. 3: NMSE vs. SNR (dB) in up-link and multi-user scenario (N = 32, M = 50,Q = 5,T = 5).

valid channel estimation, in this work, we let X = 1700 for LS and KBF methods, but X =400 M N for
our proposed MF methods. Observed from Fig. 1, though utilizing much less training pilots, the proposed
MF methods still outperform LS and KBF. Meanwhile, the proposed MF methods also outperform LR
method because they leverage on both the low-rank property and channel structure of the RIS-aided
channel. Moreover, compared to MF-AM, the MF-GD can achieve even more accurate estimation as SNR
increases.

In Fig. 2, we compare the spectral efficiency achieved by our proposed MF methods with benchmarks
[4], [9], [14]. The phase shifts of RIS are based on the estimated ﬁe through the method in [8]. The
performances of random and optimal phase shifts are also plotted as benchmarks, where phase shifts of
the former are uniformly distributed in [0, 27) with zero training pilots, and the latter is designed from the
true H.. As illustrated in Fig. 2, the proposed MF methods can achieve near optimal spectral efficiency

with much less training overhead.

C. Multi-User Scenario

In Fig. 3, we illustrate the estimation accuracy of proposed MF method in Section IV for up-link and
multi-user RIS-aided channel. The NMSE is defined as 1/ Z?Zl E[||H, —ICIqH% /I|H,||%]. The simulation
parameters are N = 32, M = 50,Q = 5,7 = 5. As can be seen from Fig. 3, with increasing transmitted

blocks K, the NMSE of cascaded channel decreases, which is consistent with our analysis.

VI. CONCLUSION

In this paper, we have investigated the RIS-aided channel estimation via MF. By using the proposed

MF method, it only estimates low-dimensional matrices to obtain the estimation of RIS-aided channel.
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Compared to the existing works which directly estimate the cascaded channel, the proposed method

achieves more accurate estimation with low training overhead.
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