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Abstract. We consider modified gravity cosmological models that can be transformed into two-field chiral
cosmological models by the conformal metric transformation. For the R? gravity model with an additional
scalar field and the corresponding two-field model with the cosmological constant and nonstandard kinetic
part of the action, the general solutions have been obtained in the spatially flat FLRW metric. We analyze
the correspondence of the cosmic time solutions obtained and different possible evolutions of the Hubble

parameters in the Einstein and Jordan frames.
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1 Introduction

Modified gravity models are actively investigated [T12}[3L4]
B]. An important class of these models that includes F'(R)
gravity models and models with a nonminimal coupling
between the scalar field and the curvature is character-
ized by the possibility to construct the mathematically
equivalent General Relativity models with a scalar field
by the conformal metric transformation. In other words,
these models can be considered in the Einstein frame as
models with one scalar field.

At present, a lot of modified gravity cosmological mod-
els with an additional scalar field have been proposed [6L[7]
SLOLTOLITL 2L 13T 4L 156l 17,819, 201211221231 24 251 26]
2728 29/80,31]. In particular, inflationary models of the
R? gravity with the Higgs-like boson [I5L16,17,1819,20,
211[22123241[25] as well as inflationary models with mul-
tiple scalar fields nonminimally coupled to the curvature
term [26127,28/29/B0LBI] are actively studied. Note that
the R? term arises as a quantum correction when infla-
tionary models with scalar fields are considered [32,[33]
3435]. One of the motivations to consider the R? grav-
ity with the Higgs-like boson is the possible production of
primordial black holes in such types of models [23][241[25].
Also, we want to mention the Higgs-dilaton cosmological
model that has been proposed to describe simultaneously
an inflationary expansion in the early Universe and a dark
energy dominated stage responsible for the present-day ac-
celeration [30].

Unlike models with a single scalar field nonminimally
coupled to gravity as well as F'(R) gravity models, mod-
els with multiple scalar fields nonminimally coupled with
gravity cannot be transformed to models with minimally

coupled scalar fields with the canonical kinetic terms in
the generic case [37]. After the metric transformation, one
obtains models with a nonstandard kinetic part, so-called
chiral cosmological models [38]39,404T][42,43]. Mathemat-
ical properties of such models attract a lot of attention [38]
401,/44) /4511461471 48.[49, 50,5152 531 [54].

In spite of the great success of numerical and approxi-
mation methods, exact analytical solutions play an impor-
tant role in studying evolution equations and in the inves-
tigation of some important qualitative features of cosmo-
logical models with scalar fields [55L66,5758L5IL60,6GI].
Most of the results of the exact integration of cosmological
models with scalar fields are connected with one-field cos-
mological models [581[621[63L64.65.66]. A method for con-
structing integrable models with nonminimally coupled
scalar fields by using the interrelation between the Jor-
dan and Einstein frames has been proposed for one-field
models in Ref. [63]. Sometimes, the integrability of cosmo-
logical models with nonminimal coupling is more appar-
ent, than the integrability of the corresponding models in
the Einstein frame [641[65166].

The generalization of this analysis on the case of a
few scalar fields is not straightforward, because the con-
formal transformation of the metric changes the form of
kinetic terms of the scalar fields. So, to find integrable
modified gravity models with an additional scalar field it
can be useful to study the corresponding chiral cosmolog-
ical model. The integrability of many cosmological mod-
els has been proved by solving evolution equations with
a suitable parametric time [58], but it is not clear how
to find this parametric time. In our paper, we show that
for some modified gravity models the suitable parametric
time is the cosmic time in the Einstein frame. We propose
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the method in which the parametric time is one and the
same in both frames.

In this paper, we study chiral cosmological models with
two scalar fields and the cosmological constant. The ab-
sence of the scalar field potential allows us to get the be-
haviour of the Hubble parameter in the analytic form,
namely, in the form of hyperbolic tangent or cotangent.
We also get scalar fields in the analytic form. The knowl-
edge of this general solution allows us to get the general
solution of the initial modified gravity models with an ad-
ditional standard or phantom scalar field in the paramet-
ric time. After this, using the time transformation, we get
solutions in the cosmic time. It is important to check the
existence of other solutions to the initial modified gravity
model.

The most famous F'(R) gravity model, the Starobinsky
R? inflationary model [67.68,69,70,71,[72], includes both
R? term and the standard Hilbert-Einstein term. Adding
to this model the cosmological constant, one can obtain
the model with exact cosmological solutions [73]. The in-
tegrability of the Starobinsky model as well as the in-
tegrability of R + R™ and pure R™ cosmological models
are actively investigated by the singularity analysis [74]
and other methods [7T5[76,[77]. It is known that a pure R*
model is integrable [74]. At the same time, the integrabil-
ity of R™ models with a scalar or phantom scalar field is
an open question.

We consider in detail the R2-gravity model with a
scalar field without potential. We obtain the general solu-
tions of evolution equations in the cosmic time and ana-
lyze a possible behaviour of the Hubble parameter. Also,
we study the correspondence between solutions in the Jor-
dan and Einstein frames and show that it is not one-to-one
correspondence for all solutions in the case of a phantom
scalar field. In particular, we have found such analytic
solutions that the Ricci scalar changes its sign during evo-
lution. These solutions have no analogues in the Einstein
frame.

The paper is organized as follows. In Section 2, we de-
fine the chiral cosmological model and construct the cor-
responding modified gravity models. In Section 3, we find
the general solution of this chiral cosmological model. In
Section 4, we consider the corresponding R? gravity model
with an additional scalar field and obtain its general so-
lution in the cosmic time. In Section 5, we compare the
obtained solutions the Jordan and Einstein frames. Sec-
tion 6 contains concluding remarks.

2 Chiral Cosmological Models and Modified
Gravity

Our goal is to find integrable modified gravity cosmologi-

cal models with an additional scalar field minimally cou-
pled to gravity:

/d xy/— [ R— 0—9’“’(9 00,0

; 1)
— g 00,0~ Va(o)]

where U(o) > 0 and V(o) are double differentiable func-
tions, the constant 8, equals either +1 or 0, whereas ¢, =
+1. The case of 6, = 0 corresponds to F(R) gravity mod-
els. As known, modified gravity models are connected
with chiral cosmological models by the metric transforma-
tion.

Let us consider the chiral cosmological model, describ-
ing by the following action:

1

SE:/d‘Lxr[ PIR 59" VbV

- %K(@g“"wvyw ~Vis(9)]

(2)

where the K and Vg are differentiable functions. We con-
sider K(¢) to be a positive-definite function, so the field
1) is either phantom or ordinary scalar field in dependence
of 4. Dynamics of cosmological solutions of models
with potentials depending on the field ¢ only are actively
studied [46l53,54).

The considered models with the phantom scalar field ¢
are generalizations of quintom models that have been ac-
tively used to describe dark energy with the crossing of the
cosmological constant barrier (see review [78]). There exist
methods for construction of quintom models with exact so-
lutions [7918018118283[84L185] as well as for construction
of chiral cosmological models with exact solutions [47.[86],
but it is a almost unsolvable problem to construct inte-
grable cosmological models with multiple scalar fields [55]
35].

Using the conformal transformation of the metric:

9" = K(¢)3"", (3)
we get the following action in the Jordan frame:
2
" Pl g 3MP1K
/d T/ — R oK |:|. 421( ,u¢au¢
y V
- oo - 5.
(4)
If
> > 3MB K2,
then we introduce o by the relation
d 1 3MZ K?
do _ |2 (1- e (5)
do K 2K?
in order to get action with 6, =1,
Mg Ve(¢(0))
U(o) = ——2L | Vilo) = ——F=5. 6
D meen T w6y
If
2 < 3MB K,

then a phantom scalar field in the Jordan frame corre-
sponds to standard scalar field ¢ in the Einstein frame.
At 2K? = 3Mg,K?, for all ¢, we get F(R) gravity model.
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We also consider the case of the exponential function
K(¢):
K(¢) = Koe"?, (7)

where Ko > 0 and x are constants. Note that such chiral
cosmological models are actively studied [39,42L[531[54]. To
get the general solutions for the Einstein frame model in
analytic form we restrict ourselves to the case of a constant
potential Vg(¢) = A.

If K% < 2/(3M3,), we use Eq. :

do |2 —3M3 K2

oo _ Kp/2
0 ok, ¢ (8)
and obtain
a:“%eWﬂ 9)
Ky ’
where [ ) 2]
212 -3Mgk
Action takes the following form:
4 Pl gy g
Sy = [d*z\/— R — TVNO'VVO'
(11)

- 7gﬂ"vmvyw - AC%.

In terms of o, we obtain an induced gravity model
with the fourth degree potential and the additional scalar
field .

If

K= = K1, (12)

then the scalar field ¢ has no kinetic term in the action

S]Z

s,_/d%f[ om0y

(13)
v 72/&
gt VMZJVMZJ K2 19
Varying action over ¢, we obtain for A # 0O:
M2 Ky =
751(15 — Pl 0
e YV R. (14)

So, we obtain the following action of F(R) gravity with
the scalar field :

/_ €y ~ v
/d% {161;11 R~ 2%“ ViVt | -

As known [87], a F(R) gravity model is stable if F' > 0
and F” > 0, so, the model Sp is stable for R > 0. The
stable model corresponds to A > 0.

In the case of k? > 2/(3M3)), we introduce a new
phantom scalar field ¢ using relation :

(15)

2(3Mg K2 — 2) 912,
K()Kz

(= (16)

and get

_ M2 B =
Sy :/d4x«/—g {— SRR+ v,V

€Y~
— GV — ACKC.

(17)

Note that C,; < 0 in this case. The corresponding one-field
cosmological model has been considered in [88)].

The main goal of our paper is to find general solutions
of the modified gravity cosmological models described by
action in the spatially flat Friedmann—Lemaitre—Ro-
bertson—Walker (FLRW) metric. The standard way to in-
tegrate Friedmann equations includes the suitable choice
of the parametric time, so we use

ds* = — Nj(1)dr® + a5(7) (daf + da3 + dz3), (18)
where a;(7) is the scale factor and N;(7) is the lapse func-
tion. In this metric, action gives the following equa-
tions [63]:

6Uh? + 6U'he = il

202+%¢2+N3VJ, (19)
1 2 17 - NJ 1 -2 /.
AUR + 6UR% + 4U'he — AUR—L +2U"52 + 2U'5
Ny
) (20)
. 1 Vg Vg9 &y g 2
=2U's NJ 5 07— 5 U+ N3V,
. N
¢+<3h—Nj>¢_0, (21)

where h = a/a, dots mean derivatives with respect to time
7 and primes mean derivatives with respect to the scalar
field o. Note that h(7) is the Hubble parameter only for
Nj(7) = 1. The evolution equation in o is a consequence
of Egs. 7.

The knowledge of solutions in the Einstein frame al-
lows us to get solutions in the Jordan frame, choosing
the parametric time 7 = ¢, where ¢ is the cosmic time in
the Einstein frame. The metric transformation (3|) corre-
sponds to the following transformations of the functions
defining the FLRW metric:

NJ:\/K((b)NE, aJ:\/K((b)aE.

So, we get the following solution in the Jordan frame

(22)

Ny(t) = /Eoe" /2, (23)

aj (t) = Koe“¢(t)/2aE(t), (24)
C

a(t) = 4 [ 25 erd(t)/2 25

0 =\% (25)

and 1 (t) is the same in the both frames.
Let us remind that the cosmic time in the Jordan frame

P= / VE@D) dt,

(26)
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and the Hubble parameter in the Jordan frame

- 1 ~ 1dinK ,.
HJ(t):m HE(t)+§7(t) . (27)

So, using Eq. , we can get general solutions in the cos-
mic time # for some functions K (¢) at least in quadratures.
For the R? model, we consider this question in detail in
Section [B

3 General solutions for Friedmann equations
in the Einstein frame

Varying action with Vg = A, and substituting the
spatially flat FLRW metric with

ds* = — dt* + a3 (t) (da® + dy* + dz?)

we obtain the following system of equations:

1. .
MBI HE = 567 + %KW + 4, (28)
. 1. .

2ME Hi + 3MAHE + 507 + %"Kw? — 4, (29)

. . £ .
6= —3Hpd+ 5 K, 7*, (30)

. . K, ..
V= —3Hp) — =L, (31)

K

where Hg = ag/ag, ag(t) is the scale factor in the Ein-
stein frame, dots and primes denote the derivatives with
respect to the cosmic time ¢ and to the scalar field ¢ re-
spectively.

From Eqgs. and , we get

Hp +3H% = )\, (32)
where A = A/M3,.
If A > 0, then the general solution of Eq. is
N1 Ce—Q\/?jt
Hel®) =\3 1T geavart’ (33)
where C' is an integration constant.
The corresponding scale factor is
NEY —ovane) V3
ag(t) = ageVs (1 + Ce > , (34)

where ag is a constant.
We get three forms of the Hubble parameter in depen-
dance of the sign of C"

Hy(t) = \/§ tanh (\/ﬁ (t— to)) , (35)

for C' > 0,

o= 2

3 (36)

for C' =0, and

Hg(t) = \/§ coth (\/ﬁ(t - to)) :

for C' < 0.
To get ¢(t) for the exponential function K(¢) we pre-
sent Eq. in the following form:

(37)

. . K 1.
¢= —3Hpd+ —2 (3M1§1H§ — =2 - A>
K 2 (38)
— —3Hpd+ 3kMEHE — gq's? — kM2
Introducing a new function

K(9)

— emzﬁ/Q7
Ky

u(t) =

we transform Eq. into the following second-order lin-
ear differential equation:

K2

M2
i+ 3Hpu + TPI (A=3HZ)u=0. (39)

Now we introduce a new independent variable, x =
/3/AHg(t), that is proportional to the Hubble param-
eter. This change of variables gives the following Cheby-

shev’s differential equation:
d*u du  KZM?2
1=x?) —5 — x> + —u = 0.
( X ) dXQ XdX 6 u

The general solution of Eq. can be presented in the
following form:

o rKMpy 1— 0672\/37)\t
u(t)-Acos \/6 arccos m +B s (40)

where A and B are constants of integration.
It is more convenient to write the function ¢:

_ ra—2V3Xt
A cos KM arccos L + B
1+ Ce—2V3Xt

2
¢=—In
K

)

V6

in explicitly real forms for C' > 0 and C' < 0 separately.
Namely, we get

o B[22 ecnfn (51 ]

V6
for C' > 0, and

d):gln

+ B coth™ (X/sj(t - t@)] ,

where n = nMpl/\/é, for C' < 0.
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Equation can be integrated:

= Cy _
Kaj, (1 + Ce—Q\/ﬁt) KouQ’

C~'¢e"/§t

(41)

where C’d, = Cy/ad is an integration constant.
In terms of u, Eq. has the following form:

4K i? (C2e*4“§t i 1) T

_ (42)
[E¢C'i/f2 + 8C Ky (KQAU,2 + uz)} efzmt =0.

Substituting solution into Eq. (42)), we get

8A’KoAC + Cey = 0. (43)
We see that the solutions with C' > 0 exist in the case of
€4 = —1 only, whereas the solutions with C' < 0 exist only
at gy = L.

The Hubble parameter Hg does not depend on the
form of the function K (¢). Moreover, the Hubble param-
eter can be obtained in the case of the corresponding
one-field model without ¢ [89], whereas solution ex-
ists in the model with a phantom field ¢ and a standard
field ¥ for an arbitrary positive-definite function K (¢). For
example, for K = sin*(¢/Mp;) the Hubble parameter
and the explicit form of functions ¢(t) and (t) have been
found in Ref. [40]. Note that the same behaviour of the
Hubble parameter Hg has been found in the model with
a nonlocal scalar field [90].

Equation has a constant nonzero solutions Hg =
++/A/3. In this case, one obtains the following general
solution for ¢:

o(t) = 2 In ’e_BHEt — Cl‘ + Cy,

K

where C7 and Cs are constants of integration.
The function v is given by

B C’we?)HEt
T KperC2 (Cre3HEt —1)2°

()

So, the constraint equation :

6Hg\> O~
< - ) + g€ CZCiZO.

(44)

gives us that for a constant Hg, the scalar field ¢ should
be nonconstant and a phantom one.
If A =0, then Eq. has the following solution:

1

Hp(t) = 3t —t)

(45)
therefore

ap(t) =ao(t—1to)"'" ,

Solving Eq. and substituting into Eq. , we get

u(t) = Cylt —to) Ve ™™ 4 _3=C) (t —to) Ve o
A 8K3MZ,C, 0 ’
where C,, is an integration constant. So,
- Y
3eyCy (t —to) Vo™

2 Py
= ZIn | Cy(t — tg) VMR
¢ = Cult—to) T TTRKIME,C,

These solutions obtained in the Einstein frame allow
us to get solutions in the parametric time in the Jordan
frame by using formulae (23))—(25]).

4 The integrable R? model with a scalar field
4.1 The general solution in the cosmic time

The results of the previous section is sufficient to get so-
lutions of modified gravity models in the parametric time
7 = t. To obtain solutions in the cosmic time ¢ one can
use Eq. or try to solve the evolution equations with
the cosmic time. The second way can give solutions in a
more simple analytic form, also it guarantees that no so-
lution has been lost. In this section, we obtain the general
solution of the considered R? model in the cosmic time.
The F(R) model has the following evolution equations:

1 1
FIRMV — igMUF - (VNV,, — g’“/D)F/ = iT’uy, (47)
where T}, is the matter stress-energy tensor.
. 59 . ME
Action corresponds to F' = FoR* with Fp = 75
and the stress-energy tensor
Ty = 60008000 — LG,,9°P 00005, (48)
pv $pOuYPOoy B) Guvg " OaPOBY.
In the FLRW metric with
ds* = —dt* +a*(1) (da® + dy® + dz?),
system has only two independent equations:
- 1 . 1 .
F'Roo + §F +3H ;F = zew? ; (49)
s a2 o [ . a2 .
F'Ry — 5 F —a (F’ + 2HJF') = e (50)
The trace equation
. 1 )
F'R—2F +30F = 5T/; = —ey”. (51)

is a consequence of Egs. and . In this section, dots
mean derivatives with respect to the cosmic time t.
Using
Roo = _3(HJ+H§)7

Ry = a2 (H,, n 3H§) ,

R:G(HJ+2H§),
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we obtain for the R? model considered:

18F, (6H?,HJ —H? + 2HJHJ) = %1&2, (52)
6F, (18H3HJ +12H,;Hy +9H3 + 2'1'{1) = - %”1/52.
(53)

Excluding 1, we get the following third order differen-
tial equation in H;:

H;+9H;H; +18H2H; + 3H2 = 0. (54)

Multiplying Eq. by Hg and factoring, we get

(HJ + 3HJHJ) (2HJ'1'{J Y 6H2H, + 12HJH3)

= (2881 + 6H3 1y — H3) (Fy + 3H 4+ 3H3)
or, equivalently,

(HJ n 3HJHJ) < [H3 —9H,H, — 6H3HJ}
di ) (55)
- (H§ —9H,H, 6H3HJ) . [ﬁJ + 3HJHJ} :

So, there are two families of solutions:

1. The first possibility is
H;+3H;H;=0.
This equation has the following integral:
2H; +3H2 = 2C,

where C is an integration constant.
For this case, Eq. takes the following form:

e = — T2F,H2. (57)

From this relation, it follows that e, = —1, and
b = +61/2F Hy = +31/2F, (20 _ 3H§) . (58)

The model has de Sitter solutions with Hj; = \/f/S
that correspond to a constant 1.

The type of solutions obtained depends on the sign
of C, see Table |1l The values of constants B and ¢’
are defined by the initial value H jo. The third line of
Table [l includes the solutions from lines 1 and 2 in a
different form and de Sitter solutions at B = 0. The
power-law solution is presented in the fourth line. One
needs to be careful with the solution from the fifth
line, because the scalar curvature R changes sign at

t=1+71/-2/(30).
2. If H; + 3H,;H;, # 0, then one can integrate Eq.
and get the following equation:

Hj

9, =(Y,
H;,+3H,;H,

(59)

Table 1. List of the R? gravity exact solutions.

¢ 1, (7) [ ()
¢ >0, 2¢ /3¢ (7 _ 7 _ 6CVIR
>0 L tanh( 5 (1 t')) cosh? (\/?(3—_{/))
¢>0, | [ NE _ 6CVER,
Hyo <0 3 coth < > (t t’)) <inh2 (\/?({7{,))
&> 0 \/5(1_39*@5) 24BC/3Fye— V601

3<1+Be* GCt) (Be*\/ﬁfﬂ)Z

c=0 ) )"
G0 | V60 { 6 g_{/J _ ecyER
R e )

where C] is a constant of integration.
Integrating the equation,

(C1 4+ 2H;)Hy +3H;(C, +2H;)H; — H2 =0, (60)
one gets:

Hjy = Cy/|Cy +2H;| + (C1 +2H;)(Cy — Hy), (61)
where Cs is also a constant of integration.

Equation with arbitrary constants C7 and C5 can
be solved in quadratures. Also, there are some partic-
ular solutions of Eq. :

(a) At C1 =Cs =0,

(b) At Cy =0, Cy #0,

CY + 673015

) =55 e

where C' is a constant of integration.

Combining Egs. and 7 we obtain

¢2 = — 72F0018w (HJ + 3HJHJ) . (64)
So, the case of C; = 0 corresponds to R? without ad-
ditional scalar field.

4.2 The different behaviour of the Hubble parameter

One can see in Table [l that all nonconstant solutions of
Eq. are monotonic functions. Let us consider a pos-
sible extremum of a solution of Eq. . Solving Eq.
numerically, we have found solutions with nonmonotonic
behaviour. Also, we have found both bounded, and un-
bounded solutions (see Figs. [1] and [2). In Fig. [I} one can
see bounded and unbounded solutions with minima. A
monotonic solution and solutions with maxima are pre-
sented in Fig.
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—— Hp=—0.5Hp=0.0, Hp=1.0
1| — Hpo=-1.0, Ho= -1.0, Hp=0.0

Hy

Fig. 1. The Hubble parameter H;(#) in the R* model consid-
ered.

H
L

3 2 a1 ] 1
i H

Fig. 2. The Hubble parameter H;(f) (left) and the correspond-
ing phase portraits (right).

Let us analyze possible types of the Hubble param-
eter evolution for the phantom and the standard scalar
field . At the point H; = —C4/2, it is obvious that
Hj; = 0, but Hy = C2sgn(Cy + 2H ) # 0 if Cy # 0.
This means that Hy = —C4 /2 is an extreme value of Hj,
namely, a maximum for Cy + 2H ;90 < 0 and a minimum
for C; +2Hjyo > 0, where Hyo = Hj(ty) is an initial
condition for H;. When (if at all), during its evolution,
H; becomes equal to —C1 /2, the equation describing Hy
changes from (61)) to

Hy = —Cy\/|Cy + 2H,| + (Cy + 2H;)(Cy — Hy). (65)

The phase portraits in Fig. [3]illustrate this situation.
Combining Egs. , (60)), and , one gets the fol-

lowing relation:

2 e .
—egFoCh [icz +en/|C1 +2H;|(Cy — HJ)} = %152,

where ey = sgn(Cy + 2H jo), and the symbol “+” before

C represents the change of equation describing H; when
H reaches the value —C;/2. From here, it follows that
gy = —eg sgn(Ch), and

b = +61/2F|C1| ]icg +en/]Cr + 2H,|(Ch — HJ)] :

In particular, if C; = 0, then ¢ = 0.
Let us find roots of Egs. and (65) that are not
equal to Hy = —C1/2. These roots are of interest to us

Hy

-2
-1.0

—05 0.0 05 10 15
Hy

Fig. 3. Phase portraits HJ(HJ) for b = 1.1, Co = =1.
Parts of the curves corresponding to the different possible so-
lutions are in different colors. The blue and gray trajectories
are described by two equations — Eq. and Eq. . The
change of the equation describing these trajectories occurs at
Hj; =-C1/2 = -0.55.

because they correspond to the stable points (asymptot-
ically stable points, to be precise) of Eq. . Knowing
how many stable points there are, we can determine for
any particular values of C; and Cy whether or not there
exists a bounded solution. At Cy = 0, solutions are given
by Egs. and in the analytic form, so, we need to
consider only the case of Cy # 0.

We get two cases, 2H ;o + C; > 0 and 2H ;9 + C7 < 0.
We start by analyzing the first case. The substitution @ =
v2H j + C results in the following pair of equations:

1
+Co + 51 (3C) — @®) =0 < @ —3C1a+2C, = 0.
The determinant of both of these equations is
A =108 (C} —C3). (66)

So, for C} < C2, we have two real roots:

§/02+,/c§—0§+ {’/02— JC2—C3l ., (67)

and for C} > C3, we have six real roots:

- 1 Cy 1 21k
= 492,/ - =2 =) -
U C cos (3 arccos (C1 C1> 3 ) , (68)

here and in the following, £ = 0,1, 2.
At C3 = C2, we can use Eq. as well and get four
different roots:

u==%

2
uy, = £24/C1 cos (?) ,

i = £+/Ch.

(69)

iy = +2v/C1,
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In terms of H; = (a? — C1)/2, we get: At C3 < C3:

2
1 3 3 -
HJas:5 \/Cg+\/C§—Cf+\/Cz—\/C§—Cf
-5
at C3 > C3:

1 ok
H jas = 2C) cos® <3 arccos <C§32> - 7;) — %

and at C3 = C2:

3
7017

HJas = D)

and Hjy,s =0.

In a similar manner, one can obtain the values corre-
sponding to the stable points in the case of 2H jo+C7 < 0:

—at C§ > —C%:

-1
HJas :7

-5
—at C3 < —C%:

1 02 27Tk Cl
Hyos =2 2|2 Stz ) _ RS
Ja C cos {3 arccos ((—01)3/2) 3 } 5

— and at C3 = —C%:

3
Hjos = 5017 and Hjus = 0.

As we mentioned above,
ey = —sgn (C1(Cy +2H 5)) .

So, the field % is not a phantom field only if C; and Cy +
2H jo are of dlfferent signs. But our analysis of the stable
points of Eq. (54)) shows that in this case there is only one
stable point, and so H;(t) is unbounded. So, we come to
the conclusion that bounded solutions are allowed only if
the field 9 is a phantom field.

It is easy to Verlfy that continuous and bounded solu-

tions H () of Egs. and . have different asymp-
totic values at t — oo and t — —o0. Obviously, if the

asymptotic values of the non-constant solution H;(f) are
the same, then the solution has at least one extremum. In
this case, Cy # 0 and the following equation must have a

solution other than H; = —C4/2:

|C1+2H |+ (C1 +2H;)(Ch1 — Hy) (70)
= — (Y |Cl+2HJ|+(Cl+2HJ)(Cl—HJ).

Obviously, it doesn’t have any solutions besides H; =
—C1/2. Thus, the asymptotic values at t — oo and t —

2
§/02+\/C§+C§”+ \3/02— \/C2+C3

—o0 of the continuous and bounded solution H;(f) of
Eqgs. and are never equal.

Another interesting property of the obtained solutions:
a continuous solution H;(#) can change sign only if the
field v is a phantom field. It follows from the fact that

ey = —sgn(C1(C1 +2Hy)) = —segn(Cf) = -

|H 7=0

We can safely take C; to be nonzero, because the case
of C; = 0 corresponds to ¢ = 0. We obtain that H; = 0
at some moment of time only if the field ¥ is a phantom
one. Therefore, a continuous solution H;(t) can change
sign only if the field ¢ is a phantom field.

The same result can be obtained by substituting H; =
0 into Eq. (52). Assuming H; > 0, Eq. with g4, = 1
can be presented in the following form:

R
VHj

1/}2
24F HY?

(71)

4
dt

So, if at the initial moment ¢, we have R(fo) > 0 and
Hj(to) > 0, then R(f) > 0 and Hy({) > 0 for all £ > .
If the field 7 is a phantom field, the situation is different
and the initially positive R(f) and H;(f) can change sign
during their evolution (see line 5 in Table [I|and the green
curves in Figs. |1| and .

5 The connection between the Jordan and
Einstein frame solutions of the R? model

In this section, we compare the behaviour of the Hub-
ble parameters in the Jordan and Einstein frame. In the
Einstein frame, equations on the Hubble parameter and
scalar fields can be separated and the Hubble parameter
Hp satisfies the first order differential equation . In
the Jordan frame, the Hubble parameter H; satisfies the
third order differential equation and, therefore, in-
cludes three free parameters.

For all solutions in the Einstein frame, one can con-
struct the corresponding solutions in the Jordan frame,
but some some solutions in Jordan frame have no ana-
logues in the Einstein frame. Equation is sensible and
a continuously map from the Jordan frame to the Einstein
frame is possible, only if the Ricci scalar R has the same
sign as A/Kj and does not change it during evolution. It
is not always the case if the field ¢ is a phantom one. For
example, the solution for R2 _gravity model with C <0
(see Table|l)) corresponds to R that changes sign. Looking
at Figs.[[and [2] we see that both green curves correspond
to solutions with R that changes sign, because H J( £)=0
at two points. Also, solution (62)) corresponds to R = 0.
All these solutions cannot be obtained from the Einstein
frame solutions.

We consider the case of A/Ky > 0. To get the scalar
field ¢(t) that corresponds to the given H(f) we use

_ N = 44 P
6 (F,(0) +2H3() = R() = Koize\/%b(t)/zvrpl
Pl



V.R. Ivanov, S.Yu. Vernov: Integrable cosmological models with an additional scalar field 9

and
#(E)/V6Mp1 3M?2 - .
¢ ert:/ SV HaD) +2H3(F) d.

For solutions that correspond to R> 0, we have
= 3 6K M2, /. . -
o1t = [ [P (1,0) + 21230

and

dpdi

~ HJ+4HJHJ
— (t =—=—=VA—
dt(()) dt dt

) 3/2
(HJ + 2H?,)

In our case, Eq. takes the form

B e¢/\/€MP1 N N
i) = < (@) - % (00|

| (D)
o) {HE“(“) * u@@)} |

Expressing Hg from this equation, we get the following
relation:

) — —¢/V6Mp, n 1 d¢ n
i (1(0) = /e Vo0 1,0 + < S

| A H;+6H;H; +4H3 (72)
B 2 . 3/2
6Mp, (H S+ 2H3)

6 Conclusion

In our paper, we have found general solutions in the cos-
mic time for the two-field chiral cosmological model. The
cosmic time in the Einstein frame corresponds to a para-
metric time in the Jordan frame, so, the consideration of
integrable chiral cosmological models is useful to get the
general solutions for the corresponding modified gravity
models in parametric time. Using this method, we have
found general solutions for the induced gravity cosmo-
logical model with the four-order potential and the R?
gravity model. The proposed method allows finding gen-
eral solutions for different cosmological models that can
be presented as chiral cosmological models after the met-
ric transformation. In particular, it would be interesting to
generalize our consideration on other forms of the function
K(¢), including K = sin®(¢/Mp;) proposed in Ref. [40].
Note that the behaviour of the Hubble parameter
does not depend on the form of the K(¢), whereas the
form of scalar fields depends on it.

At the same time, some particular solutions can be
lost, because they have no analogue in the Einstein frame.
For example, constructing the Einstein frame analogue of
R? gravity models, one uses Eq. , hence, no finite value
of ¢ corresponds to R = 0. At the same time, the Ricci
scalar R can change its sign during the evolution. We have

found such solutions explicitly for the R? model with a
phantom scalar field. On the other hand, it is known that
F(R) gravity models without additional scalar field have
anisotropic instabilities associated with the crossing of the
hypersurface F'(R) = 0. In other words, the solutions in
the FLRW metric are smooth, whereas solutions in the
Bianchi I metric have singularities [91]. A similar situa-
tion arises in the model with nonminimally coupled scalar
field [92] (see also [93L94,05]). Anisotropic cosmological
solutions in R+ R? gravity have been investigated in [96].
We plan to analyze anisotropic solutions and their stabil-
ity in the considering R? model with an additional scalar
field in future investigations.

We have found the general solution of the R? gravity
model with an additional scalar field and analyzed the
behaviour of the Hubble parameter. The integrability of
different F(R) gravity models is actively investigated [74]
97.98,99]. In particular, it has been shown that for some
values of the constants g and n the cosmological equations
of R+¢qR™ model are integrable in the sense that they pass
the singularity (Painleve) test [74]. We plan to generalize
the proposed method on other modified gravity models,
including the Palatine gravity and F(R) models with an
ideal gas [99].

We show that the behaviour of the Hubble parameter
is essentially different in the Einstein and Jordan frames.
In the Einstein frame, only monotonic behaviour is pos-
sible, whereas in the Jordan frame we have found both
monotonic and nonmonotonic behaviour of the Hubble pa-
rameter. In particular, bounce solutions with a maximum
of the Hubble parameter after bounce have been obtained
in quadratures. Such behaviour may be suitable for in-
flationary scenarios. The considered R? model does not
include the standard Einstein-Hilbert term and cannot be
considered as a realistic model after inflation, but can be
a good approximation at large values of R, when the R?
term dominates.
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