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Balanced Augmented Lagrangian Method for Convex Programming
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Abstract. We consider the convex minimization model with both linear equality and inequality
constraints, and reshape the classic augmented Lagrangian method (ALM) by balancing its sub-
problems. As a result, one of its subproblems decouples the objective function and the coefficient
matrix without any extra condition, and the other subproblem becomes a positive definite system of
linear equations or a positive definite linear complementary problem. The balanced ALM advances
the classic ALM by enlarging its applicable range, balancing its subproblems, and improving its
implementation. We also extend our discussion to two-block and multiple-block separable convex
programming models, and accordingly design various splitting versions of the balanced ALM for
these separable models. Convergence analysis for the balanced ALM and its splitting versions is
conducted in the context of variational inequalities through the lens of the classic proximal point
algorithm.

Keywords: Convex programming, augmented Lagrangian method, proximal point algorithm, prox-
imity

1 Introduction

The classic augmented Lagrangian method (ALM) was proposed in [25,30], and since then it has
been playing fundamental roles in algorithmic design for various convex programming problems.
For instance, it is the root of the alternating direction method of multipliers (ADMM) proposed
in [13], which is nowadays a benchmark algorithm used widely in many areas. We refer to,
e.g. [BL6L12,[141[32], for insightful discussions on the ALM and its wide applications in different
areas such as PDEs, optimization, optimal control, image processing, and scientific computing.
In particular, it was shown in [32] that the ALM is an application of the classic proximal point
algorithm (PPA) which was originally proposed in [27].

Let us start with the following canonical convex minimization model with linear equality

constraints:
min{f(z) | Az =b, v € X}, (1.1)

where 0 : R" — R is a closed proper convex but not necessarily smooth function; X C R” is a
closed convex set; A € R™*"; and b € R"™. The iterative scheme of ALM for (L)) reads as

oF1 € argmin{f(z) — (V)T (Az — b) + zHAa; —b? |z ex}, 1.2a
- ( s zex) (2
ARFL = \F e (Agh Tl p), (1.2b)

in which r > 0 is the penalty parameter and A € ™ is the Lagrange multiplier. Hereafter, z and
A are referred to the primal and dual variables, respectively. In general, the subproblem (L.2al)
needs to be solved iteratively and thus outer-inner nested iterations are rendered to implement
the ALM (I.2)). Therefore, how to solve the z-subproblem ([2al) determines the difficulty of
implementing the ALM (L2). An obvious obstacle is that the objective function 6(x), the
coefficient matrix A, and the set X are all aggregated to be considered simultaneously in the
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a-subproblem ([.2a)). Thus, the z-subproblem ([.2al) dominates the computation while the A-
subproblem (L.2D]) is trivial. In this sense, these two subproblems in the classic ALM (2] are
unbalanced.

In this paper, we suggest to decouple the objective function #(z) and the coefficient matrix
A in the subproblem ([2a]) so as to alleviate this subproblem substantially, and then shift the
consideration of the matrix A to the subproblem (L.2hl). The classic ALM (L.2)) is thus reshaped,
and the resulting subproblems are balanced in the sense that the difficulty of the z-subproblem
only depends on #(x) and X, and that of the A-subproblem becomes to depend on A. This
balancing idea has an immediate advantage when the function #(x) has the favorable property
that its proximity operator can be represented by a closed-form. That is, the proximity operator
of the objective function é(x), which is defined by

Proxj(z) := argmin{6(y) + gHy — z|? |y e R"}, Vo € R™, Vr >0, (1.3)

has a closed-form representation. This scenario arises in many applications, especially in con-
temporary data science domains. We refer to, e.g., [4,8[31], for some applications whose cor-
responding function #(x) usually prompts sparsity- or low-rank properties of a desired solution
and hence can be specified as the /;-norm function (or the nuclear-norm function for the case
with matrix variables). Our idea of decoupling 6(z) and A can be further explained by the
following motivation. Ignoring some constant terms, we know that the subproblem (L2al) can
be rewritten as

1
A= argmin{f(z) + gHA:E —b— ;)\kHz |z e X}

For the classic ALM (L.2]), even when Proxj(z) can be represented by a closed-form and X = R”,
in general the subproblem ([.2al) may still be difficult when the matrix A is not identity. If 6(x)
and A are decoupled and the primeval z-subproblem ([.2al) is replaced by an easier one in form
of

2 = argmin{0(z) + gux —¢F|? | € &Y, (1.4)

in which ¢* € R" is a certain constant vector, then the solution of (L)) can also be given by the
closed-form representation of Proxjy(z) when X = R".

Some existing algorithms in the literature can be applied to (1), and 6(z) and A can
be decoupled in their implementations. For example, as analyzed in [20], we can consider
regularizing the objective function of (I[2a) with a proximal term. The resulting proximal
version of the ALM (PALM for short) can be written as

1
2F 1 € argmin{0(z) — (W) (Az — b) + = || Az — b||? + = ||z — 2*||2 | z € &), 1.5a
- smin{0(r) ~ V)7 (4r ) + Az b2+ Lo o2 [2€ 2}, (150

ML = \b Azt —p), (1.5b)

with G € R"*" and the notation ||z||% := 2T Gz. If we choose G = oI, — rAT A in ([5al) with
o > 0, then the generic PALM (L3 is specified as

(LALM) ot € argmin{0(z) + %Hx — (2% + éAT()\’f —r(Azk — b)) |z e X}, (1.6a)

ARFL = \F _ p(Agh+l — p), (1.6b)

in which the subproblem (I.6al) is in form of (L4) and thus it is reduced to Proxy(z) when
X = R". The scheme (L6 is called the linearized ALM (LALM for short) because the quadratic
term || Az —b||? in ([5a) is “linearized” by G = o1, — rAT A. From an analytical point of view,
it is easy to see that if o is large enough such that o > r||AT A|, then the matrix G = oI,,—rAT A



is positive definite, and essentially convergence of the LALM (IL.6]) can be conducted by following
existing works such as [11,[19,34,35]. This means the classic ALM (2] can be revised as the
LALM (LG6) to decouple #(x) and A. But the subproblem (LGal) is correlated implicitly with
A because of the condition o > r|[ATA||. On the other hand, note that the approximation of
(L6al) to the primeval x-subproblem ([.2al) is less accurate when o is larger, because of the higher
weight of the additional quadratic term 1|z — 2*||% with G = oI, — 7ATA. When [|AT A is
large, o is forced to be large, and the consequence is that the step size for solving (L.6al) becomes
small and it is doomed that more outer iterations are needed, despite that the inner iterations
can be avoided. In [20], it is shown that the best bound of o is 0.75 - 7||AT A|| to ensure the
convergence of (LH]), while the mentioned difficult remains if || AT A| is too large.

There is another algorithm that can be applied to the problem (I1]), and #(z) and A can
be decoupled in its implementation. More specifically, let us consider the Lagrangian function
of (LI) and its saddle-point reformulation, and then apply the primal-dual method proposed
in [5]. With some tedious details skipped, the resulting iterative scheme can be written as

2! = argmin{6(z) + %Hx — (=% + %AT)\'“)H2 |z e x}. (1.7a)
AL %(A(2$k+l — %) — ), (1.7b)

where r > 0 and s > 0 are parameters for the primal- and dual-variable subproblems, respec-
tively. In (I.7al), 6(z) and A are also decoupled, and this subproblem is also reduced to Proxp(z)
when X' = R™. Nearly at the same time as [5], the primal-dual method proposed in [5] was
explained as an application of the classic PPA in [22], and then this PPA explanation has been
used to analyze the convergence for variants of the primal-dual method (7)), as well as other
first-order algorithms, in the literature, see, e.g. [2[7,29]. To ensure the convergence of ([L.7)), as
analyzed in [5], the condition

rs > ||AT A (1.8)

is required. Following the PPA explanation in [22], the condition (L.8]) is used to ensure the
positive definiteness of the matrix that is used to definite the underlying PPA. We refer to,
e.g. [5L6L22,24] for some efficient applications of the primal-dual method (L7)) to some image
reconstruction problems whose corresponding ||AT A|| is small. Therefore, despite that the ob-
jective function #(z) and the coefficient matrix A are decoupled in notation, the subproblem
(L7ral) is correlated implicitly with A because of the condition (L8])). Clearly, the same difficulties
as those for implementing the PALM (L)) should be tackled if ||AT A|| is too large.

Our main purpose is to balance the subproblems of the classic ALM (2] such that both
subproblems could be easy for some applications. More specifically, let » > 0 and § > 0 be
arbitrary constants; and define the positive definite matrix Hy € R™*"™ as

1
Hy = (;AAT +61n). (1.9)
Then, with ¢& := 2% + %AT)\"f , the classic ALM (.2)) for the problem (L)) is balanced as

(Balanced ALM) e = argmin{@(;p) + %Hx - Q'5H2 ‘ T € X}, (1.10a)
AL = AP = Hy (A2 — 2b) — b). (1.10b)

Hence, for the model (L)) with X = R", the balanced ALM (II0) is reduced to

2*+ = Proxj(qh), (1.11a)
AL = \E _ HL (A2 — Ry — b, (1.11b)



In the a-subproblem (LI0al), it is easy to discern that 6(x) and A are decoupled while the
parameter r is not restricted by any condition related to ||AT A|| explicitly or implicitly, and
thus it could be as easy as estimating Proxj when X = R". Moreover, the A-subproblem (L.10D)
is still very easy though it involves the matrix A and thus becomes slightly more difficult than
(L2D) or (L7H), see Remark 2.1 for more details. In this sense, the subproblems of the classic
ALM (L2) are balanced in (LI0). Obviously, the balanced ALM (I.I0) enjoys the proximity-
induced feature while it can avoid possible tiny step sizes for the subproblems (L.I0al) even when
|AT A|| is large. This is an essential difference of the balanced ALM (LI0) from the PALM
(CH) and the primal-dual method (7). We consider the balanced ALM (I.I0) a necessary
supplement to the classic ALM (I.2)), especially for the case where Proxj(x) has a closed-form
representation but ||AT A|| is large.

The rest of this paper is organized as follows. We state the model to be considered and
generalize the balanced ALM ([LI0) for this model in Section 2l Then, we conduct convergence
analysis for the balanced ALM in Section [3l In Section ] we extend our discussion to separable
convex programming models and propose a splitting version of the balanced ALM. An alternative
strategy for balancing is discussed in Section[5l In Section[6l from the PPA perspective, we briefly
discuss how to further generalize the algorithms to be proposed in Sections PIfl Finally, some
conclusions are made in Section [7}

2 Model and algorithm

Note that the classic ALM (L2)) was proposed in the context of the canonical convex program-
ming model with linear equality constraints (I.I]). Despite that our initial aim is to consider
the balanced ALM (LI0) for the model (I.1l), the balanced ALM (LI0) does can be general-
ized to the more general convex programming model with both linear equality and inequality
constraints. We thus present our work in a more general setting as below.

2.1 Model

Instead of (ILT]), let us consider the following more general convex programming model with
both linear equality and inequality constraints:

min{f(z) | Az =b (or > b), x € X}, (2.1)

in which the setting is same as ([L1]) except that the linear inequality Az > b is also included.
The solution set of (2] is assumed to be nonempty throughout our discussion. With the
consideration of the more general model (ZII), the applicable range of the algorithm to be
proposed is thus wider than that of the classic ALM (L.2)).

2.2 Algorithm

Now, let us generalize the balanced ALM (L.I0) to the model (2ZI]), and the name remains for
simplicity. Recall that our main purpose is to balance the subproblems in the classic ALM (L.2)).



Algorithm: the balanced ALM for (2.1
Let 7 > 0 and 6 > 0 be arbitrary constants; Hp be defined in (I9]). Denote

1
q = a2h + ZATAF and sf = A(2zFT1 — 2F) —b.
r
Then, with (2, \F), the new iterate (z¥+1, \¥+1) is generated via the following steps:

2 = argmin{0(z) + gux — | |« € X}, (2.2a)

AL = arg min{%@ — XY Ho(A =A%) + (s5)"A [ A € A (2.2b)

Remark 2.1. It is easy to see that the balanced ALM (Z2) is reduced to the aforementioned
(LI0) if the model (I1) is considered. In particular, we have A = R™ and thus the subproblem
(2.28) is reduced to finding \*+1 such that

Ho(\ — \F) = —sb.

When Az > b is considered in ([2.1]), we have A = R7*. For this case, the subproblem (2.2h)) is
reduced to the standard quadratic programming with non-negative sign constraints

1
min{i()\ — MY Ho(A = N) + (s§)"A [ A e v 1,
or equivalently, the linear complementarity problem
0< XA L {Ho(A— ) +sf} >0.

Recall that the matriz Hy defined in {I.3) is positive definite and it can be well conditioned with
appropriate choices of r and 6. Hence, it is extremely easy to decompose Hy, e.g., by the Cholesky
decomposition. Then, many benchmark solvers including the well-known Lemke algorithm and
conjugate gradient method, can be found in various textbooks (e.g., [15,128,133]), monographs

(e.g., [9]), and papers (e.g., [T7,[18]).

Remark 2.2. Recall that the balanced ALM (2.3) is featured by the fact that the function 6(z)
and the coefficient matriz A are decoupled without any explicit or implicit condition related to
A in (22d). Compared with the PALM (1.7) and the primal-dual method (1.7), the balanced
ALM (Z2) also has two parameters, 6 and r, whose only restriction is their sign. As we will
show in Section[3, the only essential role of § is to theoretically ensure the positive definiteness
of the corresponding matriz H as defined in (377). Therefore, there is no particular motivation
to tune d for different applications, and it can be just fixed as a small value beforehand. For the
parameter r, just as the same parameter in the classic ALM (I3), there is full-extent flexibility
to tune this parameter. Certainly, how to tune r depends on the specific model and dataset under
discussion, whilst there is no generic and unified theory to determine the optimal choice for all
cases.

3 Convergence analysis

In this section, we prove the convergence of the balanced ALM (Z2]), and estimate its worst-case
convergence rate measured by the iteration complexity.



3.1 Variational inequality characterization of (2.1])

Following our previous works [22]23], our analysis will be conducted in the variational inequality
(VI) context. We first derive the VI characterization for the optimality condition of the model
). Let the Lagrangian function of the problem (2.I]) be defined as

L(z,\) = 0(x) — AT (Az — b), (3.1)

with A € R™ the Lagrange multiplier. Since both linear equality and inequality constraints are
considered in ([2.1]), let us define

R, if Az = b,

R, if Az > 0. (3.2)

Q:=X x A where A::{

The pair (z*,\*) €  is called a saddle point of the Lagrangian function (3.I]) if it satisfies the
inequalities
L)\EA($*7 )‘) < L(ﬂj‘*, )‘*) < Lmex\,’($v )‘*)

Alternatively, we can write these inequalities as the following VlIs:

e X, 0(x)—0(z*)+ (v —2*)T(~ATN*) >0, VzeAX,
{A*em A= AT (Az* —b) >0, VA€A, (3.3)
or in the compact format
w* € Q, O(z)—0(z")+ (w—w)Flw*) >0, YueQ, (3.4a)
where . TN
oo (1), ro () i ocaxa o

Note that the operator F' defined in (3.4D) is affine with a skew-symmetric matrix and thus we
have
(w — )T (F(w) — F()) = 0. (3.5)

We also call ([34]) a monotone mixed variational inequality because the function 6 is convex and
the operator F' has the property ([B.5). We denote by ©Q* the solution set of the VI (34)); it is
also the set of the saddle points of the Lagrangian function (B.).

3.2 Contraction

We need to show that the sequence generated by the balanced ALM (2.2]) is contractive with
respect to 2%, the solution set of the VI ([B4]). This is the key property to ensure its convergence.
Before that, let us recall a basic lemma whose proof is elementary and can be found in, e.g., [1].

Lemma 3.1. Let X C R" be a closed convex set, 6(x) and f(x) be convexr functions. If f is
differentiable, and the solution set of the minimization problem

min{f(z) + f(z) |z € X}
1s nonempty, then it holds that
z* € argmin{f(x) + f(z) |z € X} (3.6a)

if and only if
reX, Ox)—0(z")+ (x—z)IVF(z*) >0, Vaedi. (3.6b)



To show the contraction property of the sequence generated by the balanced ALM (2.2)), the
first step is to fathom the difference of an iterate generate by the balanced ALM (2.2)) from a
solution point w* € Q*. Recall the definition of Hy in (IL.9)). Let us define

T
o (T _ (A (3.7)
-\ A -AaAT+61, )\ A Hy ) '
r
Proposition 3.1. The matriz H defined in (377) is positive definite.

Proof. Notice that
rl AT Vrl
[ 0 0\ n - 0
H_<A EAAT>+<0 5Im>_ 14 (Vi /347 + <o 51)
r T

for any w = (z,A) # 0. Thus, we have

w'Huw = ||v/rz + /TATA|* + 5|7 > 0,

and therefore the matrix H is positive definite. O
In the following theorem, we will express the difference of an iterate generated by the balanced
ALM (22 from a solution point w* € Q* in the context of VIs.

Theorem 3.1. Let {w* = (2, \¥)} be the sequence generated by the balanced ALM Z2) and
H be defined in (3.7). Then we have

e, 0(x)-0@)+(w—uw*HTF) > (w—uw")THwW"—w* ), Ywe Q. (3.8)

Proof. According to Lemmalf3.1] the solution 2% of the subproblem (ZZal) can be characterized
by the VI

Mlex, 0(z)— 0"+ (z - ka)T{—AT)\k + r(aft — :Ek)} >0, Vz e X.
Then, for any unknown A\**1, we have

e X, 0() - 0 ’“+1>+<x ’“+1>T< ATA)
2 k—i—l {7’ k+1 —i—AT()\k N )\k+1)}7 Vere X. (39)

Similarly, because of Lemmal[3.I] the solution A**! of the subproblem (Z.2B) can be characterized
by the VI

AL e A, (A — Ak+1)T{ <A[2:pk+1 . b) + Ho(AF 1 — A’f)} >0, VAeA.
Recall the definition of Hy in (L9). We thus have

)\k—l-l c A, ()\ _ )\k+1)T(A$k+1 _ b)
> (A= WO L(A@R — 21 4 (%AAT 07, ) (F — A}, VA€ AL (3.10)

Combining ([3.9]) and (B.I0]), and using the notation in (3.4]), we obtain the assertion (3.8). O

In the following theorem, we will prove an important inequality which measures the difference
of an iterate generated by the balanced ALM (2.2)) from a solution point w* € Q* more explicitly
by H-norm-induced distances. This inequality is also the basis of estimating the convergence
rate measured by the iteration complexity for the balanced ALM (2.2]).



Theorem 3.2. Let {w* = (2, \¥)} be the sequence generated by the balanced ALM 2.2) and
H be defined in (377). Then we have

0(z) — 0(z") + (w — W HTF(w)

1
> Sl = w i — o —w*|F) + Sllw* — w0, vwe Q. (3.11)

N =

Proof. It follows from (3.5]) that

(w _ wk-i—l)TF(wk-l-l) — (w _ wk“)TF(w),
and thus the left-hand side of (3.8)) equals

0(z) — () + (w — T F(w).
Consequently, because of ([B.8]), we get
Wl e Q, 0(x) —0(F") + (w — W THTF(w) > (w — " HTH@W" —w ), vwe Q. (3.12)

Applying the identity

B H (b~ a) = S {Ibl3 — llal} + 5l — bl
to the right-hand side of B12) with a = w — w* and b = w — w**!, we thus obtain

(w o wk-i—l)TH(wk _ wk-l—l) _ k+1||%1 o

1
(lw = w lw = whlF) + 5l =t (3.13)

Substituting ([B.I3]) into the right-hand side of (B.12]), we prove the assertion (B.1TI). O
Now, with Theorems B.1] and B:2] the contraction property of the sequence generated by the
balanced ALM (2.2]) with respect to 2* can be proved.

Theorem 3.3. Let {w* = (2, \¥)} be the sequence generated by the balanced ALM (Z2) and
H be defined in (37). Then we have

Hwk—l—l - ’W*H%{ < Hwk - w*H%{ - Hwk o wk-l—l”%b V' e OF. (314)

Proof. Setting w in (BI1]) as any fixed w* € Q*, we get

lw® = w* [ = = w*[F — [Jw® - W

> 2{9(mk+1) — O(x*) + (Wt — w*)TF(w*)}, Yw* € QF.

Since w* € Q* and wkt! € Q, according to (3.4), the right-hand side of the last inequality is
non-negative. Thus, the assertion of this theorem follows directly. O

3.3 Convergence

With the contraction property established in Theorem [B:3] it is easy to prove the convergence
of the sequence {w*} generated by the balanced ALM (2.2).

Theorem 3.4. Let {w* = (2, \*)} be the sequence generated by the balanced ALM (Z2) and
H be defined in (3.7). Then, the sequence {w*} converges to some w™ € Q.



Proof. First of all, it follows from (3.I4)) that the sequence {w*} is bounded and

Jim_ w® — wh L3, = 0. (3.15)

Let w™ be a cluster point of {w*} and {w*} be a subsequence converging to w™. It follows
from (B.8) that

whi e Q, 0(x) — 0(z") + (w — )T Fwh) > (w— w)TH@W" =t —wh), Yweq.

Since the matrix H is positive definite, it follows from (B.I5]) and the continuity of 6(x) and
F(w) that
w® € Q, 0(x) —0@®) + (w—w)TFw>®) >0, YweQ.

This VI above indicates that w®™ is a solution point of ([B.4]). Finally, because of ([B.14]), we have
[l — < flw® —w|F,

and thus {w*} converges to w™. The proof is complete. O

3.4 Convergence rate

Following the VI-based technique established in our earlier work [23], we can estimate the worst-
case O(1/t) convergence rate measured by the iteration complexity for the balanced ALM (2.2])
where ¢ is the iteration counter.

Let us recall some necessary details which can also be found in [23]. If @ is a solution point
of the VI (3.4]), then we have

e, O(x)—0(F) + (w—w)F(w) >0, YweQ.
Because of ([3.5]), w also satisfies
e, O(x)—0(F) + (w—w)Fw) >0, YweQ
Thus, for given € > 0, w € Q is called an e-approximate solution of VI (3.4)) if it satisfies
WeQ, §(z)—0(F)+ (w—b) Flw) > —€, Vwe D), (3.16)

where
Diay = {w € Q| w — @] < 1}.

Thus, to establish the worst-case O(1/t) convergence rate for the balanced ALM (2.2]), we need
to show that, for given ¢ > 0, after ¢ iterations, we can find w € €2, such that

w e, and s%p {6(z) — 0(x) + (w0 — w)TF(w)} <e=0(1/t). (3.17)
weD ()

We present this result in the following theorem.

Theorem 3.5. Let {w® = (2, \*)} be the sequence generated by the balanced ALM (Z2) and
H be defined in (37). For any integer number t > 0, if we define

o1 k41
Wy .—t+1Zw , (3.18)

t
k=0

then we have

Wy €Q,  0(3) — 0(x) + (w0 — w) Fw) <

1
< 3T T Jw—w’|F, Vwe Q. (3.19)



Proof. First, it follows from (B.I1]) that, for all £ > 0, we have

—_

leq, 9(x)—0(a:k+1)+(w—wkH)TF(w)—i—%Hw—wkH > 2w w2, v € 0. (3.20)

[\

Summarizing the inequalities (3.20) over k = 0,1,...,t, we obtain
k+1) : k+1 1 0|2 0
(t+1)0 ZH <t—|—1w kZ:Ow > EHw—wHHEO, YVw € Q.
It follows from (BI8]) that

t

1 k+1 ~ T 1 02
Y ];)6(33 ) — 0(x) + (0 — w)TF(w) < m”w —w’|%, VYwe. (3.21)
Note that @; defined in (3.I8) is a convex combination of all iterates w® for k = 0,--- ,¢, and
0(z) is convex. We thus have
t
- 1 k1
PR Y
t+1 prt
and also .
1
0(2) < —— Y O(a*).
(@) < g Do 0GR
k=0
Substituting it into (3.21]), the assertion (B.I9]) of this theorem follows directly. O

Then, because of ([B.I7), the inequality ([B.I9) indicates that w; defined in ([BI8]), which is the
average of the first t iterates generated by the balanced ALM (2.2]), is an approximate solution
of the VI (84) with an accuracy of O(1/t). Hence, the worst-case O(1/t) convergence rate
measured by the iteration complexity is established for the balanced ALM (2.2]) in the ergodic
sense.

4 Splitting versions of the balanced ALM (2.2]) for separable
convex programming

The classic ALM (I.2]) plays an extremely influential role in solving various separable cases of
the generic model (1)) when the objective function of such a model can be represented as the
sum of multiple functions without coupled variables. For these separable models, the classic
ALM (L2) has been adapted into various splitting versions by decomposing the primeval z-
subproblem ([.2al) into smaller ones. These splitting versions take advantage of the separable
structure in the model more effectively; the decomposed subproblems are usually easier in the
sense that each of them only needs to tackle one function component. For various applications
including the mentioned sparsity- and low-rank-promoted ones in data science domains, splitting
versions of the ALM ([.2]) may generate subproblems that are easy enough to have closed-form
solutions. Among various splitting versions of the classic ALM (.2)), the most popular one is
probably the mentioned ADMM in [I3], which suggests splitting the xz-subproblem (I.2al) into
two sequentially when the model (I.I]) has a two-block separable structure.

In this section, in parallel with the successful legacy of the classic ALM (I.2]) and its splitting
versions, we also discuss how to design splitting versions for the balanced ALM (Z2]) when the
model (2.1]) is separable. For succinctness and without ambiguity, we reuse some letters and
notation as those in Sections 2] and Bl

10



4.1 Model

Let us consider the separable convex programming model with both linear equality and inequality
constraints

P P
min{z 0i(;) | ZAixi =b(or>0), z; € Xi}, (4.1)
i=1 i=1

where 0; : R — R, i =1,...,p, are closed proper convex functions and they are not necessarily
smooth; X; C R™ 4 = 1,...,p, are closed convex sets; A; € R™*™ ¢ = 1,...,p, are given
matrices; and b € R™ is a given vector. The model ([4.1]) can be regarded as an extension of the
model (2)) from p = 1 to p > 1. Let us only consider the multiple-block separable case with
p > 2 for ([4J]). Similarly as ([B.2]), we reuse the letters and define

P §Rm, if P_ Ai$i = b,
Q= H X x A where A= 2=t (4.2)
i=1 %T, if Zle Az$z Z b.

4.2 Algorithm

Now, we extend the balanced ALM (2:2]) to the multiple-block separable convex programming
model ([@1]) and present a splitting version of (2.2]) below.

Algorithm: A splitting version of the balanced ALM (2.2) for (4.1))
Let r; >0 fori=1,2,--- ,p, and § > 0 be arbitrary constants. Define

p
1
Hy=>" ;AiAiT + 61, (4.3)
i=1""

1 p
@ =ak+ fATAk, fori=1,2,---,p; and s = ZAZ-(Z:E?H —aF) —b.
i=1

T
Then, with w¥ = (2}, 25, -, 2k, AF), the new iterate w+! = (kb LT AL s
generated via the following steps:
. T .
xf“ € argmm{@i(a:,-) + 52”% — quQ | z; € X,-},z =1,2,---,p; (4.4a)
1
Mo+l — arg min {i(x —“MOTH, A =2 + (O TN e A} . (4.4b)

Remark 4.1. The subproblems in ({{.4) are of the same structure as those in (2.3). For the x;-
subproblem ({.4d), the function 0;(x;) and the coefficient A; are decoupled without any explicit or
implicit condition related to A;, and thus it is also reduced to estimating the proximity operator
of 0;(x;) when X; = R". In addition, the A-subproblem (4.4Y) is a positive definite system of
linear equations or a standard quadratic programming with non-negative sign constraints. Note

that all r;’s have no other restriction than the sign requirement. Hence, the algorithm ({{))
keeps all features of the balanced ALM (2.2).

Remark 4.2. For generality, we consider different r; for different x;-subproblems. They can be
identical for simplicity. Similarly as the balanced ALM (22), to implement the algorithm ({{-4)),
empirically we can fix 6 as a small positive constant throughout.

11



4.3 Convergence analysis

In this subsection, we follow the analysis in Section [Bland prove the convergence of the splitting
version of the balanced ALM (4.4)).

4.3.1 Variational inequality characterization of (4.1])

For convergence analysis purpose, we also need the VI characterization for the optimality con-
dition of the model ([A1]). Let A € R™ be the Lagrange multiplier of (4.1l and the Lagrangian
function of the problem (.I]) be defined as

L(zi,...,zp,A) = Z O;(x;) — AT <Z Ajzi — b). (4.5)
i=1 i=1

Similarly as Section[B.I] we reuse the letters and know that finding a saddle point of L(z1, ..., zp, A)
can be written as the following VI:

w*eQ, 0z)—0z")+ w—w)Fw) >0, YweQ, (4.6a)
where
I —A{)\
. 1 P .
w = x-p cox=| |, 6= ;ei(%), F(w) = _AgA , (4.6b)
A Tp - P A
i=1 Aiti —b

and  is defined in (£2]). Again, we denote by Q* the solution set of the VI (4.0)).

4.3.2 Convergence

Let us recall the proofs in Section [B] for the convergence of the balanced ALM (2.2]). It is easy
to see that the crucial step is to identify the difference between an iterate and a solution point
by the inequality (B.8]) in Theorem B, in which the matrix H should be positive definite as
proved in Proposition Bl so that the difference can be measured by distances defined by the
H-norm. After Proposition B.I] and Theorem [B] are proved, the remaining part of the proof
for the convergence as well as the worst-case convergence rate is subroutine. Hence, to prove
the convergence of the splitting version of the balanced ALM (44]), we only need to prove an
inequality similar as (B.8]) in which the accompanying matrix is also positive definite.

Proposition 4.1. Letr; > 0 fori=1,2,--- ,p, and § > 0 be arbitrary constants. The matriz
defined as
ril,, 0 0 AT
0
0 0 rply, Ag
p
1
A o A Z;AiA;M&Jm
i=1 "

1s positive definite.

12



Proof. Note that

i=1
where
TzInl AT \/T—ZITLZ
1
H; = = ( - T, —A] )
T
1 T
. — A A 1
A; - A A; A
T
For any w = (x1,...,2p, \) # 0, we have
P 1 9
w'Hw =Y H\/r—a: + \/—AZT)\H +SA2 > 0.
i=1 Ti
Hence, the matrix H is positive definite. O
Theorem 4.1. Let {w* = (x’f, , ’;,)\k)} be the sequence generated by the balanced ALM

#A) and H be defined in (4.7). Then, we have
Heq, 0@)—0"")+(w—uw*HTF(Ww*t) > (w—uw*"HTHW* - ), Ywe Q. (4.8)
Proof. According to Lemma [31] for : = 1,2,...,p, we have
e e Xy 0i(x) — 0;(FF) + (- T ATNE 4oy (2T — 2B} >0, V€ A

Then, for any unknown A**!, we have

xf“ € X, 6;(x;) — Hi(xfﬂ) + (x; — a:'-”l)T(—AT)\kH)

(2

> (x; — fo)T{m(xf — :Ef“) + AT(\F — )\kH)}, Ve, € X, (4.9)

Also because of Lemma B A**! generated by ([@4h)) is characterized by the VI
P
1
N e A (A AR {(ZA b —al]-b)+ (3 T—AiAZ-TJréIm) (X9} >0, vaea
i=1 "

It can be rewritten as

S|

= A, (- )\k—i-l T<Z A2$k+1 >

(2

p p
> (A — Ak“)T{Z Ayl — ) 4 (Z %A,AZ-T + 5Im) (\F A’f“)},\m € N4.10)
i i=1 "

Combining (49]) and (@I0)), and using the notation in (46]), we prove the assertion (£8). O

As mentioned, based on Proposition 1] and Theorem [A.1] similar conclusions as Theorems
can be trivially proved. Thus, convergence results similar as those in Section [B] can be
obtained for the splitting version of the balanced ALM (4.4]); we omit the details for succinctness.

13



5 An alternative strategy for balancing

The balanced ALM (22)) can be generalized to the splitting version (£4)) if the model under
discussion is changed from the one-block case (2) to the multiple-block case (@Il). There
are other ways for the generalization, in addition to the technique introduced in Section @l In
([#4]), we see that each of the z;-subproblems does not involve any quadratic term in form of
%||A;z; — ¢F||? so that it can be reduced to estimating the proximity operator of 6;(z;) when
X; = R™. In this sense, all such x;-subproblems are preferred when it is easy to estimate the
proximity operator of 6;(x;). On the other hand, all A;’s are aggregated in the A-subproblem
(£4D)) because of the matrix H,, defined in (£3)). For some cases where some or all || AT 4;|| are
large (or, some or all A;’s are ill-conditioned), it is preferred to consider alleviating the quadratic
programming problem (€4h) by removing such AT A; from H,. Hence, from methodological
point of view, it is also interesting to ask if we can keep terms in form of %||4;z; — ¢F|* for
some x;-subproblems (£4al), and meanwhile remove the corresponding A,AZT from the matrix
H, in (£3)) so that the A-subproblem (£.4D]) becomes easier. Accordingly, we propose to revise
the splitting version of the balanced ALM (Z4]) such that some z;-subproblems are in form of

. T
a:f“ € argmm{@i(xi) + éHA,xZ — quz | z; € Xi},
with qf a certain constant vector, and the corresponding A,-AiT is excluded in the A-subproblem
(£4D)). This idea provides an alternative strategy for balancing the generated subproblems, and

it enables a user to determine how to balance the difficulty of subproblems in accordance with
the specific functions 6;’s, coefficient matrices A;’s, and sets X;’s for a given application.

5.1 Model

For succinctness of notation, let us just take the special case of (£l with p = 2 and only linear
equality constraints to illustrate our idea:

min{@l(azl) + 92(%2) ‘ Ala:l + Agxg = b, xr1 € Xl,xg € XQ}. (51)

Again, without ambiguity, some letters and notation are reused.

5.2 Algorithm

An alternative splitting version of the balanced ALM (2.2]) for the specific model (5.1J) can be
presented as below.

Algorithm: An alternative splitting version of the balanced ALM for (5.1))
Let r > 0, s > 0 and § > 0 be arbitrary constants. Define

1 1
Hy = gAQAQT + (= + ) I, (5.2)

1
@& = ab+ ;Ag)\k and s§ = Ay (225 — a%) 4+ Ag (205 — 28) —b.

Then, with w* = (¥, 25, \¥), the new iterate w*+! = (:Elfﬂ,xgﬂ, A1y s generated via the
following steps:

. /r‘ 5
it = argmin{6; (z1) — 2] ATAF + A (e — #)|1? + gl = i[* |21 € X}, (5.3a)

. S
xl2f+1 — argmln{HQ(xQ) + §Hx2 — qé“Hz ‘ T9 € XQ}, (5.3b)

AL = arg min{%()\ — NV Ha(A = M) + (s5)"A [ A € A}- (5.3c)

14



Remark 5.1. In the algorithm (5.3), we see that only the xo-subproblem (5.3H) can be reduced
to estimating the proximity operator of Oy if Xo = R"2, while the x1-subproblem ([B.3d) is not
proximity-induced because the term ||Ay(xy — x¥)||? is kept. As a balance, the matriz Hy de-
fined in [52) which determines the quadratic programming problem ({5.3d) does not involve Aj.
In this sense, the x;-subproblems and the A-subproblem are balanced in another way. For the
generic model ({{.1]) with p > 2, the splitter version of the balanced ALM ({{.7]) can be revised in
the sense that some of its x;-subproblems are flexibly chosen to keep the terms ||A;(z; — x¥)]|?
whilst the quadratic term determining the \*-subproblem does not involve the corresponding A;’s.
Thus, different algorithms with different balanced subproblems can be designed analogously. The
algorithm (2.3) is just the simplest illustration with p = 2 for this philosophy.

5.3 Convergence results

As mentioned, to prove the convergence of the algorithm (5.3]), we just need to prove an inequality
similar as (8.8)) in Theorem [B.J] and show that the accompanying matrix is positive definite.

Proposition 5.1. Let r > 0, s > 0, and § > 0 be arbitrary constants. Then, the matrixz defined

as
rAT Ay +61,, 0 AT
1s positive definite.
Proof. Note that
rAl Ay +0L, 0 Af 0 0 0 00 0
T
A 0 —In 0 Ay =—AyAY 0 0 6,
r S

For any w = (x,y,\) # 0, we have

w"Hw = (|[vidia -+ S|+ 8lal2) + |vay+ 245N+ s1a2 > o.

Thus, the matrix H is positive definite. O

Theorem 5.1. Let {w* = (2%, 25 \¥)} be the sequence generated by the algorithm (53) and H
be defined in (54). Then, we have

Wt e Q, O(u)— 0 + (w—w*THTF(*) > (w—w*THTH(w* —w* ), Yw e Q. (5.5)
Proof. According to Lemma 3.1 z¥*! generated by (5.3al) is characterized by the VI
ot e xy, 91(:E1)—01(:E'f+1)—|—(:131—:E'fH)T{—A{)\k—I—(rA{Al +5)(:17'f+1—:17'f)} >0, Vo € X).
Then, for any unknown A\**!, we have

it e Xy, Oi(x1) — Oo(2} ) + (w1 — 2 THT(—ATAM)
> (1 — i THH (rATAL + 6) (2f — 2T + AT(F = N} Vay € 1. (5.6)

Analogously, it follows from Lemma B.1] that :ESH generated by (B.3D)) can be characterized by
the VI

2T Xy, On(x2) — O (25T + (g — xéH)T{—Ag)\k + s(zhtt :17’5)} >0, Vo e X,
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Then, for any unknown A\**!, we have
w5t € Xy, Oa(ma) — Oa(a5™h) + (g — 2h )T (—AZNY)
> (w2 — 2T s(ah — 2T + AT = N Vas € X, (5.7)

Similarly, according to Lemma 3.1, \**! generated by (5.3d) is characterized by the VI: Finding
M+l e A such that

(A—A’f“)T{ <A1 [2:n'f+1—:n'f]+A2[2:n'§+1—x§]—b>+(%A2Ag+(%+5) Im)(A’f“—A’f)} >0, VA€ A.
It can be rewritten as
NHLe A, (A= MOT (At 4 Aga§™ — )
> (A= MLy = )4 Aok — a5+ (S A0ATH (4 0) 1) OF ) ], (59)
for all A € A. Combining (5.6), (5.7) and (5.8]), and using the notation in ([B.4]), we get the
following assertion. O
5.4 Comparison with linearized versions of the ADMM

It is interesting to compare the proposed algorithm (5.3]) with the well-known linearized versions
of the ADMM. For the model (5J), the original ADMM scheme reads as

2t € arg min{f; (z1) — T ATk 4 Sl Arzy + Apzk — b||? |z € 21}, (5.9a)
a5t € arg min{ 0 (zs) — 23 A3 NF + %HAla;]fH + Agwy — b|” | 22 € X}, (5.9b)
MNFL = \F (Aot 4 Agah ™t —p), (5.9¢)

in which r > 0 is the penalty parameter and A € R is the Lagrange multiplier. The first
proximal version of the ADMM (PADMM) which suggests regularizing both the x;- and xo-
subproblems in (5.9) with generic proximal terms was proposed in [19] (see also [10] for a special
case). For simplicity, let us assume that the z1-subproblem (5.9al) is easy but the x9-subproblem
(E.9D)) is difficult. Then, the PADMM in [I9] can be written as

Ml e argmin{ 0y (z1) — xT AT 1 sl Az + Agak — |2 | z1 € X1}, (5.10a)
bt ¢ argmin{fy(z2) — 23 A3 \F + PNAi T + Aoy — |2 + S ||la2 — 25|12 | 22 € X2}, (5.10Db)
MFL— AP (AT 4 At — b)), (5.10c)

in which G € R"2*"2 ig a positive definite matrix. Because of the same reason as mentioned for
(L5), it is interesting to consider “linearizing” the quadratic term “g | A2+ Agag — b]|?” and
thus alleviating the subproblem (5.10D) as estimating the proximity operator of fs(x2) when
Xy = R"2. Similar as (L)), this can be done by choosing G := sI,, — rAl Ay in (5.I0D). As
well discussed in the literature, e.g., [L1L211126]34L[35], for various applications arising in image
processing, statistical learning, and others, the condition

s> || AL Ay (5.11)

is required to ensure the positive definiteness of G and thus the convergence of (5I0]). Recently,
the condition (5.IT)) is further optimally improved in [21I] as s > 0.75 - 7||A} A5||. Similarly
as (L5a)) and (LTa), though 62(z2) and Ay are decoupled in notation if G' := sI,, — rAL A,
in (5.10D)), the subproblem (510D is correlated implicitly with Ay via the condition (5.IT]) or
its improved one in [2I]. Hence, efficiency of all existing linearized versions of the ADMM is
severely affected if || A As|| is large. In this sense, the algorithm (5.3]) improves existing linearized
versions of the ADMM in the sense that the zo-subproblem (5.3h]) can be reduced to estimating
the proximity operator of f if Xy = R"2, while it is not affected by ||AZ As|| and thus possible
tiny step sizes could be avoided even if | AL Ay is large.
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6 More generalized versions

In the preceding sections, the balanced ALM (Z2]) is proposed for the generic model ([21I), and
then its splitting versions (4.4]) and (5.3]) are studied for the separable models (A1) and (G.1),
respectively. As mentioned, it was shown in [32] that the classic ALM (I:2]) is an application of
the PPA proposed in [27]. In view of the generalized version of the PPA studied in [16], all the
proposed algorithms (2.2]), (£4)) and (5.3]) can be further generalized. For instance, the balanced
ALM (22]) can be generalized as

(3 :argmin{e(x)+g|yx_qgu2 |z e x), (6.12)

A = arg min{%()\ ~ AR (A — AF) 4 (B)TA | A € A}, (6.1b)
s xk ak — gk )
<)\k+1>:<)\k>—a<)\k_5\k>W1tha6(0,2), (6.1c)

where & = A(27% — 2%) — b. Clearly, the scheme (G.I) includes the balanced ALM [22) as
a special case with @ = 1. Numerically, the extra step (6.Ic) has been shown to be able to
accelerate the convergence of the classic PPA for various problems. We refer to, e.g., [3,22124],
for some empirical studies. Hence, it is motivated to consider the generalized scheme (6.I]) to
replace the balanced ALM (2:2)).

To establish the convergence of (6.1)), we just need to follow the roadmap in Section Bl
and prove some similar theorems. For instance, the inequality (3.II]) in Theorem can be
generalized as

a(0(z) — 0(i*) + (w — wk)TF(w))
a2 —a)

>
- 2

k k K k
(llw = w** G = o = w*|f) + [w? —@* |, Vw e Q.

N —

Moreover, the inequality (3I14]) in Theorem [33] can be generalized as
l* ™ — | < Jlw” — | - a2 - a)|w® — @), vu e .

Then, based on these inequalities, analogous as the analysis in Section [3l, convergence results for
the generalized version of the balanced ALM (6.1)) can be obtained trivially.

In addition, the extra step (6.Ic) can be combined with the splitting versions of the balanced
ALM (F4) and (B.3]) as well, and thus some generalized versions of the algorithms (4.4]) and
(BE3) can also be proposed. The details are omitted for succinctness.

7 Conclusions

In this paper, we reshape the classic augmented Lagrangian method (ALM) by balancing its sub-
problems. Convex programming problems with both linear equality and inequality constraints
are considered. We propose a balanced ALM for the generic case, and various splitting ver-
sions for the separable cases. The balanced ALM and its splitting versions have the common
feature that the subproblems are better balanced, and they are easier to be implemented for
various applications. The balanced ALM advances the classic ALM by enlarging its applicable
range, better balancing its subproblems, and improving its implementation. The balanced ALM
and its splitting versions substantially enhance the rich literature of the classic ALM and its
variants from a novel perspective, and open up the door to designing other application-tailored
algorithms of the same kind for more specific/complicated problems.
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