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ABSTRACT: We study the topological Gy and Spin(7) strings at 1-loop. We define new
double complexes for supersymmetric NSNS backgrounds of string theory using gener-
alised geometry. The 1-loop partition function then has a target-space interpretation as
a particular alternating product of determinants of Laplacians, which we have dubbed
the analytic torsion. In the case without flux where these backgrounds have special
holonomy, we reproduce the worldsheet calculation of the G, string and give a new
prediction for the Spin(7) string. We also comment on connections with topological
strings on Calabi—Yau and K3 backgrounds.
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1 Introduction

Topological string models with Calabi—Yau target spaces provide us with subsectors
of string theory in which certain quantities can be computed exactly. The key to
this is that (2,2) o-models with Calabi—Yau targets admit certain topological twists.
To be precise, there are two distinct twists which give the A- and B-models [1]. In
both of these models, the metric is not a fundamental degree of freedom — the A- and
B-models are theories of Kéahler and complex structures respectively — which suggests
that the resulting theories may be topological. At the quantum level, the A-model can
be defined on any Kéhler manifold, while the B-model can be defined consistently only
on Calabi-Yau targets. With these assumptions, one can show that observables indeed
do not depend on the metric and so deserve the name topological.

The connection between topological strings and geometries captured by invariant
functionals was first discussed in [2—4], where the partition function of the topological
B-model and its conjugate [1, 5-7] on a six-dimensional target space M was argued
to be encoded in the Hitchin functional for an SL(3,C) structure on the same target
space [8]. Pestun and Witten later observed that there is a discrepancy between the
two at 1-loop, and showed that the 1-loop partition function of the B-model is actually
given by the partition function of an extended Hitchin functional [9]. Generalising the
real three-form that characterises an SL(3,C) structure, this extended functional is
written in terms of a polyform which defines a generalised Calabi—Yau structure. A key



insight here was that although the critical points of the two functionals agree, at the
quantum level the fluctuating degrees of freedom of the two structures are different.
Thus, it was essential to view the target space as a background in generalised geometry
in order to match the topological B-model calculation.

One can view the above calculation by first starting with a conventional o-model
with a Calabi-Yau target space. In the large-volume limit, the worldsheet theory is
captured by an effective theory on the target space. The topological twist that leads
to the B-model corresponds to a subsector of the target-space theory described by a
generalised Calabi—Yau structure. There is a similar construction for o-models with a
G5 holonomy target space. One starts with the Gy worldsheet algebra, which contains
an extended (1, 1) supersymmetry algebra [10]. Importantly, this algebra has a ¢ = 7/10
subalgebra, known as a tri-critical Ising model, which can be used to define a topological
twist of the o-model [11]. One might expect that there is a subsector of the target-space
theory that captures this twisted sector. An attempt at constructing this theory was
made in [11], where a target-space action was proposed by starting from a Hitchin
functional for a generalised G5 x G4 structure. In this case, the 1-loop partition function
of the topological G4 string disagreed with the target-space calculation, differing by a
factor of the Ray—Singer torsion of the background G5 manifold.

The goal of this paper is to resolve this discrepancy and give a target-space interpre-
tation of the topological G4 string calculation. Rather than starting from a functional
on the target space, we follow a different path and suggest that these results can be
obtained by considering a certain double complex that arises naturally in generalised
geometry.

To be precise, we will give a double complex for G5 x (G5 that realises the BRST
complex of the topological G5 string. The degrees of freedom of the worldsheet theory
break into right- and left-moving sectors, each with their own BRST operators, with
the string states given by tensor products of these sectors. Physical states are then
cohomology classes of the total BRST operator. We will give a target-space interpretation
for each of these ingredients, culminating in an expression for the 1-loop partition function
that agrees with the worldsheet calculation of de Boer et al. [11] and a target-space
action whose BV quantisation reproduces this answer. Given the conjectured existence
of theories in seven and eight dimensions that unify the A- and B-models [2-4, 12, 13],
it seems sensible to consider how topological Spin(7) strings might also be captured
by generalised geometry. Following the same logic as for the G5 string, we make a
conjecture for its 1-loop partition function.

Our construction does not require that the target space has special holonomy, but
instead requires only the weaker condition of being a purely NSNS Minkowski background



(with metric, dilaton and B field) preserving at least N = 1 supersymmetry. In outline,
starting with an O(d,d) x RT generalised geometry description of the target space,
we show that supersymmetry implies the existence of a torsion-free G x G structures.
From these, one can construct a compatible, torsion-free generalised connection which,
together with certain projectors onto representations of G X GG, can be used to define a
pair of differentials (d;,d_). These differentials give the maps in a double complex for
G x G CO(d) xO(d) C O(d,d). After working out the Hodge theory and the analogue
of Kéahler identities for these differentials, we conjecture that a certain alternating sum
of determinants of the Laplacian defined by d= d, +d_ determines the 1-loop partition
function of the corresponding worldsheet theory. Upon restricting to honest special
holonomy backgrounds with vanishing H flux, our expression reduces to the known
result for the G5 string and the A- and B-models, and gives a prediction for the Spin(7)
string.

Though our work gives a target-space description of the 1-loop partition function
for these topological strings, we have not been able to find target-space actions that
reproduce these calculations upon quantisation in all cases. The central result of [9]
was the construction of a target-space theory based on an extended Hitchin functional
for SL(3,C) whose BV quantisation gives precisely the 1-loop partition function of the
B-model on a Calabi—Yau target. For the G5 string, a similar calculation was attempted
in [14] with less success — the quantisation of neither the conventional nor the extended
(G5 Hitchin functionals reproduced the 1-loop partition function of the G5 string. To
the authors’” knowledge, there has been no attempt to repeat this for the Spin(7) string.
In this paper, we give a target-space action whose quantisation does agree with the
(G5 string, but it is not based on an invariant functional that we are aware of. For the
Spin(7) string, we have not been able to write down a target-space action.

A summary of our results follows:

e In Section 4, we introduce a new double complex for G5 x (G5 structures on seven-
dimensional manifolds within generalised geometry. The differential operators
that appear in this double complex are defined using a generalised connection
that is compatible with the G5 x G4 structure. We show that the operators are
nilpotent and commute in the correct manner (so that they define a complex)
if the generalised connection is torsion-free, which implies that the underlying
string background is an NSNS Minkowski solution preserving at least N = 1
supersymmetry. We define Laplacians for these operators and their Hodge theory.

e We conjecture that the 1-loop partition function of the corresponding topological
string is given by a certain alternating product of determinants of the Laplace



operators acting on the double complex. In Section 5 we restrict to the case of a
(G5 holonomy background, and show that our general expression for the 1-loop
partition function agrees with the worldsheet calculation of de Boer et al. [11].

e We give a target-space action whose BV quantisation reproduces our expression
for the 1-loop partition function in Section 5.2. It does not seem that this action
comes from considering variations of an invariant functional, unlike the case of

the B-model [9].

e In Section 6 we repeat the above analysis for Spin(7) x Spin(7) structures on
eight-dimensional manifolds. We again show that one can define a double complex
provided there exists a torsion-free connection compatible with the generalised
structure, equivalent to the corresponding NSNS Minkowski background preserv-
ing some supersymmetry. In Section 7 we compute the alternating product of
determinants, and in the case of a Spin(7) holonomy manifold conjecture that
this gives the 1-loop partition function of the Spin(7) string. We find it to be

Zl = (det 'Al)_l(det 'A7)(det /Azl)_l/Q(det /A27)_1/2, (11)

where A, is the Laplacian acting on the r representation of Spin(7) and det’ is
the (-regularised determinant.

e We outline in Section 8 how our formalism applies to the A- and B-models with
flux and show that the relevant Laplacian is associated to the Lie algebroid defined
by the corresponding generalised complex structure, agreeing with [15]. We also
comment on topological strings on K3 surfaces where one finds that the 1-loop
contribution is trivial.

We begin with an overview of the worldsheet theories for the A- and B-models, G5 and
Spin(7) in Section 2. We then review the complexes that one can define on manifolds
with G-structures and outline their Hodge theory in Section 3, before moving onto the
results outlined above. The appendices contain our conventions and useful identities, a
discussion of determinants and partition functions, and a quick review of O(d,d) x R*
generalised geometry.

2 Review of topological strings

Since we will be proposing a target-space interpretation of various topological theories,
we will first spend some time reviewing topological strings from the worldsheet, starting



with the well-known A /B-models [1, 5, 7, 16] and then moving on to the topological G
[10, 11, 14, 17] and Spin(7) strings [10].

In each of these cases, special holonomy of the target space implies the existence of
an extended worldsheet symmetry which allows a twisting procedure that renders the
theory topological. In brief, one looks for an operator p, often related to the extended
symmetry, with which to ‘twist’ the energy-momentum tensor

T — Tiwist ~ T + 0°p, (2.1)

such that the central charge ¢ of the twisted theory vanishes. This twisted energy-
momentum tensor endows operators of the theory with new charges under Lorentz
transformations. Interestingly, the twisting operator p is intimately related to the
spectral flow operator, or analogues thereof, which is used to generate target-space
supersymmetry.

Next, one looks for a nilpotent scalar! operator Q:

Q*=0. (2.2)

Typically, @ is built from the supersymmetry generators and then identified as the
relevant BRST operator. One then requires that Tiyis is & Q-trivial operator.? This
is usually done by requiring the action to be written as a (Q-exact piece, plus terms
independent of the target-space metric. If this is the case, one can use localisation
techniques to obtain exact results for correlators by evaluating them on fixed points
of the BRST symmetry [1]. We further require that physical operators fall into Q-
cohomology classes. These physical fields form a closed ring under the OPE, called
the chiral ring, which is often related to certain cohomological data of the target space.
The chiral ring generates certain highest-weight states in the NS sector, which can be
related to the R sector ground states through spectral flow.

For closed topological strings, one has independent left- and right-moving sectors.
States of the theory are built from tensor products of left- and right-moving states, and
the BRST operator can be split into a left- and a right-moving operator

Q = QL + QR7 Q% = Q% = {QL7 QR} =0. (23)

Grading the states by left- and right-moving fermion number (p,q), we find that

! This is a scalar with respect to the twisted Lorentz symmetry.
2A necessary condition for this is that the central charge vanishes, hence the need to look for a
Tiwist With vanishing central charge.



observables fit into a double complex

Qr
sy Or—la L) Ora L) Opatl (2.4)
Qr

This double complex is understood for the A/B-model [15]. It is the main goal of this
paper to show that there is a nice target-space interpretation of (2.4) for any topological
string with a special holonomy target space, at least in the infinite-volume limit, and that
the 1-loop partition function of the worldsheet theory calculates a particular quantity
of the double complex that we have dubbed the analytic torsion.

We will now go into more detail about the twisting procedure and the cohomological
structure of the topological string for A/B, G5 and Spin(7) strings.

2.1 The A- and B-models

When the target space M is Kéahler and the H-flux vanishes, the worldsheet supersym-
metry is enhanced to N = (2,2). This symmetry is built from a left-moving and a
right-moving sector which each have an energy-momentum tensor 7', two supercurrents
G*, and a U(1) current J. The 4 on the supercharges correspond to their charge under
the U(1). We will denote fields in the right-moving sector with a bar.

After the usual mode expansion, the relevant commutators for the left-moving sector

are
C
[Lm7 LTL] = (m — n)Lm_m -+ E(mg — m)6m+n’0, (25)
[Lm7 G7:’|L::I:a] = (%m -—n+ CL) G’r:‘r:z—l—n:ta? (26)
(Lo, Jo] = —1psm, (2.7)
C
[Jma Jn] - §TTL 5m+n,0; (2 8)



[va Gi ] = j:G;lr:z—i-n:l:a’ (29)

nta

and similarly for the right-movers. Strikingly, if one defines a twisted energy-momentum
operator via
Towise =T + 20, (2.10)

then the new modes L,, = L,, — %(m + 1)J,, satisfy

(Lny Ln) = (m = n) Ly, [Lo, G, ] = 0. (2.11)
Hence we see that the central charge of the twisted algebra vanishes, and the supercharge
GJ_F1 /9 is a scalar with respect to the new Lorentz symmetry. We can therefore use it as
the left-moving BRST operator.
Given this twist, there are two inequivalent twists of the right-moving sector given
by [18]
Tiwise = T + 20J, (2.12)

where upper sign corresponds to the B-model and the lower leads to the A-model. Both
twists result in algebras with vanishing central charge, but with different nilpotent scalar
operators. One then finds that the relevant right-moving BRST operators are

(L, G, )] = 0. (2.13)

—1/2
The total BRST operators for each model are then
Qa=Gt ,+G, Q=G ,+G (2.14)

One can then examine the cohomology of local observables in each case.
Let us also briefly note how this twist is related to spectral flow. This is a symmetry
of the algebras given by

L7 = L, +nJ, + §7725n,o, (2.15)
GZia = GT:‘L:i(a—i—n)’ (216)
TV = J, + gn 5. (2.17)

In particular, we see from (2.16) that for n = %, we have a map from the NS to the R
sector. This is generated by an operator which one can bosonise to €/2. One then finds



that the U(1) generator can be written in terms of p as
J = 0p. (2.18)

Inserting this into (2.10), one finds a formula for the twisted energy-momentum tensor
more like that of (2.1).

The A-model

The A-model action can be written as

S = {QA,/EV} +/m(2)w, (2.19)

for some V', where w is the Kahler form on M, ¥ is the worldsheet and z: ¥ — M is
a map from the worldsheet to the target space. The action is thus @) s-exact, up to a
term that depends only on the homology class of x(¥) C M and so is independent of
the worldsheet metric. This is sufficient to show that the energy-momentum tensor is
Q a-exact.® Note further that the second term is also independent of the target-space
complex structure and hence all correlators will depend only on the Kahler moduli.
This topological string is thus quasi-topological, depending on some but not all the
target-space moduli.

Localisation techniques allow us to evaluate correlators exactly by restricting the
calculation to solutions of the equations of motion for V. It turns out that, for the
bosonic sector, these are

Oxr = 01 = 0. (2.20)

The theory therefore localises on holomorphic maps x: > — M. Coupling this theory to
gravity, one must then integrate correlators over the moduli space of complex structures
on >. This ensures the result is indeed independent of the target-space complex
structure.

To study the ) 4 cohomology ring, and hence the physical local operators, it is useful
to go to the infinite-volume limit in which contributions from non-trivial homology
classes z(X) drop out of all correlation functions. In this limit, it is possible to show
that the chiral operators take the form

Ou = () py.pipin ..o X' - - YHP L X, (2.21)

3In fact, to write S as in (2.19), one has to use the equations of motion. It is possible to show that
there exists an operator @ 4, which is related to @4 by the equations of motion, such that (2.19) also
holds off-shell.



where the x* and Y” are the left- and right-moving worldsheet fermions with U(1)
charge +1 and —1 respectively. Note that under the twisted Lorentz symmetry, these
are scalars and thus dimension-zero operators, as is required for a topological observable.
Moreover, one can identify y* € z*(T'°) and x” € x*(T%').* Hence, the space of
operators is identified with standard (p, ¢)-forms on M. Under this identification, one
finds that

G+

—-1/2

~ 0, G, ~0, Qa~0+0=d. (2.22)

~1/2
Therefore, the chiral ring is isomorphic to the de Rham cohomology ring of M in the
infinite-volume limit. Furthermore, the double complex given in (2.4) maps onto the
Dolbeault complex of M.

At finite volume, the chiral ring is deformed by worldsheet instantons coming from
the second term in (2.19). While the operators can still be identified with (p, ¢)-forms,
@ 4 no longer matches the de Rham operator, and the ring structure does not match
the de Rham cohomology. Instead, one finds what is called the quantum-deformed
cohomology of M which takes into account holomorphic multiwrappings of the worldsheet
on Riemann surfaces in M [19, 20].

The correlators are interesting in their own right as they compute Gromov-Witten
invariants [21]. Unfortunately, contributions from worldsheet instantons make them
difficult to calculate directly. In practice, one uses either the holomorphic anomaly
equations to relate correlators at genus g to lower-genus correlators, or mirror symmetry
to relate correlators in the A-model to those in the B-model.

The B-model

Unlike the A-model, which exists for any Kéhler target space, the axial R-symmetry
generated by the pair (J, —J) is anomalous unless ¢;(M) = 0. Hence, for the B-model
twist to be well defined at the quantum level, one must restrict to Calabi—Yau target
spaces.

With this restriction, it is possible to write the action as a ()g-exact piece, plus a
term that is independent of both the worldsheet metric and the target-space Kahler
form.® Thus one finds that correlators depend only on the complex structure moduli,
and again one has a quasi-topological theory. The theory localises on solutions to

dz = dz =0, (2.23)

4Here, and throughout the paper, we will use the shorthand 7= TM, T*% = T*9M, and so on.
5We do not give the action explicitly as we did for the A-model as it is not enlightening in this case.
It can be found in e.g. [22]



and hence we can calculate exact results by restricting to constant maps x: ¥ — M.
This observation often makes B-model correlators easier to calculate (though perhaps
less interesting from a mathematical point of view).

To study the () cohomology ring, it is once again useful to go to the infinite-volume
limit. There one finds the dimension-zero operators take the form

0,3 = /B(a:)ul.”up,jl'“,jqe'ul . QMPﬁpl . ﬁyq, (224)

where the 6, and 7 are left- and right-moving fermions (though scalars under the twisted
Lorentz symmetry), both with U(1) charge +1. We can identify 6, € *(T*'") and
7”7 € x*(T™'), and so the space of operators corresponds to sections of AIT*%1 @ APTLO.
Using this identification, one finds

Gy~ 3(0+0Y),  GYy~3(0-0),  Qp~0. (2.25)

The chiral ring of physical operators is therefore isomorphic to the bundle-valued
Dolbeault cohomology groups

Hy (M, AT") = @5 Hi(M, APT"O). (2.26)
p.q

The holomorphic (n,0)-form of the Calabi—Yau target space then gives an isomorphism
between this and the usual Dolbeault complex on (n — p, ¢)-forms.

Looking at (2.25), we see that the left and right BRST operators do not correspond to
the Dolbeault operators, but instead raise the antiholomorphic degree while lowering the
holomorphic degree of forms. This means that the left and right fermion numbers cannot
be matched to the holomorphic and antiholomorphic degree of the form respectively,
and the BRST double complex (2.4) cannot be identified with a Dolbeault complex
on the target space. However, the total cohomology can still be identified with the
Dolbeault cohomology as above [7]. Moreover, given that the B-model is independent of
the Kahler moduli, this chiral ring is exact at finite volume even though it was derived
at infinite volume.

The 1-loop partition function

Finally, we will briefly review the 1-loop partition functions of the A- and B-models.
One can calculate the 1-loop partition function from the free energy which is given
by [7, 23, 24]

1 [drd7 . ._
]_-1 — _/ T T(—l)FFLFR e27m-HLe—27m—HR7 (227)

2 T2

— 10 —



where Fj, and Fg are the left- and right-moving fermion number operators respectively,
F = F}, + Fg is the total fermion number operator, H;, = {Q1, QTL} is the left-moving
Hamiltonian, and similarly for Hg. The BRST operators are given by ) = Gfl /9 and
Qr = G’fl /2 depending on whether we are in the A- or B-model. Integrating over the
upper half-plane, this can be shown to be equal to [7, 14]

1 F
Fi = 0(Hy, — Hr)3 log ] (det'(Hy + Hp)) D Frrn (2.28)

Fr,Fr

with the partition function then given by e=7*.

From a worldsheet perspective, this is simply an alternating product of determinants
of Hamiltonians acting on the double BRST complex (2.4). To understand what this
calculates on the target space, one needs to use the target-space identification of (2.4).
For the A-model at infinite volume (w — o0), this identification is clear and (2.28)
becomes an alternating product of Laplacians acting on the Dolbeault complex:

—1/2
zh o2 [H(det’Ap’q)“”W”q] : (2.29)

p.q

which can be written in terms of holomorphic Ray-Singer torsions:

Zh =z % (2.30)
For finite volume, the answer will receive contributions from strings wrapping cycles in
M [24].

For the B-model, understanding the 1-loop calculation in terms of the double BRST
complex is more opaque as the target-space BRST complex is more complicated. Despite
this, one can show that, up to moduli-independent terms (i.e. a multiplicative constant),
one obtains the same answer as for the A-model [7]:

A
1 [g

(2.31)
This holds for arbitrary Calabi-Yau target spaces, even for finite volume.

We emphasise the form of the 1-loop partition function given by the right-hand side
of (2.29), as it will appear again when we look at the 1-loop partition function of the
Gy and Spin(7) strings. The 1-loop partition function calculates a quantity related to
the target-space BRST double complex, given by a particular product of determinants

- 11 -



Figure 1. Figure adapted from [9]. Complex conjugation, Hodge duality and contraction
with the holomorphic 3-form €2 leave only three independent determinants which all det’AP-¢
can be expressed in terms of. For example, det’A%0 = A and det’A! = AB2C. The analytic
torsion (the 1-loop partition function) is then given by (A=*B*C~1)!/2, in agreement with
(2.29). Note that upon BV quantising (2.32), the first and second terms contribute A~*B2
and B2C~! respectively, corresponding to the products of the determinants along the dotted
lines in the figure.

of Laplacians on that complex as shown. Given the similarity to the analytic torsion of
one-dimensional complexes [25, 26|, we shall refer to the quantity (2.29), when applied
to arbitrary complexes, as the analytic torsion of the double complex.

In [9], Pestun and Witten showed that this result for ZP could be obtained by BV
quantising the target-space theory defined by

S - / bOQ A 85622 —|- bll VAN 85b11, (232)
M

where the subscripts denote the (p, ¢)-form degree. Furthermore, they showed that this
action has a natural interpretation as the quadratic variation of the Hitchin functional
for a generalised Calabi-Yau structure, where the variation is taken within a fixed
cohomology class [27]. We review the generalised Hitchin functional in appendix C.2.
This provides a link between topological strings at 1-loop and geometric structures in
the O(d, d) geometry of Hitchin that we will explore further in this paper.

- 12 —



Note that the 1-loop partition function has a nice pictorial interpretation in terms
of the Dolbeault complex, as we illustrate in Figure 1 [9]. Briefly, the determinant of
AP? can be decomposed into a product of Laplacians acting on the subspaces appearing
in the Hodge decomposition of QP9(M). These four spaces are represented by the
four squares surrounding each vertex in the complex. By Hodge duality and complex
conjugation, there are only three independent values these can take, represented by A,
B and C' in the diamond. It turns out that the 1-loop partition function can be read off
from the Hodge diamond by multiplying these factors together with alternating powers
of :t%, in a “checkerboard pattern”, as shown in the figure. We give a brief review of
(-regularised determinants of Laplacians in Appendix B.1.

2.2 The G, string

The existence of a topological string with G, target space was conjectured in [10] and
further studied in [11, 14, 17], yet its properties are still not fully understood. Evidence
for the twisting procedure comes from the extended worldsheet symmetry implied by
G+ holonomy of the target space. Indeed, given a G5 structure ¢ € Q3(M), one can
define the operators

D = RN, (2:33)
_ %@Mwwaxﬂ, (2.34)
= P VT — g0 (2:35)
M = (o)t U U0 — S0, 000 4 Sgu st (236)

These operators along with the N = 1 superconformal operators (T, G) define a closed

algebra denoted by SW[O g](%, %, 2), a particular supersymmetric W-algebra.b
2

As in the A/B-models, one can identify a spectral flow-like operator which imple-

ments the twisting. It turns out that, in this case, it is easier to understand the theory

via the states, rather than the chiral ring. In the topological theory, the chiral ring is

in one-to-one correspondence with the R ground states of the untwisted theory. These

6This is true in the free-field or infinite-volume limit. More generally, properties like the Jacobi
identity hold only modulo the ideal generated by the null field N defined by [28]

N =4GX — 20K — 40M — 9*G. (2.37)

— 13 —



become the physical states in the twisted theory and hence one obtains an equivalent
description of the theory.

To study the states of the theory, we introduce the operators 1) = —%X and
Gr = \/;1*5(1)' One finds they define an N = 1 superconformal algebra of central charge
c= %. This is a minimal model known as the tri-critical Ising model. One can write
the original energy-momentum tensor 7' as

T=Tr+1T,, T7(2)T,(w) = regular, (2.38)

where T, defines a Virasoro algebra commuting with 7} with central charge ¢ = %.

States are then labeled by two quantum numbers, |Aj, A,), specifying their weights
under 77 and T,.. Since T defines a minimal model, we know the weights of the conformal
primaries of the theory. They split into an NS and an R sector:

NS: o0, X, &

10° 10’

: R: L, 2. (2.39)

16 80

nojewe

We also know that the R ground states of the full theory must have total weights
A=A+ A, = % = 1—76. Therefore, we find that the R ground states are

%0 |

One can then use the state with only non-zero tri-critical Ising weight to define a map

(S W]

). (2.40)

Y

&|eo

between the R-sector ground states and certain special NS states. This is the analogue
of the spectral flow operator of N = (2,2) theories. Indeed, using the fusion rules of the
tri-critical Ising model, we have the following NS states:

0.0, lig:2)» ez [5:0): (241)

By examining the total weight of the states, we notice that these states are respectively
generated by the operators’

fl@),  Au()gt, B ()", Cup(2)pry?, (2.42)

and so they define target-space 0-, 1-, 2-, and 3-forms. To ensure they have the correct
weight under 77, the coefficients must be restricted to lie in particular G, representations.
In particular, they must fall into the irreducible representations that appear in the G,

"One could ask why we do not include fields of the form dx or di. The reason is that the derivative
ensures that these have conformal weight > 1 and hence cannot be scalars under a twisted Lorentz
symmetry. They should therefore not be included in a set of local physical topological operators.
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instanton complex of [29], which will be explored in more detail in the next section.

One can also use the R ground state to twist the model to produce an energy-
momentum tensor iyt Whose algebra has vanishing central charge. Bosonising the
theory, one can write

o = exp(\?}—igp), (2.43)

1
X = (0p)* + 4—\/582,0, (2.44)
|5.0) = exp(2p). (2.45)

Given that one can relate twisted and untwisted correlators of the A /B-models by 2g — 2
insertions of the spectral flow operator at genus g, one may guess that a twisted Go
string is obtained by inserting 2g — 2 copies of (2.45). This has the effect of shifting the
energy-momentum tensor induced by X to

Xiwist = (0p)? + 0?p. (2.46)

3
2v/5
Taking the total twist Tiyist = %thist + T, one finds an algebra with vanishing central
charge. The NS states of (2.41) then have a shifted A; weight and become

0,0, |-%2%), |-%2%), 10,0). (2.47)

In particular, they have total weight zero — a necessary condition for a physical state in
a topological theory.

It remains to be seen whether there exists a nilpotent operator () that is a scalar
with respect to the twisted Lorentz algebra such that Tiyis is Q-exact. In [11], it was
argued that the correct operator is a particular conformal block of the supersymmetry
generator GG_j /2, which was denoted by Gi_l /2.8 While it was not shown that Tiyis 1S

exact with respect to this operator, it was argued that G’i_1 /9 is indeed nilpotent and
maps the special NS states within themselves:

Gt Gt Gt
—1/2 —-1/2 —1/2
0,0) ——— 1 2 6 2

1075 107 5

2.0) (2.48)

2

8Note that Fiset and Gaberdiel [30] show that the cohomology of Gi_1 /2 is not restricted to the
chiral ring and so it cannot be the exact BRST operator which captures the geometry of the target
space (though the honest BRST operator is likely related to Gil /2). For our purposes, we need only
the identification of the complex of special NS states as later we will identify the analogue of the correct

BRST operator in the target space.
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This complex has a target-space interpretation as the G2 Dolbeault complex (3.5) which
we will describe in the following section. The physical states should therefore be in the
cohomology of this complex. In addition, a heuristic argument was given that the path
integral localises on constant maps x: ¥ — M and so one would not expect instanton
corrections at finite volume.
One finds completely analogous results for the right-moving sector and so the total
BRST operator should be
Q= G£1/2 + G_(£1/27 (2-49)

with the physical states given by tensor products of left- and right-moving states, each
in (2.47), that are annihilated by (). This poses the question: what is the target-space
interpretation of the BRST double complex (2.4)7 One of the results of this paper is to
show that there exists a double complex on any G5 manifold which naturally represents
this worldsheet complex. Moreover, we will examine its relation to the 1-loop partition
function and compare our results to those found in [14].

2.3 The Spin(7) string

The topological Spin(7) string was also conjectured to exist in [10] but there has been
little further study since then.” We will now outline some of the evidence for its
existence.

As before, a target space with Spin(7) holonomy implies an extended worldsheet
symmetry which is required for the twisting procedure. If © € Q*(M) is the self-dual
4-form defining the Spin(7) structure, we can define the operators

~ 1 1

X = 1 Oupo VYU + S gt o’ (2.50)
~ 1 1 1
M = 200" 00027 — 5G 0 IV + S gt . (2.51)

These, together with the N = 1 superconformal generators (7', G), form a closed algebra.
The rescaled operator 17 = %X generates a Virasoro algebra with central charge ¢ = %,
known as the bosonic Ising model. This plays the same role as the tri-critical Ising
model in the G5 string and will be important for the putative twisting procedure.

Once again, it is easier to understand the theory via the states. We can write the
total energy-momentum tensor as

T=T+1, T7(2)T,(w) = regular, (2.52)

9Though see, for example, [31-34]
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where T, defines a Virasoro algebra commuting with 77 of central charge ¢ = % We
can therefore label states as |Aj, A,) with respect to their weights under 77 and T,.
Since the bosonic Ising model is a minimal model, we know the possible weights are

given by
Ar: 0, =, 3 (2.53)
Since the total weight of the R ground states must be equal to % = 1% = %, one finds
that they must be
0.3) i) [20) (2.54)

Once again, we find a state with only non-vanishing bosonic Ising weight which we can
use as a spectral flow-like operator to define a map between the R ground states and
certain NS highest-weight states. Indeed, using the fusion rules, the states in the NS
sector are

0,0), | 15):  |3:3)- (2.55)

By examining the total weight, we see that these states are generated by the operators'®

f(z), Au(z)yH, B (x)yry”. (2.56)

Hence, the states are related to target-space 0-, 1-, and 2-forms. To ensure the states
have the correct T; weights, we find that B,, must be restricted to lie in the 7 of
Spin(7). Intriguingly, these representations are precisely those that appear in the
Spin(7) instanton complex [29].

We can also use the R ground state to form a twisted energy-momentum tensor
with vanishing central charge. Indeed, bosonising the theory, one can write

- 1
X = (9p)? + —=0?%p, 2.57
(Op) 3 p (2.57)

10) = e (50) 259

The insertion of 2g — 2 copies of (2.58) into correlators is equivalent to twisting the

energy-momentum tensor to

thist = (3,0)2 + an (259)

5
44/3

Taking the twist of the full theory to be Tiyist = %)N(twist + T, one finds a Virasoro

00nce again, we do not include terms with d¢ or 91 as they cannot be scalars with respect to a
twisted Lorentz symmetry.
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algebra with vanishing central charge. Furthermore, the weights of the NS states under
this twisted algebra become

These have total weight zero under the twisted Lorentz symmetry, a necessary condition
for the physical states of a topological theory.

It is still unknown whether there is an appropriate nilpotent operator () such that
Tiwist 1s Q-exact. However, we find it highly suggestive that states of weight zero in
the NS sector define the vector spaces of the Spin(7) instanton complex of [29], much
like we saw for the G string.!! We therefore expect that the correct operator is some
sub-operator of (7, suitably projected so that one gets the correct target-space complex.
We will provide some evidence for this in Section 7. The full theory contains states that
are tensor products of the left- and right-moving sectors, and the physical operators in
the chiral ring again correspond to cohomology classes of QQ = Q) + Qg.

Despite not knowing the precise worldsheet theory, we will show that there exists a
natural double complex on any Spin(7) target space that seems to encode the left- and
right-moving states and gives candidates for the left- and right-moving BRST operators.
We will use this to make a conjecture for the partition function at 1-loop.

3 G-structure complexes for special holonomy manifolds

It is very striking that the left- and right-moving states selected by the topological twist
precisely form the vector spaces in the instanton complexes of [29]. These are particular
complexes that arise on manifolds with G-structure G C O(d) as a subcomplex of
de Rham.'? Given the appearance of these complexes in topological strings, we will
briefly review them for G5 and Spin(7) holonomy manifolds and analyse their Hodge
theory. We will find a doubled version of these complexes in later sections by lifting
to O(d,d) x RT geometry, and match them to the BRST double complex. We will
mirror the techniques used in this section when analysing the properties of these double
complexes.

1Tn fact, it is also possible to formulate the left- and right-moving sectors of the A- and B-models in
terms of the instanton complex for SU(n) structures.

12The cohomology of these complexes is also related to the moduli space of G-instantons on these
manifolds.
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3.1 A G-> complex and Hodge theory

Let (M, ¢) be a seven-dimensional manifold with a (possibly torsionful) G structure.
The G4 structure defines a unique metric g and hence a Hodge star operator x. The
intrinsic torsion of the structure is encoded by d¢ and d * ¢, which both vanish if and
only if the intrinsic torsion vanishes [35]. Any such manifold admits a decomposition of
differential forms into irreducible G representations as [36]

AT = A§T™, (3.1)
AT = Ay T, (3.2)
N*T* = AT @ A3, T, (3.3)
N°T* = N§T* @ AT @ A3, T, (3.4)

where the subscript denotes the dimension of the G5 representation and we are using
the shorthand T* = T*M. Higher-degree differential forms have similar decompositions
via Hodge duality. A precise definition of the subspaces in terms of (¢, *p) is given in
Appendix A.2. We will denote the space of sections of p-forms in the r-dimensional
representation as Q2(M), and the projection onto those subspaces by PE.

Given such a decomposition, consider the following sequence of maps defined by
composing the de Rham differential with certain projections [37, 38|

P

2d P
— T O2(M)

o3 (3.5)

d: QO(M) —L— QL (M)

Provided the intrinsic torsion of the G5 structure has no component in the 14, one finds
d? = 0 and so the above sequence is actually a complex — we will then refer to (3.5) as
the “Gy complex” [29]. For the remainder of this section we will restrict to torsion-free
(5 structures, i.e. those with dp = d % ¢ = 0, and hence G5 holonomy.

Given the G5 complex, we can introduce an inner product on each of the vector
spaces and consider the Laplacian defined by A = ddt + dfd. We do this in a way that
will allow for comparison to the usual de Rham Laplacian. First, we define isomorphisms
between spaces with the same G4 representation as

Or: AOT* — ABT*,  Op: ALT* — A2T™,

3.6
Fs b fi, A o\, (3.6)

where k1 and ko are constants we will determine later and indices are raised and lowered
using the G5 metric defined by . Next we fix an inner product (-, -) to be the standard
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inner product on 0- and 1-forms:

(f,g)oz/Mvolfg, ()\,V>1:/]WVOI>\JV. (3.7)

We extend this to an inner product on the whole complex by demanding that it depends
only on the representation and not the degree of the p-form:

(62(),01(f)s = (f: [ Do, (B2(A), 02(X))2 = (A, A1, (3-8)

where (-, ), denotes restriction to p-forms. Note that this forces (-,-) to be the usual
inner product on differential forms, up to possible multiplicative constants that are
determined by k; and k.

We can fix the constants by demanding that the following diagram commutes

0 d . Ol d . 02 d . 03

95 > () > 7 > ()
01 07 07" 0" (3.9)
3 df . 02 df . Ol df . OO0

Ql 7 Q7 7 Q7 7 Ql

If this holds the Laplacians acting on isomorphic G, representations are equivalent in
the sense that
0, A" = A®0,, 0,Ar = A%9,, (3.10)

where A? is the restriction of A to p-forms. We can therefore unambiguously write A,
for the Laplacian acting on differential forms in the G5 representation r. This will be
important later when we consider determinants of these Laplacians. A quick calculation
shows that the diagram commutes and the Laplacians are isomorphic for

k1 3

— =——. 3.11

W T (3.11)
Finally, we can fix the coefficient ks (and hence k;) up to an irrelevant overall sign by
demanding that

A7 = Ar, (3.12)

where A = dd' + d'd is the de Rham Laplacian.'?® It is possible to show that A also

13We emphasise that the de Rham adjoint df is defined by the usual inner product on forms and not
the rescaled inner product we have defined for the d complex.
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commutes with the projection operators and only depends on the G5 representation of
the form, not the degree, and hence (3.12) is well defined. Note that this is a non-trivial
constraint since Ay contains terms coming from P7,d, while A7 does not. Fortunately,
for a torsion-free Gy structure and any A € Q1 we have [39)

dTP?,d) = 2d"P2d. (3.13)

With this it is easy to check that (3.11) and (3.12) impose

1
ko= —3 k=< 3.14
2 37 1 7 ( )
The inner product is then given by
p=01,
(0475>p:f<¢p/ a A xp, Kp =193 p=2, (3.15)
M
p=3

Having fixed the coefficients k; and ks we can now define explicitly the operators
(a, dt, A). Since we have assumed that the G5 structure is torsion-free, we can replace
the de Rham differential in the definition of d in (3.5) with the Levi-Civita connection
V compatible with the G5 structure. This simplifies calculations as derivatives will then
commute with the projection operators since the P? are defined in terms of ¢ and *¢
which are covariantly constant (see Appendix A.2 for more details).

In terms of the Levi-Civita connection, the d operator acting on p-forms becomes

(dw)ayaper = (0 4+ D(PE oy apes 7 Vo, Wy by 1) - (3.16)

The adjoint operator df becomes

(dTw)a1~~~ap—1 = _vabwbal...ap_p Cp == (317)

[STEN B C R
|
\‘l\D

Note that we do not need to include projectors in the definition of the adjoint operator
as we are assuming that w lives in one of the spaces in (3.5). Again, these definitions
have the useful properties that the natural differential operators that one can construct
depend only on the Gy representation and not the p-form degree of the object on which
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they act. For example, acting on 1-, 2- or 3-forms we have!*

df)y = 671d6,,  df, =6,'de;t,  df|s = 6,do; " (3.18)

Finally, the Laplacian A can be written as

AVf = VvV, f = Asf, (3.19)
A\ = —6(P2)p" VPV Ay — Vo V2N, = A, (3.20)
A2:u - _7(Pf)bala2defvbvd/lef - 6(P’?)a1a2bcvbvdﬁbdc - 97A79’;1M’ (3'21)
A3p = —T(PH N gV pyes = 6,671 p. (3.22)

Given these operators, it is natural to ask if there is some kind of Hodge decompo-
sition for the spaces 2. We defined the inner product (-,-) in terms of the usual inner
product on differential forms, differing on 2- and 3-forms by a positive multiplicative
factor. The usual inner product is positive definite and is G5 invariant,'® hence it
reduces to a positive-definite inner product on the irreducible G5 representations in
(3.1)~(3.4). In particular, it is positive definite on the spaces (23,01, Q% Q3), and hence
(+,-) is positive definite. We therefore have a decomposition of the spaces in (3.5) as

O = H? @ d08 ! @ dfor, (3.23)

where HP is the space of A-harmonic p-forms. Of course, with our choice of Laplacian,

we have
H~ H® ~ H, ~R, H'~H?>~H; =0, (3.24)

where H, is the de Rham cohomology group restricted to forms in the G4 representation
r. The fact that the cohomology group depends only on the representation follows
from the equivalent statement for A. The final equality holds on any manifold of G,
holonomy [40].

3.2 A Spin(7) complex and Hodge theory

An eight-dimensional Spin(7) manifold M is defined by a 4-form © which, unlike the
Gy case, is not stable but instead lives in a particular GL(8) orbit. Any such admissible
4-form defines a metric ¢ as in [41] with respect to which we have © = *©. We then say

14Cf. these with the relations given by Bryant [39] using the de Rham differentials, which in the
notation of that paper read (dg)Jr = dg.
15This is inherited from the SL(7,R) invariance of the inner product.
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the Spin(7) structure is integrable if there exists a torsion-free compatible connection'®

which is the case if and only if d® = 0. As in the G, case, we can decompose the
exterior algebra into Spin(7) representations:

AT = AT, (3.25)
AT* = AJT™, (3.26)
AT = N3T* @ A2, T, (3.27)
AT = AJT* @ AT, (3.28)
AT = NIT* @ AZT* © N3, T* @ A3 T (3.29)

The definition of these spaces along with the relevant projectors are given in Appendix
A.2. Following [29], one can define a sequence of maps built from the de Rham differential
and suitable projectors:

2
d: (M) —2 k() -2

SN oL 15 V) (3.30)

which, for integrable Spin(7) structures, defines a complex.

Again, we would like to define an inner product on this complex such that the
induced Laplacians A match the conventional Laplacians A evaluated on QP possibly
up to an overall scaling (which drops out when evaluating determinants of A). To do
so, we adapt the arguments made in [39] for G5 manifolds and find that

d'P3,dloy = 3d"P7d|gy, P7dIPigdloz = 2P7d Pad|gz. (3.31)
One can then use these identities to show
A)=did, Af=dd'+4d"Pid, A2 =4Pidd". (3.32)

Taking the following inner product on (3.30), it is easy to check that AP = AP as
required:

I p=0,1,

(a,B), = l{p/MOz AxB, Ky = {4 s (3.33)

16Since © defines a metric g, this is equivalent to saying that the Levi-Civita connection is compatible
and hence has Spin(7) holonomy.
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In terms of the Levi-Civita connection, the d operator acting on p-forms becomes

(dw)a1~~~ap+1 = (p + 1)(Pf+l)a1~..ap+1bl'..bp+1v[b1wb2...bp+1]7 (334)

with the adjoint operator d given by

- 1 p=1,
(dTW)almap71 - _vabwbal...ap,17 Cp - { (335)
4 p=2.

4 The G3; X G complex

In the previous section we reviewed the G5 complex and its Hodge theory in the case
where the (G5 structure is torsion-free. In this section, we will give an extension of these
ideas which is relevant for type II backgrounds with NSNS flux. In particular, we will
see that the relevant geometric structure is that of a torsion-free G5 x G4 structure,
which naturally gives rise to a double complex and Laplace-type operators that will
turn out to capture information about the topological G5 string. This will be described
using the formalism of O(7,7) x R™ generalised geometry

Generalised geometry has been of great use for understanding supergravity back-
grounds that preserve some amount of supersymmetry and thus admit generalised
G-structures. These structures are characterised by the presence of additional objects,
usually in the form of globally defined non-vanishing tensors, that reduce the structure
group of the generalised tangent bundle from O(d,d) x R™ to some subgroup G. For
example, the generalised complex / Calabi—Yau structures of Hitchin and Gualtieri
27, 42] are respectively U(%,2) and SU(%, %) structures. These have found many
applications in string theory including formulating topological strings [9, 15, 43, 44].
We mostly follow the conventions of [45], and provide a brief review of the key concepts
we will be using in Appendix C.

4.1 Generalised G, X G5 structures

Let M be a seven-dimensional Riemannian spin manifold and E its O(7,7) x R
generalised tangent bundle. Introducing an O(7) x O(7) generalised metric G, or
equivalently a Riemannian metric g, a two-form gauge field B and a scalar ¢, corresponds
to specifying an orthogonal decomposition £ = C', & C_, with each Cy = T. Let us
now also assume that there exist two globally defined real spinors e, € S(C;) and
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e. € S(C_). Each define a G structure on M given by ..17 When the spinors e
are linearly independent, the G5 structures are orthogonal and intersect on an SU(3)
structure. There may, however, be points on the manifold where the e, align and hence
the G4 structures coincide. In this case, the manifold does not admit a conventional
global G-structure. However, within generalised geometry they define a single global
generalised Gy x G structure on E.*®

It turns out that certain supersymmetric backgrounds of string theory compactified
to three dimensions can be described by such G5 x Gy structures. For concreteness,
consider a type IIB NSNS background of the form R?! x M where M is seven-dimensional —
this is the case first described in [47]. We have two supersymmetry parameters of opposite
chirality ex which decompose under the reduction Spin(9,1) — Spin(2,1) x Spin(7) as

£x = (x ®eq, (4.1)

where (4 and ey are irreducible Spin(2,1) and Spin(7) spinors respectively.

For the background to preserve supersymmetry, the variations of the gravitinos and
dilatinos under €4+ must vanish. These conditions give the Killing spinor equations for
the supersymmetry parameters. Under the decomposition (4.1), for vanishing RR fields
these equations impose that (4 is a constant spinor on R%!, and on M we need

(Vua,uqb + TIQ’Y#VPHqu)E:t =0,

4.2
(V) F 19 Hpp)es =0, 42

where the +, are gamma matrices for the O(7) structure defined by g, and V is the
associated Levi-Civita connection. As was shown in [47], these equations are satisfied if
and only if e, define a generalised torsion-free Gy X G structure. For generic (g, H, ¢),
these equations describe a background preserving minimal supersymmetry in three
dimensions. However, when H vanishes and ¢ is constant, as must be the case for
compact backgrounds [48], these equations imply the preservation of four supercharges
or N = 2 supersymmetry in three dimensions.

4.2 Torsion-free generalised G, X G5 structures

Recall that one can always find a torsion-free generalised connection that is compatible
with the O(7) x O(7) generalised metric structure on M, giving the analogue of the

"These are sometimes labelled Ga+. Moving forward we will mostly omit the signs on ¢ since
they can generally be deduced from the context.

18Note that this is different from the SU(7) structure defined in [46], which generalises Gy geometry
to M-theory or string backgrounds with RR flux.

— 925 —



Levi-Civita connection in generalised geometry. As we review in Appendix C, this
connection is not uniquely defined, but there are certain combinations of it which give a
unique generalised Ricci tensor and scalar. The generic form of a generalised Levi-Civita
connection D in terms of the background fields is given in (C.26).

We begin by finding the conditions that this generalised Levi-Civita connection
must satisfy in order to be compatible with a G5 x G5 structure. Since the generalised
Levi-Civita connection is torsion-free, the resulting GGy x Go-compatible connection will
also be torsion-free. However, unlike generalised metric structures, the existence of
such a compatible connection is, in general, obstructed by the intrinsic torsion of the
G5 x G5 structure. That is, if D is a generalised Levi-Civita connection, the conditions
De, = De_ =0 can be solved only if the generalised intrinsic torsion vanishes.

Using similar logic to [49, 50], it can be shown that this constraint is equivalent to
the background preserving minimal supersymmetry with vanishing RR fluxes, i.e. that
equations (4.2) are satisfied. Using the expression for a generalised Levi-Civita connec-
tion given in (C.26), one has that the compatibility conditions which must be imposed
are

Dyey = Vae, — iHabﬂbcﬂ - %8b¢%b€+ + iAZbﬂbcﬁJr =0, (4.3)
Daey = Vaey — %Habc’ybcﬁ+ =0, .
which ensure that the connection is compatible with the G5 structure defined by e..
There are then similar conditions for compatibility with the G5 structure defined by €_.

The second equation should be familiar, as it says that D; must act on C'; as the
e,-preserving Hull connection V~. This connection exists if and only if the ordinary
intrinsic torsion of the Go structure has no component in the 14 [51]. We can combine
the two equations and derive a purely algebraic relation between the components of the
generalised connection:

Xape e = (5 Hape?™ — 20007." + AL A"*)es = 0. (4.4)
Note that this equation holds only when X, acts on the structure-defining spinor, not
for a generic spinor. To find the constraints this imposes, we can use G5 representation
theory (for the Gy factor defined by €,). In general, X is a 1-form taking values in
the 21-dimensional adjoint representation of Spin(7), so under G5 it decomposes as
X € 7TXT+7x14. The second term gives a 1-form valued in the adjoint of G, i.e. it
is the component of X that is compatible with e, and so drops out of (4.4). Therefore,
it is the components of X in the 7 x 7 that must be set to vanish. Now consider the G,
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decompositions of the fields
dp e, Hel+7+27, AT €14 + 27 + 64. (4.5)

One can quickly check that the representations 1 and 14 occur only in the tensor product
7 x 7 while the 64 is only in 7 x 14, and the remainder may appear in both. As a
result, we immediately conclude that (4.4) sets: 1) AT |34 = 0 — recall that the A™ tensor
simply parametrises the freedom one has within the family of generalised Levi-Civita
connections, and so this is not a constraint on the background; 2) H|; = 0 — this is an
actual constraint on the structure.!® On the other hand, since the component AT |g4
drops out entirely from (4.4), it is left unconstrained, implying that Go x Gy-compatible
torsion-free connections, if they exist, are not unique.
For the 7 components, we isolate the relevant terms by writing

aa§b|7 = 8a¢a Habc|7 = (*So)abcdea (46)

which gives
(Té(*%o)adbcHd’ch - %ab¢’7ab)€+ = 0. (4.7)
Next we note that (Ty,e4 € 7 for any spinor ¢, and so we can use the expression (A.13)

for the projector onto the 7 representation to write

(*W)ab0d70d6+ = 4Yap€ - (4'8)

We then have
%(Hb - %ab¢)’7ab€+ =0. (4.9)

This will vanish for H, = %algb, which must thus be the choice which is necessary for a
G5 x Go-compatible connection.
Next consider the 27 components, which we pick out by writing

Habc‘27 = He[a(;pebc]a A:bc’27 = A;ﬁoebc - A:[a(;pebc]a (410)

where H,, and A}, are symmetric and traceless. Plugging this into the expression for

9The vanishing of the singlet component of the H flux matches the physical observation that this
component of the torsion can be related to the cosmological constant in a supersymmetric background,
and so it must be set to zero for the Minkowski solutions that we are considering.
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X, we then have

i(%He[aSOGbc] + (Al¥ be — A:[Mebc])>7bcﬁ+

(4.11)
= i(aaewebc + /Bbespeca>’ybce_~_ = 0’

where

ae’

Oge = %Hae + %AJF Bre = %Hbe — %A;; (4.12)

To see how these two terms are related, one can contract (4.8) with a®.p®/® and use
(A.9) to show that

(aaespebc + 6abe<peca)'7bce+ = 0. (413)

Thus the precise combination of the 27s which appears in (4.11) is § — 6«, which
vanishes for

Af = —2H,, (4.14)

This is the choice which is necessary for a connection compatible with e€,. Note that since
we are simply using the freedom in choosing the A1 tensor to obtain this cancellation,
the background flux H a7 is entirely unconstrained, in agreement with the G-structure
analysis of [48, 52].
The calculations for compatibility with e_ are analogous, with the result
Vip_ =0, HaBESOaEE =0,

De_ =0 < (4.15)
Hz = 1aa¢> Agg = %Hal_r

)

The remaining unfixed components of the connection are the parts of A™ and A~ in the
(64,1) + (1,64). These simply parametrise the family of torsion-free connections which
are compatible with the same G5 x GGy structure.

Putting this all together, a compatible, torsion-free GGy X Go-generalised connection
takes the form

D’ = Vo© — %@bcdeaUC - ﬁ%adebUc - ﬁ%ﬁadechC
— 15 (@) abead? v — 300000 + $0°Pvy + (AT |64)a 0",
Dz’ = V0" = Vao© — LH a0,
Davl_’ = V:[vl_’ = Vavl_’ + %Hal_’gvé,
Dav” = Vo' + 0l a0 + g5 0mall 50" + fy0ani ‘et
— 5 (x0) e $0° — 3050600° + 50 Sua + (A" [ea)a"e0"

(4.16)
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4.3 The double complex

We now introduce the analogue of the Gy complex within O(7,7) x R* generalised
geometry. Given a Go X Gy structure, we can consider a decomposition of A”FE into
irreducible representations of G5 X G5. In particular, we will be interested in the spaces

AP = T(ALCL A NLC), (4.17)

where m and n correspond to irreducible Goy representations defined by .. We write
(p, q)-forms w € AP? as

w 1 E+a1~.llp ® E'—l_’lmz’q, (418)

- plq[wa1...ap51...l;q

where {E1%} and {E°} are a basis for C, and C_ respectively.
Moreover, using a generalised connection we can build maps between the spaces to
give the following diagram

0,0
A b
dy 11 d_
X ~
1,0 0,1
A71 Air
X ~ X ~
2,0 1,1 0,2
A7 1 A7,7 Al 7
X ~ X ~ X ~
3,0 2,1 1,2 0,3 4.1
A3 Az Az AT (4.19)
~ X ~ X ~ X
3.1 2,2 1,3
-A177 -A777 -A771
N ' N '
3,2 2.3
Avz A7
> '
3,3
-A1,1
where we have defined
_ + bi...b
(d+w>a1..-ap+1ﬁ1---&q - (p + 1)(Pm)a1---ap+1 ! p+1Db1wb2---bp+1&1---ﬁq’ (4'20)
_ D — b1...b i o
(d—w)al...ap&1...flq+1 - <_1) (q + 1)(Pm)61...dq+1 ! p+1Db1wa1..‘apb2...bq+1ﬂ (421)

where w € A%Z . and P are the projectors onto the relevant G representation as

given in Appendix A.2. Here we assume that D is a Gy X Go-compatible connection so
that it commutes with the projectors — such a connection always exists (though it may
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not be torsion-free).

We now ask when (4.19) is actually a double complex. That is, when do we have
i =0, d,d_+d.d, =0 (4.22)

We will show that a sufficient condition is that the Gy x GG structure is torsion-free,
which corresponds physically to a supersymmetric NSNS Minkowski background. Then
we can take the generalised connections in (4.20) to be of the form (4.16).

At first sight this statement might worry the reader — since these connections are
not uniquely determined, it would seem that we need some extra information (beyond
that of the supergravity background) to further constrain the connection, as otherwise
the operators might not be uniquely defined. As we mentioned earlier, the generalised
Levi-Civita connection is also not unique however one can construct unique operators
from it, such as the generalised versions of the Ricci tensor and scalar. Something
similar happens here, namely the d4 operators do not depend on the undetermined
(64,1) + (1,64) components of the connection and so they are actually unique, i.e. they
depend only on the data of the torsion-free G5 x G5 structure itself. To see this, note
that the double complex consists solely of maps between the Gy x G5 representations
(1,1), (7,1), (1,7) and (7,7). Now, simple representation theory tells us that the
(64,1) or (1,64) cannot give such maps. In other words, any tensor transforming in
those representations must be projected out. Therefore, we can compute the double
complex with any choice of A*|g4 tensor in (4.16) and obtain a unique answer.

Another useful result for the torsion-free case is that one may use the following
“simplified” connection to define the d4 operators:

D

Do’ = Voub = Vb — %Habcvc, ( )
o ) ) s 423
Do’ = V:[vb =V, + %Habgvc,

where the Hull connections V¥ are assumed to preserve the G structures .. As a
generalised connection D is neither torsion-free nor is it compatible with the G5 x G5
structure, and yet the operators d4 defined from it coincide with the ones defined using
D. Remarkably, this means that in the torsion-free case, the double complex can be
described using just the ordinary Levi-Civita and Hull connections.

To verify this, take for example a € A$’717, and let D be a generalised Levi-Civita
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connection of the form (C.26). Then we have

%(dfa - dfa)ab& = 7D(llJCd(-Dc - Dc>05d&

Cd(%Hcedae& - %ac¢ad& - <A+>cedaea)

- ,Pade<%HQOCedae& - %Hf(*cp)cdefo‘e& - %Hf[cspde}faed
_% c¢ada + (A+)f090def056d - <A+)f[c(;0de}faed)

- %H@aebaed + %Pade(2Hc — acd))adfz
_%S(Hcd _ %(A—i_)Cd)SOabc'Ud-

ab

(4.24)

The difference between the operators vanishes precisely when D is a Gy x Go-compatible,
torsion-free connection (these are the same conditions we found in the previous section).
It should also be clear from this calculation that one could consider the action on
any other element of the complex (4.19) and obtain analogous constraints. Thus, the
two operators coincide if and only if the generalised structure has vanishing torsion.
Assuming this is the case, we see that the operators agree and so we are free to use D
to define d.

This simplified connection makes checking the nilpotency conditions (4.22) substan-
tially easier. First consider d2. We have that the simplified connection satisfies

[ﬁ[al7 ﬁ@]w

_ e o + C _ _
= —PRiaras asWielaa...anlbr.. by — TR0uan| 51¥)as..ax][elbr . bq] (4.25)

a3...ap42)b1...bg

Y o
= =R 4 05| 1 Wlas..ax] clbr...Bg)

where we have used (A.2) to write the commutator of connections in terms of curvatures.
Now notice that because V* is compatible with ¢_ it follows that R* € AT ® g, , and
similarly R~ € AT ® g5 . But since dH = 0, we have that R;Lla2b1b2 = Ry, byara, a0d
so actually R* € g5 ® g5 (and R~ € g, ® g5 ). Therefore, (4.25) vanishes when the

projectors in the definition of d are applied to it. So for w € A%? one has

1732 - cic2 -
§(d+(JJ)a1a2b1...bq — 7)aulz DC1D02wb1...bq

e (4.26)
= Palag ! 2D[01D02]w51...5q = 07
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and if w € A

1732 didads cica 1 _
§<d+w) Pa1a2a3 Dd1pd2d3 quczbl...bq
_ didads cica 3 _
= Parazas Pizd; " Da, De, Weabs...by
_ c1cacs 3 o

- Pa1a2a3 DCl Dc2w63b1...bq

cicac3 ). T o
aiaza3 D[Cl D02w03}b1...bq - Oa

ajazashi...

(4.27)

R,

where we have used that the projectors commute with the compatible connection D and
that (P1)arasas 22" (Pr)oibs ™ = (P1)arasas 2%, Obviously, if w € AP>14 then d2w =0
trivially, and one can repeat this reasoning to also conclude that d* = 0.

To see that {d;,d_} = 0, consider first a € A;17 Then

[DCL?DB] Qg = [ ] Qg+ 5 (V Hb C) Qeg + 5 (VbHad)ace
(1- ) Hyfcapg+ (1 = 1)5H, i Viae
—3(Ha5Vetoq + Hy*oVeayq) (4.28)
( lv oH3¢ c+1Ha be c)a
( %V;)Haeg—{— ZHE aerJ)Ozcé.

Antisymmetrising on [ac] and [bd], this becomes
1R+ eb CQeq + led a®ce- (429)

Again, due to the representations that R™ and R~ live in, this is projected out in
{d4,d_}a.

To show that on an element § € .A?Ol we also have {d,,d_}5 = 0, it is actually
simpler to use a torsion-free compatible connection. One then has

Qpabc<DaDc_L - DdDa)ﬂbc = [Daa D&]Qpabcﬁbc = Rgagpabcﬁbc = 07 (430>

where in the first equality we used compatibility to commute the GGy 3-form through the
derivatives, then we used the definition of the generalised Ricci tensor of a torsion-free
connection (C.28), and finally we used the fact that generalised torsion-free Go x Gy
manifolds are generalised Ricci-flat.

The action of {d;,d_} on the remaining spaces of the double complex can be
computed similarly to these two examples and leads to the same result. One can
therefore conclude that if a generalised G5 X G5 structure has vanishing intrinsic torsion,
then there exists a double complex of the form (4.19).
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4.4 Hodge theory

Let us now see how several concepts familiar from the conventional G5 complex naturally
generalise to the Gy X G5 double complex.

We start by defining the adjoint operators in direct analogy with Section 3.1.
Consider two tensors in A°

a=a,ET, B = BB (4.31)

We can define an inner product between them as
@8)= [ @609 = [ wasnEr,E*)
M M

—/ @aaﬁbn“b—/ e 2% vol ap,
M M

where both ® and G are O(d) x O(d) invariant, so that the inner product is also
invariant. More generally for a, 5 € AP? one has

(4.32)

/ G, p) = /fp/iq/ e 2?vol ap, (4.33)
M

M

where the constants «, and x, are defined by

I p=0,1,
Kp=143 p=2, (4.34)
7T p=3

This ensures that this inner product agrees with the usual inner product for each Gy
factor. Given this definition, one can check that the adjoint operators, defined by
(ov,dsB) = (dLav, B), act on (p, q)-forms as

(@) ey iy, = =D Oy ey, (4.35)
'), ety d, = V(1P D0 iy as (4.36)
where
I p=1,
=143 2, (4.37)
T p=3
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In this way, the adjoint operators inherit many of the properties of the those for the
usual Gy complex, as described in Section 3.1. For example, using (3.18), acting on a
tensor a € A*!, we have that d.a = (6, )7d(6,)7 a.

4.4.1 Kahler identities

There exist useful anticommutation relations between the differentials and their adjoints,
which are the Go x G5 analogues of the Kahler identities of the Dolbeault complex.
Taking A € A0 in components we have that

(dLd_N)a = DDz, (d_diN)z = —DzD%\,, (4.38)
and so
(dLd_ X +d_dl\); = [D,, D5\ = RS\ = 0, (4.39)

since the generalised Ricci tensor vanishes for a torsion-free G5 x G5 structure. Note
that this is essentially the same calculation as (4.30). Indeed, because of the isomor-
phisms (3.18), the Kéhler identities are automatically implied by the anticommutation
relations of the di operators, and vice-versa. For example, acting on pu € A% satisfying
p = (04)7A for some A € A0 we have

(dhd- +d-d})u = (did- +d_d])(@s)7h = (0:)7 (dpd- +d_d)A =0,  (4.40)

since {dy,d_}A = 0.
We conclude that the differentials and their adjoints over the G5 x G5 complex
satisfy
d2 = (d})? = {ds,ds} = {d,ds} = 0. (4.41)
4.4.2 Laplacians

We define Laplacians for both the “plus” and “minus” differentials as usual:
Ay =didy +dedl. (4.42)

Much as for the G5 complex in Section 3.1, it follows from the properties of the adjoints
that the Laplacians depend only on the G5 x G5 representation of the object on which
they act and not on the (p, q) degree of the form. For instance, taking o € A?’i, there
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exists some [ € A;ﬁ such that a = (64 )7(6-)18. Then

Ala= <dld+ + d+di> (01)7(0-)18 = (6-)1 (diri-dJr + d+di) (04)70
= (01 (ab@)7"d + d, (0,)7'd, ) (4.43)
= (9—)1(9+)7<d+d1 + d1d+>5 = (0-)1(04)7AL5.

Note as well that if we consider the combined differential d = d + d_, the Kahler
identities imply that its Laplacian coincides with the sum of the Laplacians for d, and
d_:

A=dfd+ddf =A, +A_. (4.44)

We will now show that the A, and A_ Laplacians are in fact equal, as is the case
for Ay and Ag of the Dolbeault complex. Considering first f € A%, we have that

Avf=dld f=-D"D,f=-Vf +20°0V,.f,

) ) (4.45)
A f=d"d f=-D"Dsf = —V*f +20°V,f,

and so A, f = A_f. Now take A € AM0. For A_ we have

(A_N), = (A d_N\), = —DDz\,
= —V2N, — Hay VOX + 209V Ay + S H™ Hyg N (4.46)
— 2 (V" Hape — 20" Hape)A°.

For the two terms in A, we find
(d+di)\)b = —DpD\, = =V, VA, + 20V Ao + 2(V V) A, (4.47)

and
(A )y = —2D"Diu Ay — Papea D" DN
= —V2N 4+ VOV, + 40°0V [ \y
— 2 (40)beae OOV IN = epaH o VX
= —V°Ny + VOV, + 409V Ay — Hpea VY,

(4.48)

where we used the compatibility condition %&Lqﬁ = H, and the G5 decomposition of H
in reverse Hupe = (%¢©)apea H? + Pe[arH ¢ for the final step. Putting this together, we
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can compare the two Laplacians to find

(A_X = AL N)p = 2(DDighy + 5 (50)apea D DAXY) + DyD*A, — DDy
= [Vy, VA" = 2(V, V) A* + L H Hy g X°
— (V" Hape — 20° O Hape) A + Hape VIN + Hyeg VX! (4.49)
+20" GV — 20°OViA, — 20" OV o\
=0,

which can be checked in a gauge where the C. frames are aligned, and using the fact
that the equations of motion are automatically satisfied for a generalised Gy X Gg
background. It should also be clear that the computation of the actions of AL on an
element X € A%! would be entirely symmetrical, and so AL A = A_X as well.

Now let us consider the action of the Laplacians on an element ¢ € A%!. Using
(x)l RE ., = —2R:fab, which follows from R* € g5 ® g,, we perform a similar
calculation to find the “plus” Laplacian

(A4+Q)aa = —DuD’Ga — 2D DioChja — Pavea D D%
= V2 + Hoas H g + 20"V iCon — Hupe VP05 + Hysg VPw,"
—[Va, ViJ¢"a + 2(VaVi0)CPa — LH 0 HyC
+R 50l + ViaHygpal™ + § Hp o Hogpo”
= —V%Coa + HoaH¢" + 2R, ¢

420"V Caa — Hape V(0 + Hyga V(0.

(4.50)

We can immediately deduce the “minus” Laplacian by exchanging barred and unbarred
indices and taking H — —H:

(A_Qua = —V?Caq + Hogg He (™ + 2R, (P

) o ] (4.51)
+20°0V5Caa + HapeV'Ca" — Hyo VCa,

and so we directly observe that A, ( = A_( too.
Finally, since the Laplacians depend only on the Gy x (G5 representation, the cases

we have covered are actually sufficient to conclude that over the entire double complex
A=A =1A
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5 Relation to the topological G, string

In this section we will show that the double complex (4.19) is the target-space realisation
of the worldsheet BRST complex of the topological G4 string. Indeed, if one studies
the left- and right-moving sectors separately, one finds that the states in the topological
theory are the following [10, 11, 14, 17]

12 6 2 3
0, 0) |50 3) |5 3 20) (5.1)
o9 Qr Qz 7 03
Here, the states are labelled as in Section 2 and the second row shows the interpretation
of these states as differential forms on the target space. By studying the OPE of the
supercurrent G with states of the form A,, ,, (X)y# ... ¢# one can show that the
left-moving BRST operator @ = Gfl/z ~ d acts as
|00>Q—L>’L 2>Q_L>,g 2>Q_L>{§0>
’ ) 105 ) 10°5 ] 2 (5.2)
0 45 o 45 o2 S o

Similar results hold for the right-moving sector as well, with Qg = Gil Ja-
The full string states are tensor products of left- and right-moving states from (5.1).

As target-space tensors, we find that the string states correspond to
QP @ Ql = AP (5.3)

m,n’

where the spaces AL, are as in (4.17). Moreover, given (5.2) and the fact that
2 = Q% ={Q,Qr} = 0, we see that the natural target-space identification of the

BRST operators is
Qr ~dy, Qr~d_. (5.4)

Physical states then correspond to cohomology classes of () = Q1 + Qg in the Hilbert
space, or equivalently, harmonic forms under the Laplacian A given in (4.44). By the
analysis in Section 4.4, we see that these are precisely the harmonic forms of A..

5.1 1-loop partition function

We can use these observations to understand the 1-loop partition function of the
topological G5 string from the target space. As was shown in [14], one can find the
1-loop partition function using the standard formula for the 1-loop free energy of the
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topological string [7]:

F = 1/ drd7 tr((—l)FFLFR eszHL—%i%HR)’ (5.5)
2 T2

where Fj, and Fg are the left- and right-moving fermion number operators respectively,

F = F, + Fpg is the total fermion number operator, H;, = {Qy, QTL} is the left-moving

Hamiltonian, and similarly for Hg. Taking the domain of 7 to be the upper half plane,

evaluating the integral gives

1 _\F
Fi = 50(Hy — Hp) log[ [T detr(H, + Hg)'™" FLFR] . (5.6)
Fr.Fr
Our target space picture provides a clear interpretation of this object. It is precisely
the product®
1 N —1)pT4q
Fi = log [H(det'mq)< e pq] : (5.7)
p.q

It is instructive to compare this with the analogous result for the topological B-
model [7, 9]. Indeed, the free energy in (5.7) is of precisely the same form as that for
the B-model on a Calabi—Yau threefold, but with the Dolbeault complex replaced with
the Gy x G5 complex found in the previous section. This striking fact will become
important when we consider the topological Spin(7) string in Section 7, about which
far less is known.

Using the usual normalisation of the partition function in terms of the free energy,
Z = e, the corresponding 1-loop partition function is

-1/2
7z = H(det'Ap’q)“)"”m] (5.8)
p,q
= (det’Aq1)72(det’Aq1)%?(det' Ay 7)*/*(det’ Ag 7)712, (5.9)

where in the second line the subscript denotes the G5 x G5 representation that A acts
on, and we have used the fact that the determinant depends only on the representation
on which A acts. Comparing (5.8) to (2.29), we see that, much like in the A/B-model,
the 1-loop partition function calculates the analytic torsion of the G5 double complex.

In the case of the topological GGy string, the target manifold has G5 holonomy

20We are using the (-regularised determinant of the Laplacians with zero modes removed, denoted
by det’.
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with vanishing H-flux. This means we can further simplify the partition function by
considering the diagonal subgroup Gy C Gy X G5, and then using the decomposition
Tx7=1+7+ 14+ 27. With this, and the fact that A ~ A on these subspaces, the

1-loop partition function of the topological G5 string is given by
Zl = (det ’Al)_5(det 'A7)5/2(det ’A14)_1/2(det ,A27)_1/2, (510)

which exactly matches the expression given in [14]. Much like in the A /B-models, we can
read this result off immediately from the double complex, as shown in Figure 2. For the
pure G5 case, we find three independent Laplacians assigned to the faces of the squares
in the diamond. These once again correspond to determinants of Laplacians restricted
to the subspaces in the Hodge decomposition of AP4. The partition function is then
given by the product of these values with alternating powers of j:% in a checkerboard
pattern, as shown in the figure.

We can use the work of Pestun and Witten [9] on the B-model to identify the
target-space theory that reproduces this 1-loop expression. An attempt was made in
[14] to describe the topological G5 string in terms of a target-space theory defined by a
Hitchin-like functional (see Equation (C.52)), but this did not reproduce the partition
function that one calculates from the worldsheet. Rather than starting from an invariant
functional, we will simply write down a target-space action whose BV quantisation
matches 7.

5.2 A quadratic target-space action

Using our double complex (4.19), and by direct analogy with the Dolbeault complex
of complex geometry and Pestun and Witten [9], we propose the following quadratic

target-space action:

S = / P (05)7(0-)7 (3 bin Adedbiy + ago A dd_ca) (5.11)
M

Sr.\}} / €_2¢ vol menpsoqrs(_%(bll)mqvnvr(bll)ps + iaoovqu(cﬂ)nprs)a (512)
M

where the fields agg, b11 and coo are real elements of AP?. The integrand now sits
in A?i?i multiplied by the Ga x G5 volume form ® = ¢ ¢, /g (which ensures one can
integrate by parts). In the second line, we have written the action for the case of Gy
special holonomy, with V denoting the Levi-Civita connection. The volume form and
projections will be omitted from hereon and taken as part of the integration measure.
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Figure 2. For a global G2 structure with vanishing flux, equality of Ay and the isomorphisms
provided by the 3-form ¢ mean that det’APY can be expressed in terms of three independent
determinants. For example, det’A%0 = det’ALl = det’Aq = A, det’A10 = det’Azl =
det’A7 = AB, and det’Al! = det /A7,7 = det’Aq det’Agq det’ Aoy = AB?C. The analytic
torsion (the 1-loop partition function) is then given by (A=*B*C~1)Y/2, in agreement with
(5.10).

Since in what follows we will be tackling the two terms in the action separately, we will
denote the first term involving ¢;; by S¢, and the second term by Sg.

The idea then is that the partition function of this theory should match the 1-loop
partition function calculated in (5.9). We can compute this partition function in two
ways. The first is to use the standard BRST-BV quantisation procedure [53], in analogy
with [9]. We will follow this path here, assuming all relevant cohomologies of M vanish
to simplify the presentation. The second approach is by direct computation, as also
demonstrated in [9]. Given a quadratic action, this method is usually robust and perhaps
more illustrative if the reader is unfamiliar with the BV approach. We illustrate this
computation in Appendix B.2.
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b11 AN d+d_ b11

We begin by considering the first term S§ involving the field b;; and constructing the BV
action. The gauge symmetries of this term lead to the following BRST transformations:

Qb1 = dybor + d_bro,
Qbio = d-boo, (5.13)
Qbor = d—bgo.

These are similar to the transformations of [9] but without any reality constraints as the
fields involved are real. We have introduced ghosts by and bg;, and a ghost for ghosts
boo- The fields b, have statistics (—1)P+9).

As in [9] we introduce antifields. The antifield of by, is a field bf; )5,
number p + ¢ — 3 and statistics (—1)?T9*1. The master action then takes the form

) of ghost

S=55+> / o)) A Qlpg. (5.14)
p.q M

This action reduces to S§ when the antifields are zero, and satisfies the usual requirements
that
{S,8y=0, {59} =QY,, (5.15)

for any field ¥;, where the antibracket between two functionals F' and G is given by

SF 6G  6F 4G
(Fer=> (5% e 5@) (5.16)

i

where W7 is the antifield for ¥;. Using the master action, one can also derive the BRST
transformations of the antifields via QW = {5, ¥;}:

Qbsy = dyd_byy,
Qbsg = d_b3,, (5.17)
Qbzy = dybs,.

Next one chooses a Lagrangian submanifold. We choose this so as to remove the
kernels of kinetic terms in the master action. This is done by projecting each field onto
a subspace orthogonal to its variation under gauge transformations. From the classical
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part S§, the Hodge decomposition implies that we should set
by = dld dy,. (5.18)

The term involving fermionic ghosts and antifields reads
Sf - / b;2 VAN (d+601 + d,blo). (519)
M

Note that d; acting on by; has no kernel (assuming vanishing cohomologies), and likewise
for d_ on byy. This implies that we can decompose by; and by as

bor = A dgs + d_dyo,

- 5.20
bio = dldoo + d dgo. (5.20)

Plugging this into (5.19), we see that terms involving the adjoint operators are orthogonal
and so cannot cancel. However, terms involving the differentials cancel when doo = dpo.
To remove the kernel, we should set czoo = —dyg. Finally, the bosonic action involving
ghosts of ghosts reads

sg:/ (b A dboo + by A d_bgo). (5.21)
M

Again assuming vanishing cohomologies, this term puts no constraints on bg.
The antifields are constrained by demanding

Z/ UIA; = 0. (5.22)

As byo is unconstrained, we are forced to set bj; = 0. From the constraint on by, we
can derive a constraint on b3,:

by = dldz, + dl ds,. (5.23)

The constraints on b33 and b3, come from requiring that

/ (b, A bot + bl A bro) = 0. (5.24)
M
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This holds provided we set
by = dldss,  bhy = dl das. (5.25)

To show this requires an integration by parts, and the fact that the Laplacians A, and
A _ are equal.

We now compute contribution to the partition function of each term in the master
action of S¢. For the classical term, the result is (det’d,d_)/? as the term is quadratic
in 011, which is bosonic. Note however that with the projection onto the Lagrangian
submanifold, the operator d,d_ should be thought of as acting on deT_—exact (1,1)-
forms. The determinant is then

—1/4 R —1/2
(det'(dyd_)) "% = (det’(didtd+d_)> - (det'g“) , (5.26)

as again the Laplacians are equal. The dot below denotes the fact that we are acting
on didi—exact forms, as explained in Appendix B.1. This is also the determinant we
have referred to as C' in Figure 2.

Next, let us compute the partition function of the bosonic action S§ involving ghosts
and ghosts of ghosts. We can write the ghost of ghost action as

[ @b A s+ don (5.27)
M
With the projection onto the Lagrangian submanifold, the result is

/ -1 1A 00 —1/2 —1/2

(det’(d, +d_)) " = <det A ) — A2, (5.28)

Finally, the fermionic ghost term reads

ST = / (bo1 + b1o) A (dy + d_)b5,. (5.29)

M

The Lagrangian submanifold projects b}, onto « A>?®.A**@® Ae>2, as defined in Appendix

B.1. The contribution to the partition function of this term is therefore
’ IR 22 I A2,2 IA 2,2 1/2 1 o\1/2
det/(ds +d_) = <det A®? det'sA2? det ' Av ) — (AB'B)"?, (5.30)

where in the general G5 x G5 case with flux there is a potential asymmetry between B
and B’ when mirroring the diagram of Figure 2 about the vertical axis. In this case we
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denote the Laplacians of the middle upper-left square and the middle lower-right square
B, and the middle upper-right and lower-left squares are denoted B’. For a global G,
structure, one has B = B’, which is the case shown in Figure 2. Putting this together,
the partition function of the term S§ in the classical action is

7 = (BBI> 1/2. (5.31)

C

ago VAN d+d_b22

Next we consider the term S§ in the classical action. The BRST transformations read

Qcaa = dycig +d_coy, Qcao = dico,
Qciz = dycor +d_cy, Qco2 = d_co1, (5.32)
Qco1 = d_cog +dycy, Qcio = dicoo,
Qci11 = dycor + d_cqo, Qco1 = dicoo,

while the field ago is gauge invariant. For each field and ghost c,, we again introduce
an antifield ¢f; ) of statistics (—1)P*7t! and ghost number p + g — 5. We also
introduce a fermionic antifield a3, for the field ag.

The master action is now given as

S = Sg + Z /]\4 0?37]))(3*(1) AN Qcpq, (533)
P,q

which is easily checked to satisfy {S, S} = 0, and generates the BRST transformations
as Qcpg = {9, ¢pg}. Similarly the BRST transformations of the antifields are given
as Qcy, = {5,¢5,} and Qasy = {S,a3;}. We proceed by introducing a Lagrangian
submanifold to project out kernels of kinetic terms in the master action. This is again
done by projecting each field onto a subspace orthogonal to its variation under gauge
transformations. Assuming vanishing cohomologies, for the classical fields co9 and agg
we get

Cyp = dldl das, (5.34)

or ¢o9 € A*? and with no conditions on agy. We can immediately compute the partition

function of S§:

Zb= A" (5.35)
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Next consider the first-level fermionic ghost action
Sf = / CTI VAN (d+012 + d_Cgl). (536)
M

The contribution from this is most easily computed by considering the BRST transfor-

mation of the antifield cj;:
Qciy = {5, } = did_cgpo. (5.37)

The Lagrangian submanifold should hence project ¢, to s AY! @ A" @ Ae"!| and the

contribution from S? is straightforwardly computed as
zb = (CBB)Y2. (5.38)

The second-level bosonic ghost action reads

Sg = / C;l A\ (d+602 + d_Cll) + / CTQ A (d—CQO + d+C11). (539)
M M

Consider first the terms involving the field ¢;;. The gauge transformation of ¢ requires
us to project ¢1; to AM giving a contribution C~'/? from these terms. The gauge

transformation of coy suggests projecting to A%?, while ¢y is projected to A*°. Both of

these terms hence contribute a factor A='/2, giving
zb = ATto12, (5.40)
The third-level fermionic action reads

Sg = / (C;Z A (d+001 -+ d,Clo) -+ C;l VAN d,C(n -+ CTS A d+C10). (541)
M

The contribution from this action is again most easily computed by considering the
BRST transformation of the antifields. We have

QCZQ = d+012 + d_Cgl, (542)

which tells us that we should project ¢4, to A*?. The term involving c5, then contributes
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a factor A2 to the partition function. Similarly, the BRST transformation of ¢ is

Qcy = dicy. (5.43)

Neglecting cohomologies, we find that we should set ¢}, = 0 as part of the Lagrangian
projection. Similarly, we also set ¢j; = 0. The third-level action thus contributes

78 = A2 (5.44)

to the partition function.
The final term to consider is the bosonic action

S — / (cy + ) A (dy + d_)eoo. (5.45)
M

As the ghost field ¢y is gauge invariant we have no constraints on this field. This term
hence contributes
7t = A7V (5.46)

Collecting all contributions, we thus find

(BB/)1/2

b_
70 = 12

(5.47)

Final result

Putting together (5.31) and (5.47), the full partition function for the target-space action
(5.11) is

BB
1242
It is straightforward to check that this expression agrees with the general Gy x G

7 =277"= (5.48)

expression (5.8), and in particular the expression (5.10) for the special case of a global
G5 structure where B’ = B.

6 The Spin(7) X Spin(7) complex

So far we have seen that we can use O(d, d) x R* generalised geometry to build a double
complex that gives the target-space analogue of the worldsheet BRST complex. We
used this double complex to compute the 1-loop partition function of the topological
G5 string and then identify a target-space action which reproduces this result. These
arguments can, in fact, be extended to any subgroup G C O(d) identified in [29] where
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one “doubles” the complexes discussed in that work. These should provide the 1-loop
partition function to a suitably twisted o-model on a target space with the corresponding
G-structure. Here, we will focus on the Spin(7) case and use our results to provide a
prediction for the conjectured topological Spin(7) string [10]. The calculations here
are entirely analogous to those in the G5 x G5 case, so we will be light on details and
simply sketch out some of the proofs while stating the key results.

6.1 Generalised Spin(7) x Spin(7) structures

The set up is much like Section 4.1, except now we take M to be eight-dimensional, so
that we are working in O(8,8) x RT geometry. In this case, two globally non-vanishing

121 spinors €1 € S(C.) each define a Spin(7) structure given by ©.. When the

chira
spinors are linearly independent, the Spin(7) structures are orthogonal and intersect on
a Gy or SU(4) structure depending on the relative chirality of ey [54, 55]. Much like in
the G4 case, however, there may be places where the spinors align and the structure
degenerates to Spin(7). If this is the case, the manifold admits only a local conventional
G-structure, however the spinors still define a global Spin(7) x Spin(7) structure within
generalised geometry.

One can describe certain backgrounds of type II strings compactified down to two
dimensions in terms of Spin(7) x Spin(7) structures. In this case, we assume that
we have a decomposition of the chiral ten-dimensional spinors as ¢4 = (4 ® €4 into
irreducible Spin(1,1) and Spin(8) spinors respectively. For the background to preserve
supersymmetry, we need the supersymmetry variations of the gravitinos and dilatinos to
vanish under 4. Under the decomposition above, and the assumption of vanishing RR
flux, we find that we need (4 to be constant spinors on R, and that e, must satisfy
the Killing spinor equations (4.2) on M. It was shown in [54] that these equations hold
if and only if e, define a torsion-free Spin(7) x Spin(7) structure.

6.2 The double complex

A generalised Spin(7) x Spin(7) structure defines a generalised metric and hence a
decomposition £ = C'; @ C_ as discussed in Appendix C.1. As we did for G5 x G5
structures, we can use the G-structure to define a refinement of the exterior algebra of
this space and take

Apg, = T(ALCL ® ALCL), (6.1)

2INote that the subscript + identifies which spinor bundle the spinors are sections of (as in Section
4.1), and not the chirality of the spinors.
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where m and n now denote Spin(7) representations. Then, given some compatible
connection D, we can define a doubling of the complex (3.30) through the following

diagram:
d A({ﬂ d
+ —
1 1
Asﬁ Ag,s
2 1,1 2
A7ﬂ Ag's Ag’y (6:2)
2,1 1,2
A7,8 A8,7
N e
2,2
A7,7
where for w € AR7, we have defined
(d—l-w)al...aerlc'Ll“.qu - (p + ]-)(P;;/)al...aerlblmprrlDblwbg...bp+1ﬁ1...(_zq7 (63>
(d—w)al---apal--flq—o—l = (_l)p(q + 1)(Pr;)@1---aq+lblmbﬁlDl;lwal---ap52-~.5q+1‘ (64)

We will see that, when D is torsion-free, (6.2) defines a double complex and the restriction
to (A*°, d ) is isomorphic to (3.30).

First, we find the condition on the components of a generalised Levi-Civita con-
nection for it to be Spin(7) x Spin(7) compatible. As before, this comes from taking a
type IIB NSNS background of the form R x M where M is eight-dimensional, and
then considering the Killing spinor equations on M. The conditions on (H, ¢, A*) that
we need to impose are

Dye; = Ve — g Hape/ e — %abgb%bar + 1A% A =0, (6.5)
Daey = Vaey — %Habc’ch@r =0,

where €4 are the internal spinors that appear in the Killing spinor equations and hence
define the Spin(7) x Spin(7) structure. The conditions above imply compatibility with
the first Spin(7) factor, while the analogous conditions for e_ imply compatibility with
the second Spin(7) factor.

Decomposing the fields under the first Spin(7), one finds

g € 8, H € 8+48, At €48 +112. (6.7)
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We can therefore write

Habc = Hd@dabc + gabca (68)
A;rbc = <Aad€@b0de - A[a|de@|bc]de> + Aabc; (69)

where Hy € Qf, H, A € Q34, and A transforms in the 112 representation. Using the
fact that
(Pgl)a56d70d6+ =0, A[a|de@|bc]de = 2Aab07 (61())

3

we find that the conditions for D to be a compatible connection are

Hy = 20,9, H = 20A, (6.11)

while A is unfixed. One finds analogous relations for the second Spin(7) factor.

As in the Gy x G4 case, we find that the operators in the double complex can
be defined in terms of a “simplified” connection D which is neither torsion-free, nor
compatible. Nonetheless, it can be used to check the nilpotency and anticommutivity
of d. The simplified connection is

(6.12)

Note that the first line of (6.12) immediately implies that (A*°,d ) is isomorphic to
(3.30) as required.

We now check the conditions for (3.30) to be a double complex. Firstly note that, as
in (4.25), we find that d2 acting on w € A" is given by (P7); acting on the following;

A

[ﬁaﬂ DGQ]MZ)J?Q = _qR;a26[61|wE\BQ} . (613)

However, after taking the projection, this vanishes because R* € spind ® spin;. It is
clear therefore, that dZ = 0 acting on any vertex of (6.2). The d®2 = 0 condition follows
analogously, and so we just need to check {d,,d_} = 0 on A%? A0 A%l and AL
The calculation is very similar to those done in Section 4.3 and so we will demonstrate
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it only for w € Aé’g. First consider
[Das Diweq = (Rape — §VaHz® — $Hop" Hz.)uwe. (6.14)
Antisymmetrising on [ac], this becomes
— IRE e, (6.15)

which is annihilated by (P2). The others follow similarly and hence we see that if D is
a torsion-free Spin(7) x Spin(7) connection, (3.30) defines a double complex.

6.3 Hodge theory

Next, we define Laplacians and analyse the Hodge theory. To do so, we introduce a
metric on the complex as we did in (4.33). That is, for «, 8 € AP?, we have

(o, B) = / dG(a, B) = I{p/{q/ e 2% vol af, (6.16)
M M
where now
1 =0,1,
4 p=2.

Defining adjoint operators d’. with this metric, we find their action on (p, q)-forms to be

dia = _VpDal&al...aplgl...l;qa (618)
dT—Oé = (_1)p+1ﬁ)/qu1Oéal...apl_)l...l_)q7 (619)
where
L p=1,
- (6.20)
4 p=2.

6.3.1 Kahler identities

As in the G5 x G5 case, the operators d. satisfy the analogue of the Kahler identities:
di = (dL)* = {d},ds} = 0. (6.21)

Unlike in the G5 x G4 case, however, we do not have isomorphisms connecting different
vertices in the complex. We must therefore check the relations on all vertices. For the
condition {d} d_} = 0, the only non-trivial checks are on A", A", 420 and A>'. For
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Ao € A the condition follows simply from (C.28) and the fact that R%, = 0 for
torsion-free Spin(7) x Spin(7) manifolds:

({d', d_I o). = [Da, Da]A* = R A" = 0. (6.22)
For A\;; € A we find

(s d- 1))y = 20PEa™ (VeVads = VaVeXy
+(—2VeVad + AV HL  + LHPH  + 0y H )N
+(AVH, 7 + }lefHEba))\“é>
= 2(P2) ™ (— R\ + SREZA) = 0.

ed @

(6.23)

The first term vanishes as before, and the second term vanishes because Rt € spini ®
spin; and hence is annihilated by PZ. For the remaining vertices, A*? and A>!, the
calculation is similar:

({di, d_}ha),. = —4RyN0 — 2Ry 1 A

6.24

o (6.24)

({dh,d-3221) o = 8P (— RUN ad = 3 RiacA"a — 3R 0\ ee) (6.25)
= 0. '

The terms involving R~ vanish since contraction with A gives a contraction between
the 21 and 7 which is necessarily zero. The analysis for {d" d,} then mirrors what we
have done above. Putting this all together, one sees

{dl,d:} =0. (6.26)

One can also check that (d})? = 0. Unlike in the Gy x G5 case, this does not
immediately follow from d% = 0 and certain automorphisms of the complex. Instead,
one needs to do the calculation explicitly. For example, for A € A*9, one finds

((d1>2>\), . = —4R3b)\aba1._aq - QQR(J—,I)B[(EI‘)\G{)BL.@(Z] = 0, (627)

ai...aq

and similarly for (d')2. This proves the Kéhler identities in (6.21).
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6.3.2 Laplacians

Finally, we can define the Laplacians of the “plus” and “minus” differentials via
Ay =didy +dpdl. (6.28)

Taking the combined differential d= d; +d_, we find that the Kéahler identities imply
42 = 0, and that

A=dfd+ddf = A, +A_. (6.29)
While we omit the rather lengthy calculations, one can follow the same arguments as in

Section 4.4.2 to show that the Laplacians are again equal: A, = A_ = %A

7 Relation to the topological Spin(7) string

The topological Spin(7) string was postulated in [10] but is far less understood than its
(G5 counterpart. Despite this, we can use the double complex we have derived, along
with intuition gained from the A/B-model and the G,-string, to provide a conjecture
for its 1-loop partition function.

The key idea is to take the double complex above as the target space interpretation
of the BRST complex and assume (5.8) holds for any topological string. That is, we
assume that the 1-loop partition function calculates the analytic torsion of the Spin(7)
double complex:

-1/2
7, = H(det’Apvq)“U”*QWI , (7.1)

p.q

where now the product is taken over the vertices in the Spin(7) double complex. Again,
using the fact that the determinants depend only on the Spin(7) x Spin(7) representation,
we find

Zy = (det’Az7)"%(det'Agr)(det'Ag g)(det’Ag g) ™12 (7.2)

As before, the subscripts denote the Spin(7) x Spin(7) representation that A is acting
on.

The topological Spin(7) string should correspond to the case where we have a global
Spin(7) structure with vanishing flux, so that the metric on M has special holonomy.
The above expression can then be rewritten using representations of the diagonal Spin(7)
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Figure 3. For a global Spin(7) structure with vanishing flux, equality of AL means that
all det’AP? can be expressed in terms of three independent determinants. For example,
det’A%0 — det’AI,l = det’Ay = A4, det’A20 = det’A7,1 = det’A;7 = B, and det’A2? =
det’A7,7 = det’A; det’Ag1 det’Ag7y = C. The analytic torsion (the 1-loop partition function)
is then given by (A~'B2C~1)1/2 in agreement with (7.4).

and the fact that, by construction, A ~ A on these subspaces:

Z1 = (det 'A1)75/2(det ,A7)71/2 (det IA8)2(d€t /A21)75/2(det ,A27)72

7.3
(det /A35)_1/2 (det ,A48)2. ( )

It is possible to further simplify this as, for a Spin(7) manifold, the Laplacians are not
independent. Using the relations outlined in Appendix A.3 we find that

Z1 = (det /Al)il (det 'A7)(det ,A21)71/2(d€t /A27>71/2. (74)

Once more, this result can be read off directly from the double complex by assigning
values to the squares in the diamond, using the isomorphisms to see which are equal,
and multiplying them together with alternating powers of :I:%. This is illustrated in
Figure 3.

Before providing more motivation for why this is might be the correct 1-loop partition
function, we make some brief comments about the result. Firstly, this combination of
determinants does not define a topological invariant of the Spin(7) manifold, much like
the G5 case.?? This is not a surprise given that the G-structure defines a unique metric

220ne can calculate the combinations of determinants that are topological, much like in [14]. For
Spin(7) there are four independent combinations. We find that Z; in (7.4) cannot be written as a
combination of these invariants.
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and the partition functions clearly depend on the G-structure. Secondly, there does
not appear to be a quadratic target-space action whose partition function reproduces
(7.4) since the natural “top form” one would write down transforms in the (7,7) and
hence is not a Spin(7) x Spin(7) invariant. Despite this, our analysis provides a natural
geometric interpretation of the 1-loop partition function as the product of (-regularised
determinants of Laplacians acting on the double complex (6.2).

Let us now motivate the above result by finding worldsheet operators that act as
d+. As we saw in Section 2.3, the special NS highest-weight states selected out by the
topological string are the following:

0.0 EE I -
Q0 QL 02

where we have written their interpretation as target-space differential forms underneath.
These states should be generated by the chiral ring of the theory, which in turn should
be annihilated by some nilpotent operator () we are yet to find. Given the discussion in
this and the previous section, we expect that this () should have a left-moving piece
that corresponds to the differential d described in (3.30).

Typically, the operator @ is built from the supersymmetry generators of the theory.?
We therefore examine the OPE of the supercurrent G with the operators defining the
NS states above, and find

G(z)f(w):...—%éw—j(;u))—i-... (7.6)
G(2) A (w) = ... — a“?(jiw;gw) + af:f_l“s)”) (7.7)

where we have expressed only the order-one poles which give the action of G_;/,. We
see that, up to some term that involves dz*, we have G_;/5 ~ —%d. In fact, if we
decompose the expressions above according to their weight under 77 = %X , we find

(P7) " Op Astpy)” ~ [%}7 7.9
—5(P30) " 0 A" + 0 Ay, ~ [0]. (7.10)

We would like to pick some sub-operator of G_; /5 that selects (7.8) and (7.9), but leaves

23 At least this is true in the A/B-models, and there is evidence that a version of this is true for the
G5 string.
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out (7.10).

To see what this could be, we need to understand better the fusion rules of the
Ising model. The Ising model is a minimal model at p = 3. It therefore has three states
a, for n =1, 2,3, where the weight of «, is

0

L
6

3n—4)2—1
%Nu:

48

=

L,
2, (7.11)
3.

3 3 3
I

[

Plugging in the different values for n reproduces the weights we have written above as
expected. By examining the fusion rules, one finds [10]

109 ~ 9, Qg ~ (] + (g, Q3o ~ Q9. (712)

Using the conformal block decomposition of a state — in which we view a state a,, as a
collection of maps between states dictated by the fusion rules — we find that we can
write

— :l:'
Qg = ay + aj, a5y = g, (7.13)

where we take a,, = 0 for n ¢ {1,2,3}.

Looking at (7.8)—(7.10), we see that, at least in the Ising sector, G_1/3 ~ as.
Decomposing the action of G_;/, into conformal blocks as we did for as, the sub-
operator that selects only the special NS states in (7.5), and hence the natural candidate
for the left-moving BRST operator, is

Qr=GT,,~d.. (7.14)

One finds similar results for the right-moving sector with Qr = @fl /2 and hence we
reproduce the Spin(7) x Spin(7) double complex of Section 6. Note that this construction
is analogous to that of the BRST operator in [11] for the topological G5 string. We view
this as strong evidence that this, or a small variation of this, is the correct worldsheet
and target-space interpretation of the BRST operator for the topological Spin(7) string.

8 Some other examples

Though we have focused on the cases of Gy x Gy and Spin(7) x Spin(7), and the
diagonal subgroups relevant for topological strings, our construction is in fact far more
general. Once one has identified a group G C O(d) and the relevant instanton complex
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from [29], one can find a doubled version of the complex by lifting to a G x G C O(d, d)
structure and then using a torsion-free generalised connection that is compatible with
the structure. Moreover, this construction will work for non-vanishing H-flux even if
this breaks integrability of the conventional G-structure.

Since the proofs are essentially the same as for the G5 and Spin(7) case with the
relevant groups and representations exchanged, we will not show explicitly that the
diagrams we give are double complexes, that the Kéahler identities hold, nor that the
left and right Laplacians are equal. Instead, we simply write down the complexes in a
few cases of interest and comment on connections to 1-loop partition functions.

8.1 A- and B-models with background H-flux

As we have seen, the double complex exists only for certain choices of H-flux. While these
choices may break integrability of the conventional G-structure, if the flux preserves
integrability of the generalised G x G structure, and hence the background is still
supersymmetric, the double complex is well defined.?* This allows us to describe
topological strings on backgrounds with non-vanishing flux where one necessarily needs
to use generalised geometry and the doubled complex. In particular, it is interesting to
see how our double complex describes the A- or B-models with flux.

First, let us build the double complex that applies to six-dimensional supersymmetric
backgrounds. These backgrounds have an integrable SU(3) x SU(3) structure®® which
means we can decompose the bundles C. under this group into complex conjugate
representations

Cy=Cy" @Y. (8.1)

In this case, we can build two inequivalent double complexes out of this decomposition
that we suggestively call the A- and B-complexes. These are respectively defined by

AR =T(APCY' @ A1CMY), (8.2)
APS = T(APCY @ A1C™M).
We can build the corresponding differentials from a torsion-free compatible connection

as before, this time with the projections mapping onto the vector spaces above. The
1-loop partition function then follows immediately from the analytic torsion formula we

24Recall that integrability of the generalised structure forces some components of H to vanish, while
others are related to d¢ or left unconstrained.

25In fact, one only needs the target space to be generalised Kahler, which is a slightly weaker
structure. However, restricting to SU(3) x SU(3) ensures there are no anomalies in the twist [15].
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used previously, namely

—1/2
7y = H(det'Apvqﬂ—”””m] : (8.4)

p.q

Let us now see how this relates to the A- and B-models with flux, as studied in [15].

The relation of the A/B-models to generalised geometry has been studied in great
detail [44, 56, 57]. In general, a two-dimensional N = (2,2) o-model with H-flux has a
target space with a twisted generalised Kéhler structure [42, 58]. This is defined by two
commuting, integrable generalised complex structures J; and [J,. Individually, they
give a decomposition of the generalised tangent bundle into eigenbundles:

Ec=L,®L,=Ly& Lo, (8.5)

where L; is the +i eigenbundle of ;. Since the two complex structures commute, we
can find mutual eigenbundles and write

D
)

, (8.6)

{=

Ec=Li @ Ly © Lf
— —~—  —~
(1,1) (1,-1) (—-1,—1

—

~1,1)

where we have indicated the charges under (J1, J2). We see that L; and Ly can be
identified with
Li=Lf®L], Ly=L{&® L. (8.7)

As usual, the two generalised complex structures define a generalised metric via G =
—J1J2, which in turn defines the subspaces Cy. It turns out that the decompositions
(8.1) and (8.5) are then related via

=L, =1 (8.8)

Using this, the vector spaces (8.2) and (8.3) that we have dubbed the A- and B-complexes

are given by

ART=T(APL] @ A'Ly) C T(APHL,), (8.9)
A3t = D(APLT © ATLy) C D(APHLY), (8.10)

so that the total space of the A- and B-complexes are A®L3 and A®L] respectively.
Using the results of [42], we know that for any generalised complex structure 7, its

— 57 —



+i eigenbundle L defines a Lie algebroid under the Courant bracket. This means that
there is an associated differential d; that makes (A®L*,d;) a complex. Furthermore, if
J is part of a generalised Kahler structure, then the differential splits as

dp, =97 +0;, (8.11)

with
@Z“: APAL* — APTLAL* o+ APIL* — AP (8.12)

where we have defined AP4L* = APLT ® AYL7, and similarly for L, (see also [59]). One
can show that these differentials coincide with the those in the double complex defined
via generalised connections, i.e. 02: = d4. Hence, the total BRST operator is

Q=Qr+Qr=dy +d =07 +0; (8.13)

where L is L; for the B-model and Ly for the A-model. The chiral ring then corresponds
to the cohomology associated to one of the generalised complex structures, with the
choice of structure fixed by whether one uses the A or B twist. This exactly reproduces
the results of [15]. We can now interpret the 1-loop partition function (8.4) more
concretely with the knowledge that the relevant Laplacian A is that associated to the
differential dj,.?

For completeness, note that one can recover the chiral rings of the A- and B-models
by defining a generalised Kéhler structure from a conventional Kéhler structure (I, w)

10 0 —w!
(10) () s

With this choice, the A- and B-complexes in (8.2) and (8.3) reproduce the chiral rings
of the A- and B-models respectively, with the 1-loop partition function in (8.4) reducing
to (2.29).

via

26 As was shown in [15], depending on whether one uses [J; or Jo, Z; may receive instanton corrections
at finite volume, and so we should view (8.4) as the 1-loop partition function at infinite volume.
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8.2 Topological strings on K3

A K3 manifold has an SU(2) C Spin(4) structure, for which the relevant instanton
complex is isomorphic to the Dolbeault complex

0 9 ot 9, o2 (8.16)

where we can choose any combination of the three commuting complex structures to
define the 0 operator. Lifting to a generalised SU(2) x SU(2) C Spin(4,4) structure,
we find two possible ways to define the doubling of the complex, corresponding to the
A- and B-models on K3. In both cases, in the infinite-volume limit where instanton
corrections can be neglected, the complex is naturally isomorphic to the Dolbeault

e

Ql,O

complex:?7

/
020 < \91,1 \QO,Q (8.17)
NN e

N S

92,2

One can then find the 1-loop partition function of the topological string on K3 using
the analytic torsion (8.4). Thanks to the Calabi-Yau structure of a K3, one finds that
the (-regularised determinants of Laplacians have many identifications:

det /AP = det’ A% = det’ A> P, (8.18)
det’Ab = (det’AY0)? = (det’A0)%, (8.19)

Applying these to (8.4), we find that the 1-loop partition function is trivial, ZK? = 1.
This matches the result that the partition functions for the A- and B-models are trivial
on a K3 in the large-volume limit [7].?® Note that we were able to show this directly
from the target-space geometry without a detailed description of the worldsheet theory.

27By changing the choice of complex structure within the hyperkihler structure, one can continuously
interpolate between the A- and B-model [57].

280ne needs to use the worldsheet theory to see that it is not possible to absorb fermion zero-modes
in order to show that the partition function for the A-model remains trivial at finite volume.
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9 Conclusions and future directions

In this paper, we have given a prescription for calculating the 1-loop partition function of
certain topological string models whose target spaces admit torsion-free G x GG structures
within O(d, d) x R generalised geometry. We reviewed how there are natural complexes
for both G5 and Spin(7) structures. We then extended these to double complexes
for Go x Gy and Spin(7) x Spin(7), with the relevant differentials constructed from
torsion-free compatible generalised connections. We showed that such connections exist
provided the target space satisfies certain differential conditions that correspond to it
being a supersymmetric NSNS background for a Minkowski spacetime. In each case,
there existed an analogue of Kéhler identities and Hodge theory which allowed us to
define Laplacians acting on representations of G x GG. Starting from the conjecture that
the 1-loop partition function is given by a certain alternating product of determinants
of these Laplacians, we showed that our formalism reproduced the known worldsheet
results for the A- and B-models and the G string. Our result for the Spin(7) string is
new. Finally, as further examples, we discussed how our formalism captures topological
strings on K3 surfaces and the A- and B-models with flux.

An overarching theme of our work is that G x G C O(d,d) x RT structures within
generalised geometry should be thought of as the correct target-space language for
describing worldsheet models, with the left- and right-moving sectors captured by the
spaces C'y and C_ respectively (as mentioned previously in [45, 60]). By moving to the
twisted theory, one is restricted to special subspaces of C1 selected by the G-structure.

Unfortunately, we were not able to give a target-space action for the Spin(7) string,
nor for backgrounds with general G x G structure without special holonomy. Following
the logic of [9], one might imagine that there are functionals whose quantisation leads
to the 1-loop partition functions we have calculated in this paper. It may be that
one needs to consider RR degrees of freedom and extend to exceptional generalised
geometry [61-65] in order understand these, or if one wants to understand the story
in M-theory. We hope to tackle this in the future, for example by building on the
work defining invariant functionals in [46, 66—68]. As a first step, one could imagine
quantising variations of the “hypermultiplet structure” of [66], which in type ITA would
give the analogue of [9] but for the A-model (or Kéhler gravity). However, in order
to extend the Gy x G and Spin(7) x Spin(7) constructions introduced in this paper
one would need to identify the corresponding structures in Fgg) and FEyg) generalised
geometries respectively, which have not yet been formulated (though certain subsectors
of Fgs) generalised geometry have been introduced in [69] which might provide clues
on how to build the invariant functionals).
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There are a number of research directions opened up by our work. In [14], the
quantised G target-space theory was compared with the results of Pestun and Witten [9]
by reducing the theory on a circle. One could perform a similar check by reducing
the Spin(7) double complex to Gy in the cases with and without H flux. Staying in
eight dimensions, as another direction one might consider embedding a global SU(4)
structure in Spin(7) x Spin(7) where it should give a non-critical version of the B-model
on a fourfold.

Another relatively straightforward extension of this work would be to consider
the cases where the generalised intrinsic torsion of the Gy x Gy or Spin(7) x Spin(7)
structures does not (entirely) vanish. Recall that we used the fact that we were
examining supersymmetric Minkowski backgrounds to immediately conclude that the
G x G generalised structures must be torsion-free, and that was sufficient to prove the
existence of the corresponding double complexes. However, it is possible that one may
be able to weaken this constraint for other backgrounds — in particular, supersymmetric
AdS backgrounds are described in generalised geometry by constant singlet torsion [70-
72]. For the G5 x G case, one could then hope to use the concepts developed in this
work to make contact with worldsheet computations for NSNS AdS;3 backgrounds [30].

It would also be worthwhile to understand whether there is a physical interpretation
of the double complexes when the groups for right- and left-movers on the worldsheet are
not matched. For example, one could imagine taking SU(3) x Gy C O(7) x O(7). Such
a generalised structure would be defined by three global spinors, a pair of orthogonal
e/? and an e_, so that the seven-dimensional manifold would generically have an SU(2)
structure that becomes SU(3) wherever e_ is parallel to either ei. Again, one can write
down the conditions for the structure to be torsion-free and construct differentials using
the corresponding torsion-free compatible connection. Closely related to this would be
considering the generalised geometric description of heterotic supergravity, where the
relevant group is O(d) x O(d + n), with the gauge group G embedding in the second
factor [67, 73-79]. If a double complex can be constructed in this case, one imagines it
could be related to G-instantons.

Given the importance of the A- and B-models for understanding mirror symmetry
on Calabi-Yau threefolds, one might wonder if these double complexes could be used
to probe mirror symmetry on Gy or Spin(7) manifolds [10, 32, 80-83], or if the 1-loop
partition functions can be expressed in terms of the “p-characteristic” of [84] which has
special properties for self-mirror manifolds. As a consistency check, Gy mirror symmetry
appears on the worldsheet as a certain automorphism of the right-moving extended
algebra [85-87], suggesting that Figure 2 should be symmetric when reflected along the
diagonal from the top left to the bottom right, which indeed it is.
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Our work may also have applications in K-theory and index formulae, which can be
seen by reinterpreting the construction of the double complexes in terms of generalised
spinors. Indeed, for Spin(7) x Spin(7), one can check that the total space of the double
complex is isomorphic to the space of generalised spinors. The operators Dy = d4 + dl
then define new elliptic operators on this space which are related to, but not exactly,
(twisted) Dirac operators on Q°*(M). If these operators, or some construction related to
them, has a parallel Cliff(8, 8) action, it would descend to the finite-dimensional space
ker D, giving it the structure of a Cliff(8,8) module. The residue of this, as defined in
e.g. [88], would give a Z-valued index for the manifold which, under general arguments,
should be invariant under continuous deformations of the operator [89, 90]. We would
like to see if and how this index is related to other indices on eight-dimensional manifolds.
Something even more curious happens in the G, x G5 case. Here, the total space of
the double complex is isomorphic to two copies of the generalised spinors, possibly
indicating that the correct description should be in terms of pinors. In any case, if
one can find a parallel Cliff(7,7) action with respect to D, then the finite-dimensional
space ker D1 becomes a Cliff(7,7) module. Due to the split signature of the Clifford
algebra, the residue of this representation does not trivially vanish as one would expect
for seven-dimensional manifolds. This may give a new index that could be used to
distinguish G5 structures.

More speculatively, one might hope that higher-loop contributions to the partition
function can also be captured by the generalised geometry of the target space. Similarly,
one might wonder whether one can use the double complexes to compute twisted
worldsheet indices in the spirit of Cecotti et al. [91]. In another direction, there has also
been recent progress in both the physics and mathematics literature in understanding
instantons, invariants and enumerative geometry in the exceptional setting, see e.g. [92—
96]. As mentioned, for instantons and their counting, the single complexes of [29] play
a natural role. Then, in analogy with how the open-closed duality of the A-model
and gauge theory can be used to compute Gromov—Witten invariants of Calabi—Yau
manifolds [97], one could ask about the relations between our double complexes and the
counting of, for example, associative submanifolds and G5 instantons.
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A Conventions and useful identities

In this appendix, we collect our conventions together with a number of useful identities
and projectors for Gy and Spin(7).

A.1 Conventional geometry

Given a conventional connection V on M, we can express its torsion T' € T'(TMQA*T*M)

as
Vv = 00" + 1), 0P,
T(v,w) = V,yw — Vv — [v,w], (A1)
Tmnp = anp - Fpmna
where [, ] is the Lie bracket. The curvature of V is then given by the Riemann tensor

R € T(A*T*M ® End T M), defined by

R(“a U)w = [VUa vv]w - V[u,v]wa

(A.2)
Ron? qw? = [V, VyJw? — T4,V 0P,

with the Ricci tensor and Ricci scalar defined by
R = RpmPn, R =9"Rmn- (A.3)

We define the generalised Kronecker delta as
O = gl g, (A.4)

so that its components are zero or iﬁ. In particular, this convention implies

5:Lrilnn;pan1np _ a[my..mp]‘ (A5)
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A2 G,

We use a (conventional) orthonormal frame ¢,,,, = 0,,, and take the seven-dimensional
gamma matrices to furnish a representation of Cliff(7;R) with v® =~'.. 7 = —i1.2
We take the Gy structure to be defined by a Majorana spinor € normalised such that
€e = 1. The Gs-invariant 3-form ¢ and its Hodge dual *¢ are defined as

Prmnp = —1EYmnpe, (FO)myms = —Vimy..ma€- (A.6)

In an orthonormal frame, these can be written as

_ 26 _ o235 _ M5 136 | 127 | 3T | 50T

€
1234 4 61256 4 63456 4 e1357 -

¥

xp=e 1467 _

2367 2457

(& € €

Identities

Using Fierz identities on products of four €’s, one can show the following identities hold:

mi1map _ mi1msa mimsz
2 Prinep = 25n1n2 + (*90) ning»

QOmPIPQ (pnplPQ — 65mn7 (A.8)
S07’1"017”27""03 Pmimams = 42,
(*Qp)mlQOg’p@nlngp — —65[m1 [n1 Sonz]QOS} ’ (Ag)

mi1ma2

(*@)mlmepoSOnppo — 4(’0 n-
One also has

(*(P)mlmnu (*‘P)nl...m — Q4 Fm-ma + 725[m1m2 <*90>m3m4]n3n4]

ni...ng [nan

—166l™ (1 g0m2m3m4} PCronsnals
(%0) ™2 (500) gy = GO 4 O5I (kp) 2L = 9T,
(@)™ PP (£0) 1 mapips = 80y~ T 2(%) ™ ™ 0
(@) "2 (50 ) nipypopy = 240",

(k)PP (x0) p, .. py = 168.
(A.10)

290me can take the gamma matrices to be imaginary and antisymmetric, so that a Majorana spinor
is real and obeys € = €T [98].
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Other useful identities include

mi1ma2ms3

2 Prinong = 390[m1m2 [nlgomB]TLQnS} + 65 [nl(*w)QOg]nznslv

Plmimams (pm4m5]p = (*90) [m1~~m45m5]p'

(A.11)

Projectors on forms

It is useful to have explicit expressions for the various projectors onto representations
of G5. We define the projectors PP, which project a p-form onto the r representation,
so that

Mme = (PE4PL) " N,

(A.12)
Omymams = (P; + Py + Pay)

ninans

mimams ninang:

In indices, these projectors are given by

PDm™ = 3(522s + 36 )m™),

(Phn™ = 3(205500 = 1) ),
ninans <A13)

(’Pi’))mlQOSnmgng = ﬁ‘pmﬂnzms@ )
(P’?)mlmzﬂmmmng = Z%<*‘p)m1m2m3Q(*9@)nm2n3qa

3 ningn3y __ 3 snineny 3 [nl nzng] 1 ninans
(P27>m1m2m3 - 46m1m2m3 85[m1 (*Qp)mzm:ﬂ + 56 Pmimoms P .

—_

From these we can obtain useful relations like

* Spmnpq(>W)pq = 4()\7)mn7 >X<QOTrLTqu(>\14)pq = _2()\14)mn' (A14)

A.3 Spin(7)

We use an orthonormal frame g,,, = d,,, and take the eight-dimensional gamma matrices
to furnish a representation of Cliff(8; R) with v =~ ... 4% = 1.3° We take the Spin(7)
structure to be defined by a chiral Majorana spinor €, with chirality 7(¥¢ = ¢ normalised
such that ée = 1. The self-dual Spin(7)-invariant 4-form is defined as

Omnpg = EYmnpq€- (A.15)

390ne can take the gamma matrices to be real and symmetric, so that a Majorana spinor obeys
Z_ T
E=c¢€" [98].
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In an orthonormal frame, this can be written as

© — _pl234 _ 1256 _ 1278 _ 3456 _ 3478 _ 5678 _ 1357
| 1368 | 1458 | 1467 | 2358 | 2367 | 2457 _ 2468 (A.16)
Identities
Again, using Fierz rearrangement one can show the following identities hold:
O™"™1O pg = 336, (A.17)
1P O,y = 4207, (A.18)
OPI""O, gy, = 12007 — 4071, (A.19)
OO = 6K — 901,57, (A.20)

Projectors on forms

We define the projectors PP, which project a p-form onto the r representation of Spin(7),
so that

A = (P2 4+ P2). ™ A, (A.21)
Omimams = (Pg + Pjs)mlQOsnlmnsgnmznsv (A.22)
Ty = (P +Pg 4 Pag +Pas) 0 T (A.23)
In indices, these projectors are given by
(,P"?)mm/nn, - %(5237;/ - %@mm’nn/>, (A24)
(P31)mm ™™ = %(512% + %@mm’nn ), (A.25)
(PR ™™ = (02, = 300,207, (A.26)
(Pl a7 = L6520+ 300, 72571, (a2)
(’P%)ml...m4n1.”n4 - 3_;)(.:‘@7)’1,1...7)’),4@”1.“”47 <A28)
(P’?)ml---mzxmmm = é<5&1% - %G[m m [mma:i%]

1 41 1[; . 3 nﬂ (A.29)

- 6@[m1m3 1@m4] 2o )7

(P§7>m ...m e — l<3 5:’;—3% + E@[m m [n1n25:;37;‘i]
o BN T e (A.30)

o %G[ml---ﬁm [nl@m4]n2...n4] + %@mlmm‘l@mmm),
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(P§5>m1...m4n1...n4 _ %(4 5n1...n4 o 66[m1m2 [n1n26n3n4]

e m3m4] (A31)
+ %6[m1...m3[n1 @m4]n2...n4] _ %@ml...m‘l@m...ml) '
Note in particular the helpful relations
O (Ar)pg = =6(A0)mns  Omn™(A21)pg = 2(\21)mn- (A.32)

Differential operators

Using the decomposition of differential forms into Spin(7) representations and taking
feM aecQ, e ved, de Qg pe Qi and v € Q3. one can write the
exterior derivative as combinations of the following operators

dg: Q) — Q4. dgf = df, (A.33)
ds: 0 — 02, d3a = Pida, (A.34)
ds,: Qf — Q% d,a = Pz, da, (A.35)
d§s: Qg — U3, d§sar = Pagd * (a A O), (A.36)
dis: Q7 — Qs disf} = PasdB, (A.37)
dis: D51 — Qis, disy = Pisdy, (A.38)
das: Q3g — Q5 d338 = Pa,dd, (A.39)
das: Qg — O3, d3s6 = Pasdd. (A.40)

We also impose (dg)T = dg, where the adjoint is defined by the standard inner product
on differential forms. Adapting the arguments made in [39], one can find the following
decomposition of the exterior derivative:

df = dif. (A41)

d(fO) =dgf A6, (A.42)

da = da + d3; a, (A.43)

d* (e AO) =—1d7a© + L(d}a) - © + d35a, (A.44)
dlaNO)=d3anO+d3ane, (A.45)
dxa=—xdja, (A.46)

4B = —2 x (ALB A ©) + dlf, (A47)
d(B-0) = —LdiB A0 +4xdigp, (A.48)
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d* 3 = *d3B, (A.49)
dy = 7 * (d3'y A ©) + dig7, (A.50)
d x v = xd2'y, (A.51)
dé = 1(d30) - © + d376 + d359, (A.52)
dx*d = —*d7®5 — xd330, (A.53)
dp = *digp, (A.54)
dv = 3d3°v A O — xdRv. (A.55)

In the above, we have used the notation /- © to denote the isomorphism Q2 — Q31
given by
(B O)abed = 480" Oilpea- (A.56)

Laplacians

One can use the relations above to prove various identities for determinants of Laplacians

on Spin(7) manifolds. In particular, one has

det’Ag = (det'Ar)(det’Ay), (A.57)
det ,A35 = (det /A27)(det /Ag), <A58)
det /A48 = (det 'A27)(det ,AZI)- (A59)

As an example, we will prove the first of these relations — the others follow similarly. Using
the decomposition of the exterior derivative into df, and the fact that d?a =d?8 =0,
for a € Qf and 8 € Q2 we have

Arf = didgf, (A.60)
Aqf = 4d7dgp, (A.61)
Aga = dgdfa + 4d3d3a. (A.62)
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Then one finds

det'Ag = det’(dad8 + 4d3d3)
= det'((dg + 2dg)(d§ + 2d3))
= det’((d} + 2d3)(dg + 2d7))
= det’(d3dg + 2d3d3 + 2d3dg + 4d3dF) (A.63)
= det’(d}dg + 4d3dZ)
= det'(Ay + Ay)
= (det'Aq)(det'Ar).

Note that, in going from the second to the third line, we used the fact that det’ is the
(-regularised) product of non-zero eigenvalues. In going from the fourth line to the
fifth, we used d$dg = 0, which is simply the statement that (3.30) is a complex. The
final identity follows from noting that A1 A7 = AzA; = 0.

B Determinants and partition functions

B.1 (-regularised determinants

We give a brief outline of (-regularised determinants and their properties [99]. We follow
the notation of [9].

Given an increasing sequence of positive real numbers A = {ay, as, ...}, we define
the (-regularised sum of the numbers to be (4(—1) where, for large Re s, we define

:Zags Res >0, (B.1)

and then extended to the whole of C by analytic continuation. The (-regularised product
of A is then defined to be
e~ (B.2)

where the prime denotes differentiation with respect to the complex parameter s.

Given a vector space V and an operator A: V. — V with only non-negative
real eigenvalues, we define the (-regularised determinant, denoted det’A, to be the
(-regularised product of its non-zero eigenvalues. That is

det’A = e~ (B.3)
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where we have used the same symbol for the operator and its sequence of non-zero
eigenvalues. For an operator B: V — W, we note the useful identity

|det’B| == (det’B'B)"/2 (B.4)
Note that since we neglect the zero eigenvalues, we also have
det'B'B = det’BB'. (B.5)
Given two operators A, B: V — V that obey AB = BA = 0, it is simple to show
det’(A+ B) = det’Adet’B. (B.6)

These determinants are useful when looking at Laplacians of differential operators. We
will highlight some useful identities for these determinants in the de Rham and Dolbeault
complexes. The results in the latter case all naturally generalise to the G5 x G5 and
Spin(7) x Spin(7) complexes we discuss in this paper.

First consider the de Rham Laplacian A = ddf 4+ dfd. Denoting the space of p-forms
on an n-dimensional manifold M by P, the Hodge decomposition gives

QF =dr-! @ dfort! @ gr. (B.7)

Figure 4(a) shows this pictorially: we can associate the exact (resp. co-exact) subspaces
with the left (resp. right) region surrounding the node in the de Rham complex. Note
that, by definition, H? is the zero eigenspace of A and so can be neglected when
calculating det’A. Hence, we can write

det’AP = det’('AP) det'(A"P), (B.8)

where ‘A? is the restriction of A? to dQP~!, and A’ is the restriction to dTQP*!. Observe
that one can identify
A—ddf, A =did. (B.9)

Due to (B.5), we see that
det’('AP) = det’(AP). (B.10)

Furthermore, since the Hodge star commutes with the Laplacian, we have

det’AP = det’ AP, (B.11)
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(a) (b)

Figure 4. A pictorial representation of the Hodge decomposition of differential forms
(neglecting harmonic forms). Figure (a) shows the de Rham decomposition of P into
exact and co-exact pieces which we can view as coming from the left and right of the node
respectively. Figure (b) shows the Dolbeault decomposition of 279. Pictorially, the subspaces
can be associated with the squares surrounding the node, corresponding to the direction the
double differential maps from.

where n = dim M.
For Kéhler manifolds, we can refine this further. We have the Laplacians for 9, 0

and d which are proportional:
Ay = Az = %A. (B.12)

We also have the Hodge decompositions of QP9 with respect to 0 and 0:

OPa = 9P @ o QP @ HE, (B.13)
=00 @ OTOP I @ HP. (B.14)

By (B.12), we have equality of the spaces of harmonic forms, H7* = H2?, which means
that we can combine the Hodge decompositions above and write

QP = 9o~ @ 9ot QP bt @ glogrthe @ giotQrthett ¢ gre. (B.15)

Once again, H? is the zero eigenspace of A and so can be ignored when computing
det’. The Laplacian A then decomposes according to its action on the four subspaces
in (B.15). One can identify these subspaces with the four squares surrounding a vertex
in the Hodge diamond, as shown in Figure 4(b). Given this decomposition, one finds

det'A = (det'A)(det' As)(det’ A)(det'sA), (B.16)
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where the position of e denotes the restriction of A to the relevant subspace as labelled
in Figure 4(b). For example
A - A|859p71,q71. (B.].?)

Note that we also use this notation for the spaces A9, with the replacement (0,0) —
(dy,d-). Using (B.5) and (B.12) one then finds

det AP — det’(Ae)P1™! = det’AP~H971 = det /(s A)P~ 11, (B.18)

Hence, the value of the determinant depends only on the “square” in the Hodge diamond
and not the vertex (as is shown in Figure 1).3! One can then use the symmetries of the
Hodge diamond to relate the value of determinants on different squares. In particular, for
a Calabi—Yau n-fold, one can use Hodge duality, complex conjugation, and contraction
with the holomorphic n-form to see that

det’AP? = det’ATP = det' A" P = det' AP = det'A"TP" T, (B.19)

For a Calabi—Yau threefold, this leaves us with three independent determinants, as
shown in Figure 1.

All of this generalises to the Go x G and Spin(7) x Spin(7) complexes, where for
(G2 the maps 6. play the role of Hodge duality and contraction with the holomorphic
n-form. A small distinction is that in general there is no notion of “complex conjugation”
and so det’AP? £ det’A%?. However, when one has a genuine G or Spin(7) structure,
these determinants are in fact equal, leading to Figures 2 and 3.

B.2 Direct calculation of partition function

In Section 5.2 of the main text, we gave a calculation of the partition function of the
target-space theory for the Gy x G5 double complex (4.19) via BV quantisation. Here,
following [9], we will show that this calculation agrees with a direct calculation using
formal manipulations of the path integral.

The partition function of the theory is

— 1 —5So
Z = VG /DanDce , (B.20)

where the measure is for the fields by, ago and co9, Sy is the quadratic target-space
action (5.11), and V(G) is the volume of the gauge group.

31These were referred to as the determinants of the “face” Laplacians in [9].
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b11 AN d+d_ b11

Let us start by focusing on S, the term in the action that depends on by;. Since S§ is
a quadratic action for a single real bosonic field with a second-order kinetic operator,
the path integral over by is formally given by

1 V(HY) V(e A1) V(AL V(A

7% =
V(G?) det /dd_| g1

. (B.21)
1 V(HM)V(eAM) V(AL V(AL

) Vet Ag ’

where we are again denoting the volume of a (formally infinite-dimensional) space 2 by

V(€2). Here the determinant comes from the integral over the component of by; that
is orthogonal to gauge transformations (so that the restricted kinetic operator has no
kernel). One then needs to account for by; that do come from gauge transformations,

which in this case is simply the product of the volumes of s A1, ;ll’l and As"!. One
can think of these as b;; that are of the form d. by, + d_b1o, where byy and by; can be
independent of each other. We then need to compute the (formal) volumes of the spaces.

First consider d_: A"? — ¢ AL Since d_ is an invertible map between real vector

spaces, the ratio of the volumes is

V(eALY) , >
m = \/det dT,d_L:‘l,o = \/det Ap, (B.22)

where we have observed that the operator dfd_ acting on A is simply Ap. Using

the Hodge decomposition, the volume of A is

V(A = V(ftw) V(A V(HY), (B.23)

where V(H'?) is the space of A-harmonic (1,0)-forms. Finally, using the map d: A*® —

At we have

V(AetY -
V((AO’O)> - \/det/did+|<\070 = \/det’AA- (B.24)
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Noting that V(A%%) = V(A”?) V(H"?), we then have

V(H") \/det'Ag V(A)

V(AY) = . : B.25
A V) g, VA (B2
One can find V(As™!) in a similar fashion:
HO’O \V/ d t/A / 0,1
V(A.l,l) — V( ) € B V(A ) <B26)

V(H™) \/det'A, V(A®)

Finally, we need to calculate V(.;ll’l). Given d_: A0 — .;ll’l, one has

V(AM) — —
—V(Aol’o) = \/det d_d,‘A.l,o =1/det’Ay. <B27)

Using the above expressions for V(Ae'?), one then finds

V(AL = det’A 4 V(A"). (B.28)

1
V(H0)

Putting this together, one has

Za

V) V() (det 'Ap det ’AB/> Py vy (B.29)

VG VHESO)VE) T det’'Ag V(AW

Formally, one identifies V(G?) with V(A"?) V(A*!)/ V(A%), so that the gauge group G*
can be thought of as gauge transformations by (1,0) and (0, 1) fields, modulo (0, 0)-form
ghosts. The contribution to the partition function from S§ is then

70 =

~ ~ 1/2
V(HY) V(H) (det’AB det’AB/> / (B.30)

V(H) V(H) det’Ac

aopo AN d+d_C22

We now compute the contribution of S§, which depends on agy and cgy. In this case,
since S} is an action for two real bosonic fields with a second-order kinetic operator,
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the path integral over agy and cy9 is formally given by

1 V(HO) V(H??) V(s A27) V(A2?) V(A2?)

ARS
V(gb) det /d+d_ |.A2’2

. (B.31)
1 VD) V) V(A2 V(A2) V(A2?)
_V(gb) det’AA ’

where again the determinant comes from the component of cgs that is orthogonal to
gauge transformations (so that the restricted kinetic operator has no kernel). Note that
ago has no gauge transformations. Again, we need the volumes of the spaces appearing
above.

Consider first the map d_: ,flz’l — o A%? 50 that

V(s A*?) ) P
W = \/det did_lfp,l = \/det Apr. (B.32)
We also note that
V(A1) = V(AQ,I)V(A.Q,l)V(AZ,I)V(.AQ,I)V(HZI). (B.33)

We now want to write the volume of the various subspaces of A%! in terms of lower-degree
AP4. For example, we have

V(HY)  det’Ay V(AZ0)V(A®)

V(eA?!) = - B.34
A S IOV aea,  VAY) (B34
Similar calculations for V(As*!) and V(.;lz’l) give
V(A = YHEP)VEHD) Vdet A V(AN V(A (B.35)
- VHOO)V(HY) det’Ap V(AM) V(A% '
. V(H®0) det’Ap V(AM)
V(A*Y) = - : B.36
(4™ VHY) \/det’A, V(A (B.36)
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Using these we have

V(H*) V(HM) V(H®)  det’Ap V(A2 V(AM) V(A
VH2H) VHO) VH™M) /et A,y det’Ag VA2 V(AL V(AX)
(B.37)

V(e A??) =

from which it is simple to see

V(H?)VHY)V(H®)  det’'Ap  V(AMY?) V(AL) V(A1)

V(Ae22) — :
A = ) V) V) ot A det A VIA™) V(AW V(AD)
(B.38)
Finally we need V(.;t”) which is given by
. 1,0 0,1 /A 1,1 0,0
V(e - VOOV | deAe VAT VA) (B.39)

V(HM) V(H?) \/det'Ap det' Ay V(AY) V(A®)

Putting this all together, we find that the contribution to the partition function is

1 V(H22) V(H20)V(H"2) V(H") V(H)2 \/det’Ap det’ Ay
V(g V(H>)V(HY?)V(HY)V(H*) det2A 4
y V(.Az’l)V(.Al’z) V(ALO) V(Ao’l)

V(AZ,O) V<A0,2) V(Al,l) V(A0,0) :

AR

(B.40)

Again, taking V(G®) to cancel the various volumes of the spaces of forms, this simplifies
to

V(H?2) V(H2°) V(H*2) V(H") V(H*%)2 \/det’Ap det' A p

A A
V(H?Y) V(HY2)V(H0) V(H) det2A 4

(B.41)

Final result

Combining the contributions from S$ and S3, the partition function is given by

V(H?2) V(H>?) V(H*?) V(H")2 V(H")? det’Apdet’Ap

7 — .
V(H2’1) V(Hl’Q) V(H1’0)2 V(Ho’l)Q det /2AA Vv det /AC

(B.42)

Upon taking the cohomologies to be trivial and setting det’ A, = A, and so on, we have
Z = BB'A~2C~"/? in agreement with both the double complex calculation in Section
5.1 and the BV quantisation calculation in Section 5.2.
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C Review of O(d,d) x RT generalised geometry

Generalised geometry is a geometric formalism in which one extends the tangent bundle
by a sequence of differential forms to create a vector bundle T' — F that has an enlarged
structure group GL(d,R) < G. The case we will be interested in is the geometry defined
by the vector bundle

E=TaeT" (C.1)

with sections or generalised vectors written as V = v 4+ A. This bundle has a natural
O(d, d) structure which preserves a symmetric bilinear form

n(V,V) =val. (C.2)

One can then take tensor products of £ and decompose them according to O(d,d)
representations, and sections of such bundles are called generalised tensors.

One can also define a bracket [-, -] which gives F the structure of an exact Courant
algebroid [100, 101].32 Tt is called the Courant bracket and is given by

[v+ A w+p] =Low+ Lopp — LA — 3d(vap — wod), (C.3)

where W = w + p is another section of E.
The Courant bracket is clearly covariant under diffeomorphisms and also under a
closed 2-form transformation b € Q% (M) given by

e(w+A) =v+A—vib. (C.4)

We therefore have an enlarged automorphism group of the Courant algebroid given
by Diff — GDiff = Diff x Q% (M), whose elements we refer to as generalised diffeomor-
phisms. These are generated by a local derivative along a generalised vector V = v + A
called the Dorfman derivative. The action of the Dorfman derivative is

LyW = L,w + Lyp — wadA. (C.5)
Note that this is not antisymmetric but instead satisfies

HLyW = LyV) = [V,W],  HLyW + LwV) = dn(V,W). (C.6)

320ne also needs a smooth bundle map a: E — T called the anchor in the definition of the Courant
algebroid. We will normally take this to just be the projection onto 7" in (C.1).
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We can naturally incorporate the NSNS flux H into the construction by twisting the
Dorfman derivative (and hence the Courant bracket) to get the flux twisted derivative

L‘I/{W = Low+ Lyp —wad +wo(vaH). (C.7)

An alternative but equivalent way to include the flux is to take (C.1) to just be a local
definition and allow non-trivial patching by Q% (M). That is, for an open subset U; € M
and V; = v, + N, e DU, E), V; = v; + \; € T(U;, F), there exists a A;; € QYU NU;)
such that, on U; NU;

V; = U,
’ = Vi=eMiy (C.8)

)\i = /\j — Uj_ldAij
This patching defines a bundle E¥. The equivalence of (C.7) and (C.8) comes from
choosing a global isomorphism EF# ~ E. To do so, one must pick a connection B which

is locally a 2-form, and patches as®3

(C.9)
ANij + Nji + A = dAyji on U; NU; N Uy,

where A, € C(U; NU; NUy). The flux is determined by this connection via H = dB
locally. It is easy to see from the patching (C.8) and (C.9) that V' € I'(E) if and only if
eBV e T'(Ef). Moreover, it is easy to check that L.syePW = B LEW . Hence a choice
of B defines an isomorphism of algebroids

(B" L) <« (B, L7). (C.10)

It is possible to show that a twist by H and H’ are equivalent as algebroids if and
only if H" = H + da. That is, inequivalent exact Courant algebroids are classified
by [H] € H3(M) [100].3* This equivalence of twisted bundle versus twisted derivative
applies to all generalised tensor bundles and we will often move between the two pictures
in (C.10) and will drop the superscript H to avoid cluttering our notation further.
Since it geometrises the H flux, generalised geometry turns out to be naturally
well suited to describe the NSNS sector of string backgrounds. In fact, as was shown
in [45], one can also account for the dilaton by enlarging the structure group further

33This non-trivial constraint on triple intersections means B is a connective structure on a gerbe
[102].
34Tn addition, this class must be quantised in string theory.
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to O(d,d) x R*. All tensors should then be appropriately weighted under the R* by
including factors of det 7™ in the bundles. In particular, we can consider weighted
generalised vectors V € I'(E) and the induced action of the O(d, d) metric

E=F@detT* = nV,W)eTl((detT")?). (C.11)
The O(d,d) structure defines a Clifford algebra via
{r4, 17} = "%, (C.12)

where 8 are the components of the O(d, d) inner product 7 in some orthonormal frame.
One can show that this has a natural representation on the exterior algebra, so that
weighted p-forms (det 7%)~'/2 ® A*T* form a spinor representation of Spin(d,d) x RT.
We then call any p € [((det T*)~Y/2 @ A*T*) a generalised spinor and denote the
vector bundle of generalised spinors by S. Note that S is reducible as an O(d,d) x RT
representation. There exists a notion of chirality and we can define even/odd spinors to
be even/odd polyforms. That is

S=8, @S5, Si=(detT*) /2 Acv/oddp*, (C.13)
More generally we can define the weighted spinor bundles
SP) = (det T*)” @ S, (C.14)

so that SE_E /2) corresponds to unweighted polyforms.
There exists a natural O(d, d)-invariant pairing on S called the Mukai pairing.
Taking p, u € F(Ss_f’)), it is given by

(p, ) = sz- Ao (pa_i) € D((det T*)), (C.15)

where p; means the restriction of the polyform p to its degree ¢ component, and o: S — S
is the automorphism defined by?3?

o () = (=)D (C.16)

Note that for d even, (-,-) restricts to a pairing on ng, and that for d = 6 this pairing

defines a non-degenerate symplectic structure.

35This convention is different than the one chosen in e.g. [42]
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As with conventional geometry, one has a notion of connections, torsion and
curvature. A generalised connection is simply a first-order linear differential operator D
which acts on a generalised vector in frame indices as

D, VE =0,VP + Q8.1 (C.17)

where 04 denotes the natural embedding of the ordinary partial derivative in F, and
the generalised connection one-form () takes values in the adjoint representation of
O(d,d) x R*, so that the action of D has the obvious extension to any generalised tensor
with arbitrary conformal weight. The generalised torsion T' of such a connection is a
generalised tensor defined in terms of the Dorfman derivative (C.5) by

T(V)-a=Lla— Lya, (C.18)

where V' € T'(E) and « is a generalised tensor. One might also expect there exists
a generalised analogue of the Riemannian curvature, however the naive object one
would define turns out to not be tensorial, and we find that there is no useful notion
of “generalised curvature” for an arbitrary generalised connection without specifying
additional structure.

C.1 0O(d) x O(d) structures

A generalised metric is given by a reduction of O(d,d) x R™ to the maximal compact
subgroup O(d) x O(d) [42, 45, 103]. As for many conventional G-structures, it is defined
by a set of globally non-vanishing tensors (®, G), where ® € I'(det T*) — which specifies
the isomorphism between weighted and un-weighted generalised vectors E 2 E — and
G: S?E — R is a positive-definite inner product on E that is compatible with the
O(d, d) metric (C.2) in the following sense. Using 7 as an isomorphism E = E* we can
view G: £ — FE and then require G? = 1. Given such a G, we get a decomposition of
E into eigenbundles of G so that

E=C,&C., (C.19)

where C. are n-orthogonal subbundles of E such that 5|, is positive (resp. negative)
definite. The inner product G can then be written

G =mnlo, —nlc-. (C.20)

Hence a choice of G is equivalent to a choice of decomposition (C.19).
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An alternative definition of a generalised metric (®,G) is given via a choice of
conformal split frame of E. This is defined to be a local frame {E;} U {E7} such that

N(ES, Ey) = ©0a, (C.21)
77( A(‘z_7 AE_) = _(1)25&57 (C22)
n(Eq, Ey) =0. (C.23)

This determines ® uniquely and defines Cy to be the span of {E%}.
A generalised metric is equivalent to a choice of conventional metric g, B-field, and

dilaton ¢. Indeed, given two independent local orthonormal frames €/, é; of T, the
conformal split frame can be written as

Ef =e /g6 +1.09+1,4B),

R Vol “ e B) (C.24)

BT =e . /g(é; —1,-9+1,-B).

In several applications, it is useful to evaluate O(d) x O(d) expressions in which one
chooses frames such that éf = ¢é; = ¢, are aligned.

A generalised G-structure is said to be integrable if there exists a torsion-free
generalised connection that is compatible with the structure. An O(d) x O(d) structure
is thus torsion-free if there exists a generalised connection D that satisfies

DG =0, D® =0, LY = Ly, (C.25)

where L is the Dorfman derivative with all partial derivatives replaced with the
connection D. We call a connection that satisfies these constraints a generalised Levi-
Civita connection. As was shown in [45], such connections always exist but are not
unique. Using a split frame, the torsion-free connection acting on V' = U‘IE; + vaE,{
takes the form

D’ =Vt — %Habcvc — %(Qbacgzﬁ — 040" P)v° + A:b v°,

Dv® = Vb = Vb — %H(—lbcvc,

Do’ = Vb = Vo + %Hagéve,

DC—L'Ub = Va'Ub + %H&bgvé — L((Sabag(b — 5&58b¢)vé -+ Agbé'l)é,

d—1

(C.26)

where V is the Levi-Civita connection for g, H = dB and A% are undetermined tensors
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satisfying

Ajbc = _Azclﬂ A[J;bc] =0, Ajab =0,
- - - s (C.27)
Adpe = — AL A[&EE] =0, A% =0,

so that they do not contribute to the torsion. The A* tensors thus parametrise the
failure of the metric-compatibly and vanishing torsion conditions to specify a unique
generalised connection.

Thanks to the generalised metric structure, we can use the compatible connection
D to define generalised curvatures. The analogue of the Riemann tensor is not unique,
i.e., depends on the choice of generalised Levi-Civita, and so it is not a very useful
object. However, there exist certain contractions and projections that are uniquely
defined. In particular, we can define the generalised Ricci tensor R° and generalised
Ricci scalar R via the action of D on either generalised vectors [45]

Rgl_)wi - [Dm D[’)]UJi, R?zbw(z = [Dt_u Db]w&—7 (028)
Or spinors
Ryy*e” = [y"Da, DyJe”, —1Re" = (v"Day* Dy — D" Dy)e™, (C.20)
Rgb’yae_ = hﬁD&’ Db]€_7 _%LRG_ = (’}/aDa'}/BDB - DaDa)E_. ‘

Here €* are S(C.) spinors and the v* are representations of the Clifford algebra induced
by the O(d) structure on Cy. Upon explicit evaluation, one finds

0y = Rab — 1 Hoca Hy + 2V, Vi + 1e°°V(e 7 Hegy), (C.30)
R=TR+4V*¢ —4(9¢)> — L H?, (C.31)

where we have aligned the frames ¢} = é;, and R,, and R are the conventional Ricci
tensor and scalar for g. The right-hand side of these are simply the equations of
motion in the absence of RR fluxes, and hence both R, and R vanish on on-shell. In
particular, since a background which is supersymmetric and solves the Bianchi identity
dH = 0 automatically solves the equations of motion, both R}, and R must vanish for

supersymmetric backgrounds. This crucial result is used many times in the main text.

C.2 Generalised Calabi—Yau

A generalised Calabi—Yau structure is a reduction of the structure group to SU(n,n)
where d = 2n. It is defined by a nowhere-vanishing complex pure spinor ¥. Given such
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a spinor, one can define the null space Ly
Ly ={VeT(E)|Vp=VT,¥ =0}. (C.32)
A generalised Calabi—Yau structure is then given by a ¥ satisfying
dimc Ly = d, (U, W) £ 0. (C.33)

A spinor satisfying the first condition is said to be pure, and the associated null space
is said to be maximally isotropic. The generalised Calabi—Yau structure is integrable
(i.e. there exists a torsion-free compatible connection) if and only if

AW = 0. (C.34)

Hitchin showed that for d = 6 these structures can be described via a variational
problem [27]. Indeed, consider a real chiral spinor p which is stable in the sense of
[104]. Since (-, -) defines an O(d, d) invariant symplectic structure, there is an associated
moment map p: Si — g* given by

u(p)(a) = 5{a-p,p)  Yae 0(d,d). (C.35)

Then we can consider the following map which is an invariant quartic homogeneous
function in p

q: S+ — (det T*)?, q(p) = tr(p(p)?). (C.36)

It turns out that p defines an SU(n, n) structure if and only if ¢(p) < 0, which is an open
condition on p. Such a p is known as stable. Note that ¢(p) € T'((det T*)?) which has a
canonical orientation and hence a well-defined notion of a negative section. The real
spinor p then becomes the real part of the complex pure spinor ¥, with the imaginary
part p given by the first variation of the functional

H(p):/M\/—T% N 6H:/M(5p,ﬁ). (C.37)

Note that H is a homogeneous functional of degree 2 in p. Denoting the space of stable
spinors of definite chirality by U, one can show that there is an integrable complex
structure J on p € I'(U) and that the second variation of the functional H is given by

52 H(01p, 02p) = / (01p, T bap)- (C.38)
M
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Now suppose we fix some p € I'(U) such that dp = 0 and only allow variations
within the cohomology class of p. That is, we take dp = db for some real polyform b.
Then by (C.37) we have

SH(db) = / (db, ) = / bdj) =0 =  dp=0. (C.39)

Therefore, stationary points of H within a fixed cohomology class [p] correspond to
SU(3,3) structures with dp = dp = 0, that is AU = d(p + ip) = 0. Hence, stationary
points correspond to integrable SU (3, 3) structures.

C.3 The generalised Hitchin functional for integrable G2 X G5 structures

Turning now to the generalised geometry of a seven-dimensional manifold, in the main
text we describe G5 X (G5 structures in terms of a pair of C'y. spinors. However, following
[47, 54], one can also define them through a Spin(7,7) x Rt globally defined nowhere-
vanishing real chiral spinor p € Sy that is stable in the sense of [104]. By a simple
dimension count, one has that the spinor lives in an open orbit of Spin(7,7) x R*.
One can define an operator [1, which maps spinors of one chirality to the other
given by
0,: Sy — S, O0,(a) = e xo(e Pa), (C.40)

where « is a generalised spinor, * is the Hodge operator associated to the Riemannian
metric g and ¢ was given in (C.16). If we work in the flux twisted differential picture
instead, then we can just write O,(«) = *o(a). It is possible to show that this is
an O(7) x O(7) covariant map and hence a generalised Gy X G structure can be
equivalently described by either a stable p € I'(S1) or a stable O,p € I'(Sy). The
Go X Gy structure is then said to be integrable (there exists a compatible torsion-free
generalised connection) if and only if

dp=d0,p =0, (C.A41)

which is the analogue of dV = d(p+1ip) = 0 for an SU(3, 3) structure. For concreteness,
we will take p € I'(S_), and so O,p € I'(S,).

To match the description of generalised G5 x G5 structures given in the main text
around (4.1) where we consider the spinors ey € S(CL), we note that there is also a
natural isomorphism between these bundles and the bundle of O(d, d) x R™ spinors S as

S~ S(CL)® S(C-), (C.42)
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and under this isomorphism we associate
e P (e, ®e ) = p+0pyp. (C.43)

In general, a Gy X G5 structure defines a local SU(3) structure on the manifold. We
can then write p, O,p explicitly in terms of the local SU(3) structure of the manifold.
While the results of this paper will hold in general, we will mostly be interested in the
case where the generalised structure is induced from a genuine G5 structure. In that
case, we can write

p=c 2B (—p+vol), (C.44)
0,0 = e 2P (1 — x ). (C.45)

We can write the generalised G5 X G5 structure more explicitly in terms of the local
SU(3) structure defined by the e,. This SU(3) structure locally defines a 1-form a, a
2-form w, and two 3-forms 1 which can be viewed as the real and imaginary parts of a
holomorphic 3-form on some 6-dimensional D C T' that is orthogonal to a. There is
also a scalar cos a, where a is the angle between e, and e_ as 8-dimensional real vectors.
Without loss of generality, we can take p € I'(S_) and can write

p=e e (sa— (s +wAa)—sp_ —stw? Aa+cvoly), (C.46)

O,p =e 2% (c+ sw — c(- Ao+ 2w®) + sty Aa — siw?), (C.A4T)

where s and ¢ are shorthand for sina and cosa, and vol, is the volume form defined by
the metric. While individually the tensors in these expressions are defined only where
s # 0, the precise combinations that appear can be written as bilinears of e, and so are
globally defined. When s = 0, the spinors €1 become parallel and the SU(3) stabiliser
degenerates to a Gy defined by some 3-form . At these points one finds

p=-e 2B (—p+vol), (C.48)
0,0 = e 2P (1 — x ). (C.49)

As for SU(3,3) structures, one can understand integrable generalised Gy x Gs
structures via a variational approach [54]. Since p € I'(S_) must be in an open orbit of
Spin(7,7) x RT, we can consider a function

q(p) = (p,0,p) € T'(det T7), (C.50)
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where we think of this as defined on U C S_, the space of stable p. As shown in [54],
this is a homogeneous function of degree 2 in p and the first variation is given by

6q(dp) = (6p,0pp). (C.51)

Integrating g over M, one obtains the Hitchin functional for Gy x G2 structures:

1) = [ (0O (C.52)

If we assume that dp = 0 and vary only within a cohomology class dp = db, we find
that the extrema of the Hitchin functional are given by

SH(5p) /M (db, O, p) = /M (b,d0,p) =0 =  dO,p=0. (C.53)

Hence the functional extremises on integrable G5 x G9 structures.
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